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Solution Suggestion to the Examination in Analysis of Numerial Met-hods, 2001-10-121. Show onsisteny and stability. Then, the Lax-Rihtmyer theorem yields that the sheme is onvergent.Taylor expand the operator D+D�D+D�u = �2u�x2 + h212 �4u�x4 +O(h4) = �1 + h212 �2�x2� �2u�x2 +O(h4) = �1 + h212D+D�� �2u�x2 +O(h4)That gives �1 + h212D+D�� � un+1j � unjk � ��2u�x2 � fj! = O(h4)Moreover, we have that un+1j � unjk = ut +O(k)whih yields when inserted into the equation above that the sheme is onsistent.The solution an be split into u(x; t) = uh(x; t) + up(x), where uh(x; t) is the solution to the problemwith homogeneous right hand side and up(x) is a time independent partiular solution, i.e. a solution to��uxx = f(x) and does not a�et stability. Investigate the stability for the homogeneous problem with theFourier method. Ansatz unj = gnei!x and using thatD+D�ei!x = � 4h2 sin2(!h2 )ei!xInserting and fatorizing gives�1� 4h212h2 sin2(!h2 )��g � 1k �+ 4�h2 sin2(!h2 ) = 0)g = 1� 4�kh2 sin2(!h2 )1� 13 sin2(!h2 )For stability we require jgj � 1. We have1 � 1� 4�kh2 sin2(!h2 )1� 13 sin2(!h2 ) � 1� 6�kh2 � �1 for �kh2 � 13Therefore, the method is onsistent and stable and thus onvergent under the given ondition.2. We have variable oe�ients, but a(x) is Lipshitz ontinuous. Freeze a(x) = a onstant. Divide the probleminto two quarter plane problems, 0 � x <1 and �1 < x � 1. Set f(x; t) = h(x) = g(t) = 0 and investigateeah quarter plane problem for itself.Chek �rst the basi ondition, i.e. that the leapfrog sheme without boundary onditions is stable. Fourieranalysis yields that ja�j < 1That should be valid for all values whih a an have in the interval. The maximum for a = �2 givesk=h < 1=�2 as stability ondition. Start now with the GKSO-analysis.Step 1: Resolvent equationAnsatz vni = zn~vi ) zn+1~vi = zn�1~vi + a�zn(~vi+1 � ~vi�1)1



z2~vi = ~vi + a�z(~vi+1 � ~vi�1)Step 2. Charateristi equationAnsatz ~vi = �i ) z2�i = �i + a�z(�i+1 � �i�1)(z2 � 1)� = a�z(�2 � 1)�2 � z2 � 1a�z �� 1 = 0Step 3. Determinant onditionThe harateristi equation yields that its roots satisfy�1 � �2 = �1 ) j�1j < 1; j�2j > 1 or j�1j = j�2j = 1Chek � = ei� (Fourier ansatz)) jzj � 1 beause of the basi assumption of stability for periodi boundaryonditions. Thus, for jzj > 1 we have j�1j < 1 and j�2j > 1. We an write the solution as ~vj = �1�j1 + �2�j2,but j�2j > 1 and vnj 2 l2(0;1)) �2 = 0 onstraint. Look for a solution in the form ~vj = ��j where j�j < 1.Insert the ansatz vnj = zn��j into the boundary ondition.For the right boundary ondition, we get zn��j = 0whih does not give any non-trivial solutions and therefore does not a�et stability.The left boundary ondition yields zn+1�(1 + a�) = a�zn+1��+ zn�(z � 1� a�z(�� 1))� = 0We look for non-trivial solutions with � 6= 0, i.e.z � 1� a�z(�� 1) = 0Step 4. Solve the equations � (z2 � 1)� = a�z(�2 � 1)z � 1� a�z(�� 1) = 0)� = 1; z = 1Step 5. Chek the solutionIs the solution obtained in the limit jzj ! 1+ ? The harateristi equation yields that �1 = 1 and �2 = �1or �1 = �1 and �2 = 1. Only the �rst ase is a solution (as �2 = 0). We know that j�1j < 1 and j�2j > 1for jzj > 1. Make the ansatz z = 1 + Æ and � = 1 + " with Æ > 0 and hek the sign of ". Insert the ansatzinto the harateristi equation and neglet higher order terms,((1 + Æ)2 � 1)(1 + ") = a�(1 + Æ)((1 + ")2 � 1))2Æ � a�2"Thus, " > 0 and it is �2 whih satis�es the equations. We have no solution for jzj > 1 or when jzj ! 1+.Step 6. ConlusionsThe leapfrog sheme is stable with the proposed boundary ondition, if k=h < 1=�2.
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3. The operator D+D�(I� h212D+D�) is �ve points wide. Boundary onditions are needed in all points, whihare one point away from the boundary. Taylor expand u(x; y) normal to the boundary.For the boundary x = h1, we obtainu(h1; y) = u(0; y) + h1ux(0; y) + h212 uxx(0; y) + h316 uxxx(0; y) +O(h41)Use that u(x; y) = g(x; y) on the boundary. As boundary ondition, we get thenu(h1; y) = g(0; y) + h1gx(0; y) + h212 gxx(0; y) + h316 gxxx(0; y)In the same way, we get for the other boundaries the boundary onditionsu(1� h1; y) = g(1; y)� h1gx(1; y) + h212 gxx(1; y)� h316 gxxx(1; y)u(x; h2) = g(x; 0) + h2gy(x; 0) + h222 gyy(x; 0) + h326 gyyy(x; 0)u(x; 1� h2) = g(x; 1)� h2gy(x; 1) + h222 gyy(x; 1)� h326 gyyy(x; 1)4. Ansatz u = U + v where U is a solution to the di�erential equation and v a small perturbation. Studyhow the small perturbation a�ets the solution. I.e. hek the stability for v. Insert u = U + v into theequation and neglet higher order terms in v (i.e. linearize the equation). Express the di�erential equationas ut + f 0(u)ux = 0 and exploit that U is a solution. That yieldsvt + f 0(U)vx = �f 00(U)UxvStrang's theorem states that if u is su�iently smooth and the di�erene methodD is stable for the linearizedequation, then D also onverges for the nonlinear equation.Desirable properties of a numerial sheme for nonlinear onservation laws:a) Conservative form: A sheme for the onservation law ut + f(u)x = 0 is in onservative form, if it anbe written as un+1j � unjk + hnj+1=2 � hnj�1=2h = 0where hnj+1=2 = h(unj�q ; :::; unj+p). For onsisteny, we require (as h! 0, k ! 0) that h(u; :::; u) = f(u).The onservative form guarantees that possible shoks are omputed with the orret shok speed.b) Entropy satisfying: Gives the physially orret solution, breaks up an expansion shok into an expan-sion wave.) TVD: A sheme is alled total variation diminishing (TVD), ifXj jvn+1j � vn+1j�1 j �Xj jvnj � vnj�1jPrevents growth of total variation in the solution, namely through high wave number osillations.5. The error an be expressed as a linear ombination of the eigenvetors of A. On level l, we have the wavenumbers vl� =p2hl sin(��x) � = 1; ::: ; nland on level l � 1 vl�1� =p2hl�1 sin(��x) � = 1; ::: ; nl�1where nl = 2nl�1 + 1 and hl = hl�1=2.Thus, the wave numbers � nl�1 + 1 = nl+12 are only represented on the �ne grid.Apply the restrition operator to the eigenvetors and study what happens omponentwise�Rvl��i = p2hl4 (sin(��hl(2i� 1)) + 2 sin(��hl2i) + sin(��hl(2i+ 1))) = ::: =3



= p2hl4 2(os(��hl) + 1) sin(��hl2i) =p2hl os2(��hl2 ) sin(��hl�1i)For � � nl+12 , express � = nl � k + 1 where k = 1; ::: ; nl�1. That givessin((nl � k + 1)�hl�1i) = sin((2(nl�1 + 1)� k)�hl�1i) = sin(2�i� k�hl�1i) = � sin(k�hl�1i)and we get �Rvl��i = � 1p2 os2(��hl2 ) �vl�1k �iI.e. the wave number � = nl � k + 1 on the �ne grid is superimposed as wave number k on the oarse gridand damped by the fator 1p2 os2(��hl2 ). The same analysis for the diret injetion yields�Rvl��i =p2hl sin(��hl2i) =p2hl sin(��hl�1i) =[� = nl � k + 1 = 2(nl�1 + 1)� k℄=p2hl sin(2�i� k�hl�1i) = � 1p2 �vl�1k �iAgain, the wave number � = nl � k + 1 on the �ne grid is superimposed as wave number k on the oarsegrid and damped by the fator 1=p2 (less damping than for full weighting).

4


