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Solutions to Exam 2007-10-19

1 (a) From the problem formulation we know that� is an eigenvalue to the
matrixA and thatx is the corresponding eigenvector.

Multiplying Ax = �x from the left byA repeatedly we get thatA2x = �Ax = �2xA3x = �2Ax = �3x
...Amx = �mx:

From this we see that�m is an eigenvalue toAm and that the corresponding
eigenvector isx.

(b) C =

�
3 4
7 2

� ) CT =

�
3 7
4 2

�)CTC =

�
58 26
26 20

����� 58� � 26
26 20� � ���� = (58� �)(20� �)� 676 = 0�2 � 78� + 484 = 0 ) � = 39�p

1073

Hence�(CTC) = 39 +
p

1037 � 71:20 andkCk2 =
p

39 +
p

1037 �
8:44.

(c) A� ab � =

0� 1 1
2 1
3 1

1A� ab � =

0� 4
7
9

1A = y
The normal equations read:ATA� ab � = ATy )�

14 6
6 3

�� ab � =

�
45
20

�)



2 (4)� ab � =

�
5=2
5=3

� ;
i.e.y = 5

2
x + 5

3
.

2 (a) A Taylor expansion gives the local truncation erroru(x; t + k)� (u(x + h; t) + u(x� h; t))=2k � �u(x + h; t)� u(x� h; t)
2h =

= : : : =
k
2
utt � h2

2kuxx � �h2

6
uxxx + : : :

sinceut = �ux.
(b) The discrete Fourier transform of the difference equation (using orthogo-

nality of ei2�mk=N ) isûn+1m � cos(2�m=N) ûnmk = �i sin(2�m=N)h ûnm
or equivalentlŷun+1m = ĝmûnm, whereĝm = cos

2�mN + ik�h sin
2�mN :

Thus, jĝmj2 = cos2
2�mN +

k2�2h2
sin2

2�mN � 1 8m;
(i.e. the scheme is stable) if and only ifk2�2h2

� 1 , kh � 1j�j :
3 LetA = D+L+U , whereD is the diagonal part ofA, L is the lower triangular

part ofA andU is the upper triangular part ofA.

(a) Jacobi:xk+1 = �D�1 (L + U) xk + D�1b,
Gauss-Seidel:xk+1 = � (D + L)�1 Uxk + (D + L)�1 b.

(b) Jacobi:x = �D�1 (L + U) x+D�1b) (D + L + U) x = b, i.e.Ax = b.
Gauss-Seidel:x = � (D + L)�1 Ux + (D + L)�1 b) (D + L + U) x =b, i.e.Ax = b.

(c) A =

0� 4 2 0�3 5 �1
0 �1 4

1A)D =

0� 4 0 0
0 5 0
0 0 4

1A ; L =

0� 0 0 0�3 0 0
0 �1 0

1A ; U =

0� 0 2 0
0 0 �1
0 0 0

1A :



3 (4)

xk+1 =

0� 0:25 0 0
0 0:2 0
0 0 0:25

1A0��0� 0 2 0�3 0 �1
0 �1 0

1A0� 1
1
1

1A1A+0� 0:25 0 0
0 0:2 0
0 0 0:25

1A0� 3
6
9

1A =

0� 0:25
2:0
2:5 1A

4 (a) The first column is already, i.e.,P1 = I. We then getQ =

0� 1 0 0
0 p11 p12

0 p21 p22

1A
whereP =

� p11 p12p21 p22

�
is computed with a Housholder matrixP =I � 2wwT . Here P =

�
0:8 0:6
0:6 �0:8 �

which gives R = QA =

0� 1 0 1
0 5 15:8
0 0 �19:4 1A

(b) Repeat until convergence:A => QR FactorizeA <= RQ Multiply

A becomes block overtriangular where the diagonal blocks are 1x1 inclu-
ding the real eigenvalues and 2x2 including complex pairs ofeigenvalues.
One iteration (QR-factorization as above):A =

0� 1 0 1
0 5 15:8
0 0 �19:4 1A�0� 1 0 0

0 0:8 0:6
0 0:6 �0:8 1A =

0� 1 0:6 �0:8
0 13:48 �9:64
0 �11:64 15:52

1A
5 Construct the residualr(x) = u00 + a � u� f(x) and require thatZ

1�1

r(x)v(x)dx = 0; for all v(x) 2 V with v(�1) = v(1) = 0

Integrate by parts to lower the regularity requirements:Z
1�1

u00vdx = [u0v]
1�1
� Z 1�1

u0v0dx = � Z 1�1

u0v0dx



4 (4)

) � Z 1�1

u0v0dx +

Z
1�1

auvdx =

Z
1�1

fvdx for all v(x) 2 V
Setu(x) =

Pi 
i'i(x) and letf'j(x)gj be a basis inV .)Xi 
i�� Z 1�1

'0i'0jdx +

Z
1�1

a'i'jdx� =

Z
1�1

f'jdx 8j
The variational formulation gives a linear system of equations with the stiffness
matrix Aij = � Z 1�1

'0i'0jdx + a Z 1�1

'i'jdx
Basis functions

(a) 'k = piecewise linear8<: R
1�1
'k'ldx = 0; om jk � lj > 1R

1�1
'0k'0ldx = 0; om jk � lj > 1) tridiagonal matrix (non-overlapping basis functions ifjk � lj > 1).

(b) 'k = sin(k�x) 8<: R
1�1
'k'ldx = 0; om k 6= lR

1�1
'0k'0ldx = 0; om k 6= l) diagonal matrix (orthogonal basis functions).

The second system becomes easier to solve.


