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Solutionsto Exam 2007-10-19

1 (a) From the problem formulation we know thatis an eigenvalue to the
matrix A and thatr is the corresponding eigenvector.

Multiplying Az = Az from the left by A repeatedly we get that

A’x = Mz = Nz
Adx = N Az = Nz

ATy = \"g.

From this we see that™ is an eigenvalue td"™ and that the corresponding
eigenvector is:.
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N —T8A+484 =0 = X=39++1073
Hencep(CTC) = 39 + /1037 &~ 71.20 and||C||s = V39 + V1037 =

8.44.
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The normal equations read:
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Le.y = gﬂf + g
2 (a) A Taylor expansion gives the local truncation error

uw(z,t + k) — (u(x + h,t) +u(r — h,t))/2 u(x + h,t) — u(z — h,t)
k - 2h
k h? ah?
sinceu; = auy,.

(b) The discrete Fourier transform of the difference equefusing orthogo-
nality of e?>7mk/N) is

antt — cos(2rm/N) a2, isin(2rm/N) _,
K - oo

or equivalentlya ™ = g,,a",, where

2rm  ka . 2mm

Jm = COS N +ZT sin D
Thus, )
2 k 2
|G |” = cos® 7]er + hC; sin? T <1 v,
(i.e. the scheme is stable) if and only if
k2a? <1 o k - 1
h? — h — |a|

3 LetA = D+ L+ U, whereD is the diagonal part oft, L is the lower triangular
part of A andU is the upper triangular part of.

(@) Jacobiz*t' = —D~' (L + U) z* + Db,
Gauss-Seidel:* ! = — (D + L)™' Uaz* + (D + L)™' b.

(b) Jacobiz = —-D ' (L+U)x+D %= (D+L+U)z=b,i.e. Ax =b.
Gauss-Seidelt = — (D + L)' Uz + (D+ L) 'b= (D+L+U)x =
b,i.e. Az =D.

(c)
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025 0 0 0 2 0 1
o = 0 02 0 -1 -3 0 -1 1 +
0 0 025 0 -1 0 1
025 0 0 3 0.25
0 02 0 6 | = 20
0 0 025 9 2.5

4 (a) The first column is already, i.d? = I. We then get

1 0 0
Q= 0 pu pi2
0 par D22

whereP = ( P Pr2 > is computed with a Housholder matrik =

P21 D22
0.8 0.6
P= ( 0.6 —0.8 )

I — 2ww?. Here
0 1
R=QA= 5 15.8
0 —194

(b) Repeat until convergence:
A=> QR Factorize
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which gives

1
0
0

A <= RQ Multiply

A becomes block overtriangular where the diagonal blockslad inclu-
ding the real eigenvalues and 2x2 including complex paiigénvalues.
One iteration (QR-factorization as above):

10 1 1 0 0 1 06 -0.8
A=1 0 5 158 || 0 08 0.6 = 0 1348 —-9.64
0 0 —19.4 0 0.6 —0.8 0 —11.64 15.52

5 Construct the residualz) = u” 4+ a - u — f(x) and require that

/1 r(z)v(z)de =0, forall v(z) € V with v(-1) =v(1) =0

Integrate by parts to lower the regularity requirements:

1 1 1
1
/ u"vdr = [u'v]”, —/ u'v'de = —/ u'v'dx
1 1 1



SALA
RSITET

4 (4)

1 1 1
= —/ u'v'dx+/ auvdx:/ fvdr forall v(z) eV

1 1 1
Setu(x) =3, cips(w) and let{y;(x)}, be a basis i

1 1 1
= G <—/ 90290}d$+/ a%@jdﬂﬁ> :/ fpjdr Vj
p ~1 -1 -1

The variational formulation gives a linear system of equaiwith the stiffness
matrix

1 1
A = —/ gpﬁgp}d:v%—a/ pipjdx
—1 -1
Basis functions
(a) pr = piecewise linear

I} erpids =0, om [k —1]>1

[Y opide =0, om |k —1| >1

= tridiagonal matrix (non-overlapping basis functiongif- [| > 1).
(b) ¢x = sin(kmx)
f,ll orpidr =0, om k 7é !

1y hgide =0, om k #1
= diagonal matrix (orthogonal basis functions).

The second system becomes easier to solve.



