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Abstract

This paper presents a semantics for non-deterministic concurrent constraint
programming languages. The semantics address the issues of giving an ade-
quate treatment of non-terminating computations, in particular with fairness
and liveness, and giving a compositional semantics, where the meaning of a
recursively de�ned program is obtained as a �xpoint. We present a simple
concurrent constraint programming language with a reduction rule seman-
tics, which is augmented with fairness requirements. We specify how traces
are obtained from fair computations of a program. The operational seman-
tics of a program is de�ned as the set of traces of the program. We show that
this trace semantics can be de�ned compositionally. The trace semantics is
transformed into a continuous �xpoint semantics, using the framework of
Lehmann's category-theoretic constructions, and present a general schema
for de�ning continuous operators on the semantic domain. A simple abstrac-
tion operator is de�ned, and is proved to give a fully abstract semantics.

This article was published in the proceedings of the 1993 international sym-
posium on logic programming.



1 Introduction

The concurrent constraint programming languages [7, 10] provide a simple
and powerful model of asynchronous concurrent computation. The main
feature of constraint programming is that the store is seen as a constraint
on the range of values that variables can assume, rather than as a particular
mapping from variables to values. The main computation primitives are
now ask (check if a constraint is entailed by the store), and tell (add a new
constraint to the store). A computation can be seen as an accumulation of
(partial) information (constraints) to the store.

The purpose of this paper is to present a denotational semantics for
nondeterministic concurrent constraint programming languages, which in
particular can address the issues of

1. giving an adequate treatment of non-terminating computations, and
in particular of fairness and liveness,

2. giving a fully abstract semantics, and

3. giving a compositional semantics, where the meaning of a recursively
de�ned program is obtained as a �xpoint.

Note that previous works have not treated nondeterministic and non-termi-
nating computations.

It has now become rather standard to describe non-deterministic pro-
grams by the set of traces of the computations of the program. However, to
obtain a �xpoint semantics for recursive programs, it is necessary to �nd a
suitable domain in which �xpoints of functions over sets can be computed.
Previous research on �xpoint semantics has provided methods to handle ei-
ther non-terminating behavior of deterministic programs, or �nite behaviors
of nondeterministic programs. It is di�cult to handle both non-terminating
behavior and nondeterminism, in particular in the presence of fairness. For
instance, Apt and Plotkin [2] have shown that it is impossible to have a
continuous, least �xed-point, fully abstract semantics using domain theory.

Earlier works [3, 10] have shown that the operational semantics of concur-
rent constraint programming languages can be formulated rather easily us-
ing structural operational semantics. For example, Boer and Palamidessi [3]
have presented a fully abstract structural operational semantics for non-
recursive programs, which descibes �nite behavior. For a deterministic con-
current constraint language Saraswat, Rinard, and Panangaden [10] have
presented a semantics quite similar to Kahn's semantics [4], which handles
�nite and in�nite computations in a uniform manner. They also general-
ize this semantics to a non-deterministic language. However, this semantics
can only describe �nite behaviors, and is thus unable to capture aspects
pertaining to fairness or liveness.

In this paper, we will adopt category theoretic methods developed by
Lehmann [5, 6]. A category can be seen as a generalization of a cpo, since



any cpo is also a category. The advantage of using categories lies in the fact
that they can convey more information about the described programs, and
that this extra information can be used to obtain continuous operators and
�xpoints, even in the presence of fairness. Lehmann's ideas have previously
been used by Abramsky [1] to give a semantics for an applicative language
and by Panangaden and Russell [8] for a simple imperative sequential lan-
guage with unbounded nondeterminism. In this paper, we apply Lehmann's
ideas to a trace-based semantics for a concurrent language.

The contents of this paper are the following.
We present a simple concurrent constraint programming language similar

to that presented in [10]. A reduction rule semantics of the language is
given using structurally de�ned reduction rules. The semantics is augmented
with fairness requirements. We specify how traces are obtained from fair
computations of a program. The operational semantics of a program is
de�ned as the set of traces of the program. We show that this trace semantics
can be de�ned compositionally.

In a next part of the paper, we transform the previous trace seman-
tics into a continuous �xpoint semantics. We present the framework of
Lehmann's category-theoretic constructions, and present a general schema
for de�ning continuous operators on the semantic domain. This general
schema appears to be very general and is of independent interest. We apply
the schema to present continuous operators corresponding to the operators
on sets of traces given earlier.

The �xpoint semantics is compositional, but it is not fully abstract with
respect to the simplest form of semantics, that which only records the �nal
value of a computation, or the limit of an in�nite computation. In the �nal
part of the paper, we present a semantics which is also fully abstract. We
obtain this semantics via a closure operation from the �xpoint semantics.
The fully abstract semantics can be understood also independently of the
context of a �xpoint semantics.

2 Constraint Systems

In this section, we give a brief presentation of constraint systems that are
used in the remainder of the paper. The exact form of the constraint system
is not so important for our results. We consider here a rather simple form
of constraint system based on a �rst order language.

So, assume a �rst-order language containing the usual connectives, vari-
ables, predicate symbols, function symbols and constant symbols. We will
further assume that there is an interpretation I of the constant, function,
and predicate symbols into some domain C. Let Var be the set of variables,
and Val the set of assignments of variables V : Var ! C. We will typically
use the letters x and y for variables, and X and Y for �nite sequences of
variables with no repetitions. For a formula �, write FV(�) for the set of
free variables of �. We write V j=I � if V is an assignment of variables such



that � is true in the interpretation I .

Example 1 Let C be the set of natural numbers, let the language have one
binary predicate symbol �, no function symbols, and a constant symbol for
each natural number. The de�nition of j= for this constraint system should
be obvious.

For a formula � and sequences of variables X and Y of equal length, we de�ne
�[Y=X ] as a formula. We extend the de�nition of j=I so that V j=I �[Y=X ]
i� V 0 j=I �, where V

0 is the assignment such that V (yi) = V 0(xi), for i � jX j,
and V (x) = V 0(x) for x 2 Var nX . The reader is invited to check that the
properties of an expression �[Y=X ] are exactly those one would expect of a
reasonable de�nition of syntactic substitution.

We de�ne a preorder � between formulas by � �  i� for any V 2 Val

such that V j=I  , we have V j=I �. This gives immediately an equivalence
relation � �  i� � �  and  � �.

De�nition 2 A constraint is a non-empty set c of formulas, such that

1. if � 2 c, and  � �, then  2 c, and

2. if �;  2 c, then � ^  2 c.

For a formula � let [�] = f j  � �g. Clearly [�] is a constraint. A
constraint c for which there is an formula � such that [�] = c is a �nite

constraint . If we have constraints c0; c1; c2; c3; : : : such that c0 � c1 � c2 �
c3 : : : then [i�0ci is a constraint.

Let D be the set of constraints, and Dc the set of �nite constraints.
We will use IXY (�) as an abbreviation for (9x1 : : :9xn:�)[Y=X ], where

fx1; : : : ; xng = (FV(�) n X). This construct will be used to handle pro-
cedure calls with parameter passing and local variables. So IXY hides all
variables that do not occur in X , and renames the ones mentioned in X to
the corresponding ones in Y .

For example, given the constraint system above, Ixy (x � 2; z � 3) =
(y � 2).

We extend conjunction and renaming to be de�ned for �nite constraints,
so for formulas � and  , [�] ^ [ ] = [� ^  ] and IXY ([�]) = [IXY (�)]. It is
straight-forward to prove that these operations are well-de�ned. Also, note
that they are monotone with respect to v, and for �nite c; d, the constraints
IXY (c), and c t d will also be �nite. In the following text, we will use the
letters c, d : : : for elements of D.

Note that each constraint is either �nite, or a limit of a directed set of
�nite constraints. So the constraints form a Scott domain (and a cpo), and
we will use the usual relation symbol v, so that c v d if c � d, and the symbol
t for least upper bound, which happens to coincide with conjunction.

In the following text, we will not refer to the details of the construction of
the constraints, but only refer to Dc, D, the function IXY (and the properties
of this function), and the other operations which come with cpo's.



3 The language

We will describe a concurrent constraint language, similar to that presented
by Saraswat [10]. We assume a set NAME of procedure symbols p; q; : : :. The
syntax of an agent A is given as follows.

A ::= c j
^
i2S

Ai j p(Y ) j (c1 ) A1 [] : : : [] cn ) An) j A hci (Y=X) :

A tell constraint, written c, is assumed to be a member of Dc. The conjunc-
tion ^

i2S

Ai

of agents, where S is assumed to be countable, represents a parallel compo-
sition of the agents Ai. We will use A1 ^A2 as a shorthand for

V
i2f1;2gAi.

Agents of the form A hci (Y=X) are called closures . They occur when a
call to a procedure has been replaced with the body of its de�nition. X is
the sequence of formal parameters, Y the sequence of actual ones, and the
constraint c represents the local data. An agent of the form p(Y ) represents
a call to a procedure in the program.

An agent (c1 ) A1 [] : : : [] cn ) An) represents a selection. If one
of the ask constraints ci becomes true, the corresponding agent Ai may be
executed.

A program � is a set of de�nitions of the form p(X) :: A, where each
procedure symbol p occurs in the left-hand side of exactly one de�nition in
the program. Note that the syntax for agents describe both agents appearing
in a program, and agents appearing as intermediate states in a computation.
Agents appearing on the left-hand side of a de�nition will actually have a
form indicated by the following syntax.

A ::= c j A ^ A j p(X) j c1 ) A1 [] : : : [] cn ) An

The di�erences are that in a program, all conjunctions are �nite, and that
closures do not occur.

4 Con�gurations and Computation Rules

A con�guration is a pair A : c consisting of an agent A acting on a constraint
c. The latter will be referred to as the environment of the state. The
operational semantics is given through a relation �! over con�gurations,
assuming a program �. Intuitively, a computation step A : c �! A0 : c0

denotes that the con�guration A : c can be reduced to A0 : c0 in one step. c0

will always contain more information than c (c v c0) so a computation step
is never destructive. The result of a �nite computation would be the �nal
environment. What about in�nite computations? Here, the result should be
the least upper bound of all environments in the computation.



We will present rules that de�ne �! in the usual style of structural
operational semantics. A rule typically has the form

P1; : : : ; Pn
A : c �! A0 : c0

;

and should be read: \The con�guration A : c can be reduced to A0 : c0

whenever the premises P1; : : : ; Pn hold."
An agent which is a tell constraint simply adds new information (itself)

to the environment.

c : d �! c : c t d

A conjunction of agents is executed by interleaving the execution of the
agents. One computation step by the conjunction involves one step by ex-
actly one of the agents.

Ak : c �! A0 : d; k 2 SV
i2S Ai : c �!

V
i2S Bi : d

where Bi = Ai, for i 2 S n fkg, and Bk = A0.
A call to a procedure is reduced to the body of its de�nition, wrapped

in a closure. Note that we assume that each call has the same number of
parameters as the corresponding de�nition.

p(X) :: A 2 �

p(Y ) : c �! A h?i (Y=X) : c

As mentioned before, closures provide renaming of parameters and hiding of
local data. A closure A hci (Y=X) is executed one step by doing the following.
Apply the function IYX to the present environment, denoted d say, to extract
the actual parameters Y and replace them by the formal parameters X .
Combine the result IYX(d) with the local data (given by c), to obtain a local
environment. A computation step is performed in the local environment,
which gives a new local environment (e say). The local environment e is
saved in the closure. To transmit any results to the global environment,
the function IXY is applied to the local environment to hide local variables
and rename formal parameters to actual parameters. The constraint thus
obtained is combined with the previous global environment. The rule thus
becomes

A : c t IYX(d) �! A0 : e

A hci (Y=X) : d �! A0 hei (Y=X) : IXY (e) t d

The reduction rule for selection is the following. If one of the ask constraints
is satis�ed in the current environment, the selection can be reduced to the
corresponding agent. If several ask constraints are satis�ed, any of the al-
ternatives may be selected.

ci v c

(c1! A1 [] : : : [] cn ! An) : c �! Ai : c



5 Computations and Fairness

A computation is an in�nite sequence of con�gurations, in which each adja-
cent pair of con�gurations is either a computation step (performed by the
agent), or a strengthening of the environment (performed by some other
agent). Throughout this chapter, we assume a �xed program �.

De�nition 3 A computation is a sequence of con�gurations (Ai : ci)i2!
such that for all i � 0, we have either Ai : ci �! Ai+1 : ci+1 (a computation

step), or Ai = Ai+1 and ci v ci+1 (an input step).

If a computation could be �nite, when the result of a �nite computation
would be the �nal environment. What about in�nite computations? Here,
the result should be the least upper bound of all environments in the compu-
tation. So a computation may produce its result by performing computation
steps and by receiving input. A computation that does not receive any in-
put is called a non-interactive computation. An input step which does not
alter the environment is called an empty input step. We shall require
computations to be fair. This should intuitively mean that all computation
steps that can performed will eventually be performed. For instance, the
natural requirement for selection statements is that if one selection can be
performed, then either that reduction, or any other selection, should even-
tually be performed. A call to a procedure, which occurs in a computation,
should eventually be reduced to its de�nition.

Before we can turn to the actual de�nition of fairness, we must de�ne
some auxiliary properties of computations. A computation can often be
considered to contain other computations. For example, to perform a com-
putation step with a process A^B : c, it is necessary to perform computation
steps with either of the processes A : c and B : c. The view of a computation
as a composition of computations leads us to the following de�nitions.

De�nition 4 The relation `immediate inner computation of ' is de�ned to
be the least relation over !-sequences of processes such that the following
holds.

1. A sequence (Aj
i : ci)i2! is an immediate inner computation of (

V
j2S A

j
i :

ci)i2!, if j 2 S.

2. The sequence (Ai : ci t IYX(di))i2! is an immediate inner computation
of the sequence (Ai hcii (X=Y ) : di)i2!.

The relation `inner computation of ' is de�ned to be the transitive closure
over the relation `immediate inner computation of'.

Proposition 5 If (Ai : ci)i2! is an inner computation of (Bi : di)i2!, and
(Bi : di)i2! is a computation, then (Ai : ci)i2! is a computation.



For a sequence (xi)i2! and k � 0, we de�ne ((xi)i2!) " k as the sequence
(xi+k)i2!.

Lemma 6 Let x be a computation with inner computation y. For an arbi-
trary k 2 !, y " k is an inner computation of x " k.

We are now ready to consider the actual de�nition of fairness. We will
de�ne the fairness requirement in a bottom-up fashion by giving a sequence
of fairness requirements of increasing strength. First, we de�ne a class of
computations where the requirement is that if the statement part of the
�rst process is a selection where one of the tests evaluates to true, it should
be reduced to one of its branches eventually, a call to a program de�ned
procedure should be reduced to its de�nition eventually, and a call to a
primitive procedure should produce the desired result eventually.

De�nition 7 A computation (Ai : ci)i2! is top-level fair when the following
holds.

1. If A0 = p(Y ), and the program contains a de�nition p(X) :: A 2 P ,
there is an i � 0 such that Ai = A(Y=X).

2. If A0 = c, there is an i � 0 such that ci w c.

3. If A0 = (d1 ) B1 [] d2 ) B2 [] : : : [] dn ) Bn), and dj v c0 for a
j � n, then there is an i � 0 such that Ai=Bj for a j � n.

A computation is initially fair if all its inner computations are top-level fair.
A computation is fair if all its su�xes are initially fair.

6 Operational Semantics

In this section, we �rst present the most abstract semantics (the result se-
mantics) which simply represents an agent by the possible results of its
computations, when performed in isolation. We then present a more re�ned
semantics (the trace semantics) which represents the computations of an
agent, but abstracts from the local state of the agent. The result semantics
is a function R(NAME! STAT)! STAT ! Dc ! }(D) which gives the set of
all possible results that can be computed given a program, an agent and an
initial environment.

R�[[A]]c = fti2!ci j (Ai : ci)i2! is a fair non-interactive computation

where c0 = c and A0 = Ag:

Remember that a computation is de�ned to be a sequence of con�gurations
(Ai : xi)i2!, where the environments, that is, the xi's, are the only part of the
computation visible to the outside. Now, a computation can go from Ai : xi
to Ai+1 : xi+1 either by performing a computation step, or by receiving
input, and this distinction is of course relevant to the semantics of a process.



In the trace semantics, a process is represented by a set of traces, where
each trace is an in�nite sequence of environments together with information
which identi�es computation steps.

De�nition 8 A trace t is a pair t = (v(t); r(t)), where v(t) is an !-chain in
Dc and r(t) � !. The set of traces is denoted TRACE.

The trace of a computation (Ai : ci)x2! is t = ((ci)i2!; r), where the ith
step is a computation step when i 2 r, and an input step, when i 62 r. For
t 2 TRACE, v(t) will sometimes be referred to as the environment of the
trace. We will sometimes use the notation v(t)i to refer to the ith element
of the environment of t.

A trace t where r(t) = ; can be characterized as passive, since this trace
corresponds to a computation with input actions only. Similarly, if we have
traces t and u such that v(t) = v(u) and r(t) � r(u), t can be viewed as
more passive than u, or, conversely, one can say that u is the more active of
the two. Therefore it is natural to de�ne an ordering between traces.

De�ne the relation �� TRACE � TRACE such that t � u i� v(t) = v(u)
and r(t) � r(u). This is obviously a partial order. Under this ordering,
TRACE does not have a least element, but all non-empty, consistent sets
S � TRACE have least upper bounds. That is, S is consistent i� v(t) = v(u)
for all t; u 2 S. The least upper bound

W
S of the traces in S then becomes

(v(t);[u2Sr(u) where t is an arbitrary element of S.
A trace t is maximal with respect to the order � if there is no trace

t0 such that t0 > t, that is if r(t) = !. A trace t is minimal if r(t) = ;.
In other words, maximal traces correspond to non-interactive computations
with no input steps. However, since a non-interactive computation may
contain empty input steps, any trace t such that for all i 2 !, either i 2 r(t)
or v(t)i = v(t)i+1 also corresponds to a non-interactive computation.

The operational semantics of an agent A, assuming a set of possibly
recursive de�nitions (a program) � is de�ned as follows.

De�nition 9 The function O : (NAME ! A) ! A ! }(TRACE) is de�ned
so that t = ((xi)i2!; r) 2 O�[[A]], i� there is a fair computation (Ai : ci)i2!
in the program � such that the ith step of (Ai : ci)i2! is a computation step
when i 2 r, and an input step, when i 62 r.

As one would expect, the result semantics can be obtained from the opera-
tional semantics.

Lemma 10 d 2 R�[[A]]c if and only if there is a t 2 O�[[A]] such that
v(t)0 = c, d = tv(t), and for all i 2 (! n r(t)), v(t)i = v(t)i+1.

The operational semantics of a parallel composition A^B can be computed
from the operational semantics of A and B. In the same way, the operational
semantics of closures and selections can be computed from the operational
semantics of their components. This is expressed by the following lemmas.



Lemma 11 t 2 O�[[
V
i2S Ai]] i� there are ti 2 O�[[Ai]] for i 2 S, such that

v(ti) = v(t) for i 2 S, r(t) =
S
i2S r(ti), and r(ti) \ r(tj) = ;, for i; j 2 S

such that i 6= j.

Lemma 12 t 2 O�[[A hci (X=Y )]] i� there is a u 2 O�[[A]] such that with
(di)i2! = v(t) and (ei)i2! = v(u), we have

1. e0 = c t IYX(d0),

2. for i 2 (! n r(t)), ei+1 = ei t IYX(di+1),

3. for i 2 r(t), di+1 = IXY (ei+1)t di, and

4. r(t) = r(u).

Lemma 13 t 2 O�[[(c1 ) B1 []; c2) B2 [] : : : [] cn ) Bn)]] i� one of the fol-
lowing holds.

1. cj v v(t)k for some j � n and k � 0, and there is a u 2 O�[[Bj ]]
such that for all i � 0, v(u)i = v(t)i+k, v(t)k = v(t)k+1, and r(t) =
fi+ k + 1 j i 2 r(u)g [ fkg.

2. There is no j � n and k � 0 such that cj v v(t)k, and r(t) = ;.

Proving these lemmas is fairly straight-forward using the computation rules
and the fairness requirements. However, the composition rule for closures is
in a form which is not suitable for the �xpoint semantics we will use, so we
state the properties of the closure combinator in a slightly di�erent form.

Lemma 14 t 2 O�[[A hci (X=Y )]] i� there is a trace u 2 O�[[A]] and a set
R, where r(u) � R � !, such that with (di)i2! = v(t) and (ei)i2! = v(u),
the following holds.

1. e0 = c t IYX(d0).

2. For i 2 (! nR), ei+1 = ei t I
Y
X(di+1).

3. For i 2 R, di+1 = IXY (ei+1) t di.

4. r(t) = fi 2 r(u) j di+1 = di, or
there is no j < i such that j 2 R n r(u)g.

7 Powerdomains

In the search for domains suitable for the treatment of indeterminacy, Plotkin
[9] and Smyth [12] introduced powerdomains as the domain-theoretic ana-
logues to powersets. Plotkin examined and dismissed one very simple power-
domain construction; the representation of the powerdomain of the domain
D as the function space D! ftruth valuesg. Under this construction, a set
S1 can only be approximated by a set S2 if S2 is a subset of S1. This is not



satisfactory as one would like a set fxg to be approximated by a set fyg if
y is an approximation of x. Plotkin and Smyth proposed various orderings
but it does not seem possible to �nd a partial order for a powerdomain that
has all desired properties.

Lehmann [5, 6] suggested a di�erent approach. Instead of using partially
ordered sets as domains, he proposed the use of (a class of) categories. Since
any partially ordered set can be seen as a category, this is a rather straight-
forward generalization. For powerdomains, his solution takes advantage of
the fact that two objects can have more than one arrow between them, and
that thus an arrow can contain information about the way in which one
object is an approximation of another.

Lehmann's construction has previously been used by Abramsky [1] and
by Panangaden and Russell [8] to model unbounded indeterminacy.

Lehmann also showed how various domain-theoretic constructions (like
sums, products, function spaces and least �xpoints of domain equations)
had counterparts in category-theory. However, in this paper we will only
consider powerdomains of partially ordered sets.

The following presentation of Lehmann's powerdomain construction fol-
lows the one in [8]. Given a complete partially ordered set (B;�), the con-
struction of the categorical powerdomain, CP(B), is as follows. An object of
CP(B) is a multiset of elements of B (it is assumed that repeated elements
of a multiset can somehow be distinguished). An arrow G : a! b of CP(B)
is a relation G � a� b such that

1. for x and y such that hx; yi 2 G, we have x v y, and

2. for all y 2 b, there is an x 2 a such that hx; yi 2 G.

The composition of two arrows G1 : a ! b and G2 : b ! c is as follows.
hx; zi 2 G2 � G1 if there is a y 2 b such that hx; yi 2 G1 and hy; zi 2 G2.
It should be clear that this composition ful�lls the requirements on arrows.
For an object a, the identity arrow ida : a ! a is simply the relation
ida = fhx; xi j x 2 ag. We leave it to the reader to verify that this arrow
indeed satis�es the category-theoretic axioms for the identity arrow.

The category-theoretic analogue of an !-sequence in a cpo is an !-
diagram, and limits of !-sequences in cpo's have their counterparts in col-
imits of !-sequences in categories. These are present in categories CP(D)
where D is such that consistent sets in D have least upper bounds.

For a diagram a0
G0�! a1

G1�! a2
G2�! : : : the colimit has the following

form. Let S be the set of all chains v = (xi)i2! such that for all i 2 !,
hxi; xi+1i 2 Gi. The colimiting object a� is the set

U
ftv j v 2 Sg, and it

forms the colimit together with arrows Hj : aj ! a� such that hx; yi 2 Hj

i� there is a chain v = (xi)i2! 2 S such that xj = x and tv = y.
Note that the colimiting object does not only depend on the objects

a0; a1; : : :, but also on the arrows between the objects.



De�nition 15 A category where all diagrams a0
G0�! a1

G1�! a2
G2�! : : :

have colimits is an !-category. A functor which preserves !-colimits is an
!-functor.

An object a of a category is initial if for any object b there is exactly one
arrow G : a! b. This corresponds to the least element of a cpo. The initial
object is often denoted by the symbol 0. If B has a least element ?, the
initial element of CP(B) is f?g. If B does not have a least element, but
there is a set S � B such that each element of S is minimal, and for each
member of B there is a weaker element in S, then S is initial in CP(B).

Now, what does an !-functor look like? It is a theorem of category
theory that the !-functors are closed under composition. Lehmann proved
that (binary) disjoint union is an !-functor.

In this section, we present a general class of !-functors. The presentation
will be in the form of a general schema, which can be used to de�ne a large
class of !-functors.

Proposition 16 Let S be a set. For each s 2 S, let fs : B ! B and
ps : B ! f?; trueg be continuous functions. The functor which maps each
object a 2 CP(B) to the object

F (a) =
]
s2S

ffs(x) j ps(x) 6= true and x 2 ag:

and maps each arrow G : a! b to

F (G) : F (a)! F (b) =
]
s2S

fhfs(x); fs(y)i j hx; yi 2 G; ps(y) 6= trueg:

is an !-functor over CP(B).

So a function F : }(B) ! }(B) has a corresponding !-continuous functor
over CP(B) if it can be written in the following form:

F (A) = ff(a; x1; : : : ; xn) j a 2 A;
x1 2 X1; : : : ; xn 2 Xn;
such that S(x1; : : : ; xn)
and p(a; x1; : : : ; xn)g;

where f is a function which is continuous on its �rst argument, X1; : : : ; Xn

are arbitrary sets, S(x1; : : : ; xn) is a formula which only depends on the
x1; : : : ; xn, i.e., does not depend on a, and p is a predicate with the prop-
erty that if a < b and p(a; x1; : : : ; xn) does not hold, then neither does
p(b; x1; : : : ; xn).



8 A Fixpoint Semantics

8.1 The Category of Processes

The category of processes, PROC, is CP(TRACE) where the objects are mul-
tisets of traces and arrows G : a ! b are relations G � a � b such that for
all u 2 b there is a unique t 2 a such that ht; ui 2 G, and when ht; ui 2 G,
t � u. Since two traces are never related unless they have the same sequences
of environments, arrows between processes will always link traces with the
same environments.

The initial element of CP(TRACE) is the set of passive traces; ft j t 2
TRACE; r(t) = ;g.

We have established that the operational semantics of our constraint
language can be expressed compositionally in lemmas 11-13. The basic goal
of this section is to translate these lemmas into a �xpoint semantics. Since
we will use Lehmann's powerdomains, the semantic functions will have to
be !-functors. So for each statement � we de�ne a semantic functor

M[[A]] : (NAME! PROC)! PROC

following the compositionality lemmas of the preceding chapter.
We will assume that each de�nition in the program is of the form p(Y ) ::

A, where Y = arg 1; : : : ; arg jY j.

8.2 Parallel composition

An examination of lemma 11 gives us the following compositional formula-
tion of the parallel composition.

O�[[
^
i2S

Ai]] = ft j ti 2 O�[[Ai]] and v(ti) = v(t) for i 2 S,
r(t) =

S
i2S r(ti),

and r(ti) \ r(tj) = ;, for i; j 2 S such that i 6= j.g

We will perform the parallel composition in three steps. Given a family of
!-functors Fi : C ! Ci for i 2 S we can create an !-functor

hFiii2! : C !
Y
i2S

Ci;

so we have an !-functor

hM [[Ai]]ii2S : (NAME! PROC)! PROC
S :

The functor CART : CP(TRACE)S ! CP(TRACES) gives us the Cartesian
product of the family of sets of traces from the subexpressions of the parallel
composition. The function PARALLELS as de�ned below, takes a family of



sets of traces, where each set of traces is indexed by S, composes those that
let themselves be composed, and discards the other.

PARALLELS(T ) = f
_
i2S

v(ti) j h(vi; ri)ii2S 2 T ,
vi = vj , for i; j 2 S, and
ri \ rj = ;, for i; j 2 S such that i 6= jg.

It is easy to see that the function PARALLELS can be de�ned as an !-functor.
So the semantics for the parallel composition can be given by the following
equation.

M[[
^
i2S

Ai]] = PARALLELS � CART � hM [[Ai]]ii2S

8.3 Closures

Lemma 14 describes the compositional behavior of the closure operator. For
�xed X , Y , and c, this results in the !-functor CLOSURE(X; Y; c) : PROC !
PROC given by the following equation.

CLOSURE(X; Y; c)(T) =
ff(u; (di)i2!; R) j u 2 T;

r(u) � R � !;
(ei)i2! = v(u); e0 = c t IYX(d0);
ei+1 = ei t I

Y
X(di+1); for i 2 (! nR); and

di+1 = IXY (ei+1) t di; for i 2 Rg

where

f(u; (di)i2!; R) = fi 2 r(u) j di+1 = di; or
there is no j < i such that j 2 R n r(u)g:

The semantics of the closure construct can now be de�ned as follows.

M[[A hci (X=Y )]] = CLOSURE(X; Y; c) �M[[�]]

8.4 Selections

A selection has two behaviors; if a test succeeds, it will branch, if no test suc-
ceeds, it will do nothing. An !-functor that captures the branching behavior
for a constraint c should accept as argument a set of traces, and return those
traces for which the constraint will be satis�ed.

BRANCHc(T ) = ff(u; k) j u 2 T; k 2 !; v(u)0 w c; and
(ei)i2! a chain in Dc

such that ei+k+1 = v(u)i for i 2 !g

where
f(u; k) = ((ei)i2!; fi+ k + 1 j i 2 r(u)g [ fkg)



The second behavior of a selection operator occurs when no test ever suc-
ceeds. In this case, no reduction steps are ever performed. For �xed con-
straints c1; : : : ; cn 2 Dc, we de�ne the constant !-functor SLEEPc1:::cn over
CP(TRACE) such that

SLEEPc1:::cn(T ) = f((di)i2!; ;) j cj 6v dk for any j � n; k � 0g

for objects T in CP(TRACE).
Now, the semantics of the selection operator can be given as follows.

M[[(c1 ) A1 [] c2 ) A2 [] : : : [] cn ) An)]]

= (
]
k�n

BRANCHck �M[[Ak]])
]

SLEEPc1:::cn

8.5 Procedures Calls

By the computation rules, a recursive call is reduced to a closure containing
the body of its de�nition.

M[[p(X)]]� = CLOSURE(X; Y; c)(�(p));

where Y = arg 1; : : : ; arg jX j. Remember that each procedure de�nition is
required to be of the form p(arg 1; : : : ; argn) :: A.

8.6 Tell Constraints

Whenever the tell constraint c has performed a computation step, the envi-
ronment must be at least as strong as c.

M[[c]]� = ft 2 TRACE j v(t)i+1 = v(t)i t c; for i 2 r(t); and c v tv(t)g:

9 Abstraction

In this chapter, a simple abstraction operator is de�ned and proved to give
full abstraction.

A consequence operator1 is a function f : D! D such that for all x 2 D,
f(x) w x and f(f(x)) = f(x). The functionality of a trace t is de�ned to be
the least continuous consequence operator fn(t) : D ! D such that i 2 r(t)
implies fn(t)(xi) w xi+1, where (xi)i2! = v(t). A trace t is a subtrace of a
trace u if fn(t) v fn(u) and tv(t) = tv(u).

Note that the subtrace relation is not a partial order, that is, two traces
may be subtraces of each other without being equal, however, if t � u then
t is a subtrace of u.

1Saraswat et al. used this type of functions for a similar purpose and called them
closure operators [10]. We chose the term consequence operator to avoid any confusion
with the syntactic construct.



For a set of traces p, let

bpc = ft0 j t0 is a subtrace of t 2 pg:

The idea is that b�c should serve as an abstraction operation. This is ex-
pressed in the following theorem.

Theorem 17 Suppose we have a program � and two statements A and B
such that bO�[[A]]c 6= bO�[[B]]c. There is an agent C, and an x 2 Dc such
that R�[[A ^ C]]x 6= R�[[B ^ C]]x.

To prove the theorem, we need to give a de�nition and establish a few
properties of traces.

For a continuous function f : D ! D, de�ne �x(f) : D ! D such that
for x 2 D, �x(f)x is the smallest y w x such that f(y) = y. Note that for
functions f; g : D ! D such that f; g w id, �x(f � g) w f; g.

Lemma 18 For two traces t and u such that t _ u is de�ned, fn(t _ u) =
�x(fn(t) � fn(u)).

For a pair of constraints c; d the operational semantics of the agent (c) d)
consists of traces t such that whenever i 2 r(t), and v(t)i w c, then v(t)i+1 v
dt v(t)i, and there is a j � i such that v(t)j w d. For a function f such that

f(x) =

�
x t d; if c v x;
?; otherwise,

we have fn(t) v f .
So given a set of pairs (ci; di)i2S , we can construct a (potentially in�nite)

conjunction ^
i2S

(ci ) di);

such that each trace t in the operational semantics of the conjunction has a
functionality which is weaker or equal to than the function g, given by the
de�nition

g(x) = �x(tfdi j ci v x; i 2 Sg):

Proof. Assume a program � and suppose that A and A0 are two statements
such that bO�[[A]]c = p and bO�[[A0]]c = p0, but there is a trace t such that
t 2 p and t 62 p0. Let u be the trace (v(t); ! � r(t)). Let C be the agent

^
i2r(u)

(v(u)i ) v(u)i+1):

From the reasoning above it should be clear that any trace of C which has
the same limit as u is a subtrace of u. Consider A ^ C and A0 ^ C. Since
u 2 O�[[A]] and t _ u is a maximal trace we have y 2 R[[A ^ C]]x, where
x = v(t)0 and y = tv(t). Suppose that y 2 R�[[A0 ^ C]]x. This means that



there has to be a trace t0 2 p0 such that tv(t0) = x and u0 2 O�[[C]] such
that t0 _ u0 is maximal.

By lemma 18, fn(t _ u) = �x(fn(t) � fn(u)), and the way u was selected
guarantees that fn(t) is minimal in the sense that if �x(f �fn(u)) = �x(fn(t)�
fn(u)) for any consequence operator f , then fn(t) v f . Also note that fn(t_u)
is completely de�ned by the `endpoints' x and y, so that

fn(t _ u)z =

�
z t y; if z w x
z; otherwise.

Since t0 _ u0 has the same endpoints, we have fn(t0 _ u0) = fn(t _ u). Since
u0 is a subtrace of u, fn(u0) v fn(u) v fn(t _ u) = �x(fn(t0) � fn(u0)), so
�x(fn(t0)�fn(u0)) = �x(fn(t0)�fn(u)). So �x(fn(t)�fn(u)) = �x(fn(t0)�fn(u)).
But the minimality of fn(t) implies that fn(t) v fn(t0) which contradicts our
original assumption. tu

10 Summary

In this paper, we presented a compositional operational semantics for a class
of non-deterministic concurrent constraint languages, where the semantics of
an agent was given as a set of traces. Since concurrent constraint languages
allow recursive de�nitions, its is necessary to �nd a suitable form of power-
domains where �xpoints of continuous functions exist. There is a wide range
of powerdomain constructions, but the only suitable for our purpose seems
to be Lehmann's powerdomains. Other powerdomains cannot represent all
sets, or do not allow the function f(x) = fxg as a continuous function.

It turns out that many semantic functions over a powerdomain �t into
a general pattern, and it is quite easy to establish that functions belonging
to this pattern are continuous in Lehmann's powerdomain theory. However,
since Lehmann's construction is based on category theory, the �xpoint ob-
tained is the initial �xpoint. Even though it intuitively appears to be clear
that it is the desired �xpoint, it is not obvious how to relate this �xpoint to
the inductive de�nitions of the computation rules and the fairness property.

We also gave the de�nition of a simple abstraction operator which gives
a fully abstract semantics, since two agents which are mapped to di�erent
values by the abstraction operator can be put into a context where the set
of possible computations di�er. It remains to be proved that the abstraction
operator preserves compositionality.
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