UPPSALA
UNIVERSITET

Intro. Computer Control Systems:
F11

Discrete-time control

Dave Zachariah

Dept. Information Technology, Div. Systems and Control

1/21 dave.zachariah@it.uu.se


mailto:dave.zachariah@it.uu.se

F10: Quiz!

UPPSALA
UNIVERSITET

2/21 dave.zachariah@it.uu.se


mailto:dave.zachariah@it.uu.se

k4 F10: Quiz!
UPPSALA - *
UNIVERSITET

1) Sensitivity function S(s)
a does not affect control 1

b amplifies output disturbances T
c is stable |
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1) Sensitivity function S(s)
a does not affect control 1

b amplifies output disturbances T
c is stable |

2) Sensitivity function S(s) and its complement T(s)
a sumtol
b sum to G,(s) 1
c sum to a complex-valued number |
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1) Sensitivity function S(s)
a does not affect control 1
b amplifies output disturbances T
c is stable |

2) Sensitivity function S(s) and its complement T(s)

a sumtol
b sum to G,(s) 1
c sum to a complex-valued number |

3) If |T'(iw)| is below 1/|Ag(iw)]
a the unknown system G(s) is stable 1
b the closed-loop system can be stabilized despite unknown system

GO(s) 1

¢ the output becomes real-valued |
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—  Digital systems and discrete-time clocks

Example: Simple linear feedback control system

Ye(t)

Notation: continuous-time signals y.(¢), etc.
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~  Digital systems and discrete-time clocks

Example: Simple linear feedback control system

(k) u(k) ——ue(f) Ye(t)

—‘—»_T—» Fd j
| y(k) =y (KT) |

Note: discrete-time signals with sample interval T

» A/D: Sampling feedback signal y(k) = y.(kT)
» D/A: Generate continuous-time input signal u(t)
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Sampling continuous-time output
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(k) u(k) —e(f) Ye(t)

ﬁ Fd j
y(k) =y (kT) [

’A/D: Sampling feedback signal y(t) = y.(kT) ‘
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Sampling the feedback signal

Nyquist sampling theorem:

If yc(t) is bandlimited to +wp = £27 fp = it can be recovered
exactly from y.(kT') when sampling frequency

1
[s = T >2fB
Ye(jw)l
A
7 . TN
/7 he 7 \
. N .
/ N2 \
/ \
I \
i \
! l >
—wp 0 wp =27 fp
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~ Sampling the feedback signal

If T > ﬁ we may not resolve y.(t) uniquely resulting in
distortion/‘aliasing’.

High frequency components f > 1/(2T) may appear at low
frequencies.
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~ Sampling the feedback signal

If T > ﬁ we may not resolve y(t) uniquely resulting in
distortion/‘aliasing’.

Practical solution for a given 1"
1. Low-pass filter y.(t) with L(s): output yr,(t) bandlimited to
fB=1/(2T).
2. Then sample filtered signal y(k) = yr(kT).
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Generating continuous-time input
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Example: Simple linear feedback control system

(k) u(k) ——ue(t) Ye(t)

y(k) = (kD) [

’ D/A: Generate continuous-time input signal u(t)‘
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Zero-order hold: continuous-time input is piecewise constant for

k=0,1,2,...
uce(t) = ue(kT), KT <t<(k+1)T|
o(t
“(>A
©
© ©
c
&
o
‘ ¢
-
1T 2T 3T
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" Generate input signal using zero-order hold

Zero-order hold: continuous-time input is piecewise constant for
k=0,1,2,...

ue(t) = ue(kT), KT <t < (k+1)T]

uc(t)

T o AT
Determine state evolution using zero-order hold input

Tc(t) = Axc(t) + Buc(t),
starting at ¢t = k7" (instead of 0)
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Zero-order hold: continuous-time input is piecewise constant for
k=0,1,2,...

ue(t) = u(kT), KT <t < (k+1)T|

Starting at z.(k7’), general solution:

t
zo(t) = A g (k) —I—/ A=) Bu(t)dr
kT

Now evaluate at t = (k + 1)T
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Zero-order hold: continuous-time input is piecewise constant for
k=0,1,2,...

ue(t) = ue(kT), KT <t < (k+1)T]

Starting at z.(kT"), general solution:

t
ze(t) = A g (kT +/ A7) Bu(t)dr
kT

Evaluated at ¢t = (k + 1)T" with piecewise constant u.(t):

(k+1)T

—eATxC .
z((k+1)T) = (/<T)+</A

eA((kH)T_T)dTB) ue(kT)
T
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& Discrete-time system model
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State evolution when using zero-order hold input

State z.(t) at time (k + 1)7 is determined at time k7" as:

z(k+1) = Fx(k) + Gu(k)
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L Discrete-time system model
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UNIVERSITET State-space descriptions

State evolution when using zero-order hold input

State z.(t) at time (k + 1)7 is determined at time k7" as:

z(k+ 1) = Fz(k) + Gu(k)

which are discrete-time states using matrices
F =T

T
G= / eATdrB = [if A7! exists] = A~1(eAT — I)B
7=0
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2 Discrete-time system model
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UNIVERSITET State-space descriptions

State evolution when using zero-order hold input

State z.(t) at time (k + 1)7 is determined at time k7" as:

z(k+ 1) = Fz(k) + Gu(k)

which are discrete-time states using matrices
F =T

T
G= / eATdrB = [if A7! exists] = A~1(eAT — I)B
7=0

Matrix exponential as before
eM =LY (sI— A7}
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 Build intuition from simple systems

L Discrete-time state-space description

Example: Continuous-time system with zero-order hold input

where
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 Build intuition from simple systems

L Discrete-time state-space description

Example: Continuous-time system with zero-order hold input

where
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Build intuition from simple systems

Ul LA
L Discrete-time state-space description

Example: Continuous-time system with zero-order hold input

where

z(k+1) = Fz(k) + Gu(k)
y(K) = Ha(h)

Note: Easy to simulate in computer!
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Poles in discrete-time system
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General solution to @.(t) = Az.(t) + Bu,(t):

.l , N
xc(t) = eAt:BC(O) + / eAll ﬂBlh;(T)(/T
Jr=0
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Discrete-time system model

UNIVERSITET State-space descriptions

General solution to @.(t) = Az.(t) + Bu,(t):

.l , N
xc(t) = eAt:BC(O) + / eAll T)Bzz,f(T)(/T
Jr=0

‘ If eigenvalues of A: Re{s} <0 = stable‘
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Discrete-time system model

UNIVERSITET State-space descriptions

General solution to @.(t) = Az.(t) + Bu,(t):

S
xc(t) = eAt:BC(O) + / ("'\(fiT)Bll,,.,(Tﬂ]T
Jr=0

‘ If eigenvalues of A: Re{s} <0 = stable‘

General solution to z(k + 1) = Fa(k) + Gu(k):

k—1
z(k) = FFz(0) + Z F* " Bu(n)

n=0
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Discrete-time system model

UNIVERSITET State-space descriptions

General solution to @.(t) = Az.(t) + Bu,(t):

S
xc(t) = eAt:BC(O) + / ("'\(fiT)Bll,,.,(Tﬂ]T
Jr=0

‘ If eigenvalues of A: Re{s} <0 = stable‘

General solution to z(k + 1) = Fa(k) + Gu(k):

k—1
z(k) = FFz(0) + Z F* " Bu(n)

n=0

’If eigenvalues of F: |p| < 1 = stable‘
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~ Discrete-time LTI systems

UNIVERSITET Eigenvalues/poles

Stability: left half-plane vs. unit circle

Continuous-time LTI Discrete-time LTI
Im Im

X

X
Re Re

X

X

Re{s} <0 Ip| <1
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L Discrete-time LTI systems

UPPSALA

UNIVERSITET Eigenvalues/poles and sampling

Eigenvalues/poles of sampled system

System @.(t) = Ax.(t) + Bu.(t) with eigenvalues sy, ..., s,.
Using zero-order hold input, sampled system

z(k+1) = Fz(k) + Gu(k)

= eigenvalues of F' = 47"

~ s1T ~ snT
plzel yeesPp =€
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» PID controller:

u(k) = Kpe(
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» PID controller:

—e(k—1
u(k) = Kpe(k) + K; TZ ) rc, B ;(k )
W—/ dec(t)
N: 0€ ec(T)dr Todt

» State-feedback controller:
u(k) = —Lx(k) + Lor(k)

Plug back into state-space equations to obtain closed-loop
system
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» PID controller:

—e(k—1
u(k) = Kpe(k) + K; TZ ) rc, B ;(k )
W—/ dec(t)
N: 0€ ec(T)dr Todt

» State-feedback controller:
u(k) = —La(k) + tor(k)

Plug back into state-space equations to obtain closed-loop
system

More advanced controllers in Automatic Control 11!
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(k) u(k) ——ue(f) Ye(t)

i yk) =y (kT) |

More advanced controllers in Automatic Control Il!
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... Summary and recap

» Sampling output and Nyquist sampling theorem
» Zero-order hold input and state-space form

» Discrete-time LTI eigenvalues/poles
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