
Simulating the nonlinear Korteweg-

de Vries equation using SBP in time.
Summary

We implement a novel method for time 

integration of PDE:s, using summation-by-

parts (SBP) operators in time and space. 

We show that the method is highly 

accurate as well as fast, compared to 

fourth order Runge-Kutta (RK4) and a 

derived fourth order Crank-Nicolson (CN4), 

especially for stiff problems. 

Conclusion

The SBP in time method is a good method 

for integrating stiff PDE:s in time due to its 

accuracy, stability and ease of 

implementation. 

Performance is good, although it 

suffers somewhat due to rapidly increasing 

memory requirements for large numbers of 

points even when using sparse matrices. 

This can be remedied however by using 

the 'restart'-method. This method splits the 

temporal domain into smaller subdomains 

that can be solved in sequence, which 

decreases the memory required at any 

given time.

𝐿2- error against execution time* [s] 

for all three methods, who are all 

discretised using 6th order in space.

Erik Hedlund

erhe8645@student.uu.se

Christoffer Zakrisson

chza9133@student.uu.se

Supervisors:

Ken Mattson

Division of Scientific 

Computing

Department of 

Information Technology

Uppsala University

Box 337

SE-751 05 Uppsala

Sweden

Results

The 10th order SBP in time method is by 

far the most accurate method compared to 

the conventional RK4 and CN4 methods, 

achieving minimum errors of about 10−10. 

The method is also efficient, especially 

when very small errors are desired. 

However, memory requirements are large 

when using many points in time and space. 

RK4 is a poor choice because of it’s 

need to use the stiff CFL condition k ≤ 𝑐ℎ3, 

it shows the same convergence as CN4. 

However, CN4 stops converging due to ill-

conditioning for large numbers of points in 

space

The SBP in time method

We investigate the properties of SBP in 

time by solving the linearized Korteweg-de 

Vries equation

𝑢𝑡 = 𝑢𝑥𝑥𝑥 + 6𝑢𝑢𝑥,

which supports solitons.

SBP-SAT was used to discretise in space 

so that we get an ODE system

𝑢𝑡 = 𝐴𝑢 + 𝐺 𝑡 , 𝑢 = 𝑓,

which was solved using the three different 

methods RK4, CN4 and SBP in time.

The fully discrete problem then leads 

to a linear system of equations for the 

solution at all points in time and space at 

once,

𝑀𝑣 = 𝑏.

The matrix 𝑀 is a sparse 𝑚𝑛 ×𝑚𝑛 matrix. 

Where 𝑛 and 𝑚 are the number of points in 

time and space respectively.

𝐿2- error against number of temporal 

grid points for CN4.

𝐿2- error against number of temporal 

grid points for SBP in time.

*Times were achieved on an Intel Core i5 4670K at 3.4 GHz with 8 GB of RAM.


