
Uppsala University Bernhard M�ullerDepartment of Information Te
hnology tel. 4712975Division of S
ienti�
 ComputingExamination in Analysis of Numeri
al Methods2003-10-08Time: 9.00-14.00 h.Tools: Beta Mathemati
s Handbook.Maximum number of points is 30. To get full points you must show your 
omputations in detail andmotivate your assumptions.1. Consider the PDE problem 8<: ut + aux = bu x 2 [0; 1℄; t � 0;u(x; 0) = f(x); x 2 [0; 1℄;u(0; t) = u(1; t); t � 0; (1)where a < 0 and b � 0 are 
onstants. We want to solve (1) with the impli
it �nite di�eren
emethod vn+1j � vnjk + avn+1j+1 � vn+1j�12h = bvn+1j : (2)a) Prove that the s
heme (2) is 
onvergent.b) Suppose that we repla
e the periodi
 boundary 
onditions by non-periodi
 ones. How wouldyou 
hoose the time spa
ing k to obtain the fastest 
onvergen
e to the steady state? Howmany time steps would you need? (6p)2. Consider the impli
it �nite di�eren
e method (2) for b � 0 with the boundary 
onditions� vn+10 = 2vn+11 � vn+12 ;vn+1N = 0: (3)Che
k the stability of s
heme (2) with the boundary 
onditions (3). You may use results fromtask 1. here. (6p)3. The a
ousti
 pressure p and the a
ousti
 velo
ity v in a one-dimensional 
uid 
ow with velo
ityu and speed of sound 
 are governed by the �rst order system� vp �t +� u 

 u �� vp �x = 0 ; (4)where u and 0 < 
 are assumed to be 
onstant.a) Show that (4) is a hyperboli
 system, i.e. that the 
oeÆ
ient matrix A in (4) has realeigenvalues and is diagonalizable. 1



b) What are the slopes of the 
hara
teristi
s and whi
h quantities are 
onstant along them?
) State the leapfrog s
heme to solve the system (4) numeri
ally. Derive the stability 
ondition,whi
h has to be respe
ted for periodi
 boundary 
onditions. (6p)4. a) Show that the upwind method vn+1j = vnj � a�(vnj � vnj�1) (5)for the one-way wave equation ut + aux = 0, 0 < a 
onstant, with periodi
 boundary
onditions is stable and total variation diminishing for a� � 1.b) Devise a 
onservative upwind method for the invis
id Burgers' equationut +�u22 �x = 0 (6)and state the numeri
al 
ux fun
tion.Apply the method to 
ompute one time step with the initial 
onditionu(x; 0) = � �1 if x < 0+1 if x > 0 (7)Assume grid points xj+1=2 = (j + 12)h with integers j. What kind of problem o

urs?Suggest a solution. (6p)5. a) Consider the linear system Au = f arising from dis
retizing the ODE� �u00 = f(x) ; 0 � x � 1u(0) = u(1) = 0 (8)by �D+D�uj = fj, j = 1; :::; n, with h = 1n+1 .Dis
uss how two basi
 ideas are used to devise the two-grid multigrid algorithm for solvingAu = f . State the algorithm and derive its iteration matrix G.b) Consider the Diri
hlet problem for the Poisson equation on the unit square 
 = [0; 1℄� [0; 1℄,i.e. � �(uxx + uyy) = f(x; y) ; (x; y)T 2 
u(x; y) = 0 ; (x; y)T 2 �
 (9)Assume that the Poisson equation is dis
retized by the 
entral se
ond order a

urate �nitedi�eren
e approximation on a uniform grid with the grid points (xi; yj), where xi = ih; i =0; 1; :::; n; n + 1, yj = jh; j = 0; 1; :::; n; n + 1, and the grid spa
ing h = 1n+1 .With a rowwise ordering from the bottom to the top, i.e.U = [u1;1; u2;1; :::; un;1; u1;2; u2;2; un;2; :::; u1;n; u2;n; :::; un;n℄T ,we get the linear system Au = f . State the stru
ture of the matrix A. Compare theoperation 
ount in terms of O(n) 
oating point operations for solving the linear systemwith a dire
t method, standard iterative methods and the multigrid method. In yourreasoning, you may assume that the 
onvergen
e results for solving Au = f for the ellipti
PDE problem (9) and the ODE boundary value problem (8) are similar. (6p)Good lu
k!2


