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• '����

��	� u(t) = δ(t) ⇒ y(t) = g(t)

• )���
��	� u(t) = u0 ��	 t > 0 ⇒ y(t) = u0

∫ t

0
g(τ)dτ

• + )���� ���	
��� ���	 
��������! ��
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 ����	������!
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0������ ��� ������ 1�
�#��� K ��( T � 
�
�����

G(s) = K
s+T �	�� ��� 
���
��	!
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��	 G(iω)!

•  �	 ��� ���-#	� ��������	���� 
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��� �#���	 ��� �
�

�	��
������ 
��� ����

u(t) = u0 sin(ωt) ⇒ y(t) = y0 sin(ωt + ϕ)


#	

y0 = |G(iω)|u0

ϕ = arg G(iω)

• ⇒ )����� �	�����
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Y (s) = G(s)U(s)$ �	
#�� s ��
 iω ��	 ���-��
�


�����
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������	��
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Y (iω) = G(iω)U(iω)

������ ��	

G(iω) =
Y (iω)
U(iω)
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��	��	!
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YTDF (iω) =
N∑

k=1

y(k)e−iωk

UTDF (iω) =
N∑

k=1

u(k)e−iωk

0� ��� 
� ��	�� 
����������

Ĝ(iω) =
YTDF (iω)
UTDF (iω)
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ŷ(k) = ϕT (k)θ �.�

�=  '5���
����

ŷ(k) = bou(k) + b1u(k − 1) + . . . + bnu(k − n)

⇒
ϕ(k) = (u(k) u(k − 1) . . . u(k − n))T

θ = (bo b1 . . . bn)T

�
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y(k) + a1y(k − 1) + a2y(k − 2) + . . . + anay(k − na)

= bou(k) + b1u(k − 1) + . . . + bnbu(k − nb) + e(k)

?	�
����	� ��	 "5>���
����� ��
 ����� ��� ;���� ���	

���� ���� y(k) ���� @3 ��( 
�	��� �	�
��	��� e(k) 
�


ŷ(k) = −a1y(k − 1) − . . . − anay(k − na)

+bou(k) + . . . + bnbu(k − nb)

⇒
ϕ(k) = (−y(k − 1) . . . − y(k − na) u(k) . . . u(k − nb))T

θ = (a1 . . . ana bo . . . bnb)T

�
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����� ��� 
#��� u = 0 � "5> �	�
����	�! :���� ��	

�"5��	�
����	���

ŷ(k) = −a1y(k − 1) − a2y(k − 2) − . . . − anay(k − na)

⇒
ϕ(k) = (−y(k − 1) − y(k − 2) . . . − y(k − na))T

θ = (a1 a2 . . . ana)T

�� ����
����� �� "5���
����� #	 "5<"���
�����
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"���� ����#�� 
���
�	�� {y(k), ϕ(k)}k=1,...,N !

�	���	����

V (θ) =
N∑

k=1

(y(k) − ŷ(k))2 =
N∑

k=1

(y(k) − ϕT (k)θ)2 �2�

:�� θ 
�� ������	�	 �2� ��
 ���

θ̂ = [
N∑

k=1

ϕ(k)ϕT (k)]−1
N∑

k=1

ϕ(k)y(k) �8�

/1)$ ���	�
�� [
∑N

k=1 ϕ(k)ϕT (k)]−1 ��
�� �����

����	��	�
�

��� #��� ��	��	� ��
 N �

θ̂ = [
1
N

N∑
k=1

ϕ(k)ϕT (k)]−1 1
N

N∑
k=1

ϕ(k)y(k))
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Y =

⎡
⎢⎢⎢⎣

y(1)
!!!

y(N)

⎤
⎥⎥⎥⎦

Φ =

⎡
⎢⎢⎢⎣

ϕT (1)
!!!

ϕT (N)

⎤
⎥⎥⎥⎦
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θ̂ = [ΦT Φ]−1ΦT Y �A�
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y(k) = ϕT (k)θo + e(k) k = 1, . . . , N �B�


#	 e(k) #	 �� ��#���	 
��	���� �
� ��
���! '
���	�
��	� ��	 ��

Y = Φθo + e �C�

��
 e = [e(1) . . . e(N)]T !
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 ��	� ���� �	�
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E{e(k)} = 0$ E{e2(k)} = λ ���	���
���$ ��(

E{e(k)e(j)} = 0 
� k ��( j #	 �����!

��������� ��	

0� ����	 ��� E{ϕ(k)e(s)} = 0 ��	 ���� k ��( s! D#���	

��	  '5���
����	 ��� �- ��	 "5>6"5���
����	!

:� �#���	

.! E{θ̂} = θo!

2!

P = cov θ̂ = E{(θ̂ − Eθ̂)(θ̂ − Eθ̂)T } = λ(ΦT Φ)−1

8! 1	�
��	���
�� λ ��� 
����
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�
	������!
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•  �	 
�� 
�����
� ��	�����	� θ̂i �i = 1, 2, . . . n��

�#���	 ��� var θ̂(i) = P (i, i)! 0�	���
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1
N

N∑
k=1

X(k) → E{X(k)} 
� N → ∞ �E�
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