Exercises 5

Undirected graphical models

5.1 Factor-graph basics

Exercise 5.1 Bayes’ theorem
Consider the factor graph in Figure 5.1
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Figure 5.1: Factor graph in Exercise 5.1

Note that f(A, B) can be represented using indicator functions as
f(a,0) =0.914(a)15(b) +0.214(a)15(b) +0.114(a)15(b) +0.81 3(a)15(b),
where 1(E) be the indicator function of event E.

a) Compute the distribution of A using message passing.

b) Letp(B|A) = f(A, B) denote the conditional distribution of B given A, compute p(A|B) using Bayes’ theorem
and compare with the result in (a).

Exercise 5.2 Convolution of normals
Consider the factor f in the graph in Figure 5.2.

f;@f@

Figure 5.2: Factor graph in Exercise 5.2

Suppose that f1(A) = N'(A; u1,0%) and f2(A, B) = N(B; aA, 03). Using message passing:
a) compute the marginal distribution of A;

b) compute the marginal distribution of B.

Exercise 5.3 Professor Bayes’ mid-term exam
Professor Bayes wants to check how well his students are following his course. To this end, he devised a three-question
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mid-term exam to verify if the students have learned Bayesian networks (BN) and Factor graphs (F'G). Only BN is
needed to answer question 1, and only F'G is needed to answer question 2; to answer question 3, both BN and F'G are
needed (Hint: represent this condition as a random variable). In all cases, Professor Bayes estimates that a student with the
right knowledge has a 90% probability of answering correctly, and that a student without has 20% probability of answering
correctly.

Suppose that a student gives a correct answer to question 1 and fails questions 2 and 3; in addition, suppose that
Professor Bayes uses a non-informative prior.

a) Identify the conditional distributions in the model and draw the Bayesian Network.

b) Transform the Bayesian Network into a factor graph.

¢) Using message passing, compute the probability that the student is knowledgeable in BN .
d) Using message passing, compute the probability that the student is knowledgeable in F'G.

e) Write a program to verify the probabilities using Monte Carlo simulation.

Exercise 5.4 Paperclips inc.

The company Paperclips inc. produces clips and pins using two different machines. Each day, the machines produce
random amounts of clips and pins with, each with a Poisson distibution Po(\), where the rate A depends on the quality of
the steel the company is using on that specific day. The Poisson distribution is given by:

ATe™H

x~Po(\) = px)= =

If the steel is of high quality, A = 10, if it is of low quality A = 7. The company has a one in four chance of receiving
high quality steel on any specific day.
Suppose that at the end of the day the company has produced 10 clips and 8 pins.

a) Identify the conditional distributions in the model and draw the Bayesian Network.
b) Transform the Bayesian Network into a factor graph.
¢) Using message passing, compute the probability that the company was using high-quality steel.

d) Write a program to verify the calculated probability using Monte Carlo simulation.



Solutions 5

Undirected graphical models

Solution to Exercise 5.1 a) * The node B is observed, so the first message passed is p1p—, 5(b) = 15(b).

¢ The factor f receives this message and computes
pf—sala) = Z f(a,b)up—5(b)
b

= Z (0.9 14(a)1p(b)+0.214(a)1p(b)+0.114(a)15(b)+ 0.814(a) lg(b)) 15(b)
b
=0.914(a) +0.214(a).
¢ The factor Ber(0.3) is a leaf factor, so it sends a message to the node A given by
PBer(0.3)—»A(a) = 0.314(a) +0.71 4(a).
* The node A collects the messages fiBer(0.3)—4 and p s, 4 and computes the local marginal
pala) = ﬂBer(O.B)ﬂA(a) prg—ala)

- (0.9 14(a) +0.2 1A(a)) (0.3 14(a) +0.7 1A(a))
= 0.2714(a) +0.141 4(a)

* We normalize the local marginal with

Za=_pala) = pa(A) + pa(A) =027+ 0.14 = 0.41

and we get that p(a) = pa(a)/Za ~ 0.65914(a) + 0.3411 3(a). So the graphical model describes a
probability of A of approximately 0.659.

b) From the model, we have that p(A) = 0.3, and p(B|A) = f(A, B). Using f(A, B), we can compute the marginal
p(B) according to

p(B) = p(B|A)p(A) + p(B|A)p(A) =0.9-0.3+0.2-0.7 = 0.41.

Hence
_ p(B|A)p(A) 09-0.3

p(A|B) p(B) 04l

~ 0.659,
which is the probability found in (a).

Solution to Exercise 5.2 a) The leaf node B sends the message (1p—, s, = 1 to the factor fo.
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This factor computes and passes along the message
tif,—ala /f2 a,b)pup, (b) db
= /N(b; aa,o3)db = 1.

Similarly, the leaf node f; sends the message i, 4 = N'(u1,0%).

Then, the marginal distribution of A can be computed with

1
pala) = Z*AufﬁA(a) ppmala) = N(a; p1,07);

50, in the graphical model, p(A) = N (i1, 0%).

b) The leaf factor f; sends the message to the variable node A, which passes it along to the factor fo according to
fassf(a) = N(a; pr, 07).
Finally, the factor f> takes this message and passes it along the graph according to
praen(®) = [ Flabacss, (@) da

— [ (00,03 N (@ 0% da
o N(b; oy, 0’02 + 02)

where we have used Corollary 2 from Lecture 2. Alternatively, by explicit computation

prsen(®) = [ N(bsaa, 09N (ai . 0) da

1 1(b— aa)? 1(a—p)°

S St B Sl ot VA O |

2mo 09 /exp { 2 O’% exp 2 0% “

1 1 (b? — 2aab+ o2a?  a® + p? — 2ap

exp{ —= 5 + 5 da

2mo 09 2 op o

1 1 /b 1/a? 1 ab

expy —— 2—&-”1 /exp ——|=S+=5]d+ —2—1—'[% a ¢ da;

2mo 09 2 \ o3 01 2 \ o3 01 o5 0]
completing the square inside the integral, we get

1 (a? 1 ab 1 o203 ab ?
Jrnl 45 ) (el ) ()
2\o5 o7 o5 07 2 \ a?of + 0% o5 0f

Hence,
2 1 o202 11
b - - 1¥2 b =L
ea)xen {5 boo (5 (i) (3 +4) )
21 2 b ?
— e ! 2+<20502 2)(04014-#1 )}
lop 2 \ a?of + 03 0102
b2 1 [a?b?ol + ol + 2aboipy ol
o2 * 2 olo2(a20? + 02)
2 103 1 2

b2oi(a’o? + 02) — a?b? o} — pios — 2abo? ol
o T o)

(b20-%0-2 pios — 2aboip o3 ) }

otoi(a’of + 03)
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Solution to Exercise 5.3
Define the following events:

A: the student knows Bayesian networks
B: the student knows factor graphs
C;: the student answers question ¢ correctly

D = A A B: the student knows Bayesian networks and factor graphs

Let 1g be the indicator function of event E'; then we can write

p(Cr = qlA = a) = fo,,a(g,a) = 0.91a(a) 1, (9) +0.214(a) 1e, (9) +0-114(a) 16, () +0-815(a) 16, (9)-

a) The factor graph is represented in Figure 5.1 (left).

P(A) p(B)

e EEEEES

Figure 5.1: Exercise 5.3 — Left: Factor graph; Center: messages required to compute p(A); Right: messages required to
compute p(B).

b) We want to compute p(A|Cy, Cs, C3). Consider the message-passing schedule in Figure 5.1 (center).

* Messages from observed nodes (note that the messages are functions of one variable node)
p = 1c, p2 = 1g, p3 = 1g,
* Pass j1q through fc, a

“4_2“1 )fer.a(g, ")

_Z 1c,(q) (0.91¢,(q) 14 +0.21¢,(q) 15+ 0.115,(g) 14 +0.81¢,(q) 14)
:0.91A+o.21g.

* Similarly, pass po through fc, B

= ZH2(Q)sz,B(q7‘)
= Z 102 0 9102( )13 +0.2 102(q) 15+0.1 1@2((]) 15+4+0.8 1@2((]) 13)

20.1134-0.813,

and p3 through fo, p
e =011p +0.81p.

e Atnode D, we have that 7 = ug.

At node B, the message from the leaf factor p(B) is non-informative and we can put ugs = p5 (note that
messages are defined up to a scalar multiple).
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» To compute pg, define the three-argument And operator as
1p=anp(a,b,d) = 1a(a) 15(b) 1p(d)+ 1a(a) 15(0) 15(d)+ 14(a) 15(b) 15(d) + 1 4(a) 15(b) 1 5(d)
this function is one only when D is equal to A A B. Then, we can compute

py = Z p7(d)ps(b) 1p=anp(a, -, d)
bd

=Y (011p(d) +0.815(d))(0.115(b) + 0.815(b) 1p=anp(-,b,d)
b,

d
=) (0.0115(b)1p(d) +0.0815(d) 15(b) +0.081p(d) 15(b) + 0.6415(d) 15(b)) Lp—ans(-,b,d)
b,d

=0.0114+0.0817+06414+0.6413
=0.6514+0.7214.

* Atnode A, we have that
p(A =a) o< pa(a)pg(a) = (0.914(a) +0.21 4(a)) (0.6514(a) + 0.721 4(a)) = 0.58514(a)+0.144 1 5(a)

s0, according to the model,

- 0.585
A =  ~0.8025.
P(A]Cr, €2, Cs) 0585+ 0.155 ~ 08025

¢) We want to compute p(B|C1, Cy, C3). Consider the message-passing schedule in Figure 5.1 (right); note that the
messages (11 through p7 are the same as the ones computed in point (b).

 Atnode A, the message from the leaf factor p(A) is non-informative and we can put p19 = 4.

* We use the three-argument And operator to compute

pa2 =Y po(a)pr(d) 1p=anp(a,-,d)
a,d
= Z (0.914(a) +0.214(a)) (0.11p(d) + 0.815(d)) 1p=anp(a,-,d)
a,d

= Z (0.0914(a) 1p(d) +0.7214(a) 1 5(d) 4+ 0.021 5(a) 1p(d) + 0.16 1 5(a) 1 5(d)) 1p=arp(a,-,d)
a,d

=0.091p+0.7215+0.1615+0.1615 =0.2515 4+ 0.8813
¢ At node B, we have that

p(B =b) o p12(b)us(b) = (02515 +0.8815)(0.115+0.815) = 0.02515 + 0.7041 3
s0, according to the model,

o 0.025
B = U 0.034.
p(BIC, €, Cs) = gssomon ~ 003

d) The following listing shows a python program to compute p(A|Cy, Ca, C3) and p(B|Cy, Co, Cs).

I from random import random as rand
2> from random import seed

4 def drawQuestion(Skill):
5 """Randomly draws the result of a question based on Skill"""
6 return rand() < 0.9 if Skill else rand() < 0.2

8 def simulateStudent():
9 """Randomly draws a student and the results of the questions"""
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10 A = rand() < 0.5

11 B = rand() < 0.5

12 Cl = drawQuestion(A)

13 C2 = drawQuestion(B)

14 C3 = drawQuestion(A and B)

16 return A,B,C1,C2,C3

18 if __name__ == "__main__":

19 seed(123)

20 N_total, N_A, N.B =0, 0, 0

21

22 while N_total < 200000:

23 A,B,C1,C2,C3 = simulateStudent ()

24 if C1 and not C2 and not C3:

25 N_total += 1

26 if A: N_A += 1

27 if B: N_B += 1

28

29 print (£"P(A|Cl, ~C2, ~C3) = {N_A/N_total}") # Output: PCA|Cl, ~C2, ~C3) = 0.802515
30 print(£"P(B|Cl1, ~C2, ~C3) = {N_B/N_total}") # Output: P(B|Cl, ~C2, ~C3) = 0.034115

Solution to Exercise 5.4
Define the following random variables:

S': the company was processing high-quality steel
A: the production rate of the day
C'": the number of clips produced
P: the number of pins produced

a) The factor graph is represented in Figure 5.2 (left).
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Figure 5.2: Exercise 5.4 — Left: Factor graph; Right: messages required to compute p(.S).

b) We want to compute p(S|C = 10, P = 8). Consider the message-passing schedule in Figure 5.2 (right).
¢ At node C, we have the observation C' = 10, so w1 is a point mass at 10:
p1 = lio
 The message 111 passes through the Po()) factor to give ug according to
2 \ka—A AL0g—A

p2(X) = ZPO(k§ AN (k) = ] 1io(k) = ol
k=0 k=0 ’ ’

» Using the same argument, we have that ji3 = 1g and ps(\) = A8e=* /8.

51
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The node X passes along the message
A\18e—22
A) = p3(A) - pa(A) = ————
ps(A) = p3(A) - pa(A) 1018!

The message y; arrives at the factor node. This factor describes one point mass at S A A = 10 and one point
massat SAA=T:
f(s,2) = 15(s)0(A = 10) + 15(s)0(A = 7),

where (+) is the Dirac measure.
Hence, we have that

o(s) = / " F (s Aus(3) da

= [ (15680 = 10)+ 150180~ D) s (3) 4N

10186_20 7188_14

Towgr 1808+ g 1s(s)

From the prior factor, we have the message

uwr =0251g4+0.7515
At node S, we can compute

p(S = s) o< pe(s) - pr(s)

10186_20 7186_14
= (10!8! 15(s) + ~Tomr 15(3)) (0.2515(s) + 0.7515(s))
10186_20 3. 7186_14

= 210w W6t e 1)

so, normalizing, we get that

10186_20 1
p(S|C =10,P =8) = 1018672?10!2{71807“ = = ~ 0.3366.
L1080 T a1om 1+3-(15) ¢

The following listing shows a python program to compute p(S|C' = 10, P = 8).

from numpy.random import poisson
from numpy.random import random as rand

3 from numpy.random import seed

def simulateDay():
"""Simulate one day at the factory"""
rand() < 0.25
10 if S else 7
poisson(L)
poisson(L)

N Y wn

return S,L,P,C

if __name__ == "__main__":
seed(123)
N_total, N_S =0, 0

while N_total < 20000:
S,L,P,C = simulateDay()
if P==8 and C==10:

N_total += 1
if S: N_S +=1

print (£"P(S|P=8,C=10) = {N_S/N_total}") # Output: P(S|P=8,C=10) = 0.33685
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