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ABSTRACT

This paper compares separation logic to a classical fragment
of it. We prove that they are equally expressive, and that
the separative power is obtained using only monotonic as-
sertions.

1. INTRODUCTION

Imperative programming languages manipulating pointers
allow one to change the value a variable refers to without
explictly mentioning this variable. Such multiple accesses
to data make the axiomatic semantics [3] of these programs
difficult to handle using classical logic as an assertion lan-
guage [5]. Separation logic [6] is a proposal for an extension
of the assertion language that nicely handles the subtleties
of pointer manipulation. It provides two new connectives: a
separative conjunction P (@ asserting that P and @ hold in
separate parts of the memory, and a separating implication
P — @ allowing one to introduce ‘spatial hypotheses’ about
the memory. In [6], the example proof of an in-place rever-
sal of a list turns out to require complex invariants in the
standard classical logic, whereas it has a simple formulation
in separation logic.

So separation logic offers more concise and meaningful
assertions than classical logic. We may raise the question
whether it also provides new assertions, that is assertions
that cannot be formulated in classical logic. For several ex-
amples, classical logic provides a formulation of any given in-
variant, although usually through costly and poorly scalable
methods, as the list reversal example shows. In other words,
separation logic should have the same expressive power as
classical logic. Our aim in this work is to give a formal
account of this intuition, at least for a simple though signif-
icant assertion language.

We consider the spatial assertion language presented in
[6], but we exclude some features, such as recursion, quan-
tification over values, and expressions with lookup in order
to keep the proof simple. We define a classical fragment
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excluding the connectives * and — and prove it to be as
expressive as the whole language. The proof relies on the
use of an intensional model equivalence along the lines of [2,
4]

In Section 2 we collect all definitions of the assertion lan-
guages; Section 3 defines the intensional equivalence and
discusses its structural properties; Section 4 gives the essen-
tial facts to establish the translation from separation logic in
our classical fragment, and Section 5 gives some concluding
remarks.

2. DEFINITIONS

We consider the assertion language presented in [6], but
we exclude the universal quantifier, recursion and lookup.

We assume a countable set Var of variables, ranged over
with z,y, and a set Loc of locations such that Loc C N. Ex-
pressions and assertions are defined by the following gram-
mar:

z+n | nil
(e—e) | e=e | emp | L | P=P
| P*xP | PP

)
|

We write v(P) for the set of variables occuring in P. As-
sertions express properties of memory states, modelled as a
pair consisting of a store and a heap, as follows:

def

Val = LocU {nil}
Store % Var — Val
Heap def Loc —ji, Val
State % Stack x Heap

where — f;,, stands for a partial function with finite domain.
We range over stores with s, over heaps with h, and over
states with o. We note o1 Loz for s1 = s2 and dom(hi) N
dom(h2) = 0, and, when this holds, o1 * o2 is the state
defined by keeping the same store and by setting hq*ha(z) =
hi(z) or ha(x). We note o < o’ the partial order defined if
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We note [e]o for the evaluation of e in o, that is [x+n]o =
(z) + n and [niljJe = nil. The condition for a state o to
match an assertion P, written o |= P, is defined inductively
by:



cE L never
ok (e—¢) iff dom(h) = {[e]o} and

h([e]o) = [¢']lo

[ei]o = [e2]o

dom(h) =0

cEP; implies o=P»

there exist o1 and o2 such that
o =01 %02; c1FP; and o2 =P,
for all o1 such that o Loy,
o1=P; implies o * o1 |=P»

clEe=e iff
o = emp iff
O"ZP1:>P2 iff
0"=P1>|<P2 iff

O"ZP1—*P2 iff

We may define as usual the connectives A,V, T,—,< in
the obvious way. We also introduce two monotonic® asser-
tions:

def
(e—e) =
def

(er—e)*T

size > n —emp *...*x emp

n times

In the remainder, we take these as primitive, which allows
us to encode e — ¢’ and emp assertions by boolean combina-
tions (on the contrary, it is not possible to encode (e — €’)
and size > n from e — ¢’ and emp using boolean combina-
tions — this point is also discussed in conclusion). We call
classical fragment the set of assertions given by the following
grammar:

Pu= P=P | L |(e—e€)]| esr=e | size>n.

We will note w(P) for the maximal n such that size > n is
a subassertion of P, and E(P) for the set of subexpressions
of P. We call pointing assertion an assertion of the form
e — €', equality assertion one of the form e; = ez, and size
assertion one of the form size > n; any such assertion is said
to be atomic.

Our main result is the following:

THEOREM 2.1. For all assertion P, there exists a classi-
cal assertion P’ such that =P < P’.

At the same time, we also prove the following result: the
monotonic (indeed atomic) fragment is as separative as the
whole language, that is if two states satisfy the same mono-
tonic assertions, then they satisfy the same assertions.

3. INTENSIONAL EQUIVALENCE

Before presenting the definition of the intensional equiva-
lence, some interesting properties of atomic classical asser-
tions are worth mentioning:

e Pointing assertions and equality assertions are stable,
that is if o,0'=P and there is T s.t. 7 > 0,0’, then
o No’'=P. We hence may define, given a statisfiable
theory ® of pointing or equality assertions and a model
o, the minimal submodel o4 such that o < o and
oo =P.

e Pointing assertions are local, that is o * o’ |=P implies
o=P or o' E=P.

e Equality assertions are global, that is o=P implies
o'EP when o’ < o or ¢’ > 0. In other words, equality
assertions depend only on the store.

Lor intuitionistic, using the terminology of [6], that is asser-
tions P such that =P implies o'|=P for all o’ > o.

Note that the last two points would fail when considering
expressions with lookup.

The encoding is based on a notion of equivalence between
states that is reminiscent of intensional bisimilarity in the
context of process algebras [2]. Let E be a finite set of
expressions, and w and integer. We say that two states o and
o' are intensionally equivalent for E,w, written o ~g ., o,
if for all classical assertion P with E(P) C E and w(P) < w
oE=P & o'=P.

Remarks:

e This definition amounts to say that o and o' satisfy
the same atomic classical assertions P with E(P) C E
and w(P) < w.

e Let us write w(o) = #dom(h). Given three natural
numbers a, b, w, we write a =,, b if either a = b or
a,b > w. Then o ~g,, o' iff w(o) =, w(o’) and o,0’
satisfy the same pointing and equality assertions with
expressions in E.

We now state some structural properties of X g :

LEmMMA 3.1  (COMPOSITION). For all 01,042,041, 0% such
that 01102 and oy 1loh, if o1 Rpw o) and 02 ~p., 0%
then o1 x 02 Rp.w 01 * 0h.

PRrROOF. The theory of equality assertions of o1 * o2 is the
same as for o1 and o2, and the theory of pointing assertions
of o1 * 02 is the union of the theories for o1 and o2. As
for size assertions, we have wi =, wa, Wi =, wh implies
w1 + w2 =4 Wi + wh. O

LEMMA 3.2 (ORTHOGONALISATION). For all 01,02,0}
such that o110z, and 01 ~p. o), there is o4 such that
02 Rpw 0y and o Loy.

PROOF. Since o1 ~g. o1, for all variables z,y € v(E),
it holds that s(z) = s(y) iff s'(z) = s'(y). Let ¢
s(v(E)) — s'(v(E)) be the bijective function such that 1 o
s(x) = §'(z) for all z € v(E). Let o5 be defined with the
same store s’ as o1, and the heap hy = hacs * hgary, as
follows:

1) dom(hges) = ¢ (s(v(E))Ndom(hz)), and for all z € v(E)N
57 (dom(h2)), hh o) o s(x) = 1 o he o s(x);

2) dom(hgars) and codom(hgery) are taken fresh, with the
only condition that w(hgars) = w(h2) — w(haey).

Then dom(hi) N dom(ky) = dom(hy) N dom(hy.) =
(dom(h1) Ndom(h2) N s(v(E))) = 0, so o1 Loy. Moreover
02, 0% satisfy the same equality assertions since this was al-
ready the case for 01,0} with the same stores. They also
satisfy the same pointing assertions by construction, and

w(o*xos) = w(or)+w(o2) =» w(ol)+w(oz) = w(oi*oh).
O
LEMMA 3.3  (ARITHMETIC SPLITTING). For allni,ns,m1,

ma,m’,w such that n1 +mi + n2 +me =2, N1+ N2+
m/, there are my, mb such that m' = m} + mb and n. +

Me =w ne+ml5 (621,2)

PROOF. If n1 + m1 < w and ns + ms < w we have the
standard equality and the lemma is trivial. Otherwise we
may assume by symmetry that ni + mi1 > w. We then
set my = max(0, min(me, w — n2)) and mj = m' — m5.



Then ns + mh = na + mo or = w, and in both cases ns +
mh =u N2+ ma. Substracting na +mb in n1 +mi +ne +
M2 =24 n1+na+m, wegetni+m' —mhH =, ni+my+
Mo —Mmhy > N1 +mi1 > w, s0 N1 +mj =y N1+ mi. O

LEMMA 3.4  (SPLITTING). For allo,0’ such that o =g v
o', if o = o1 %02, then there are o, 0% such that ¢’ = o} x0}
and Oe RE,w Ué (6 = 17 2)

PrOOF. Let ®. be the theory of pointing assertions satis-
fied in .. Then o4, Loy, (by equality assertions), and the
pointing assertions satisfied by o4, are exactly ®.. We then
have o' = 0%, * 0p, * T', 0c = 0o, * Te With 7/, 71,72 some
states having an empty theory of pointing assertions. The
size measure condition is then wi+wa+w(m )+w(m2) =20 wi+
wa+w(7") where we = w(os,) = w(op, ). Applying Lemma 3.3,
we have a spliting 7/ = 71 * 73 such that we +w(re) = we+
w(7!). Then o, = oo, * 7, establishes the lemma. |

4. TRANSLATION

Given an assertion P, we define its splitting degree, spl(P),
by induction as follows:

splle—¢) = 1
spl(e1 = e2) = —o0
spl(L) = —o0
spl(emp) = 0
Spl(P1=>P2) = max Spl(Pl),Spl(Pz)
spl(P1 = P») = max (spl(Py),spl(P2)
spl(P1 % P,) = max (spl(P1),spl(P2)) +1

PROPOSITION 4.1  (CORRECTION). If 0 =g, o' and P
is an assertion such that E(P) C E, 2P'") < w, then

cEP & o EP.
ProOOF. By induction on P:

o if o=(e — €'), then o=(e < €), and so o’=(e — ¢€).
Moreover w(o) =1 =2 w(d’), so w(c’) = 1, that is
o'=(e—¢€).

e ol=e1 = ez iff 0'|Fe1 = ea by definition of ~f ..

e ol=emp iff o|=—(size > 1), that is iff o'f=— (size > 1)
since w > 1.

e the cases for assertions | and Py= P are straightfor-
ward by induction.

o the case of assertion P; * P> follows from Lemma 3.4.

o if o=P; — P», we consider o] lo’ such that oi=Pi,
and prove that o] * o' EP>. By Lemma 3.2, there is
01 R p.w o1 such that o1 Lo. By induction, o1=P1, so
o*o1EP. By Lemma 3.1, 01 0 =g, o) %0, s0
by induction ¢’ * o] =Ps.

O

We write ® g, for the set of atomic assertions P such that
E(P) C F and w(P) < w. For FE finite, ®g ., is finite as
well. This has two important consequences:

PROPOSITION 4.2  (PRECOMPACTNESS). For all w and
all finite E, =g, has only finitely many classes.

PROOF. A class is represented by a subset & C &g ,, of
atomic assertions that are the ones satisfied by any state of
the class. So there are less than 2!®E.w distinct classes. O

PROPOSITION 4.3  (CHARACTERISTIC FORMULA). For all

state o, for all E,w, there is a classical assertion FEw)
such that

Vo' . 0/):F§E’w) iff 0 ~Ew o .
ProoF. Take

AP A

oEP,PeDy ol=P,Ped g 4

-P.

O

We may now establish Theorem 2.1 noticing that any as-
sertion P is equivalent to the classical assertion:

ceState, ., .CEP

where finiteness of this disjunction is ensured by Proposi-
tion 4.2.

5. CONCLUSION

We defined a classical fragment of the separation logic,
excluding both * and — , and proved it to be as expressive
as the full separation logic. Our approach shows also that
all the separative power of the logic lies in the monotonic
fragment.

An elimination property for a connective equivalent to
— has been previously established for another spatial logic
[4]. For the separation logic, it is even possible to elimi-
nate spatial conjunction, which cannot hold for other spa-
tial logics where multiple copies of the same structure may
coexist. The use of equality assertions is essential for that
(Lemmas 3.2 and 3.4), since the * connective does express
distinctions between pointers. For instance, x <— —*y — —
says that x # y. Equalities would probably play also an es-
sential role in an encoding involving quantifiers, as a coun-
terexample in [4] tends to show.

When defining our classical fragment, we had to move
from the assertions e — ¢’ and emp to e — ¢’ and size > n
in order to capture the * connective. This would not happen
for an assertion language with lookup and quantifiers, where
the only necessary atomic assertions are equality assertions.

We do not study effectiveness of the translation, but it
could probably be proved. However, our approach seems in-
dependent from decidability issues since, if we admit that it
extends to logics with quantifiers, we could establish equiva-
lence between a logic that admits a decidable model-checking
problem (the classical one) and a logic that does not have
it (as established in [1]). This also happens in the setting
of [4].

We do not know wether our result remains true for richer
assertion languages and wheter our proof is the right strat-
egy to look at this problem. However, we conjecture that
the classical logic should always be liable to express any
separative assertion.
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