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Abstract

In this report we look at a portfolio consumption optimization problem with a
stochastic market price of risk. We go through a previously published proof of op-
timality in detail and then see how this depends on the assumption of a complete
market. Some technical problems are identified and a more general problem of predic-
tion of prices on an incomplete market is addressed. We look at an example model of
an incomplete market and recite a theoretical result regarding the ambiguity of prices
thereon. To this theoretical result we add a numerical investigation of the impact
of this ambiguity in practice. We run Monte-Carlo simulations on a restricted set of

reasonable parameter values and interpret the results.
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1 Introduction

A classical problem of interest in quantitative finance is the investors problem, where
the task is to find an investment strategy so that the expected utility of the investor is
maximal. Many different formalizations of this problem has been studied during the
last decades, starting with the work of Merton in [6, 7].

The common way to model the problem is to assume a set of risky assets, usually
thought of as stocks, along with a riskless asset, usually thought of as a bond. Then
one defines a wealth process that for each time corresponds to the value of the assets
owned by the investor at that time. This process is most often required to be self
financing, not demanding the investor put more money into it. Lastly comes the
tricky question of defining investor utility from the investment. This is usually done
via two means. The first is to define a consumption function specifying how much
value is extracted from the portfolio, and then defining a function of the consumption,
called the running pay-off that is integrated over time to yield investor utility from
the consumption. The other approach is applicable in case we are considering the
problem with a finite (possibly stochastic) time horizon and define a final pay-off
function, sometimes called bequest, giving an investor utility based on the wealth
process at the final time. It is also common to combine utility from both consumption
and final wealth as we shall see later.

Having formalized the problem as above one usually applies dynamic programming
methods from stochastic optimization to get a partial differential equation, called the
Hamilton-Jacobi-Bellman (HJB) equation , describing the optimal utility along with
the corresponding optimal portfolio and consumption. The important thing to note
here is that while it is often straightforward to show that if a portfolio-consumption
pair gives optimal expected utility then it must satisfy the HJB equation, showing the
opposite can be quite complicated. This is unfortunate since in practice the interesting
step is when the investor might get a solution to the equation but would not know
wether it actually is optimal or not.

While there are verification theorems for simple market models, it is important from a
practical point of view to see if this can also be proved for more realistic models. One
such attempt at a realistic model can be found in the article by Honda and Kamimura
[3] which we will consider more closely. In [3] they note that empirical studies hava
found that the market price of risk is stochastic and time varying, and then proceed
to prove verification under certain conditions in a model where the market price of
risk is modeled by a linear Gaussian process.

One important assumption in [3] is that the market is complete, i.e. for any price



process deriving its value from the assets on the market we can construct a self financ-
ing portfolio so they have the same price with probability one. We say that we are
replicating the process. Since the price process can be replicated, its value will be de-
termined by the prices of the assets on the market, as these determine the price of the
replicating portfolio. In reality this assumption can be questioned as most real mar-
kets seem not to be complete. One way to look at completeness is that if a market has
more "sources of randomness” than traded assets then the market will be incomplete.
It is not difficult to imagine that the number of factors that go into determining the
values of assets on a stock market can be larger than the number of assets. However
working with incomplete market models puts severe limits on what can be said about
the market and the pricing of assets thereon. For a simple introduction to incomplete
markets see [2], Chapter 15.

In Section 2 of this report we will take a thorough look into the article [3]. The
model is presented in its entirety and the investors problem is formulated. Then the
corresponding Hamilton-Jacobi-Bellman equation is derived and simplified to admit
a conjectured solution. This explicit solution can then be used to prove a verification
theorem. Here we differ from the approach in [3] and the proofs have been slightly
reformulated to first prove a general theoretical theorem that is then used to prove two
other more applicable results. In Section 3 we look at some of the problems caused if

the market is no longer assumed to be complete and Section 4 concludes the report.

2 A dynamic Portfolio-Consumption Problem with

stochastic price of risk

2.1 The market model and the investor problem

Assume we have a complete probability space (§2,.%, P) and that on this we have a
K-dimensional standard Brownian motion B(t), where ¢ € [0,T]. Here we let .%; be
the filtration o(B(s);0 < s <), t € (0,T).

We let the market price of risk be described by the process X = (X1,...,Xk) that

satisfies the stochastic differential equation

dX(t) = pX (X (t))dt + cXdB(t)
X(0) =z € RE|

where u~ (z) = k — Mz, k € RE, M € REXK and oX € REXK,

The market will have one riskless asset and K risky assets. Let the price of the riskless



asset be denoted by Sy and have the dynamics
dSo(t) = r(X(t))So(t)dt, Sp(0) =1,

where r : RE — R is given by r(z) = ro + r{x + %xTrgx, r1 € R, r; € RX and
ro € REXK i positive semidefinite.
We denote the price of the risky assets of our market model as S = (S, ...,Sk) and

let S be described by the stochastic differential equations

4S:(1) = Si(OuS (X (O)dt + Si(t) S, 05 (X (1))dB; (1)
S;(0)=s,>0

fori =1,...,K. Here 0%(z) = (0})1<i <k is a function from R¥ to R¥*® such
that 29(z) := o%(z)(0°(z))T is positive definite for all z € RE. From the definition
of market price of risk we have that X = 0(X) := (¢%(X))" (u¥(X) — r(X)1),
1=(1,...,1) € RE so we get that () = r(2)1 + 0°(z)x, v € RE.

Now we want to find an optimal portfolio-consumption strategy for an investor with
power-utility. Denote the investors holdings of units of riskless assets at time ¢ by
1o(t) and units of the i:th risky asset at time ¢ by 7;. Then the investors wealth W (t)

at time ¢ will be «
W(t) = Zm(t)si(t)
i=0

and if ¢(t) is the investors consumption rate at time ¢ the portfolio-consumption pair

(n,¢) = (o, - .., NK,c) will be self-financing if

K
AW (t) = n;(t)dS;(t) — c(t)dt.
=0

We also assume there is an initial wealth wy > 0 such that W (0) = wy. To simplify
the equations we look at the fraction of wealth ¢;(t) invested in the i:th asset at time

t, i.e.

ni(t)Si(t)/W(t), W(t) #0 1= 6ilt), W(t) #0
qﬁz(t) = ¢U(t) =
0, W) =0 0, W(t)=0
Furthermore we define the following classes of stochastic processes

Ll (to, 1) 1= {f Q% [to, 1] — R|P (/t F(0)|dt < oo) - 1}

to

ty
L2(to, 1) = {f SQ X [to, 1] — RK’P </ |f(t)]|%dt < oo> = 1}
to
and say that (¢,c) is a portfolio-consumption strategy on [to,t1] if ¢ € L2(tg,t1),
¢ € L(to,t1), c(t) > 0 and W(t) > 0 Vt € [to,t1], where W is the wealth process cor-
responding to (¢, ¢) in the above way. The set of all portfolio-consumption strategies

on [to,t1] is denoted by H(to,t1).



Using the above formula for ¢ we see that ¢o(t) = 10So(t)/W (t) and using the dy-

namics for S the dynamics of W can be written as

AW (t) = X ())So(t) t)dt
K
+ an Sy(t ))dt + S;(t Z o3 (X (1))dB;(t)
= g;io) t))dt — c(t)dt
Eon0)Si(t) s LG ni0)Si(t) s
+ W) Z & @)+ W) > W oo X(©)dB; ()
i=1 i=1 j=1
= (1 o)1) r(X(t))dt — c(t)dt

+ o) (X (t ))dt+ W (t)o(t)" o (X (1))dB(t)
= W) [o(t)" (1™ (X (1)) = r(X($)1) +r(X(1))] dt
+ W(t)¢(t)TaS(X (t))dB(t) — c(t)dt.

To simplify the calculations we introduce 7(t) := (6% (X (t)))T¢(t) and remember that
O(X (1)) = (% (X (1))~ (u® (X (t)) — r(X(t))1), since this gives

AW () =W(t) [r()T0(X (1)) + r(X ()] dt + W()m(t)"dB(t) — c(t)dt.

Thus instead of (¢, c) we will see (m,c) as a portfolio-consumption strategy.

We assumed that our investor had power-utility, i.e. the investors expected utility

T 1—vy 1=
J(t,w,z;7, c) = Eb* [/ ofw) du + W(T)
t

function is

1—7 1—v |’
where we use the notation E*-*[ - | = E[ - |[W(¢) = w, X (¢) = z]. If welet A, (to,t1) C
H(to,t1) denote the set of admissible strategies, we can define the optimal utility
function as

V(t,w,z) = sup J(t,w,x;m, c)
(m,e)€A(L,T)

and then the investors problem is to find an optimal portfolio-consumption strategy
(7*, ¢*) such that V(¢t,w,z) = J(t,w, z;7*, c¢*). To find candidates for this we can use
dynamic programming principle to find a Hamilton-Jacobi-Bellman equation describ-
ing V and (m,¢). To do this we first need to find the dynamics for V (¢, W(¢), X (¢))

and for this we use It6’s lemma:
Lemma 1 (Itd). If Y : Q x [to,t1] — RY is an Ité process with dynamics dY (t) =
w(t)dt+o(t)dB(t) then for a suitably differentiable function f : [to,t1] x RY — R there
holds
ALY ) = (ﬁ(t,Y(t» + {t), o8, Y () + ;<U(t)0(t)T,fm(t7Y(t))>) dt
+ (fo(t,Y(2)),0(t)dB(t)).



Here we use the Frobenius product defined for two matrices A = [a;;] and B = [b;;]
of the same dimension as (A, B) =, a;;b;; = tr[ABT).

To use this for f = V we take as Y(t) = (W(t), X1(t),..., Xk ()T, and if we let
eV (t) = W(t) [x(t)T(X (1) + r(X(t)] — c(t) and " (t) = W(t)7(t)T we get that
dW (t) = pW (t)dt + o™ (t)dB(t) and then u(t) = (W (t), (), ..., pi(t))T and

av(@t) ... o¥ ()
oo | ek
o
This gives us that
v = (Vi+u"OVo+ (¥ (0),V2)
+ 5 0O ) Vs + (" ()T V)

+ (X)), Vie) + (07 ()T, Vm>))dt
+ Vo (t)dB(t) + (Va, 0" dB(t)),

where V' and all its partial derivatives are evaluated at (t, W (¢), X(¢)). Plugging in

the expressions for u" (t) and ¢" (¢) and setting X% := 0% (¢%)7 we get

v = (Vi + (W) [x()T0(X () +r(X(0)] = e(t)Ve + p* ()T V2
+ %(W(t)ZIIW(t)IIQwa +W(Hr() " (0) Vs
+ W) (X (7)) ) Vi + tr[SXVL])) dt
+ W(t)\Vur(t)TdB(t) + VL o™ (dB(t)
= (Vi +W(@) [r(0)T0(X (1) +7(X(1)] Vi — c(t)Veo + 1™ () V2
+ %W(t)ZHW(t)HQwa +W ()0 7 () Vi + 1/2tr[EXVﬁ;]) dt

+ W(t)Vur(t)TdB(t) + V. oXdB(t)
and with this in mind we define the differential operator

DTGt w,x) = Gi+w [ﬂ'TH(aU) +r(z)] Guw — Gy + X ()G,

+  1/20?||7|PGuww + w(eX )T G + 1/2t2[25GT ).

2.2 The Hamilton-Jacobi-Bellman equation

Here we derive a HJB equation for our investor problem through the means of dynamic
programming. This is well known method and can be found in many texts on the

subject, see e.g. [2], Chapter 19.



Theorem 2. If there exists an optimal portfolio-consumption pair (7*,c*) and the
corresponding value function V is of class CY2, then G(t,w,z) = V(t,w,x) satisfies

the following Hamilton-Jacobi-Bellman equation

A ,
sup { + DGt w,x)} =0
TeERK >0 1- Y

with boundary condition
wl=

1—7

G(T,w,z) =

Proof. Let (t,z) € [0,T) x RE be fixed an chose h > 0 such that t+h < T. Assume we
use an arbitrary portfolio-consumption strategy (m, ¢) in the time interval [t, ¢+ h] and
then switch to the optimal control (7*, ¢*) in (¢ + h,T]. Denote this new concatenated
control law as (7w * 7%, ¢ x ¢*). Then we get that the expected utility becomes

t+h 1—v T  x 1—v T 1—v
0(1“) - du+/ W g WD)
- t

I I—vy

J(t,w, x;m* T, cx c*) = EDYT [/
t

t+h — T . _ _
— Rtwse [/ - 0(1“)1 7duJrIf?,t+h,w(t+h),X(t+h) / *(u)! vdu+ W™
t t+h

1—7 1—7

t+h C(u)l—'y
/ S dut V(b W (4 h), X (¢ +h)

_ Et,w,m

Here we can express V with It6’s lemma as

t+h

V(t+hW(t+h),X(t+h) = V(t,wz)+ D™V (4, W (), X (u))du
t

t+h
+ /t (W(Vur(u)" +V, o) dB(u).

Since the first term is deterministic and the last term is an Itd integral, hence a

martingale, we get that

Jt,w,z;mxntexc”) = V(t,w,x)

+ B4 [ /t o (C(luil: + DAY (u, W (u), X(u))> du] :

We note that there holds J(t,w,z;7 * 7%, ¢ x ¢*) — V(t,w,x) < 0 with equality for
(m,¢) = (7*,c*). Hence if we divide by h and take the limit as h goes to zero we

obtain that

t+h w)l=7 7 (uw),c(u
L (S D (1, W (), X (1))

> [ t,w,x
02 jim B h

)
_ gtwa 05)_7 Y LORONTS W(t),X(t))] -

=
Ci)_7 + DOV (t,w, z)

1—y
_ Ao + DOV (¢t w,z) <0

10



again with equality for (7, c) = (7%, ¢*), proving the HIB equation. For the boundary

condition we see that

T e(u)t— W(T)
V(T,w,z) = sup ETw® / c(u) du + ()
(m,c)e A (T,T) r l—v 1—7v
1—v 1—v
= sup ETwe [w ] _w .
TeRK >0 1- Y 1- Y

O

The HJB-equation is written as a supremum and so is not immediately useful to us,
but since the expression is continuously differentiable in 7 and ¢ we can write down

the first order conditions for a maximum in (7*, ¢*):

= wh(2)Gy + W T Gy + w(UX)TGum =0

et
Vi ( + DTGt w, ac))

11— _—
x _ Gu (UX)Twa
=71 = TG O(x) — T
0 (7
-~ pTe — ()Y v =
9 <1_7+ G(t,w,x)) . (c") G 0

-1
= =a.

With these candidates for optimal portfolio-consumption (7*,¢*) we can write the

HJB-equation as

(C*)lf'y

— Dw*,c*
0 g + G(t,w,x)
G o) Gl
= G- SRR - S0 G

+ wr(@)Gy — G+ X ()G

L, Gi} 2 Gwo(t)T(UX)Twa H(UX)TGwIH2
T L e [
1 1
— %(O‘XQ(JI))Twa — G—MGggCUX(UX)TGw,; + itr[EXGm]
1 G? G
= Gi—s=l0@)| - (0%0(2))" Gua + wr(z)Guw + ™ (1) Gy
2 GU}'LU GU)UJ
11 X\t 2 1 Y A5
_ _ _ Ex w’v 1
QGMH(U )" Gzl +2tr[ wa]+1ffyG (1)

The above equation is a non-linear but fortunately there is one more simplification

that can be made. The following is a standard result, see e.g. [7].

Lemma 3. For the value function we have that

V(t, \w,z) = AV (tw, )

11



Proof. Let W be a solution to

dW (u) = W (u)[r(u)T0(X (v)) + r(X (u))]du + W (u)7(u)TdB(u) — c(u)du
W(t) = w.

Then we have that W' (u) := AW (u) is a solution to

dW' (u) = W' (u)[r(u)T0(X (u)) + r(X (v))]du + W' (u)7(u)TdB(u) — ¢ (u)du
W'(t) = w'.

where ¢/ (u) = Ac(u) and w’ = Aw. In particular we see that if ¢ is admissible then ¢/

is admissible. Given £ > 0 we can fix ¢, w, x and choose (7, ¢) such that
Vt,w,z) < J(t,w,z;7,c) +e.
Furthermore, we see that

V(t, w,z) > J(t, \w,z;7, Ac)

= J(t,w', z;m )

’ T o 1=y 4 1—v
— ]Et,w ,T / c (U) du 4 W (T)
¢ 1= 1—v

T 1—y 1—y
L g l / e(w)'™ , W(T)
t

1—7 1—7

= MJ(tw, a7 c)

—_

Y

MV (tw, x) — €).

Hence, we get

V(t,  w,z) > N (V(t,w,x) —¢).

Now taking the above inequality and changing A to A~! and w to Aw we get
V(t,w,z) > NV (t, dw, x) — ¢)
and the two inequalities taken together give
M7Vt w,x) — A Te SVt w, z) < NV (Ew, o) + €.
Since € can be taken arbitrarily close to zero we get the desired equality. O
Having the above Lemma we can now define a new function
flt@) = (L= )V (. 1,2)"

which gives us that




Note that this is well defined because V (¢, w,z) > 0 from the fact that ¢(t) > 0 and
W(t) > 0 for all t,w,x.

With this separation in the value function we can let G(t, w,z) = V (t.w.x) “1’1:,; f(t,z)Y

in equation (1). We get the partial derivatives

G = ﬁ (Jt(;”’wufxt,x)) G, = ﬁ ( f(f”x)ufm,x))

) ) (e

Gow = E(f(t’”)wam(m (
X 1=y zx\ly T
ey e

1- w
If we let IT = % we can rewrite equation (1) as

e S <—f> 716 () | — T (—f) 16() (o) 11,

2
b @ o - g (<2 (G e

b (i - e L)

and after multiplying by 1_T"’Hl*’y we obtain

_ 1—
0 = fitg—g @IPS + 0@ () /s

@)+ @) o+ 5 (=)Ll
+ %tr[EXfm] - %(1 - ’y)%tr[UX<O'X)Tf$fg] +1

We note that tr[oX ()T f,fF] = fFoX(0X)Tf, = [|(6™X)T f.||? and rearrange the

terms, which leads to

0 = fi+ (1_776($)T(0X)T + ;“X(x)T> fz+ %tr[zxfmm}

+ (@I + @) ) g, @

and furthermore we get that the boundary condition form the HJB-equation gives

that f(T,2z) = 1. This is a linear PDE and the solution is conjectured to be

ft,z) = /tT exp (a(u) + Bu)Tx + ;ng(u)x> du
+ exp (a(t) +B8t) Tz + ;xTC(t)x>

13



where ((t) is a symmetric matrix for all ¢, and the boundary condition then becomes

a(T) =0, 8(T) =0 and {(T) = 0. We get the following partial derivatives
1
fi(t,x) = —exp (a(t) +B(t) 'z + 2mTC(t)x>

+ exp (a(t) + B0 e + ;ng(m) (d(t) + BT + ;xTé(t)x>

T
fite) = [ o (atu)+ e+ goTcwe ) (50 + o) du

+ exp (alt)+ 507+ 3a7C(0 ) (310 +S(0e)

T
fra(t,x) = /t exp (a(u) + B(u) Tz + ;ZCTC(U)I)
((B) + C(w)x)(B(u) + C(u)z)" + ((u)) du
+ exp (a(t) +B(t) " + ;;::Tg(t)x) ((B() + <) (B(E) + <(B)x)" + (1))
and for convenience we introduce the notion E(t, z) = exp (a(t) + B(t)Tz + $2T((t)z).

Substituting this into equation (2) along with pX(x) = k — Mz, 6(x) = x and

r(x) =719+ rfa: + %xTrgac gives us

0 = —E(tz)+ E(t,x) (d(t) + 8(t) T + ;:CTC(t)x)

_ T T
+ (Uaxx b Mx) ( /t B(u, 2)(B(w) + C(u)z)du + E(t 2)(8(t) + g(m))

7y

1- 1 1 r
n ( 272'7957“33—1— 77(7«0 + Tz + 2xTr2x)> </t E(u,x)du—l—E(t,x))

T
b quls¥ [ B (3BT + s
B (C(u)e) + CuwyraT¢(w) + C(u) du]
b L [S¥E(2) (00T + (OBOT + BT +((BDaa” () +¢(0)]

= E(t,x) (—1 +a(t) + BTz + %xTé(t)x

4 W8+ T+ Z6OTEYA0) + (=X (o)

+ BT (1;%){ - M) o+ KT+ - ;%{x +2(¢()ZXB(H) "

1-— 1-— 1-— 1
+ o7 (V%X - M) ) + QVQVxTIkx + va%x + QxTC(t)EXC(t)x>

14
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1—

+ /t E(u, ) (FLTﬁ(U) + 77”0 + %B(U)TEXB(U) + %tr[EXC(t)}

+ Bu)T (17’an - M> z+ kTC(u)z + ! ; ’leTx +2(¢(u) X B(u) Tz

1 1
2’}/27 el I + 277 aelryx + 2xTC(u)ZXC(u)x) du,

1—
+ 2T (70)( — M) C(u)z +
Y
where I is the K-dimensional identity matrix. Now by letting

H(t,z) = E(tx) <d(t) + Btz + %ﬂcTé(t)x

+ WA+ o+ 5BOTEA0) + 5lE ()

+ BT <1770X - M> z+kTC(t)x + ! ; ’yrszzr +2¢)=X )T

2;27 arTIKx

+ 2T (1;70)( - M) ¢tz +

2;7 2T oz + ;xTC(t)Exg(t)x>

and differentiating equation (3) with respect to time we simply get that %H(t,x) =
H(t,z), hence H(t,z) = C(x)e’. Unfortunately this equation does not seem to be
uniquely solvable, but since we are only looking for one solution we can choose the
solution H(t,x) = 0. Looking at different "powers” of x in the expression for H (t,x)

we see that for H(¢,z) = 0 to be true we must have that

() = —CS¥¢) -2 (“jax - M) -2 (izK N ) @
Bt) = —CHSXB) - C()m (1;%){ - M) s0-2n o)
a(t) = —3BOTSB0 - AR - SN C(0)] - —ro (©

Here equation (4) is the well known Riccati equation and we see that if there exists a
solution to this equation then the solutions to equations (5) and (6) also exists since
these are then linear ordinary differential equations.

The Riccati equation will not always be solvable and for choices of parameters and
for a more thorough discussion the reader is referred to [3], where it is also stated
that if v > 1 then there always exists a solution to equation (4). If the equation is
solvable then «(t), 8(t) and ((¢) can be plugged into the formula for f(¢,z) yielding
the following solution to the HJB equation

wr Y v
G(t,w,x) = 1= ,yf(taf) @
. Gw (O’X)Twa
T (t - 0(z) — —~——
(t) WGy (@) WGy w=W*+(t),z=X (t)
1 (@TRGX®)
SO T X ) Y

15



c(t) = G;l/'y
w=W=+(t),z=X (t)

W= (t)
[, X(1))

where W* is the wealth process for the portfolio-consumption pair (7, c*).

2.3 Verification theorems

We will now turn to the question of whether the expressions derived in equations (7),
(8) and (9) actually solve the original investors problem. For this we will repeatedly

use the following functions

elt.g) = e { [ ot an) - [ lgtwla

g™c(s) = /tS c(lu) _ du+ G(s,W(s),X(s)), se€lt,T]

and

(UX)sz(SaX(S))} G(s, W(s), X(s))
f(s, X(s)) goe(s)

The proof of the verification theorems will depend on the following result.

B (s) = [(1 y(s)

Lemma 4. If g(t) = §(t, X (t)), where § : [0, T] x RE — RE satisfies the linear growth
condition, i.e. there exists a constant k > 0 such that ||g(t,z)|| < k(1 + ||z||), then
E(t,g) is a martingale, i.e. EXYT[E(T, g)] = E(t, g).

The above lemma is derived as in Bensoussan [1], Lemma 4.1.1, or Lipster and Shiryaev
[5]. The theorems and corrolaries in the remainder of this section were first proved in

[3] but are given here in a slightly reformulated way.

Theorem 5 (Verification). Let
A, T) ={(m,c) € H(t,T) : E(t,h™°) is a martingale} .

If there exists a solution to (4) on [0,T] then the function G defined by (7) satisfies
G =V and (7*, c¢*) defined by (8) and (9) is an optimal portfolio-consumption strategy.

Proof. We begin by showing that (7*, ¢*) is admissible. First we see that £(¢,h*) is a

martingale since

oy 127 g o @ £l X(5) ] Gls, W(s), X ()
) = | A T X)) 7 (5)

and we know that ||, (s, 2)|| < | (s, )] supye(o 21 (18O +C Ol lal]) 501 (5, 2)/ £ (5, )| <
C(1+||z|]) for some C > 0. Since we have that ¢*(s) > G(s, W(s), X (s)) we get that

h*(s) satisfies the linear growth condition and from Lemma 4 we get that
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If W* is the wealth process for (7*,c¢*) then we get the desired result.

dW*(t) = W*(t) [r*()T0(X (1) + r(X(t)] dt + W*(t)x* (t)"dB(t) — c*(t)dt
_ * * T r _# * * T
= W (t)[ )" 9(X(@)+r(X(@) FEX@) dt + W*(t)n*(t)" dB(t).
We se that
* = wpex t7r*uT u T u—;—lﬂ'*UQ U
Wit = wexn{ [ (00T00KW) 4000 ~ Frr — 517017
+/0 7 (w) dB(u)}

is a solution since Itd’s lemma yields the same stochastic differential equation and this
has a unique solution. Since both W*(¢) > 0 and ¢*(t) > 0 for all ¢ € [0,T] we get
that (7*, ¢*) admissible.

To prove that G =V we use [td’s formula on ¢™¢ in the same way as in the proof of
the HJB equation and see that

c(s)' 7

1—x

dg™°(s) = [ + DG (s, W (s), X<s>>] ds + [W(5)Gun(t) + GLo™] dB(s)

_ [0(13)_1;7 + DTG, W(s),X(s))] ds

O'X T S S T
b G, X() (1 r(s) 4o T T )
_ [Cgs)_l: DG (s, W (s), X(s))] ds + g™ (s)h™<(s)TdB(s).  (10)

If we let g*(s) := g™ " (s) and h*(s) := h™ ¢ (s) then we get that dg*(s) = ¢*(s)h*(s)TdB(s)
and
S 1 S
7o) = Gwaen{ [wrase -3 [ i)
t t

_ G(t,w,x)exp{/ts W (u)T dB () — ;/t ||h*(u)||2du}

X@m{l?ﬁ@ﬂﬁ%ﬁilﬂ%%@ﬁ&*

_ g £ )
= g

for all s, s’ € [t,T]. Using the boundary condition to the HJB equation we have that

T 1—7y T\
gﬂ',C(T) :/ C(U> du + W( ) ]
o l—=7v l1—x
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and this together with the assumption that £(t, h*) is a martingale, gives us

V(t,wz) = JEt,w,a;7%,c")

T x 1—~ *(T 1—~
— Et,’u),m / ¢ (U) du 4 W ( )
o 1—=7 -y

= B (7))

_ t,aw,x [ * 5(T7 h*)

= E ?(“smhw]

EX* [E(T, )
E(t,h*)

= G(t,w,x)
= G(t,w,x).
To prove optimality we now use equation (10) together with the HJIB equation which
gives

7 < + [ k) B

and in the same way as before this gives

,C m,c E(T7 h7r7c)
gm(T) < g™ (t)m-
Therefore
[ T * 1—~ * T 1—v
J(t,w,x;m,c) = EM* / () du + (1)
Jo  1-7 1—~
= BN ()
w,xr [ ,C g(T7 hﬂ')c)
< e [ ir ]
= G(t,w,x)
which finishes the proof. [

From this theorem we easily get the following corollary.

Corollary 6. Let

There is some function 7[tg,t1] x R = R
Ay (t,T) =< (m,¢c) € H(t,T) : satisfying the linear growth condition
such that 7(t) = 7(t, X (t))

If there exists a solution to (4) on [0,T] then the function G defined by (7) satisfies
G =V and (7*, c¢*) defined by (8) and (9) is an optimal portfolio-consumption strategy.

Proof. If (m,¢) € A, then as before we see that h™(s) satisfies the linear growth
condition according to lemma 4 hence (¢, h™°) is a martingale and we can use theorem

D. O
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As noted in [3] the set of admissible strategies can be seen as to restrictive, since there
are no practical reasons for demanding that the portfolio grow only linearly in market
price of risk. However in the case that the investor is more risk seeking than log-utility

investors then the following theorem applies.
Theorem 7 (Verification). Assume that 0 <y < 1 and let
A6, T)=H(t,T).
If there exists a solution to (4) on [0,T] then the function G defined by (7) satisfies
G =V and (7*, c¢*) defined by (8) and (9) is an optimal portfolio-consumption strategy.

Proof. Tt has already been shown in theorem 5 that (7*,c¢*) is admissible and that
G = V. What remains to be shown is that the strategy is optimal. As before we have
that

G (s) < g™E(0) + / g () h™ ()T dB(u)

for (m,¢) € Ay(t,T) and s € [t,T]. Now we define

o) = [ g™ ()™ ) P

and
Tn =T ANinf{s € [t,T] : ®(s) > n}, mneN.
We see that E[®(s)] < n for s € [t,7,], so [, g™¢(u)h™°(u)TdB(u) is a martingale for

s € [t, 7). From Doob’s optional stopping theorem we get

Etw:e [gﬂ',C(Tn)] < Et,w,w [gﬂ',c(t)] + Et,w@ |:/t7—" gﬂ—,c(u)hﬂ,c(u)TdB<u):|
= G(t,w,x).

Now sincere have that 0 < v < 1, the utility function is bounded from below and we

can use Fatou’s lemma as follows. We have that lim,_, 7, = T so

J(tw,mme) = EbOT /T c(u)t=7 Wi
y Wy by 7, | 17,7 li’y

= b [gme(T)

. . t,w,x [,T,C
< lim inf B> [g™(7, )]
< G(t,w,x)
for all (7, ¢c) € A,. O
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3 Incomplete markets and problems therein

3.1 Incomplete markets model and Hamilton-Jacobi-Bellman

equation

Observing the market model in Section 2 and recalling what was said about incomplete
markets in Section 1 we see that one way of making the model incomplete is to increase
the dimension of the Brownian motion B(t) to some N > K. However we immediately
see that we can no longer calculate the market price of risk as 6 = (o)1 (u® — r1)

9 is no longer invertible. So, instead, we can drop the notion of X as the

since now o
market price of risk for the time being and just increase the dimension of X to N as
well. Then we can still have that y(z) = r(z)1 + 0°(z)x. As a side note we see
that if ©%(x) = 0°(2)(c%(x))T is assumed to be positive definite for all z € R then
5 () is invertible and we get that = ((¢° ()T (z)) " (0% (2))T (15 () —r(2)1) =
(0% (2)2% () )T (% (x) — r(2)1), so X is still something similar to the market price
of risk in the complete model.

The rest of the model can be handled similarly as before, until we get to 7 = ()7 ¢,
where we note that while 7 has dimension N, ¢ has only dimension K. So we see
that not all values of 7 € RY are possible but only those in a K-dimensional subspace
Im[(0®(x))T] € RN. Now we can question if it is still more convenient to consider
7 rather than ¢ since this subspace changes depending on X. Either way one will
now get that the supremum in the corresponding HJB equation is taken over a K +
1 dimensional space and the PDE is over N + 1 spacial dimension and one time
dimension. If we then proceed to simplify the equation as before we will only get
K + 1 first order conditions and this will in general be not enough to reduce the HJB
equation to a linear equation. As noted in the end of [3]|, the PDE corresponding to
our equation (2) becomes essentially nonlinear, and it seems impossible to derive an
explicit solution to such a PDE. As we saw in the proofs of the verification theorems
the explicit form of the conjectured solution f was crucial in obtaining an estimate on
the candidate optimal portfolio, and without this estimate it will not be possible to
prove G = V in the same way as we did for the complete market. For the nonlinear
equation it would then be necessary to prove existence of a solution f in another
way and then hopefully find a way to prove that ||f,/f]|| satisfies the linear growth
condition. This however would likely demand much more advanced methods than we
have presented here and even if successful we don’t know under what conditions it

would be true.
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3.2 Difficulties of pricing in incomplete markets

To further illustrate how difficult it can be to work with incomplete models we look
at theorem by Hubalek and Schachermayer in [4] that shows great ambiguity in the
standard Black-Scholes pricing methods applied to derivatives on assets that cannot
be traded. The method used will be the martingale method of option pricing which
is covered in [2] Chapter 10,11 and 12.

We will assume we have a probability space (§2,.%, P) with two independent Brownian
motions B, BL. Let T be the time horizon and let (% )o<;<r be the filtration generated
by (B, B1). Also assume that # = {(,Q} and Z7 = %. Given a constant p € (0,1)

we define a new Brownian motion

B(t) = pB(t) + /1 — p2B*(t) fort € [0,T).

Here we see that Cov[B(t), B(t)] = pt. Now let p,fi € R and r,0,6 > 0 be fixed and

consider the standard Black-Scholes model

dSQ (t) = ’/‘S() (t)dt

dSl(t) = ,uS1(t)dt + USl(t)dB(t).
Then we get that
S()(t) = So (0)6”
o2
S1(t) = S1(0)exp(Y (t)) where Y (t) = (u — 2) t+ oB(t).

Now we also introduce a third asset that cannot be traded
dS(t) = pS(t)dt + 5S5(t)dB(t)

that is
~ ~92

S(t) = S(0) exp(Y(t)) where Y (t) = (ﬂ - 02> t+&B(t).

This nontraded asset will serve as the underlying asset for a European call option with
price process C(t), i.e. C(T) = max(S(T) — K,0) where K > 0 is the strike price. The
idea now is that since B and B are correlated with constant p, close to 1, then it seems
sensible to take S7 as a traded surrogate for S, Hopefully then we can approximate
the price of C using only the traded asset S; and the bond Sy. As we shall see this is
not the case though.

First we define

@ is a probability measure on .# equivalent to P,
M(Sl) =
and S1/Sy is a ) — martingale.
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Theorem 8 (Habulek-Schachermayer). For any ¢y € (0,00) there is a probability
measure QQ € M(S1) such that

co = e "TEgmax(S(T) — K,0)).
In particular the market {(So(t)), (S1(t)), (C(t)) }refo,r) where
C(t) = e " T DEq[max(S(T) — K,0)|.7],
is arbitrage free.

Proof. We use Girsanov’s theorem to find a new probability measure which changes

wtor and i to 7 in the 2-dimensional process

dSl 1% g 0 dB
ds i 5 JI—pG dB+

We can then define a new measure @, € S by dQ, /dP = Zp, where

)\2 )\J_ 2
Zp = exp [AB(t) + A\ B (t) — %t , t€][0,T]
and here we have that
- -1
A o 0 I r
At pe 1 —pc i T

p—r
o

p(r—p) i

i
L 0\/1—/)2 &\/l—p2

Thus, we get a new 2-dimensional Brownian motion under @,, namely,

B(t) — At
BL(t) — A\t

and the processes Y (t), Y (t) are given by

[\v]

g

X(t) = (r - 2) t+o(B(t) —At)
<F - ";) {45 (p(B(t) M) VT 2B - Alt)) .

If we let

Qe
vo|

we see that the random variable

UL = p(B(t) = At) + /1= p2(BA(t) — A1)
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is a normal random variable with mean 0 and variance T" under the measure ). Now

we get that

E(V) = EQ

v

[max(é(:r) _ K, 0)}
, {maX(S(O) exp(vT 4 5UY)) - K, O)}

Eq
= /_OO max(5(0) exp(vT + 6VTz) — K,0)p(z)dz,

where ¢ is the probability density function for N'(0,1). With some elementary algebra
we can then see that
o ~ ~
Ew) = / (S(o)euﬂoﬁz - K) 0(2)dz,
z

where

In Sﬁ —vT
= 70 .

VT

Here we see that

lim E(v)=0and lim E(v) = cc.

v——00 V—00
Now taking any ¢y € (0, 00) we see there is v~ and vy such that E(v™) < ¢y < E(vT).
Since the function v — E(v) is continuous the mean value theorem says that there

will be v* € (v, vT") such that E(v*) = co. O

This theorem illustrates a fundamental problem with pricing assets in incomplete
markets. Even though we can let S; and S be arbitrarily well correlated, as long
as they are not the same there will always be a large leeway for the market to price
derivatives on S.

However the above theorem only tells us about what prices are possible, which is not
necessary the same as to say the are likely. If most of the range corresponds to very

unlikely prices, it might not be a huge problem in practice. Using the formula
E(v) = Eq, [max(3(0) exp(vT + 6UY)) - K, 0)}

and restricting to "reasonable” values of 7 and & we can use Monte-Carlo methods to
examine the range of prices generated. Determining a reasonable range is not that
simple but here we have chosen 7 € (0.5,1.5) and & € (0.1,1). Normalizing the price
such that S (0) = 1 we can plot the prices for different values on K. In Figure 1 we
see the range of prices in the case of the strike price K being half of the starting value
of S. Here wee see that while the volatility seems to have little impact on the price,
there is quite an incline along the r-axis. In Figure 2 and 3 we see the prices when
K equals S(0) and when K is twice as large as S(0) respectively. First we can see

that there is an increasing dependence on the volatility as we take larger K. This is
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Figure 1: Option prices for S(0) and K = 0.5.

natural since if we start out with the S below the strike price, an increased volatility
will mean a larger chance to get over the strike price and achieve a non-zero final value
on the option. We also see that the price range seems to get slightly narrower with
increased strike price, and this is also to be expected since given any realization of S
,a higher strike price will mean less profit. Overall though we see there always seems

to be a rather significant range over which the price can vary.

4 Conclusion

We have seen in Section 2 that under the assumption of complete markets there are
examples of verification theorems under otherwise quite general assumptions. Given
some decent methods for estimating the model parameters we can imagine this as
being useful certain investors of the real market. However in Section 3 we argued
that a real market will in general not be complete and the issue of completeness can
complicate the analysis.

First we had the problem regarding the Hamilton-Jacobi-Bellman equation, which in

the case of an incomplete market can no longer be reduced to a linear partial differential
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Figure 2: Option prices for S(0) and K = 1.
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Figure 3: Option prices for S(0) and K = 2.
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equation. The proof of verification in Section 2 relied heavily on the existence of an
explicit solution to the PDE to provide estimates on the portfolio. In the incomplete
case the resulting nonlinear equation can no longer be solved analytically and we
concluded that much more general methods must be used to examine the question of
existence and optimality of solutions to the HJB equation.

Furthermore, we saw that the problem with incompleteness is more far-reaching than
just absence of proper verification procedures. When trying to optimize a portfolio
in a market we need to be able to make good predictions on how the assets will
behave for future times. However if the market is incomplete there will always be an
ambiguity regarding pricing. Most notably we saw this in the case of a call option on
a non-tradable asset, where the option could take any value between 0 and co. Even if
we were to prove verification, the ambiguity in pricing would still be a problem when

trying to implement the optimization in practice.
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