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F1: Quiz!
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Suppose a control system
r(t) u(t) y(t)
— > Controller System
comes with two different settings (a) and (b).
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F1: Quiz!
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1) Which setting of the controller is intuitively better?
a Setting to the left 1
b Setting to the right
¢ They are equally good |
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Linear time-invariant system models
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~ Linear time-invariant system models

u(t) y(t)

— > G

Linear ODE:s are one possible input-output description, i.e. of G:

n m

d
——y+ -t a1y + apy = bo

d
o b1 1+ by
o 7 + - Fbpo1—u+ bpu

am"” dt

with initial conditions

Given u(t), solution to ODE = function y(t)
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~ Linear time-invariant system models

u(t) y(t)

— > G

Linear ODE:s are one possible input-output description, i.e. of G:

n m

d
——y+ -t a1y + apy = bo

d
o b1 1+ by
o 7 + - Fbpo1—u+ bpu

am"” dt

with initial conditions

Given u(t), solution to ODE = function y(t)

Rarely practical in analysis or design for control!
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Laplace transform
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Used as tool to solve and analyze linear ODE:s

» Notation:
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Laplace transform

UPPSALA
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Used as tool to solve and analyze linear ODE:s

» Notation:

Inverse transform:

y(t) = L7V (s)] = ;Ti/(CY(s)eStds, seC

Note that s and Y'(s) are complex-valued!
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linearity:

derivatives:

integral:

convolution:

final-value thm.*:

6/22

Important properties

I
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limsY (s)

s—0
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Solving linear ODE with £

UPPSALA

TREER Example: solve output y(¢)

2

d d .
2V + Q%y +3y = 4%71 + 5u, u(t),y(0),y(0) given
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" Solving linear ODE with L

TREER Example: solve output y(¢)

2 d
2V + Q%y +3y = 4%71 + 5u, u(t),y(0),y(0) given

— Laplace transform

LHS = (s*Y (s) — sy(0) — §(0)) + 2 (sY (s) — y(0)) + 3Y (s)
= (52425 +3)Y(s) — (s + 2)y(0) — (0)
RHS = 4 (sU(s) — u(0)) + 50U (s) = (45 + 5)U(s) — 4u(0)
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" Solving linear ODE with L

TREER Example: solve output y(¢)

2 d
2V + Q%y +3y = 4%71 + 5u, u(t),y(0),y(0) given

— Laplace transform
LHS = (s2Y (5) — 5y(0) — §(0)) + 2 (Y (s) — y(0)) +3Y (s)

= (s + 25+ 3)Y(s) — (s +2)y(0) — %(0)
RHS = 4 (sU(s) — u(0)) 45U (s) = (4s + 5)U(s) — 4u(0)

= Set LHS = RHS and solve for Y'(s):

4s +5 s+2 1

Y = . -
(5) 52 —|—25+3U(9)+s2 +23+3y(0)+32 +2s5+3

(9(0)—4u(0)
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Solving linear ODE with £

UP! A
TREER Example: solve output y(¢)

2

ae? T2

d
p y+ 3y =4—u+ Su, u(t),y(0),y(0) given

dt dt

— Laplace transform

LHS = (s2¥ (5) — sy(0) — §(0)) + 2 (Y (5) — y(0)) + 3Y (s)
= (s +2s+3)Y(s) — (s + 2)y(0) — (0)
RHS =4 (sU(s) —u(0)) + 5U(s) = (4s + 5)U(s) — 4u(0)
= Set LHS = RHS and solve for Y'(s):

4s +5 s+2 1
U (¢ 0O +———-—
5242543 (g)+s2+23+3y( )+32—|—25+3

= Given: U(s) = L]u(t)], u(0), y(0) and y(0)
Compute y(t) = LY (s)] using L~ -transform (table)

Y(s) =

(9(0)—4u(0)
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Transfer function and impulse response
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Transfer function G(s)

u
UNIVERSITET

» Assuming initial values are zero y(0) = y(0) =--- =0 and
u(0) = @(0) = --- = 0. Effect of input u on output y:
4s +5
Y(s) = ————=U
(5) s24+2s5+3 (5),
—_———
G(s)

where G(s) is the system transfer function u — y.
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Transfer function G(s)
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» Assuming initial values are zero y(0) = y(0) =--- =0 and
u(0) = @(0) = --- = 0. Effect of input u on output y:
4s +5
Y(s) = ————=U
(5) s24+2s5+3 (5),
—_———
G(s)

where G(s) is the system transfer function u — y.

> More generally,

[Y(s) = G(s)U(s) |

is a model of the relation between the system input u and
output y.
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Transfer function

» A system described by the linear ODE

d’n m

d
@y—k- : '+an_1ay+any = bowu+

with initial values 0.

» Laplace transform of both sides:

(8" + -+ an_15+an)Y (5) = (bos™ +--

10/22

d
te +bmflau+bmu

4+ bp—15+ bm)U(S)
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" Transfer function

» A system described by the linear ODE

n m

d d d
y+-- '+an—1ay+any = bOW“"" : '+bmflau+bmu

dtn
with initial values 0.

» Laplace transform of both sides:

(8" ++ Fan-15+an)Y(s) = (bos™ 4+ bp-15+b,)U(s)

» System transfer function is a rational function:

bos™ + -+ by,
sh a4 +ay,

G(s) =

Note that s and G(s) are complex-valued!
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Impulse response
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A system Y (s) = G(s)U(s) (at rest t = 0) yields

=Lt s)| = t T)u(t — 7)ar
y(t) = LY (3) /Og<><t \dr,

i.e. a convolution between u(t) and a system weighting function
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Impulse response

UPPSAL;
UNIVERSITET

A system Y (s) = G(s)U(s) (at rest t = 0) yields

—715:t7u—7'7'
y(t) = L WU]lAM)(t \dr,

i.e. a convolution between u(t) and a system weighting function

Suppose input u(t)=0d(t) = (Dirac)pulse, then output

mwzéng@ﬂngm.

Hence ¢(t) is called the system impulse response.

11/22 dave.zachariah@it.uu.se


mailto:dave.zachariah@it.uu.se

&

Sy
UPPSALA

UNIVERSITET

Poles, zeros and exponential functions
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Poles and zeros

UPPSALA . . .
UNIVERSITET Characterizing system behaviour

u(t) y(t)

> G e

System with transfer function G(s)
» Zeros: s’ is a zero, if G(s') = 0.

» Poles: s’ is a pole, if G(s') is a singularity, that is,
G(s') = 0.
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Poles and zeros

UPPSALA . . .
UNIVERSITET Characterizing system behaviour

u(t) y(t)

> G e

System with transfer function G(s)

» Zeros: s’ is a zero, if G(s') = 0.

» Poles: s’ is a pole, if G(s') is a singularity, that is,

G(s') = 0.
» If G(s) = ﬁég is a rational function
» zeros = the roots to B(s) =0,
» poles = the roots to A(s) = 0.

13/22
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Poles and solution to linear ODE:s

UPPSALA . . .
UNIVERSITET Characterizing system behaviour

» Assume model Y (s) = G(s)U(s) with rational transfer
function

» We want
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Poles and solution to linear ODE:s
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UNIVERSITET Characterizing system behaviour

» Assume model Y (s) = G(s)U(s) with rational transfer
function

» We want

y(t) = /0 g(r)ult — 7)dr

where g(7) = L7YG(s)] = L7[B(s)/A(s)].
» Denominator can be factorized by roots (i.e. poles):
A(s) =s"4+a1s" ' - +ap
= (s+01)(s +02) (s +05)" +wf) -

where poles are either

> real-valued: —oq, ...
» complex-conjugated: —o; +iwj,. ..
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Poles and solution to linear ODE:s
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UNIVERSITET Characterizing system behaviour

» Express G(s) 10 using partial-fraction decomposition

B(s) b1 Bj(s)

dop
A(s)  s+o1 (s +0j)2+w;
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Poles and solution to linear ODE:s
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UNIVERSITET Characterizing system behaviour

» Express G(s) = ﬁg‘:; using partial-fraction decomposition
)

by Bj(s)

dop
A(s)  s+o1 (s +0j)2+w;

» Impulse response g(7) = L71[G(s)] using table:

g(t) = bre 7" 4o 4 by sin(w;t + pj)e T 4 -
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Poles and solution to linear ODE:s
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UNIVERSITET Characterizing system behaviour

» Express G(s) = ﬁg‘:; using partial-fraction decomposition
)

by Bj(s)

dop
A(s)  s+o1 (s +0j)2+w;

» Impulse response g(7) = L71[G(s)] using table:

g(t) = bre 7" 4o 4 by sin(w;t + pj)e T 4 -

» System output:

y(t) = /0 g(T)u(t —7)dr = /0 ble*[’ltu(t —T7)dT + -
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Poles and solution to linear ODE:s
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UNIVERSITET Characterizing system behaviour

» Express G(s) = 58 using partial-fraction decomposition

B(s) b1 Bj(s)

dop
A(s)  s+o1 (s +0j)2+w;

» Impulse response g(7) = L71[G(s)] using table:

g(t) = bre 7" 4o 4 by sin(w;t + pj)e T 4 -

» System output:

y(t) = /0 g(T)u(t —7)dr = /0 ble*[’ltu(t —T7)dT + -

’ Output as linear combination of exponential functions
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Poles and solution to linear ODE:s

Characterizing system behaviour

Past inputs u(t) integrated by exponential function

1.8
1.6f
1.41
1.2f

1
0.81
0.6
0.4
021

Real-parts of poles (—o) play an important role
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Stability

17 /22 dave.zachariah@it.uu.se


mailto:dave.zachariah@it.uu.se

Stability

UPPSALA
UNIVERSITET Characterizing system behaviour

A system Y (s) = G(s)U(s) is input-output stable if all bounded
inputs u(t) yield a bounded output y(t).

Bounded signal z(t) means < |z(t)| < K for some K.

[Board: bounded impulse response + real-part of poles]
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Stability

Ul LA
UNIVERSITET Characterizing system behaviour

A system Y (s) = G(s)U(s) is input-output stable if all bounded
inputs u(t) yield a bounded output y(t).

Bounded signal z(t) means < |z(t)| < K for some K.

[Board: bounded impulse response + real-part of poles]

Result:

Assume G(s) = B(s)/A(s) with poles at s, s2, ..., s, (and order
of denominator > numerator)

Y (s) = G(s)U(s) input-output stable < Re{s;} <0
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Graphical representation of poles and zeros
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UNIVERSITET Characterizing system behaviour

Im{s}
A

X

X
q

G(s) = 5{8 stable < poles lie in left-halfplane
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Build intuition from simple systems
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Ex. #1: Vehicle in motion

Y

___________...

A N
. |

v

Figur: Force u(t) and velocity y(t).
Standard form:
d . C 1 z
il il (=)
dty m Y m

21/22

dave.zachariah@it.uu.se


mailto:dave.zachariah@it.uu.se

" Build intuition from simple systems

Ex. #2: Damper

u

Figur: Force u(t) and position y(t).

d2+K ARy
a’ " \m ) " \m)"

Standard form:

21/22
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" Build intuition from simple systems

Ex. #3: Inverted pendulum pendel

L

mg

Figur: Torque u(t) and angle y(t).

Standard form (around y ~ 0):

a2 39 3\
az? " \ar)? = 2 )"
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... Summary and recap

» Transfer functions as a system description
» Poles and exponential functions
» (Bounded) input-output stability
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