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Solutions to Examination in Scientific Computing

1. (a) ||[Az|]s = 2 AH Az. Since A is unitary we have A¥A = I and hence
[Az[l2 = 272 = [l]2.

(b) A Hermitian < A = A, Thus AFA = AAH ie. A is normal.

(c) A and B are similar if A = CBC~! for some nonsingular matrix C.

Az = \x
=
C YAz = \C 'z
<~
CrACC 'z =2\C 'z
B y y
=
By =My

where y = C~ 'z, i.e. B has eigenvalues A and eigenvectors C'~'z where
A\ are eigenvalues and x are eigenvectors of A.

(d) e Poisson uy, +uy, = f, 0 — 12 = —1 < 0, = elliptic.
e Wave equation us — c®uy, = 0, 0—1-(—c?) = ¢ > 0, = hyperbolic.

2. (a) Use Gersgorin discs: the eigenvalues A of A are located in the union of
the discs with center ¢;

2 .
A=l <300 silal , i=1,2n

From A we get
S juilail =01 i=1ori=2n,

St isilagl =02 i=2,... 201,
cG=—n+i—1 , i=1,...,2n.

Since the radius of the discs all differ by at least 1 and the radius of the
discs are at most 0.2 the discs are all isolated. 2n isolated discs = 2n
distinct eigenvalues. Since A is symmetric all eigenvalues are on the real
axis.

(b) Shift A with e.g. nl and use the power method on B = A + nl which
gives A + n. The obtained ) is the largest eigenvalue of A since A +n
corresponds to the eigenvalue of B with largest modulus. Since Bz =
(A+nl)x = (A + n)x the correct eigenvector is obtained.

(c) Shift A with e.g. —nl and use power method on B = A —nl. Argumen-
tation as above.



3.

(d) Use inverse iteration on A. The eigenvalue u closest to the origin cor-
responds to the eigenvalue p~! of A=! with largest modulus. Since
Ar = pr & A7'Ax = pA=* & p~'z = A 'z the correct eigenvec-

I
tor is obtained.

Remark:Other solutions using the power method and the inverse method
with different shifts are possible to (b)-(d). Some of them also have better
convergence properties than the solutions suggested above.

(a) (v1,v2) is a basis in M where v; = 1, v3 = x. Determine an ON-basis
(e1,e2) using Gram-Schmidt:

lon] = /i 12 = V3= e =

wy = vy — (va,€1)e1 = T — (Z?:(ﬂ%) % =
0 1 2 1
v (Bt ) =]
leall = /20 (i =2 = (1) 402+ 12 = VB = e = 25

= (f.er)er + (f,e2)ez
(frer) = Zfo P =(0+1+8)J5=3V3
(frea) = 2o ¥t = (O+O+8) %
Thusg*:Sﬁ%Jrél\/—L\;il:3+4(x71):4x71.
(c) f—g* =% —4x +1is orthogonal to M if (f — g*,e;) =0, =1,2.

(f=g%er) = Xio(i—4i+1) 5=
= (0-0+1+1-4+1+8-8+1)2==0
(f—9g%e) = Z?ZO(Z —4z+1)71:
= (0= 04D (1) (1= 4+1) -0+ (8 —8+1)-1) 1 =0
(d) g=aes+fes = f-g==x —OK(T) Deﬁnea_% 8= \/g
yielding f — g = 2® — az + a — 3. Fro Hf gl we get

F2=(03—@~0+a—B)2+(13—d-1+a—6)2+(23—a-2+@—6)2.

OF° _ 4a —16= a* = 4
OF _ 6318 = 3* =3

Since ‘9; — =4>0and 2 6ﬂ2 =6 > 0, @ and /* minimizes F. From
this we conclude that g* = =42y +3V3e; =4z —4+3 =4z — 1.

(a) Use the energy method to get
)2 =4 fo u?dz = fo 2uupdr = [Use the PDE] =

=— fol Quugdr = — 01 L (u?)dz = — [u2](1) = —u?(1,t) +u3(0,t) = 0,

where we have used the periodic boundary conditions in the last equality.
Hence ||ul]* = 0 and [Ju]| = | f].



(b) A Taylor-expansion around (z;,t,) yields

w(zj, tne1) = u+ kuy + %utt + O(k?),
2
w(zj—1,tn) = u — huy + %um + O(h?),

where u denotes u(x;,t,) etc. The local truncation error ¢ is then given
by

0= “(Ij;twrlifu(aij,tn) + u(wj+1,tn2:u(wj,tn) _

Ut + %Utt + O(kQ) + ug — %Uzw + O(hQ) =

Hence, limy, 0 ¢ = 0, i.e. the difference approximation is consistent.

(¢) Using that every grid function v of periodicity 1 can be approximated by
a finite Fourier series

n_ 1 \N—1.n 27ijm/N n_ N—-1_ n_—2mijm/N
vl =N Y om0 Ume , where ] = Zj:o vile ,

we get the following transformed equation

k , E Kk
~n+1 _ _ _—2mim/N A _ n i — 4.nn
oyt = (1 . (1 e )) o (1 . + 5 (cos — isin 9)) Jm Oy,

k > k2 2% k
lgm? =1+ = (cosf — 1)) +-=sin?0=...=1+ = (1—— | (cosh —1)
h h2 h h)——
>0 <0

where § = 222 If £ < 1 we get that (1 — £) > 0 and hence |§,[? < 1
which is necessary and sufficient for stability.

(d) A consistent finite difference approximation of a well-posed PDE is con-
vergent if it is stable. From above we conclude that the difference ap-
proximation converges if % <1

5. Start by assuming the opposite, i.e. that v assumes its maximum at some
inner point (g, jo) and that v;, j, = M where M is larger than all values on
the boundary. From the difference equation it follows that

Vij = g (Vit1,j + Vie1,j + Vi1 +Vij-1)
i.e., v;; is the mean value of its neighbouring points. Hence, v;, j, is smaller
than or equal to its largest neighbour. On the other hand wv;, ;, = M is
larger than or equal to its neighbouring points, i.e. all the neighbouring
points must also equal M. By repeating the argument, v = M everywhere,
including boundary points, which is a contradiction. Hence, v must assume
its maximum on the boundary.



