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Computational Design of Sequences With Good
Correlation Properties
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Abstract—In this paper, we introduce a computational framework based on an iterative twisted approximation (ITROX) and
a set of associated algorithms for various sequence design problems. The proposed computational framework can be used to obtain sequences (or complementary sets of sequences) possessing
good periodic or aperiodic correlation properties and, in an extended form, to construct zero (or low) correlation zone sequences.
Furthermore, as constrained (e.g., finite) alphabets are of interest
in many applications, we introduce a modified version of our general framework that can be useful in these cases. Several applications of ITROX are studied and numerical examples (focusing on
the construction of real-valued and binary sequences) are provided
to illustrate the performance of ITROX for each application.
Index Terms—Autocorrelation, binary sequences, complementary sets, finite alphabet, sequence design, zero correlation zone
(ZCZ).

when small out-of-phase (i.e.,
) autocorrelation lags are
required. Several metrics can be defined to measure the goodness of such sequences, for example (considering the aperiodic
autocorrelations), the peak sidelobe level
(3)
the integrated sidelobe level
(4)
or the related merit factor
(5)

I. INTRODUCTION

S

EQUENCES with good correlation properties (used in the
formulation of both discrete and continuous-time waveforms) lie at the core of many active sensing and communication schemes. Therefore, it is no surprise that the literature on
the topic is extensive (e.g., see [1]–[22], [30]–[38], and the references therein). The alphabets
used in the literature are
chosen to fit the application. The most common alphabets are
binary, ternary, root-of-unity, unimodular and also the sets of
real-valued or complex-valued numbers.
Let
denote a sequence where
. The periodic
and aperiodic
autocorrelations of are defined as
(1)
(2)
) of both autocorrelations repreThe in-phase lag (i.e.,
sents the energy component of the sequence. The problem of
sequence design for good correlation properties usually arises
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Note that such metrics can be defined for both aperiodic and
periodic autocorrelations, and also when only a specific subset
of lags are to be small.
Sequences with impulse-like periodic correlation (called perfect sequences) have found interest in pulse compression and
wireless communications [6]. They are required in typical codedivision multiple-access (CDMA) systems to handle the multiple access interference and are also used in the synthesis of
orthogonal matrices for source coding as well as complementary coding [8]. While sequences with good periodic and aperiodic correlations have a considerable set of applications, there
are also some cases in which solely good aperiodic correlation
properties are of interest. For example, in synchronization applications, while sequences with good periodic correlation are
used when the sequence can be transmitted several times in succession, sequences with good aperiodic correlation are required
when the sequence can be used only once [9]. We note that
finding and studying sequences with good aperiodic correlation
properties is usually a harder task than that corresponding to sequences with good periodic correlation. In particular, unlike the
case of periodic correlations, it is not possible to construct sequences with exact impulsive aperiodic autocorrelation.
Several variations on the theme of designing sequences with
low correlation lags can be considered. For example, in some
CDMA applications such as quasi-synchronous CDMA (QSCDMA), the time delay among different users is restricted and,
as a result, zero correlation zone (ZCZ) sequences (with zero
for some maxcorrelations over a smaller range, e.g.,
imal time lag ) can be used as spreading sequences [10]. Another example is complementary sets of sequences. A set
containing sequences of length is called
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a set of (periodically) complementary sequences when the (periodic) autocorrelation values of
sum up to zero at any
out-of-phase lag. This property can be formulated as
(6)
where
represents the
(periodic) autocorrelation lag of
. Sets of complementary sequences play an important role
in applications such as radar pulse compression [11], CDMA
communications [12], data hiding [13], aperture imaging [14],
channel estimation [15], ultrasonic ranging and ultra-wideband
(UWB) communications [16]. They are also of theoretical importance in the construction of sequences with zero correlation
zone [17]. The sets containing two such sequences are usually
referred as complementary pairs. The case of binary complementary pairs was first considered by Golay in [18] and [19].
Golay complementary pairs exist for lengths
where
[20]. Some nonexistence results for
Golay complementary pairs can be found in [21].
In many cases (but not in all) there exist analytical construction methods for optimal or near-optimal sequences. However,
even in such cases, it may be useful to have computational
methods that can yield additional good sequences. For example,
in multiple access channels (MACs) having more sequences
with good correlation properties expands the capacity of the
communication system. In addition, active sensing and communication systems working in hostile environments need
hidden spreading sequences that are hard to find by the adversary (to avoid detection or jamming). Note that the sequences
obtained with known construction methods are rather restricted
in number and usually have a small number of unknown parameters which makes them easy to guess.
Stochastic search and other optimization design algorithms
have been studied in the literature. However, these algorithms
are generally hard to use when the size of the search space
grows large. To avoid this problem, in [3]–[6] several cyclic
algorithms have been proposed to generate unimodular sequences with good periodic or aperiodic properties. In this
paper, a general computational framework based on an iterative
twisted approximation (ITROX), to be defined shortly, and a
set of associated algorithms are introduced that can be used to
design sequences from a desired alphabet. We believe that the
techniques introduced in this paper can be adopted in new applications of sequence design where new alphabets are desired.
Note that there is almost no prior information available to a
foe about the sequences constructed by computational methods
such as ITROX. Furthermore, ITROX does not impose any
restrictions on the sequence size in contrast to most known
analytical construction schemes.
The rest of this work is organized as follows. Section II provides several mathematical tools and definitions that are used
in Section III to derive a general algorithmic form of ITROX.
The convergence and the performance of ITROX with respect
to the design metrics are also studied in Section III. Section IV
is devoted to using ITROX for constrained sequence design.
Several numerical examples are provided in Section V. Finally,
Section VI concludes the paper.

Notation: We use bold lowercase letters for vectors and bold
uppercase letters for matrices.
,
and
denote the
vector/matrix transpose, the complex conjugate, and the Hermitian transpose, respectively. and are the all-one and all-zero
vectors/matrices.
is the
standard basis vector in
.
denotes an arbitrary norm.
or the -norm of the vector
is defined as
where
are the entries of
.
represents the
-norm of a matrix that is equal to
the maximum absolute value of the entries of the matrix. The
Frobenius norm of a matrix (denoted by
) with entries
is equal to
. The symbol stands
for the Hadamard element-wise product of matrices.
is the
trace of the square matrix argument.
is a vector obtained
by stacking the columns of
successively.
denotes
the diagonal matrix formed by the entries of the vector argument. Sets are designated via uppercase letters while lowercase
letters are used for their elements. , , and represent the
set of natural, integer, real and complex numbers, respectively.
For any real number , the function
yields the closest integer
to (the largest is chosen when this integer is not unique) and
.
is the smallest integer greater than or equal
to . Finally, is the Kronecker delta function which is equal
to one when
and to zero otherwise.
II. ITROX: THE PROBLEM FORMULATION
In this section, the necessary mathematical tools for the computational framework of ITROX are provided. We begin with
the concept of twisted product and then discuss some useful
connections of this vector product with the sequence design
problem.
Definition 1: The twisted product of two vectors and
(both in
) is defined as

..
.

..
.

..

.

..
.

(7)
where
and
are the
entries of and , respectively.
The twisted rank-one approximation of
is equal
to
if and only if and are the solution of the
optimization problem
(8)
Note that there exists a known permutation matrix
for which

(9)
Therefore, the solution to the optimization problem in (8) is
given by the dominant singular pair of a matrix obtained by a
specific reordering of the entries of . In the sequel, we denote
this reordering by the function
over the matrices in
;
particularly, in (9) we have
.
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We formulate the problem of finding sequences with good
periodic or aperiodic correlation properties using the twisted
product.
A. The Periodic Autocorrelation
. InterestA special case of twisted product is that of
ingly, the periodic autocorrelation of a vector can be written
as
. is called a perfect sequence with energy if
and only if
(10)
Remark 1: Due to practical considerations, sequences with
low peak-to-average ratio (PAR)
(11)
are often required. Note that in order to obtain low PAR sequences from (10) one should avoid in particular its trivial solutions
which indeed have the highest possible
PAR (i.e.,
) in the set of obtainable sequences.
Next, let
be a set of periodically complementary sequences containing sequences of length . We
have that
(12)

are given via the vector
(whose entries sum
up to ) and consider the set
of all Hermitian matrices
with the given vector of eigenvalues . Using this formulation,
(13) and (14) establish an one-to-one mapping between the solutions of the design problem and the elements (if any) lying in
the intersection of the two sets
and
.
B. The Aperiodic Autocorrelation
The proposed computational framework can be extended to
the problem of designing sequences with good aperiodic properties. The extension is based on the simple idea that for a sequence of length , the periodic autocorrelation lags of
(15)
are equal to the aperiodic autocorrelation lags of for
. Remember that we defined
as the set of all matrices
such that
. For the aperiodic case, we
replace
with a new set
(
stands for Aperiodic) which contains all matrices
such that
(16)
where

is a masking matrix defined as
(17)

.
where represents the total energy of
Suppose
is such that the sum of the entries of its
rows is for the first row and zero otherwise. Let us suppose
that
has
nonzero positive eigenvalues and therefore that
can be written as (for
)
(13)
It follows from (13) that
result

and as a

Let us also replace

with

where
(18)

With the above definitions, the intersection of the two sets
and
yields sets of vectors of length
whose last
entries are zero and whose first entries form
sequences with good aperiodic correlation properties.
C. ZCZ

(14)
which implies that the total energy is distributed over sequences
that are complementary. Note that the energy
of
is determined by the corresponding eigenvalues of
in (13). In particular, if
is the twisted rank-one
eigen (i.e., with
) approximation of and the energy of
is almost equal to , one could regard
as an almost-perfect sequence.
We will study the problem of designing sets of (periodically)
complementary sequences when the desired energy for each sequence is given. It can be easily seen that designing a single
perfect sequence is just a special case of the latter problem
corresponding to choosing only one nonzero energy component. As mentioned above, the energy components of the sequences dictate the eigenvalues of
. Consider the convex
set
( stands for Periodic) of all matrices
such
that
. Also, suppose the energies of the sequences

ZCZ properties can be defined for both periodic and aperiodic correlations. For ZCZ sequences zero (or low) correlation
values at some specific lags are required. The proposed framework can be adapted to the ZCZ requirements by noting that
only a given set of specific elements of
(corresponding to
the zero correlation zone) should be equal to their corresponding
positions in
. Let
be the set of ZCZ lags.
Let
(19)
and
we form the new sets
In lieu of
and
by employing the constraint
(20)
or
As a result, the intersection of the sets
can be used to form (sets of) sequences
with zero periodic or aperiodic correlation zone, respectively.
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III. ITROX: THE ALGORITHMS
Using the problem formulation of Section II, we propose a
general iterative algorithm that can be used to design sequences
with good correlation properties. The main challenge of such an
algorithm is to tune the energy distribution over the sequences
in each iteration while trying to preserve the mutual property of
complementarity. This goal can be achieved using the idea of
alternating projections which will be discussed in the following.
A. The Proposed Algorithms
Let
and
denote any of the set pairs defined in
Section II. Starting from an element
in
, we find the
closest element to
(for the
norm) in
denoted
by
which we call the optimal projection of
on
.
Next, we find the optimal projection of
on
denoted
by
. Repeating these projections leads to a method known
as alternating projections. We refer the interested reader to
the survey of the rich literature on alternating projections in
[24]. Note that, as the distance between the chosen points in
the two sets is decreasing at each iteration, the convergence of
the method is guaranteed. However, as
is nonconvex, the
alternating projections of ITROX may converge to different
points depending on the initialization; this behavior is related
to the multi-modality of the integrated sidelobe level (or the
merit factor) metrics which are regularly used in the design
of sequences with good correlation properties [4]–[7]. Further
discussions regarding the convergence of ITROX are deferred
to Section III-B.
Designing Periodically Complementary Sets of Sequences:
We begin with finding the orthogonal projection of an element
of
on
.
Theorem 1: Let
be the optimal projection (for
the matrix Frobenius norm) of
on
. Then
can be obtained from
by adding a fixed value
to each row of
such that
; more
precisely

(21)
be a complex-valued
Proof: Let
vector with a fixed sum. Using the Cauchy-Schwarz inequality
we have that

which implies that
should be minimized to find the
desired projection. Note that

(24)
Therefore, for any given , the sum of the entries in each row of
is fixed. This fact implies that for the optimal
, all the
rows have identical entries (as given in (21)) which completes
the proof.
Next, we study the orthogonal projection of an element of
on
. Let
be the orthogonal projection (for the
matrix Frobenius norm) of a Hermitian matrix
on
. Then
can be represented as
(25)
where
and is a unitary matrix. Suppose
the eigenvalue decomposition

has

(26)
Therefore, the problem of finding

is equivalent to

(27)
The following two theorems present a matrix inequality (due to
von Neumann [25]) and an inequality for the inner product of
re-ordered vectors (due to Hardy, Littlewood, and Polya [26])
that pave the way for finding the closed-form solution of (27).
Theorem 2: Let
have the singular value decompositions
and
. Then
(28)
where
and
are unitary matrices, and
the equality is attained when
and
.
Theorem 3: Let and be two real-valued vectors which
are such that

(29)
For any permutation

,

(22)
The equality condition for (22) implies that from all the vectors
whose elements have a constant sum, the one with equal entries
attains the minimum -norm. Now let
and
. We have

(23)

(30)
Suppose that the eigenvalues of
and are sorted in the
same order. The next theorem follows from the above results.
Theorem 4: Let
be a Hermitian matrix with the
eigenvalue decomposition
. Then the orthogonal projection of (for the matrix Frobenius norm) on
denoted
can be obtained from
by replacing
with
by
(defined in (25)).
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TABLE I
THE ITROX- ALGORITHM (FOR DESIGNING PERIODICALLY
COMPLEMENTARY SETS OF SEQUENCES)

TABLE II
ALGORITHM (FOR DESIGNING COMPLEMENTARY SETS OF
THE ITROXSEQUENCES WITH GOOD APERIODIC CORRELATION)

Proof: Note that the objective function in (27) can be
written as

Proof: As
, the positions of nonzero entries
of
are given by
. Using the same observations as in Theorem 1, fixed values must be added to the nonzero
entries of
such that its
rows sum up to for the first row and zero otherwise. Therefore,
for any
such that
, these fixed values are
given by

(31)

(35)

, one can maximize
Therefore, in order to minimize
. Using Theorem 2

Considering
, the numerical values of
can be
easily derived.
Next note that, for any matrix
, its eigenvalue
decomposition has the form

(32)
which implies
where equality is attained for
. In addition, Theorem 3 implies that
attains its
maximum when the diagonal entries of and
are sorted in
the same order. With this observation, the proof is concluded.
The proposed alternating projection approach for designing
periodically complementary sets of sequences with a given energy distribution
is summarized in Table I.
Designing Aperiodically Complementary Sets of Sequences:
The projection on
must have zero entries in known positions (given by the masking matrix ) and its nonzero entries
must be chosen such that they minimize the Frobenius norm of
the difference between the given
and its
projection on
. This optimal projection can be obtained
via a result similar to Theorem 1.
Theorem 5: Let
be the optimal projection (for the
matrix Frobenius norm) of
on
.
Let
denote the number of ones in the
row of
.
Then
(33)
and the entries of

are given by

(34)
for all

such that

and zero otherwise.

(36)
where
is the eigenvalue decomposition of the
upper-left submatrix of . This implies that the projection on
can be obtained as before by imposing the desired energy distribution over the sequences i.e., replacing the diagonal matrix
with .
The general form of ITROX for designing complementary
sets of sequences with good aperiodic correlation properties is
summarized in Table II.
Designing Complementary Sets of Sequences with ZCZ: In
order to obtain sequences (or complementary sets of sequences)
with ZCZ, the same approach as given in Theorem 1 or 5 can
be used. The only difference is that since now some autocorrelation lags are not of interest, there is no need to change their
corresponding rows in
.
Theorem 6: Let
be the set of ZCZ lags.
1) Projection on
: if
denotes the optimal
projection (for the matrix Frobenius norm) of a matrix
on
then
is given by (21) for every
and by
for all
.
: similarly, if
represents
2) Projection on
the optimal projection (for the matrix Frobenius norm)
of a matrix
on
, the entries
are
given by (34) for every
such that
and
, by
for every
such that
and
, and by zero otherwise.
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TABLE III
THE ITROX- ALGORITHM (FOR DESIGNING
SETS OF COMPLEMENTARY ZCZ SEQUENCES)

Let
(37)
Complementary sets of sequences for any given ZCZ can be
generated by the ITROX- algorithm in Table III.
Remark 2: If only one sequence is needed, the computational burden of the proposed algorithms can be reduced significantly. In this case, the Hermitian matrix
must attain
rank-one and therefore a complete eigenvalue decomposition is
not needed. Instead, one can compute the orthogonal projection
on
(for
) using the power method (note that the
convergence of to a rank-one matrix also leads to faster convergence of the power method).
B. Convergence and Design Metrics
As indicated earlier, in any alternating projection-based algorithm, the distance between the two sets is decreasing. Because the distance is nonnegative (thus lower bounded) and decreasing, it can be concluded that the projections are convergent
in the sense of distance. We also note that as the projections provided for all
are unique, the latter conclusion can
be extended to the convergence of solutions on the two sets.
Definition 2: Consider a pair of sets
. A pair of sets
where
and
is called an attraction
landscape of
iff starting from any point in
or , the
alternating projections on and end up in the same element
pair
. Furthermore, for a pair of sets
, an attraction landscape
is said to be complete
iff for any attraction landscape
such that
and
, we have
and
.
In terms of Definition 2, the aim of the alternating projections on
and
is to find the closest points in an attraction landscape of
; particularly, the number of
solutions is characterized by the number of complete attraction
landscapes of
. When it comes to constrained alphabets (which will be studied in Section IV), it is common that
the solutions on the two sets
and
are not
identical. Clearly, and are the closest points in an attraction
landscape of
but the two sets may not intersect in
the attraction landscape encompassing and . In these cases,
represents an optimal solution in the sense of the desired correlation properties which, however, does not satisfy exactly the
alphabet restriction and energy distribution while represents
a solution that satisfies the energy distribution and alphabet restriction but has suboptimal correlation properties.
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In the following we study the goodness of the sequences obtained by ITROX for the ISL and PSL metrics. Interestingly,
ITROX can be viewed as an ISL minimization scheme. Indeed,
we note that the distance between the two sets
defined using the matrix Frobenius norm is nothing but the ISL
metric. Let us suppose that at the
iteration of ITROX, the
projection on
gives some sequences such that the sums of
(for notatheir autocorrelations for the first lags are
tional simplicity,
are used here to represent both periodic
and aperiodic correlation lags). We let be the set of all lags
that ITROX tries to make small. Considering provides a unified approach for both ZCZ and all correlation lag cases (note
that
represents the case for which all correlation lags are desired to be small). Let be the optimal projection of
on
and
(as introduced in Theorem 1). We have
(38)
Taking into consideration that any projection on
must satisfy the total energy constraint (which must be equal to ), we
obtain
(39)
This shows that the ISL metric is decreasing through the iterations of ITROX for a nonconstrained alphabet.
Sequences obtained by ITROX also have a good performance
with respect to the PSL metric. To explain why this is so, we
show that there is an “almost equivalency” between the projections needed for optimization of the ISL and the PSL metrics.
Note that

(40)
which implies that if an algorithm makes the ISL metric small
(for ITROX the ISL metric usually achieves practically zero
values), it also makes the PSL metric small. To strengthen the
above observation we prove that the projections that minimize
the two metrics are related.
Lemma 1: Among all complex-valued vectors
with a fixed sum of entries, the one with
equal entries has the minimum -norm.
Proof: Let be the vector with minimum
-norm for
some fixed sum of entries. If
are not equal, we consider
the vector
with identical entries
(41)
which is a
It is straightforward to verify that
contradiction.
Once again, we draw the attention of the reader to the projections in Section III-A. As explained above, choosing the Frobenius norm to obtain the optimal projections on the two sets
leads to the minimization of ISL. However, in
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light of Lemma 1, one observes that using the max-norm instead of the Frobenius norm leads to the minimization of PSL.
Interestingly, the projection on
is exactly the same for both
norms. Furthermore, for
we have

(42)
for the max-norm
On the other hand, the projection on
appears to be more complicated in general. Therefore, we end
this section by showing that at least for a special case of (27) the
max-norm and Frobenius norm projections on
are close to
one another. We consider the rank-one form of (27)

(43)
and
.
where , and are given such that ,
Lemma 2: For two -length real-valued vectors
and
whose entries can be rearranged as desired,
is minimal when the entries of and are sorted in the same order.
Proof: Let

IV. CONSTRAINED SEQUENCE DESIGN
Besides complex-valued sequences, sequences with
real-valued alphabets can be obtained directly via ITROX
as the eigenvalue decomposition is well defined in . However,
in some design applications the sequence entries are constrained. In particular, due to implementation issues, it can be
desirable that the entries of sequences be restricted to a specific
subset of , a finite or discrete alphabet. In these cases, one
generally needs to perform an exhaustive search to find good
sequences. Our goal here is to adapt the ITROX algorithms
such that they can handle constrained alphabets. Namely, we
are particularly interested in binary
, integer , unimodular
and root-of-unity
(for
) alphabets. To tackle such sequence design problems, we introduce a method which uses the idea of alternating
projections but on a sequence of converging sets.
Definition 3: Consider a function
; as an extension, for every matrix let
be a matrix
such that
. We say that: i) is element-wisely monotonic iff for any
, both
and
are monotonic in . ii) A set is converging to a
set
under a function iff for every
(46)
and for every

, there exists an element

such that
(47)

(44)
We
tions

want

to

determine the minimal value of
over all possible permuta. Let
and
; then it can be easily verified that
(45)

by
leads to a smaller -norm
Therefore, replacing
for
. We conclude that to attain the minimal
we can sort in the same order as . As an aside remark, note
that there exist examples for which no other arrangement of the
entries of can lead to the optimal
(e.g., let
where
).
The optimization problem (43) can be studied using the above
result. Suppose that and are real-valued. We note that for
any given and any rearrangement of its entries, we obtain the
same set of entries in the matrix
. Lemma 2 implies that
for all arrangements of the entries in
, the one sorted in
the same order as
yields the minimal max-norm. But this
arrangement of entries in
is obtainable if and only if we
sort in the same order as . This implies that there exist a
global optimizer of (43) such that it has the same order of entries
as . Therefore, lies in a neighborhood of an optimal solution
of (43); clearly, the neighborhood is defined by the difference
of sorted entries of and the constraint
. Note that
while
yields the optimal solution of (43) for the Frobenius
norm, the above discussion implies that
can be expected
to be a good (but probably not optimal) solution to (43).

and
iii) The function is identity iff for any
satisfying (47), is the closest element of
to , and iv) the
where
is a
sequence of sets
sequence of converging sets.
An example of a converging set is depicted in Fig. 1. Note that
in this example, while is a compact set,
is a finite subset
of with 3 elements. Generally, we need to know both and
to propose a suitable identity function .
Example: We present examples of for some constrained
alphabets commonly used in sequence design:
(1)
(48)
(2)
(49)
(3)
(50)
(4)
(51)
where is a positive real number. In all cases, the monotonic
function
is used to construct the desirable functions which
are both element-wisely monotonic and identity. Note that
tunes the speed of convergence (as well as the accuracy of the
method described in the following).
Consider the alternating projections on two compact sets
and . Suppose
is converging to a constrained set
under some element-wisely monotonic identity function .
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Fig. 1. An example of a converging set. (a)–(c) show a (nonconstrained) compact set
.
for

, the sets

, and entries of a (constrained) finite set

, respectively,

Fig. 2. An illustration of the proposed modified alternating projections in which the algorithm converges to a good solution. The dashed-lines are used to represent
the sets
converging to
with 3 elements.

As discussed before, the aim of the alternating projections
and
is to find the closest two points in an attraction
on
landscape of
; the closer the obtained points, the better
the solution. We assume that the alternating projections (in
) end up at
and that
an attraction landscape of
. The key idea is that
is a
good solution if it has the properties shown below:
1) Its corresponding projection
is a good solution
in .
2)
is close to .
Typical alternating projections can provide good solutions
and thus a) is satisfied. To satisfy b) as well, we consider the
following modification: at the
step of the alternating projecbe the orthogonal projection of
on
tions, let
and let
. Now, instead of projecting
on , we project
on
to obtain
.
Fig. 2 illustrates the alternating projections with the proposed
, we
modification. Supposing that
comment on two cases for the goodness of solutions in the
constrained set
in connection with the modified projections:
•

is close to

: As is element-wisely monotonic,

•

is far from
: One could then expect that
is
also far from
; particularly so as increases. Note that
instead of
can change the complete
considering
attraction landscape. More important, when the algorithm
is far
is converging to a poor solution in , where
from
, it tries to replace complete attraction landscapes

more often than in the case of good solutions (when
is close to
).
and
we design a convenient
In sum, knowing the sets
function as described in Definition 3. The function , and as a
result, the sets
provide information about the goodat the boundary of the
ness (or closeness) of elements of
compact set . This information can be used to keep the good
solutions and continue looking for other solutions when the obtained solution is not desirable. In the sequel, we consider the
benefits of the proposed modification for alternating projections
on some particular sets.
To use the above general ideas in the context of ITROX, suppose that the entries of sequences
are constrained to an
. Let
alphabet

which implies

(52)

that
. Therefore, if
is
we can assume that
is also close to
.
close to
In this case, the modified projections approximate well the
typical alternating projections which tend to improve the
goodness of
.

in the alternating projections of ITROX will be
The set
replaced by
imposing that the projections must have some
special structure. Clearly,
for some feasible power
is converging to
arrangement . Let us suppose that
under some identity function . In this case, the general form

is element-wisely closer to

than to
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Fig. 3. Design of a real-valued sequence of length 64 with good periodic autocorrelation. (a) and (b) depict the entries and the autocorrelation levels (in dB) of
the sequence, respectively.
TABLE IV
THE GENERAL FORM OF THE ITROX ALGORITHM
CONSTRAINED SEQUENCE DESIGN

for every
.
where
Similar to the previous inequality, the first and second term in
the RHS of (55) are vanishing in the limit. Therefore, we only
need to show that
(56)

FOR

of the modified ITROX algorithms can be summarized as in
Table IV.
It is worthwhile to note that the proposed modifications do not
disturb the general convergence guarantee of ITROX. To justify
this claim, it is sufficient to show that
(53)
Using the triangle inequality

(54)

As is identity,
can be viewed as the optimal projecon
. Therefore, the above calculations
tion of
imply that the convergence of ITROX in the modified case is
guaranteed by the convergence of projections in the following
scenario: we compute the sequence of successive projections
(SOSP) for the triple of sets
; i.e., starting
from an element in the first set we found its projection on the
second set, then the projection of the second point on the third
set and next we obtain the projection of the third point on the
first set. Performing these projections cyclically, a sequence of
projections is obtained. The convergence of these projections
has been shown and studied in [28] and [29].
V. NUMERICAL EXAMPLES
In order to show the potential of ITROX to tackle different
sequence design problems, several applications will be considered and numerical examples will be provided. Due to ease of
implementation and optimal PAR, binary sequences have been
commonly used in many applications. Therefore, sequences
with binary entries are chosen to examine the performance of
ITROX when dealing with constrained alphabets. Real-valued
sequences are considered to illustrate the ITROX performance
in the nonconstrained case. In all cases, the algorithms are
initialized with a random real-valued sequence.
A. Sequences With Good Periodic Correlation

The first term on the right-hand side (RHS) of (54) is vanishing
as increases. For the second term, we have

(55)

Using the suggestion in Remark 2 we can employ a simplified version of ITROX- to find single sequences with good
periodic autocorrelation. An ITROX- real-valued sequence of
and its autocorrelation levels are shown in Fig. 3.
length
The computational time for designing the sequence was about
18 sec on a standard PC. The autocorrelation levels are normalized and expressed in dB
autocorrelation level

(57)
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Fig. 4. Design of a binary sequence of length 64 with good periodic autocorrelation. (a) shows the entries of the resultant sequence (i.e., the sequence provided
by ITROX when stopped) along with the corresponding binary sequence (obtained by clipping the resultant sequence). The autocorrelation of the binary sequence
is shown in (b).

Fig. 5. Design of a real-valued periodically complementary pair of sequences (both of length 64) using ITROX- . (a) Plots of the sequences with a bias of
and 3 to distinguish the two sequences. (b) Plot of the autocorrelation sum levels.

3

Fig. 6. Design of a binary periodically complementary pair of sequences (both of length 64). (a) Plots of the resultant sequences (i.e., the sequences provided by
ITROX when stopped) along with their corresponding binary sequences (obtained by clipping). A bias of 3 and 3 is used to distinguish the sequences. (b) Plot
of the autocorrelation sum.

We note that the out-of-phase autocorrelation lags of the generated sequence reach levels which are virtually zero.
Next, we consider the case of binary sequences. Unlike the
real-valued sequences, no perfect binary sequence has been
found for lengths
and it is widely conjectured that such a
sequence does not exist [32]. In addition, it can be shown that

the autocorrelation levels of a binary sequence are congruent to
the sequence length (mod 4) [33] and as a result autocorrelation
levels appear with a successive distance of 4. An ITROX binary
sequence of length
with good periodic correlations
is depicted in Fig. 4. We have let the function in (48) with
operate on the entries of the sequence. The con-
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Fig. 7. Design of a real-valued sequence (of length 64) with good aperiodic autocorrelation. (a) and (b) show the entries and the autocorrelation levels (in dB) of
the sequence, respectively.

Fig. 8. Design of a binary sequence (of length 64) with good aperiodic autocorrelation. (a) depicts the entries of the resultant sequence (i.e., the sequence provided
by ITROX when stopped) along with the corresponding binary sequence (obtained by clipping the resultant sequence). The autocorrelation of the obtained binary
sequence is shown in (b).

structed sequence is optimal with out-of-phase autocorrelation
levels of 0 and 4 [34]. A computational time of 13 sec was
required on a standard PC to accomplish the task.
B. Periodically Complementary Sets of Sequences
As discussed in Section II, ITROX can be used to construct
complementary sets of sequences for which the number of sequences is at most equal to their length.
We design a real-valued periodically complementary pair
using ITROX- . The resultant sequences and the
levels of their autocorrelation sum are shown in Fig. 5. On the
other hand, Fig. 6 shows a periodically complementary pair
of binary sequences along with their correlation sum. In the
latter case, we have let the function in (48) with
operate on the entries of both sequences
and
through the
iterations. The computational time for designing the two sequence pairs were 23 and 16 sec on a standard PC, respectively.
C. Sequences With Good Aperiodic Correlation
to design single real-valued or binary seWe use ITROXquences of length
. The resultant sequences and their autocorrelations are shown in Fig. 7 and Fig. 8, respectively. The
autocorrelation levels of the real-valued sequence are normalized as in (57). The required time for designing the real-valued

Fig. 9. The PSL and MF versus the iteration number for the binary sequence
shown in Fig. 8. The binary sequence achieves a PSL value of 6 and a MF of
4.67.

sequence of Fig. 7 was about 26 seconds on a standard PC,
whereas it took 16 seconds to design the binary sequence of
Fig. 8 on the same PC.
Under the binary constraint, Barker sequences have the lowest
). However, the longest known
achievable PSL (i.e.,
Barker sequence is of length 13. Moreover, finding sequences
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Fig. 10. Comparison of the PSL values of binary sequences generated by ITROXwith the optimal values of PSL and the square root of lengths for
. For each length, ITROXwas used 5 times and from the 5 resultant PSL values, the best one is shown.

Fig. 11. Design of a real-valued sequence (of length 64) with low aperiodic correlation zone. (a) Entries of the sequence. (b) Plot of the autocorrelation level of the
.
sequence (in dB). Dashed-lines indicate the low correlation zone, i.e., the lags

Fig. 12. Design of a binary sequence (of length 64) with low aperiodic correlation zone. (a) Entries of the resultant sequence (i.e., the sequence provided by ITROX
when stopped) along with the corresponding binary sequence (obtained by clipping). (b) Plot of the autocorrelation of the obtained binary sequence. Dashed-lines
.
indicate the low correlation zone, i.e., the lags

with optimal PSL requires exhaustive search. To design binary
sequences, we use the function in (48) with
as in
the previous subsections. In this example, the binary sequence
achieves a PSL value of 6 and a MF of 4.67. These values are
comparable to those obtained by polynomial-time stochastic
search algorithms [7]. The PSL and the MF of the sequence are
depicted in Fig. 9 with respect to the iteration number.
It is shown in [35] that for any function
, the proportion of binary sequences of length which have PSL values
approaches 1 as increases. Yet, no sequence
larger than
families are known whose PSL grows like
or even

to design binary sequences of length
[36]. We used ITROX. For each length, we run ITROX5 times and
save the best PSL. Fig. 10 compares our results with the optimal
PSL values [37] and the square root of length.
D. Sequences With Zero (Aperiodic) Correlation Zone (ZCZ)
Considering the difficulty of finding sequences with good
aperiodic correlation, we generate single real-valued or binary
sequences (of length
) with low aperiodic correlation
zone. These sequences are shown in Fig. 11 and Fig. 12, respectively. In both cases, the lags
(out of
)
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define the zone with low correlation. Furthermore, as in the previous subsections, the function in (48) with
was
used in the binary case. The computational time for designing
the real-valued and binary sequences were 85 and 57 sec on a
standard PC, respectively.
VI. CONCLUDING REMARKS
A computational approach to the problem of sequence design
for good correlation properties has been proposed. A general
framework (called ITROX; to be pronounced “itrocks”) and a
set of associated algorithms were introduced to tackle several
sequence design problems. The results can be summarized as
follows:
• Using the concept of twisted product (see Definition 1)
some basic formulations were provided that led to an alternating projection algorithm as the core of ITROX.
• Several specialized algorithms were proposed for different
applications of sequence design, namely: (i) ITROXfor designing (complementary sets of or single) sequences
with good periodic correlation properties; (ii) ITROXfor designing (complementary sets of or single) sequences
with good aperiodic correlation properties, and (iii)
ITROX- that extends the scope of the latter algorithms
to designing (complementary sets of or single) sequences
with zero or low correlation zone.
• The convergence of ITROX algorithms was studied. It was
shown that ITROX is an ISL minimizer (or equivalently
a merit factor maximizer) that can yield several solutions
depending on initialization. The effect of ITROX iterations
on the PSL metric was also investigated.
• The ability of ITROX to tackle sequence design problems
with constrained alphabets was discussed. For these cases,
the idea of projections on converging sets was introduced
and used to modify the general form of ITROX. The convergence of this approach was also studied.
• Numerical examples were provided that confirm the potential of ITROX to tackle several sequence design problems.
Several research problems remain open. For example: (i) designing criteria that can “measure” the goodness of a function
(see Definition 2 and the discussions afterwards); (ii) deriving
an optimal for given constrained and nonconstrained sets; and
(iii) exploring other possible applications of ITROX as well as
its ability to optimize arbitrary sequence design objectives.
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