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Exam(ple)

e Understand what written in lecture notes/slides.
e Open book.

e Insight.

— Is the PEM equal to BLUE estimate?

— Is the covariance of the LS estimate for an ARX(d) system
equal to the covariance of the PEM estimate for this
system?

— Do we need to define explicitly a stochastic setup for PEM
to make sense?

e Exercises.

— What is the one-step ahead optimal predictor corresponding
to a MA(2) timeseries model?

— Give the maximum likelihood estimator of an AR(2) model
with Gaussian zero mean,unit variance white noise. When
is this estimate efficient?
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— Give the Steepest Descent Method for an ARMAX(1,1)
model.
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Lecture 5

e Prediction Error Method.
e Optimal Prediction.

e Computational Methods.
e Analytical Results.

e Implementations.
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Prediction Error Method

General:
e Why identification?
e Task: Best possible prediction.
e Predict as most accurately as possible.

e Find parameter 6 which leads to best predictions.

I'™M ALWAYS WRONG

ABOUT EVERYTHING.

WHAT CANI DO TO
FIX THAT?

DILBERT: @ Scott Adams/Dist. by United Feature Syndicate, Inc
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Model:

yr = g(x¢;00) + ey

Estimating the parameter 67

LS:
= arggninéz (yt — g(x¢; 9)>2

t=1

ML: Assume a stochastic model (PDF) as {Y1,...,Y,} ~ f(6p),
then

6,, = argmax lnL(Yl, e, Y 9)
0

°EM: Where 4:(0, x¢,y¢+—1,.--,y1) is best prediction of y; based on

the model, x; and all past observations y1, ...,y
1 n—1 2
or = argznin§ Z (yt+1 — 4100, Xt 41, Yt - - - 791))
t=1

SI1-2011 K. Pelckmans Jan.-March, 2011 5



Least Squares
estimation (LS)

Maximum Likelihood

Prediction Error Method (ML)
(PEM)

Difference LS-PEM:

e LS unbiased if noise {e;} independent of {X;}
e First approach: instrumental variable.

e More principled: PEM.
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Optimal Predictor

o If {e1,...,e;_1,e;} realizations of zero mean white noise
random variable, what is than best predictor of e; based on

{61, e ooy et_l}?

e |f system
Yy = brug—1 + - + bgui—q + €

with {e;}+ zero mean white noise. Given {... u;_1,us} and
{...,y:}, what is the best prediction of y;17?
e |f timeseries system

Yt — (alyt—l + - adyt—d> = €¢

with {e;}; zero mean white noise. Given {... y:}, what is
the best prediction of y;117
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e If timeseries model MA(d)
ye=(1+c1g” +---+caqg” e = Clg 5 00)es

with {e;}; zero mean white noise. Given {...,y:}, what is
the best prediction of ;17

e Hence at time ¢t + 1 one has
yir1 = (Clg™ 5 60) — 1) ery1 + g1
And e; = C~1(¢71;00)y;. Thus
yer1 = (Clg™500) —1) C7H (g1 00)yes1 + erqn
Which is equal to
yre1 = (1 — C~ Mg 5 60) — 1) yig1 + €41

Since C~! is monic too, the best predictor is

Jev1pe = (1= C7 (g "5 600)) Yt
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e |n general model

Yir1 = H(qg ', 0p)ussr + G(qg ™, 0p)ersq

where H(q71,00) =1+ higt+... and G(¢ 1, 6p) = 1+
1
qg1q "+ ... .

e Rewrite as optimal predictor
Yt|t—1 = Li(q~ ", 00)ur + La(q~ ", 00)y:

where Lo(1,-) = 0.

e How:
Yer1 = () U1 + (-..)er + epaq
and
er = (...)ur + (...)ye
Then

Yi+1 = Liugr1 + Loys + €141

e Optimal predictor

Jer1e = (G (g ", 00)H (g1, 00) ) uer1+ (1 — G (g™, 00)) ys
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Computational Methods

0 = 0" = argming Jn(H) = %Z?:l (yt — :&t(H, e ))2

e |n general not rewritable as LIP.

e Need for global optimization tools.
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e Numerical = lterative Procedure

e Algorithm generating sequence {6(® (1) 92 1 with
parameters getting closer to the minimizer (9 — §* = 4,,.

e Choice of starting value 6(9).

e Update rule

9l 9l 4 step

e Such that

Jn(g(o)) > Jn(Q(l)) > . > Jn(g(m)) ~ J,(0%)

SI-2011 K. Pelckmans Jan.-March, 2011 11



e Guarantee: speed and convergence.
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Common choices

e Steepest Descent

AUt 9 _ 4.7, (00)

e Newton-Raphson:

U 010 — 4 [V2T,(09)] 71V T, (01)

e Guass-Newton:

AUt 9D _ 4 B[V2T,(0)] 1V J,(6D)

e Quasi-Newton:
Ol 0 — 4 H(0OYV T, (0D)

with H(0®) ~ [V2J, (0]~
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Issues

e Gradient VJ,(0)) of Prediction error .J,, with respect to
parameters 6.

e Hessian V2.J,(0) and invert: cumbersome

e Generalized Least Squares (GLS): practical approach
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Analytical Results

en A
60 [~T-=- ==~~~ '------—------;-:-;-;l—; ----- "_>60
——————— E[en]=60

Asymptotic

Asymptotic
Unbiased
Density of
Estimate
Density of
Estimate
f(Gn)[ ‘ . f(en)l l

0, 0,

Properties of an estimator 6,,:

e Consistent.
e Biased for finite n.
e Asymptotic Unbiased.

e Asymptotic Sample Distribution.
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Proper assumptions:

e Stochastic assumption on signals.
e |dentifiable at optimum.
e Bounded Gradient.

e Input Data is rich enough.

Limit distribution estimates:
V(88 — 8g) ~ N(0, P)

for n — oo, and P Fisher Information matrix. Achieves
asymptotically Cramér-Rao lowerbound!

_o? 71—1 ~ deg(0)
P=ZE[wwl] " w="27
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Conclusions

e PEM, ML, LS.

e Model vs. Predictor.

e Computational Approach.
e Asymptotic Results.

e Practice.
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