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Abstract

The complexity of industrial systems and the mathematical models to describe them increases. In many cases point sensors are no longer sufficient
to provide controllers and monitoring instruments with the information necessary for operation. The need for other types of information, such as audio
and video, has grown. Suitable applications range in a broad spectrum from
microelectromechanical systems and bio-medical engineering to papermaking and steel production.
This thesis is divided into five parts. First a general introduction to the
field of vision-based and sound-based monitoring and control is given. A
description of the target application in the steel industry is included.
In the second part, a recursive parameter estimation algorithm that does not
diverge under lack of excitation is studied. The focus is on the stationary
properties of the algorithm and the corresponding Riccati equation.
The third part compares the parameter estimation algorithm to a number
of well-known estimation techniques, such as the Normalized Least Mean
Squares and the Kalman filter. The benchmark for the comparison is an
acoustic echo cancellation application. When the input is insufficiently exciting, the studied method performs best of all considered schemes.
The fourth part of the thesis concerns an experimental application of visionbased estimation. A water model is used to simulate the behaviour of the
steel bath in a Linz-Donawitz steel converter. The water model is captured
from the side by a video camera. The images together with a nonlinear
model is used to estimate important process parameters, describing the heat
and mass transport in the process. The estimation results are compared to
those obtained by previous researchers and the suggested approach is shown
to decrease the estimation error variance by 50%.
The complexity of the parameter estimation procedure by means of optimization makes the computation time large. In the final part, the time
consumption of the estimation is decreased by using a smaller number of
data points. Three ways of choosing the sampling points are considered. An
observer- based approach decreases the computation time significantly, with
an acceptable loss of accuracy of the estimates.

List of publications

I: Evestedt Magnus and Alexander Medvedev, Stationary behaviour of
an anti-windup scheme for recursive parameter estimation under lack
of excitation, To appear in Automatica, January, 2006.
A conference version was published in:
Evestedt Magnus and Alexander Medvedev, Stationary behaviour of
an anti-windup scheme for recursive parameter estimation under lack
of excitation, Proceedings of the 16th IFAC World Congress, July 4-8,
2005, Prague, Czech Republic.
II: Evestedt Magnus, Alexander Medvedev and Torbjörn Wigren, Windup
properties of recursive parameter estimation algorithms in acoustic
echo cancellation, Revised version submitted to Control Engineering
Practice.
Conference versions of the paper were published in:
Evestedt Magnus, Alexander Medvedev and Torbjörn Wigren, Windup
properties of recursive parameter estimation algorithms in acoustic
echo cancellation, Proceedings of the 16th IFAC World Congress, July
4-8, 2005, Prague, Czech Republic.
Evestedt Magnus, Alexander Medvedev and Torbjörn Wigren, Comparative study of three recursive parameter estimation algorithms with
application to echo cancellation, Reglermöte 2004, May 26-27, 2004,
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Introduction

Imagine what it would be like not being able to see. Or hear. You would
have to rely on your other senses, like touch, taste and smell. Eating a
good meal would be easy using those sensors, but what if you would have to
prepare the meal yourself? That task is more complex and would probably
be more problematic to perform.
The industry has for a long time relied on point sensors to measure for
example temperature or pressure in a process. Due to the increasing complexity of industrial systems and the models used to describe them, other
types of information are needed for monitoring and control. In many cases
measurements obtained by means of image capturing and audio can provide
the necessary information. Images can be either conventional (captured by
for example a CCD camera), reconstructed (magnetic resonance images),
[8], or abstract (sensor data represented as an image). Suitable applications
range in a broad spectrum from microelectromechanical systems (MEMS)
and bio-medical engineering to papermaking and steel production.
Audio signals occur in many applications, such as echo cancellation, nondestructive material testing, process control and monitoring in e.g. the steel
industry. A close connection between audio signals and images can be found,
for instance, in medicine where ultrasonic waves are used to reconstruct
images of internal organs of the human body.
The topics of vision-based and audio-based monitoring and control are commonly treated in the context of robotics and autonomous systems. Vision
is required to aid the navigation, grasping, placing, steering and motion of
a machine, be it a robot arm, a vehicle or any other mechanical mechanism.
Hearing is needed for interaction between a human and the robot and for
localizing the source of sound. The first robotic systems incorporating video
appeared in 1970, [17]. The area has developed immensely since then and
has provided means for reconstruction of camera motion, scene structure
and camera self calibration.
The applications in process technology and bio-medicine are, however, different compared to robotics. Firstly, video is often used together with
other sensors and secondly the process parameters observed by video are
seldom the ones to be monitored. Thus, a model-based estimation algorithm must be used to extract the information of interest from the available
data. Thirdly the mathematical models of industrial processes, biological
and medical systems are typically uncertain and empiric, which makes the
design of vision-based control systems a very challenging task.
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Image processing

When an image is captured by a CCD camera, a discrete two-dimensional
representation of the real world scene is created. The CCD image consists of
a gray-level array of pixels (picture elements) describing the light intensity
and color of the scene. The imaging process can be seen as a transformation
between spaces of different dimensions (3D→ 2D) and information is lost
in the process. However, the amount of redundant information in the pixel
array is typically large, due to the large number of pixels in an image.
The information contribution of each picture element is very low, but since
neighboring pixels are highly dependent, the redundancy can be exploited
to extract valuable data from the image. Image processing can be divided
into pixel-based methods and model-based methods. In the following, the
two concepts are explained further. Numerous text books have been written
in the area of image analysis, for example [15, 34].

1.1.1

Pixel-based methods

As a first step in the image processing chain, techniques for image enhancement and image restoration might be used. The image enhancement operations include gray-level transformations, histogram processing, smoothing
and sharpening spatial filters, and various frequency domain methods. In
image restoration, filters are utilized to reduce the noise by for example
frequency domain operations.
The second step is to extract information from the image using feature extraction. This is a procedure to divide the image into regions with different characteristics. The result of such an operation is a segmented image.
Techniques for image segmentation include edge detection, thresholding and
adaptive thresholding.
Morphological image processing techniques, such as dilation, erosion, opening and closing, [34], are often used in real time applications due to their
low computational complexity. The operations are used for image preprocessing, object structure enhancement, object segmentation and quantitative description of objects (area, perimeter, etc.).

Summary
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Model-based methods

A model-based approach can instead be used to segment and understand an
image. Examples of such operations are active contour models, or snakes,
and level set methods, [28]. A snake is defined as an energy minimizing spline
whose energy depends on its shape and location within the image. The local
minima of this energy correspond to desired image properties. The search
for a minimum is a slow process and therefore real-time implementations
are unusual.

1.1.3

Image processing and control

The field of image processing and the field of automatic control have in
the past been kept apart and the interaction between them has been ignored. A kind of separation principle has been applied, where the control
and vision aspects of a problem are treated independently. Image processing alone might not be enough to provide information about the state of an
industrial process, but together with other available sensor measurements it
can become a vital part of control system design. The connection between
control and snakes is obvious. The models used in both fields are (partial)
differential equations with few parameters. A typical problem with snakes
is the initialization of the active shape and convergence of the optimization
to a local energy minimum. The initialization part should not pose a major
difficulty in control, since the initial shape of the expected image is usually
known. Recently, a textbook containing references to industrial applications
of process imaging was published, [31].
An approach to video monitoring and control of the coal powder injection
in a blast furnace is presented in [6]. A video camera that captures the
face of a car driver can be used to detect if the driver is falling asleep by
monitoring the activity of parts of the face, in particular the eyes, [10], [11].
In [19] a video camera is used as a sensor for a lane following controller. An
automatic observation system of the dry line in a paper machine is presented
in [4]. In [27], a combination of force and visual feedback is used to control
an industrial robot.

1.2

Sound processing

There are numerous applications involving sound, mostly in the area of
signal processing. The transmission of voice over a frequency channel is an
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important issue in the cell phone system industry. One of the problems for
the designer of such a system is that of echo cancellation, where the echo
of the transmitted speech back to the transmitting end is to be reduced or
cancelled, [1, 7, 16].
The applications of sound in the field of automatic control are sparse. Spectral analysis methods are often employed to extract valuable information
from a microphone signal. Spectral analysis, however, applied in the usual
way, is problematic in closed loop, [33].
In [5] a microphone is used to estimate the foam level in a water tank.
In [18] microphones are used to control the sound transmission through a
window using feedback control. A non-destructive way to analyze microcrack formation of a material is acoustic emission. The acoustic emission are
sound waves emitted by the cracks as they are created or move. The sound
waves propagate through the material and are recorded by a system that
continuously listens at the surface of the sample, [32].

1.3

Modelling and estimation

To be able to analyze, describe and control an industrial process, a mathematical model of the system is required. The mathematical model can be
constructed in two main ways:
• Mathematical modelling. The model is derived using physical laws,
for example Newton’s laws or Maxwell’s laws.
• System identification. Experiments are performed on the studied system and a model is fitted to the collected data. The model is often
proposed without exploiting physical laws, black-box modelling.
Combinations of system identification and physical insight are also used to
model the process, grey-box modelling. The mathematical model might then
contain unknown parameters that need to be estimated using identification
methods.
The unknown parameters in the model are determined by utilizing experimental data from the system. The data are used together with the model
and a suitable parameter estimation algorithm to determine the unknowns.
There are many textbooks in the field of parameter estimation and system
identification, including [22, 30, 33].
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Example: The Linz-Donawitz (LD)-converter

An example of an industrial application where both images as well as sound
signals are used for process monitoring and control is the LD steel converter,
Figure 1.

Figure 1: The LD-converter is a hostile environment for performing measurements.
The main principle of the LD converter is to convert hot molten iron into
steel by oxidizing the contents of Mn, C, Si and Fe. The oxygen is blown
from above onto the steel melt and a cavity is formed on the liquid surface.
The chemical reactions take place both in the cavity and in the foam or slag
that is produced in the process. The slag contains bubbles and provides a
large surface area for the oxidization. The depth and diameter of the cavity,
determining heat and mass transport at the interface and in the liquid, are
important parameters in the process.
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An investigation of the possibilities of automation in the steelmaking process
was presented in [37]. The height of the lance and the gas flow rate of the
oxygen are the main process variables used to control the process. The
available measurements that provide real-time information on the state of
the process are off-gas analysis, sound level measurement with a microphone
(sonic-meter) and off-gas temperature. The sonic meter is located in the
hood above the converter mouth and is used as a monitoring instrument for
the operators, indicating changes in slag level.
Since the inside of the LD converter is a highly hostile environment, the form
of the cavity is difficult to observe in the actual process. For the purpose
of studying the form of the cavity, physical models are often employed,
providing far more beneficial experimental conditions. The physical model
consists of a tank filled with a liquid (e.g. water, mercury) and a lance
through which gas (e.g. oxygen, argon, nitrogen) is blown onto the liquid
surface. A video camera, facing the tank from the side, is used to monitor
the liquid deformation during the blow.
In [5] a microphone was placed above a water tank recording the noise from
the blow. The audio signal was used to estimate and control the level of
foam in the water model by changing the height of the lance and the air flow
through the lance.
The problem of modelling the cavity and estimation of its form is longstanding in metallurgy and has been studied since the early 1960´s [2, 3,
9, 12, 13, 20, 21, 23, 24, 25, 26, 29, 35, 36]. The analytical results have
always been compared to photographs obtained experimentally, either with
the water model or a similar physical model. A ruler was often used to
measure the cavity characteristics and the uncertainty of the measurements
was never commented upon. It is not until recent years that the idea of
actually combining image processing techniques and model based parameter estimation have been utilized to further the knowledge of the converter
process, [12, 13, 14].

1.5

Thesis Outline

The following is an outline of the content and contributions of this thesis.

I: In some systems, the excitation in the input signal might sometimes
become insufficient for system identification. If a Kalman filter is
used as a parameter estimator, the insufficient excitation leads to an
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increase of the eigenvalues, so called wind-up, of the matrix in the solution to the Riccati equation. In this paper the stationary properties
of an algorithm for wind-up prevention, obtained by a specialization of
the Kalman filter algorithm, are investigated. The algorithm is shown
to possess good anti-windup properties.
II: The windup properties of a recursive parameter estimation algorithm,
obtained by a specialization of the Kalman filter, are compared to a
number of well-known estimation techniques, such as the Normalized
Least Mean Squares and the Kalman filter. An acoustic echo cancellation application is used as a benchmark for the comparison. The
convergence and estimation accuracy of the new approach are close to
the Kalman filter performance. With insufficient input excitation, the
method performs best of all considered estimation schemes.
III: In this paper a water model is studied to simulate physical phenomena
in the LD steel converter. A CCD camera is used to capture the water
tank from the side. A mathematical model, together with the video
sequence, is used to describe the cavity form in the water tank and
specifically estimate the depth and diameter of the surface indentation.
The main focus of the paper is on quantification of the uncertainty of
the estimates obtained under the assumption that the cavity form
is constant for a certain choice of gas flow and lance height. The
estimation error variance is shown to decrease by 50% by introducing
a model to describe the depth and diameter variations in the time
domain.
IV: A water model is used to experimentally obtain video-based measurements of the cavity profile during a blow. A nonlinear model is fitted
to the data by tuning model parameters. Three ways of choosing sampling points for the optimization procedure are proposed in this paper.
The estimation accuracy, data utilization and computation time are
compared. An observer-based method decreases the computation time
substantially with an acceptable loss of accuracy of the estimates.
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Paper I

Stationary behavior of an anti-windup scheme for
recursive parameter estimation under lack of
excitation
Magnus Evestedt and Alexander Medvedev

Abstract
Stationary properties of a recently suggested windup prevention
scheme for recursive parameter estimation are investigated in the case
of insufficient excitation. When the regressor vector contains data covering the whole parameter space, the algorithm has only one stationary
point, the one defined by a weighting matrix. If the excitation is insufficient, the algorithm is shown to possess a manifold of stationary
points and a complete parametrization of this manifold is given. However, if the past excitation conditions already caused the algorithm to
converge to a certain point, the stationary solution would not be affected by current lack of excitation. This property guarantees good
anti-windup properties of the studied parameter estimation algorithm.

1

Introduction

Consider the following regressor model
y(t) = ϕT (t)θ + e(t)

(1)

where y(t) is the scalar output measured at discrete time instances t =
[0, ∞), ϕ ∈ Rn is the regressor vector, θ ∈ Rn is the parameter vector to be
estimated and the scalar e is disturbance.
1
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The estimation of θ is often performed by a linear recursive algorithm of the
”prediction-correction” form


θ̂(t) = θ̂(t − 1) + K(t) y(t) − ϕT (t)θ̂(t − 1)
(2)

where the first (prediction) term in the right hand part of the equation
highlights the fact that the parameter vector is assumed to be constant.
If e(t) is white and the parameter vector is subject to the random walk
model driven by a zero-mean white noise sequence w(t)
θ(t) = θ(t − 1) + w(t)

(3)

the optimal, in the sense of minimum of the a posteriori parameter error
covariance matrix, estimate is yielded by (2) with the Kalman gain
K(t) = P (t)ϕ(t)
where P (t), t = [1, ∞) is the solution to the Riccati equation
P (t)=P (t − 1)−

P (t − 1)ϕ(t)ϕT (t)P (t − 1)
+Q(t)
r(t) + ϕT (t)P (t − 1)ϕ(t)

(4)

for some P (0) = P T (0), P (0) ≥ 0 describing the covariance of the initial
guess θ̂(0). Optimality of the estimate is guaranteed only when
Q(t) = cov w(t), r(t) = var e(t)

(5)

see [6]. Since these quantities are seldom a priori known, they are usually
treated as design parameters of the estimation algorithm and chosen as some
Q(·) ∈ Rn×n , Q(·) ≥ 0, r(·) > 0 in order to achieve desired properties of the
filter.
The regressor vector ϕ(t) is called persistently exciting [9], if there exist a
constant 0 < c < ∞ and an integer m > 0 such that for all t
t+m−1
X

ϕ(k)ϕT (k) ≥ cI

(6)

k=t

Thus, when ϕ(t) is persistently exciting, the space Rn is spanned by ϕ(t) in
at most m steps.
Excitation properties of the regressor vector sequence play an important
role in the dynamic behavior of (4). When the excitation in the input data
is non-persistent, a phenomenon referred to as (covariance) windup (a.k.a.
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blow-up) can occur. This means that some eigenvalues of P rise linearly
with time.
As pointed out in [2], the windup phenomenon in the Kalman filter has not
been much analyzed until recently. Therefore most of the suggested antiwindup schemes for Kalman filter parameter estimation are of ad hoc nature
and are lacking strict proof of non-divergence under lack of excitation, see
e. g. [3], [1].
In the approach taken in [10], which is in the sequel referred to as the
Stenlund-Gustafsson (SG) algorithm, a special choice of Q(t) is used to
control the convergence point of the P -matrix
Q(t) =

Pd ϕ(t)ϕT (t)Pd
r(t) + ϕT (t)Pd ϕ(t)

(7)

where Pd ∈ Rn×n , Pd > 0. Consequently, the optimality of the Kalman filter
estimate is lost.
The structure of (7) is designed to update P (t) only in the subspace where
excitation is present, that is the image space Im Q = Im ϕϕT . Addition of
r(t) > 0 in the denominator of (7) prevents division by zero in case ϕ(t) = 0
for some t.
A formal proof of the fact that (4), with the free term chosen according to
(7), is non-diverging even for the case of lack of excitation, can be found
in [7, 8]. However, stationary properties of the scheme are not considered
there.
The SG algorithm can be seen as a generalization of the normalized least
mean squares (N-LMS), a method that is well-known and widely used in
engineering practice. In [6], it is shown that the N-LMS can be obtained as
a special case of the Kalman filter with the parameters
Pd = αI, α ∈ R+ ; P (0) = Pd ; r(t) = 1

(8)

in the equations (4), (7). In the N-LMS, the Riccati equation becomes
redundant since it is initiated at its stationary point. Thus, the resulting
filter (2),(4),(7),(8) is insensitive to loss of excitation. Similarly, in the SG
algorithm, once the Riccati equation has converged to the stationary point
Pd , it becomes robust against lack of excitation, in the sense that the solution
does not diverge.
Interestingly, a directional tracking algorithm presented in [2], the one identified as Algorithm 1, is also very close to the N-LMS. The suggested choice
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of the free term in (4) is
Q(t) =

γϕ(t)ϕT (t)
ǫ + ϕT (t)ϕ(t)

where γ > 0 and ǫ > 0 are arbitrary scalars. This algorithm becomes
equivalent to the N-LMS with ǫγ = 1 and being initiated at the stationary
point of (4), i. e. P (0) = γI. Thus, it is also a special case of the SG
algorithm.
It is as well worth to note at this point that the proofs of boundedness of
the recursive estimation algorithms in [2] are based on the assumption that
all considered solutions to the Riccati equation are positive semidefinite. As
mentioned before, this cannot be guaranteed under lack of excitation.
The main result of the paper is formulated in Proposition 4 and provides
an explicit parametrization of all stationary solutions to the Riccati equation arising in the SG algorithm. Under sufficient excitation, defined in
Section 5, the parametrization implies that the stationary point is unique
and is pre-assigned by the matrix Pd . When the excitation is insufficient,
the parametrization defines the manifold of all possible solutions, including
asymmetric ones.
The paper is organized as follows. First the mechanism behind Riccati equation windup is explained and the problem treated in the article is formulated.
Then an equivalent linear time-varying form of the Riccati equation in the
SG algorithm (4),(7) is provided. The equation itself was used before, see
e. g. [10] and [7, 8], but only a proof for the case when P > 0 had been
originally given in [10]. Then, using the linear form, stationary points of
(4),(7) are investigated and some results on the behavior of the algorithm
under insufficient excitation are presented.

2

Riccati equation windup in the Kalman filter

The mechanism behind windup in the Riccati equation can be explained
from e. g. random walk model (1), (3). Let the conditions of (5) be used for
the Kalman filter design. When Q(t) is nonsingular, all the elements in θ
vary. Notice now that (6) can be interpreted as an observability condition of
the random walk model at the interval [t, t+m−1]. If (6) does not hold, some
of the elements in θ cannot be observed from the system output y. Since,
for the optimal case, P (t) describes the covariance of the estimation error
θ − θ̂, the eigenvalues of P (t) corresponding to the unobservable elements
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of θ grow with time because the uncertainty of the corresponding estimates
is increasing at each step. Clearly, the reason for windup is the discrepancy
between the nominal excitation conditions expressed by the matrix Q(t) and
the actual ones.
From (4), it follows that the solution P (t) is updated at each time step by
the difference between the quadratic term of the equation and the matrix
Q(t). The rank of the quadratic term is equal to one and its image at time t
is spanned by ϕ(t). Thus, all the directions in Im Q(t) that are not covered
by the regressor vector will result in accumulation of the corresponding
elements of Q(t) in P (t). This also explains why the eigenvalues of P (t)
grow linearly under sustained lack of excitation when Q(t) = const.
Another complication caused by lack of excitation is that the solutions to
Riccati equation (4) do not have to be symmetric and unique. This also has
implications for the standard proof of stability of the Kalman filter given
in [5], where P −1 (t) is used to form a Lyapunov function. Furthermore,
the stabilizing solution provides the upper bound for all real symmetric
solutions of the Riccati equation whereas asymmetric solutions do not have
to obey this bound. Since the Riccati equation has to be solved on-line in
the Kalman filter, special precautions have to be taken to avoid convergence
to undesirable solutions. This can be, for instance, achieved by propagating
only the elements of P (t) on and above the main diagonal.

3

Problem formulation

In the sequel it is important to distinguish between the stationary solution
to the Riccati equation, i. e. when P (t) = const, and stationary data, which
means data that have time-invariant statistics.
To address the problem of Riccati equation divergence under lack of excitation, in the SG algorithm P (t) is updated only in the excited subspace
P (t − 1)ϕ(t)ϕT (t)P (t − 1)
r(t) + ϕT (t)P (t − 1)ϕ(t)
T
Pd ϕ(t)ϕ (t)Pd
+
r(t) + ϕT (t)Pd ϕ(t)

P (t)=P (t − 1)−

(9)

This article deals with the problem of parametrization of stationary solutions

6
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to (9), i. e. such P (t) = const that for all t satisfy the equality
P (t)ϕ(t)ϕT (t)P (t)
Pd ϕ(t)ϕT (t)Pd
=
r(t) + ϕT (t)P (t)ϕ(t)
r(t) + ϕT (t)Pd ϕ(t)
The aspects of convergence to the stationary solutions from initial condition P (0) and attraction domains of stationary solutions are not taken into
consideration here and is a matter of further research.

4

Sylvester equation form

In [10], it is shown that, for non-singular P (·), the difference E(t) = P (t)−Pd
obeys the recursion
−T
E(t + 1) = A−1
t (P (t))E(t)At (Pd )

(10)

where At (X) = I + r−1 (t)Xϕ(t)ϕT (t). It immediately follows from (10)
that Pd is a stationary point of the difference equation. When excitation
is insufficient, positive definiteness of the solution to the Riccati equation
cannot be guaranteed. Therefore, before analyzing anti-windup properties
of the SG algorithm, it is important to check whether (10) also holds under
milder conditions.
The following result proves that the quadratic Riccati equation for the SG
algorithm is equivalent to a linear time-varying matrix equation without
restricting the solutions to the non-singular ones.

Proposition 1 Equation (9) can be rewritten as the following discrete
Sylvester difference equation
−T
P (t) = A−1
t (P (t − 1))P (t − 1)At (Pd )

−

A−1
t (P (t

−

1))Pd A−T
t (Pd )

(11)

+ Pd

where At (X) = I + r−1 (t)Xϕ(t)ϕT (t), X ∈ Rn×n .

Proof : See Appendix.



The equation above is linear in P if the dependence of At (P (t)) can be
seen as a general time variance. This way of thinking is widely used in
e. g. handling non-linear systems via linear time-varying models. Riccati
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equation (9) is being embedded into a broader class of linear time-varying
matrix equations
−T
P (t) = A−1
t (Y (t))P (t − 1)At (Pd )

(12)

−T
− A−1
t (Y (t))Pd At (Pd ) + Pd

for arbitrary Y (t) ∈ Rn×n , t = 0, 1, . . . . Trajectories of (9) are the same as
those of (12) only when Y (t) = P (t − 1). It is also clear that the structure
of (12) does not necessarily imply that the solution is symmetric.
The linear character of (10) becomes more obvious when it is written in
vectorized form with respect to e(·) = vec E(·) (see e. g. [4])
e(t + 1) = M (Pd , P (t)) e(t)
−1
M (Pd , P (t)) = A−1
t (Pd ) ⊗ At (P (t))

(13)

where ⊗ denotes Kronecker (tensor) product.

5

Stationary points

The purpose of this section is to study stationary points of equation (9),
arising in the SG algorithm. The stationary solutions are evaluated both for
the case when (6) holds and when it does not.
Consider a stationary point of (10)
E = E(t + 1) = E(t)
Then the following algebraic condition holds
−T
E = A−1
t (P (t))EAt (Pd )

(14)

In vectorized form (14) becomes
(M (Pd , P (t)) − I) e = 0

(15)

In order to separate the direction of excitation at each particular time instant
from its intensity, introduce a re-parametrization of the matrix function
At (X)
At (X) = I + γ(t)XU (t)

(16)
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where γ(t) = r−1 (t)ϕ(t)T ϕ(t) and
U (t) =

ϕ(t)ϕT (t)
ϕT (t)ϕ(t)

The matrix U (t) is a Hermitian projection with rank U (t) = 1. Define
the normalized eigenvectors of U (t) as ξi (t), i = 1, . . . , n, where ξ1 (t) corresponds to the unit eigenvalue of U (t) and ξ2 (t), . . . , ξn (t) correspond to the
zero eigenvalues of U (t). Then γ(t) describes the energy in the regressor
vector at time t and ξ1 (t) characterizes the direction.
Excitation is called sufficient at time t when the following rank condition is
satisfied


rank ξ1 (t + n − 1) . . . ξ1 (t) = n
(17)

In terms of (6) this means that m = n and (17) does not have to hold for
all t for the considered data set. The argument of ξ1 (t), . . . , ξn (t) and γ(t) is
often suppressed in the sequel for brevity when it does not lead to confusion.
Define the spectrum of X ∈ Rn×n as
σ(X) = {λi (X), i = 1, . . . , n}
Due to the Kronecker product structure of M (·, ·), the spectrum of it is easy
to evaluate.
Proposition 2 The matrix
N (Pd , P (t)) = M (Pd , P (t)) − I
in (15) has the eigenvalues
σ(N (Pd , P (t))) = {

1 − (γξ1T P (t)ξ1 )(γξ1T Pd ξ1 )
,
(γξ1T P (t)ξ1 )(γξ1T Pd ξ1 )

−γξ1T P (t)ξ1
−γξ1T P (t)ξ1
,
,
.
.
.
,
1 + γξ1T P (t)ξ1
1 + γξ1T P (t)ξ1
{z
}
|
n−1

−γξ1T Pd ξ1
−γξ1T Pd ξ1
, 0, . . . , 0 }
,
.
.
.
,
1 + γξ1T Pd ξ1
1 + γξ1T Pd ξ1 | {z }
{z
} (n−1)2
|

(18)

n−1

Proof : See Appendix.
The eigenvectors of N (·, ·) are as well easily obtained.
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Proposition 3 The eigenvectors corresponding to the zero eigenvalues of
N (Pd , P (t)) are xk = ξi ⊗ ξj , i = 2, . . . , n, j = 2, . . . , n, k = 1, . . . , (n − 1)2 .
Proof : See Appendix.



Now all the necessary partial results are in place to formulate the main
contribution of the paper. The proposition below completely characterizes
the space of all possible stationary solutions of (9).
Proposition 4 Any stationary solution P (t) = P ∗ = const of (11) can, for
a given Pd , be decomposed as
P ∗ = Pd +

n
n X
X

kij ξi ξjT

(19)

i=2 j=2

where kij are scalars. When the input signal is sufficiently exciting, the
stationary solution is exactly Pd , i. e. kij = 0, i = 2, . . . , n, j = 2, . . . , n.
Proof : See Appendix.



With each time step, (9) converges towards one of the possible solutions
of (14). When the input signal is persistently exciting, the vectors spanning the null space Ker U (t), at each time instant are linearly independent
and information about the whole parameter space is eventually collected by
the algorithm. Thus, the solution will converge to Pd which is the stationary point of (9). If, however, the input signal is not persistently exciting,
convergence to Pd cannot be guaranteed.
Examining the structure of (14), one can conclude that a stationary point of
(9) does not have to be a semi-definite or even symmetric matrix. Neither it
has to be bounded. However, the only source of perturbation in solving the
Riccati equation is numerical errors and it is unlikely that their structure
will fit ξi ξjT , i = 2, . . . , n, j = 2, . . . , n and that their magnitude will be
significant.
Proposition 4 implies that all possible solutions (19) are symmetric for a regressor equation of dimension two. However, as the example below demonstrates, asymmetrical solutions can appear already for a third order equation.
Example 1 Let Pd be an identity matrix. Further assume that the excitation is not sufficient and the regressor vector is of the form ϕ(t) = [1 0 0]T .
Then it is easy to check that there are stationary solutions to (9) of the form
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1 0 0
P∗ =  0 1 κ 
0 0 1


(20)

where κ is any number. Clearly ||P ∗ || is unbounded. The above matrix is
asymmetrical for κ 6= 0.
Ending up the discussion on stationary solutions, it is proved that all the
stationary points of (9) result in one and the same Kalman gain.
Proposition 5 All the stationary points P ∗ , yield the same Kalman gain
K(t) = Pd ϕ(t).
Proof : See Appendix.

6



Conclusion

Stationary properties of a recently suggested windup prevention method for
recursive parameter estimation are studied in the case of non-persistently
exciting data. A particular choice of the free term of the Riccati equation
suggested by the method imposes linear dynamics on the difference Riccati
equation and simplifies its analytical analysis.
Generalizing a known result, it is shown that the resulting Riccati equation can always be written as a Sylvester equation. By a direct use of
this parametrization, the manifold of all stationary solutions of the Riccati
equation is evaluated and demonstrated to include both indefinite and nonsymmetric matrices. The corresponding Kalman gain is though unique at
each step.
When the excitation is persistent, the stationary point is unique and equal
to a pre-defined matrix.
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[3] T. Hägglund. New estimation techniques for adaptive control. Lund
Institute of Technology, Sweden, 1983.
[4] R. A. Horn and C. R. Johnson. Topics in matrix analysis. Cambridge
University Press, 1991.
[5] A. H. Jazwinski. Stochastic Processes and Filtering Theory. Academic
Press, New York, 1970.
[6] L. Ljung and S. Gunnarsson. Adaptation and tracking in system identification - a survey. Automatica, 26(1):7–21, 1990.
[7] A. Medvedev. Stability of a windup prevention scheme in recursive
parameter estimation. In Proceedings of the 42nd IEEE Conference on
Decision and Control, Maui, Hawaii, USA, December 2003.
[8] A. Medvedev. Stability of a Riccati equation arising in recursive parameter estimation under lack of excitation. IEEE Transactions on
Automatic Control, 49(12):2275–2280, December 2004.
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Proof of Proposition 1

First, consider the inverse of At (X), that can be found using the matrix
inversion lemma as follows
−1
T
A−1
t (X) = I + r Xθθ

−1

= I − r−1 Xθ 1 + θT r−1 Xθ
=I−

XθθT
r + θT Xθ

(21)
−1

θT

Then define the scalars α = ϕT Pd ϕ and β = ϕT P (t − 1)ϕ. Starting from
the equality
αP (t − 1)ϕϕT Pd
αP (t − 1)ϕϕT Pd
−
(α + r(t))(β + r(t)) (α + r(t))(β + r(t))
βP (t − 1)ϕϕT Pd
βP (t − 1)ϕϕT Pd
−
+
(α + r(t))(β + r(t)) (α + r(t))(β + r(t))

0=

some algebra results in the following
P (t − 1)ϕϕT Pd P (t − 1)ϕϕT Pd
−
β + r(t)
α + r(t)
T
P (t − 1)ϕαϕT Pd
P (t − 1)ϕβϕ Pd
−
+
(α + r(t))(β + r(t)) (α + r(t))(β + r(t))

0=

Adding and subtracting Pd to the equation above, equation (9) can be rewritten as
P (t − 1)ϕϕT P (t − 1)
r(t) + β
T
Pd ϕϕ Pd P (t − 1)ϕϕT Pd P (t − 1)ϕϕT Pd
+
−
+
r(t) + α
β + r(t)
α + r(t)
T
P (t − 1)ϕαϕT Pd
P (t − 1)ϕβϕ Pd
−
+
(α + r(t))(β + r(t)) (α + r(t))(β + r(t))
+ Pd − Pd

P (t) = P (t − 1) −

The above expression can be formulated as a sum of two matrix products
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and Pd


P (t − 1)ϕϕT P (t − 1)
P (t) = P (t − 1) −
β + r(t)


T
Pd ϕϕT
I−
α + r(t)

T

Pd ϕϕT
P (t − 1)ϕϕT Pd
I−
+ Pd
− Pd −
β + r(t)
α + r(t)



T
P (t − 1)ϕϕT
Pd ϕϕT
= I−
P (t − 1) I −
β + r(t)
α + r(t)


T

Pd ϕϕT
P (t − 1)ϕϕT
Pd I −
+ Pd
− I−
β + r(t)
α + r(t)
Following equation (21), the bracketed matrices in the products are the
inverses of At (·) which concludes the proof.

B

Proof of Proposition 2

From Proposition 1 in [7, 8] and since A−1
t (P ) > 0 we have


1
−1
σ(At (P )) =
, 1, . . . , 1
1 + γξ1T P ξ1
and
σ(A−1
t (Pd ))

=




1
, 1, . . . , 1
1 + γξ1T Pd ξ1

A well-known result on the eigenvalues and eigenvectors of the Kronecker
product of matrices formulated below is necessary for the analysis in the
sequel.
Lemma 1 Let A ∈ Rn×n and B ∈ Rm×m . If λ ∈ σ(A) and x ∈ Rn
is a corresponding eigenvector of A, and if µ ∈ σ(B) and y ∈ Rm is a
corresponding eigenvector of B, then λµ ∈ σ(A ⊗ B) and x ⊗ y ∈ Rnm is a
corresponding eigenvector of A ⊗ B.
Proof : See page 245 in [4].



Now consider the Kronecker product matrix N (Pd , P (t)). From Lemma 1
the corresponding eigenvalues can be calculated as (18).
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Proof of Proposition 3

From Proposition 1 in [7, 8] it is known that the eigenvectors corresponding
to the unit eigenvalues of At (X) are ξi , i = 2, . . . , n. Now from Lemma 1
we can calculate the eigenvectors corresponding to the zero eigenvalues of
N (Pd , P (t)) as xl = ξi ⊗ ξj , i = 2, . . . , n, j = 2, . . . , n, l = 1, . . . , (n − 1)2 .

D

Proof of Proposition 4

Consider the matrix N (Pd , P ∗ ), where P ∗ is the stationary solution to (11).
Note that N (Pd , P ∗ ) is time variant due to its dependence on the regressor
vector ϕ(t).
Let the vectors ξ2 (t), . . . , ξn (t) be the eigenvectors corresponding to the zero
eigenvalues of U (t), spanning Ker U (t) and let ξ1 (t) be the eigenvector corresponding to the unit eigenvalue of U (t), spanning Im U (t).
Then by Proposition (3), P ∗ can be written as
∗

P = Pd +

n
n X
X

kij ξi ξjT

i=2 j=2

for some scalars kij . Let ξij denote the jth element in the ith eigenvector.
Then the above equation can be rewritten as a sum of matrices
P ∗ = Pd + [

n
n X
X
(kij ξj1 )ξi
i=2 j=2

n
n X
X
i=2 j=2

(kij ξj2 )ξi . . .

n
n X
X

(kij ξjn )ξi ]

i=2 j=2

The columns of P ∗ − Pd must therefore lie in Ker U (t).
For a sufficiently exciting signal we have, according to (17) that
rank [ξ1 (t + n − 1) . . . ξ1 (t)] = n
Now consider P ∗ − Pd at the time instants t = τ, . . . , τ + n − 1. Since
P ∗ − Pd is constant its columns must be in the intersection of the nullspaces
T
τ +n−1
Ker U (t).
t=τ
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At time t = τ , since U = U T , Rn = Ker U (τ ) ⊕ ξ1 (τ ) and at time t = τ + 1,
Rn = Ker U (τ + 1) ⊕ ξ1 (τ + 1). Thus Rn = (Ker U (τ ) ∩ Ker U (τ + 1)) ⊕
Im U (τ )⊕Im U (τ +1). Proceeding in the same way for t = τ +2, . . . , τ +n−1
we get
n

R =

τ +n−1
\

Ker U (t) ⊕

τ +n−1
M

ξ1 (t)

Due to the sufficiently exciting signal the direct sum
which means
τ +n−1
\

(22)

t=τ

t=τ

Lτ +n−1
t=τ

ξ1 (t) = Rn ,

U (t) = ⊘

t=τ

according to (22).
The columns of P ∗ − Pd can thus not lie in the same nullspace for t =
τ . . . τ + n − 1, which means kij = 0, i = 2, . . . , n; j = 2, . . . , n.

E

Proof of Proposition 5

Consider the Kalman gain K(t) = P (t)ϕ(t) in a stationary point P ∗ under
insufficient excitation
K(t) = P ∗ ϕ(t)
which using Proposition 4 can be rewritten as


n X
n
X
K(t) = Pd ϕ(t) + 
kij ξi ξjT  ϕ(t)
i=2 j=2

Since U (t) is symmetrical, Rn = Im U (t) ⊕ Ker U (t). Now, the eigenvectors
ξi , i = 2, . . . , n span Ker U (t) and ϕ(t) = cξ1 , c ∈ R spans Im U (t). Then
ϕ(t) and ξi i = 2, . . . , n are orthogonal and
K(t) = Pd ϕ(t).

Paper II

Windup properties of recursive parameter
estimation algorithms in acoustic echo cancellation
Magnus Evestedt, Alexander Medvedev and Torbjörn Wigren

Abstract
The windup properties of a recently suggested recursive parameter estimation algorithm are investigated in comparison to a number
of well-known techniques such as the Normalized Least Squares Algorithm (NLMS) and the Kalman filter (KF). An acoustic echo cancellation application is used as a benchmark for comparing the properties
of different approaches. The basic performance of the method, both
for white and colored input signal, appears to be similar to that of
the KF and superior to the NLMS. When the energy in the input signal decreases, the algorithm performs best of all compared estimation
schemes. Once the solution of the Riccati equation of the algorithm
converged to a user defined point, it will stay there even though the
input excitation is reduced. This explains the good anti-windup properties of the method.

1

Introduction

Recursive parameter estimation is an integral part of many signal processing
and control applications such as echo cancellation, active vibration control,
fault detection and indirect adaptive control. Different methods have been
considered in the past, for instance the Normalized Least Mean Squares
(NLMS), Recursive Least Squares (RLS) and fast Kalman filter methods,
see [12].
Without stating a mathematical model for parameter variation, no recursive
parameter estimation method can be proven to be better performance-wise
1
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than any other, [12]. The matter becomes even more complicated when
robustness issues are taken into consideration. From an engineering point of
view, it is more relevant to consider what algorithm suites best a particular
application. Then, the nature of the application can provide necessary a
priori modelling information and also a useful benchmark for a fair and
instructive comparison between different estimation approaches.
In this paper, recursive parameter estimation for acoustic echo cancellation
(AEC) is studied. The problem of AEC arises whenever a loudspeaker and
a microphone are located so that the microphone picks up the signal from
the loudspeaker, [2]. The goal of AEC is to remove the overhearing from the
loudspeaker into the microphone signal, to avoid an echo at the transmitting
end. An illustration of a typical AEC setup is given in Fig. 1. In the figure,
x(t) is the signal from the transmitting end and z(t) is the returning signal
to the transmitting end. The impulse response h(t) describes the echo path
including the loudspeaker acoustics and the microphone, while ĥ(t) is the
estimated impulse response. The local speech signal s(t) and the local noise
v(t) constitute the additional inputs to the microphone. If the estimate ĥ(t)
is accurate, the echo d(t) can effectively be reduced from the outgoing signal
y(t). The signal z(t) at the far end speaker will thus not contain any echoes.

From

x(t)

Far-End
Speaker

h(t)

ĥ(t)

ˆ
d(t)

d(t)

s(t)

Local
Speech
Signal

v(t)
To

z(t)

y(t)

Far-End
Speaker

Figure 1: Basic features of an acoustic echo cancellation system.

Local
Noise
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A finite impulse response (FIR) filter is normally used for modelling of the
acoustic echo path and for prediction of the echoes. Experiments show
that no detailed pole-zero structure can be a priori imposed on the impulse
response of the channel. The adequateness of infinite impulse response IIR
models for acoustic echo cancellation is subject to conflicting opinions in the
literature. For instance, the authors of [11] conclude that no significant gain
can be observed from the use of IIR models with equal number of degrees of
freedom, while [14] shows that Laguerre and Kautz filters, which have infinite
impulse response, can outperform FIR models yielding a better acoustic
system description with fewer parameters. The Laguerre/Kautz filters can
still be written as polynomials in the Laguerre/Kautz shift operator which is
in fact quite similar to the conventional FIR-filters whose transfer functions
are polynomials in the discrete delay operator (backward shift).
The FIR structure is thus chosen to avoid stability problems which, usually,
results in a high order of the adaptive filter. Since the algorithms are to be
applied in real time, the computational complexity and the memory requirements of the algorithm should be kept reasonably low. It is also important
that the algorithm adapts rapidly, when the echo paths change. This motivates the use of the Kalman filter-based parameter estimation algorithms
that generally possess exponential convergence [10],[12].
A speech signal is colored and sometimes fails to provide sufficient excitation
for estimation of the filter parameters. When the excitation in the input
signal is insufficient (the channel is silent), a phenomenon referred to as
(covariance) windup occurs in the Kalman filter-based parameter estimation
algorithm. Then some eigenvalues of the Riccati equation grow linearly with
time until excitation is recovered.
Many methods aiming at prevention of the windup problem have been proposed in the literature, see [8, 4] and references therein. Usually, speech
detection algorithms are employed to detect whether the energy in the signal is large enough. If it is not, the estimation is turned off. A common
problem with such algorithms is the choice of threshold for the filter adaptation. In principle, the threshold has to be adaptive to have effect in different
acoustic environments. Another and more systematic way to overcome this
problem is to have a parameter estimator that is insensitive to reduction of
the input signal energy.
Recently, a version of the Kalman filter with improved windup properties was
presented in [15]. This algorithm, in the sequel referred to as the StenlundGustafsson (SG) algorithm, has the robustness of the NLMS in estimating
constant parameters and converges at a rate similar to that of the Kalman
filter in tracking of the time-varying ones. The SG-algorithm is shown to be
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non-diverging under lack of excitation in [13].
The main focus of this paper is on experimentally studying the anti-windup
properties of the SG algorithm in comparison to the NLMS algorithm, the
Kalman filter and the algorithm suggested in [4]. As a benchmark for performance comparison of different parameter estimation methods, an AEC
application is used. Simulations are performed with white noise and colored
input (music) as transmitted signal, to evaluate basic performance measures
of the algorithm. Then an example is given with a piecewise stationary input to highlight the importance of the choice of the tuning parameters in
the SG algorithm. Next the windup properties are investigated by letting
the energy in the input signal decrease over time and studying how the signal decay is reflected in the behavior of the algorithms. Finally simulations
are run to test the performance of the SG algorithm in terms of the Riccati
equation set point tracking.

2

Recursive parameter estimation

To describe the ideas briefly, consider the linear FIR model of order n in a
regressor form, approximating the dynamics of the acoustic transfer function
from the loudspeaker to the microphone in Fig. 1
y(t) = ϕT (t)h + e(t)

(1)

where y(t) is the scalar output measured at discrete time instances t =
[0, ∞), ϕ(t) = [x(t − 1) . . . x(t − n)]T is the regressor vector, h ∈ Rn is the
parameter vector to be estimated and the scalar e(t) = s(t) + v(t) is the
disturbance, containing local speech and local noise.

2.1

Kalman filter based methods

Consider the typical structure of the recursive algorithm to estimate the
filter parameters, [12],
ĥ(t) = ĥ(t − 1) + k(t)(y(t) − ϕT (t)ĥ(t − 1))
where k(t) is the adaptation gain.

(2)
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A Kalman filter based approach to calculating the adaptation gain is
P(t − 1)ϕ(t)
r(t) + ϕT (t)P(t − 1)ϕ(t)
P(t − 1)ϕ(t)ϕT (t)P(t − 1)
+ Q(t)
P(t) = P(t − 1) −
r(t) + ϕT (t)P(t − 1)ϕ(t)
k(t) =

(3)

where P(·) ∈ Rn×n , Q(·) ∈ Rn×n , Q(·) = QT (·), Q(·) ≥ 0, P(0) = PT (0),
P(0) ≥ 0, r(t) is a positive scalar and t ∈ {1, 2, . . . , ∞}.
The estimate ĥ is optimal in the sense the minimum of the a posteriori
parameter error covariance matrix, when h is subject to a random walk
model while Q(t) takes the value of the covariance matrix of the white
process driving the random walk model and r(t) is equal to the variance of
e(t), [12]. Since these quantities are seldom known a priori, even when the
random walk model is justified, they are usually treated as design parameters
of the estimation algorithm and chosen to achieve some desired properties
of the filter. For instance, the degrees of freedom in Q(t) and r(t) in (3) can
be traded for better windup performance.
In [15] a special choice of Q(t) is used to control the convergence point of
Riccati equation (3):
Q(t) =

Pd ϕ(t)ϕT (t)Pd
r(t) + ϕT (t)Pd ϕ(t)

(4)

where Pd ∈ Rn×n , Pd > 0. Thus, the matrix Pd becomes a stationary
point of (3). Similarly, a directional tracking algorithm in [4], in the paper
identified as Algorithm 1, makes use of the free term in (3) in the form
Q(t) =

γϕ(t)ϕT (t)
ǫ + ϕT (t)ϕ(t)

where γ > 0 and ǫ > 0 are some scalars. This algorithm is obtained as a
special case of the SG algorithm by letting ǫγ = r(t) and Pd = γI.

2.2

An averaged Kalman filter algorithm

To economize on the demanding matrix computations in the Riccati equation, an Averaged Kalman Filter Algorithm (AKFA) is developed in [16].
Estimating the parameters in (1), AKFA replaces certain variables with
averages. This produces a small number of scalar Riccati equations with

6

Magnus Evestedt

adaptation gains that can be pre-computed or computed online. The algorithm can be summarized as follows.
σ̂ 2 (0) = 0; p̄i (0) = pi (0) i = 1, . . . , n
( 

 2
(t − 1) + Nt x2 (t) 1≤t≤N
1 − 1t σ̂N
2

 2
σ̂ (t) =
σ̂N (t − 1) + x2 (t) − x2 (t − N ) t>N
p̄i (t + 1) = p̄i (t) + S(t − i)qi −
k(t) =

S(t − i)p̄2i (t)
α + S(t − i)p̄i (t)

N
T
2 (t) [p̄1 (t)x(t − 1) . . . p̄n (t)x(t − n)]
ǫ + ασ̂N

ϕ(t) = [0 . . . 0]; t < 0
where the p̄i (t) are averaged diagonal elements from the Riccati equation
and qi are the diagonal elements of Q. The parameter N is the sliding
2 (t) is the estimate of the total input signal energy in
window length and σ̂N
the sliding window. The function S(t) is the unit step function in t = 0.
Since the experiments of this paper follow [16], some details related to the
tuning of the AKFA are reproduced here for the sake of achieving a selfcontained description. The initial choice of pi (0) can be for example (any
prior shape may be postulated) a piecewise constant exponential decay,
pi (0) = βe−γ[i−1/l] l,

n
= m ∈ Z+
l

(5)

Then the envelope of the impulse response is generally governed by a few
dominant poles, which results in an exponential decay of the expected impulse response power. The number of piecewise constant intervals equals m
and [·] denotes the integer function.
If an upper bound on P
echo impulse response power (P ower) is available, it
follows that P ower = ni=1 pi (0). Summing up using (5) gives,
(
1
n P ower; m = 1
β=
1−e−γ
1
l P ower 1−e−mγ ; m > 1
where γ can be determined by specification of the residual power at tap n
as compared to tap 1, using (5). If the residual power is specified by δ as
βe−γ(m−1)/l = pn (0) = δp1 (0) = δβ, it follows that
δ = 1, m = 1; γ = −

log(δ)
,m>1
m−1

By choosing δ, n, m and P ower, pi (0) can now be computed. The parameter
α = f1 n max{pi (0)} = f1 np1 (0) where f1 ≥ 1.
i
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The qi are related to the average variation rate of the ith filter tap via the
random walk model. They can be determined as
qi = q1 e−γ[i−1/l] , i = 2, . . . , n
The parameter q1 is given by
q1 =

f22

2
min 2α
,
p
(0)
1
n

α + f2 min 2α
,
p
(0)
1
n

where 0 < f2 < 1. Further information on tuning of the parameters can be
found in [16].

2.3

Normalized least squares algorithm

To get rid of the additional computational costs related to the Riccati equation, the NLMS recursion is often employed,
µ
ϕ(t)
k(t) =
1 + µϕT (t)ϕ(t)
where µ ∈ R+ is the adaptation gain. In [12], it is shown that the NLMS
can be obtained as a special case of the Kalman filter with the parameters
P(0) = Pd = µI; µ ∈ R+ r(t) = κ

(6)

in the equations (3), (4). In the NLMS, the Riccati equation becomes redundant since it is initiated at its stationary point. Thus, the resulting filter (2)
becomes insensitive to loss of excitation. The NLMS algorithm is readily obtained from Algorithm 1 in [4] by initializing the latter as P(0) = γI, γ = µ.

2.4

Application considerations

Recapitalizing for the recursive parameter estimation algorithms, one can
note that optimality of parameter estimates (minimum variance etc.) is
seldom an issue. Performance wise the tradeoff is mostly between tracking
abilities of the estimate and its robustness to lack of excitation. The inflicted
computational cost and memory demand are as well highly important in real
time applications.
When high convergence speed is desired, the data are persistently exciting and processor power is available, the Kalman filter is the best choice.
Fast Kalman-type algorithms have been suggested, but many schemes show
numerical stability problems, [9]. If highest robustness and cheap implementation are the main priorities, the NLMS is probably the algorithm to
go for. However, the choices in between are more difficult to make.
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3

Properties of the algorithms

The recursive parameter estimation algorithms in this study are chosen to be
different kinds and grades of simplification of the Kalman filter algorithm
(2),(3). The SG algorithm, Algorithm 1 in [4] and the NLMS algorithm
consequently reduce the degrees of freedom of the Kalman filter design in
order to obtain higher robustness of the estimate or/and economize on the
inflicted computational burden. The chain of simplifications is basically as
follows. The SG is obtained from the Kalman filter by choosing the matrix
Q as specified by (4). The Algorithm 1 in [4] follows from SG by letting
Pd = γI. And, finally, the NLMS algorithm is obtained by initializing
the Riccati equation of Algorithm 1 at its stationary point, i. e. P(0) = γI,
effectively making it superfluous. Notice that all these algorithms are robust
to insufficient excitation since the image space of the matrix Q coincides by
construction with that of ϕϕT and the corresponding Riccati equation is
updated only in the direction of excitation. This prevents occurrence of
windup, [13].
The AKFA does not take into account excitation properties of the regressor
vector sequence but brings down the complexity of evaluating the Riccati
equation at each estimation step. In [16] the properties of the AKFA were
compared to those of the Kalman filter and the NLMS. By using numerical
examples, the AKFA was shown to perform significantly better than the
NLMS, in terms of settling time to the same suppression level, for white
inputs. In fact, the proposed scheme performed very close to the Kalman
filter. For colored signals (music) the Kalman filter performed best. The
AKFA, however performed significantly better than the NLMS algorithm at
expense of a negligible increase of the computational burden. However, the
algorithms were not tested for a case of insufficient excitation.
The SG algorithm was developed specifically for handling the windup phenomenon. It is possible to see, [5, 6], that (3) can generally be written
as
−T
P(t) = A−1
t (P(t − 1))P(t − 1)At (Pd )

−

A−1
t (P(t

−

1))Pd A−T
t (Pd )

(7)

+ Pd

where At (X) = I + r−1 (t)Xϕ(t)ϕT (t), X ∈ Rn×n . The equation above is
a discrete Sylvester difference equation. Neglecting the dependence of one
of the At operators on P(t − 1) makes it possible to apply theory of linear
time-varying systems to the problem of analyzing the solutions to (7).
In [13] it is proved that in the Riccati equation (3),(4) written as (7), the
matrix P does not diverge even when the input signal is not persistently
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exciting. The matrix Pd is a stationary point of (7) and as well the tuning parameter of the algorithm. For stationary experimental conditions, a
good choice of Pd is the stationary solution of the Riccati equation for the
corresponding Kalman filter. In case of non-stationary data with a known
time dependence, a scheduled sequence of Pd approximating the actual nonstationarity can be used.
Further properties of the SG-algorithm are investigated in [5, 6]. When the
input signal is persistently exciting, P(t) in (7) converges to Pd . If the
excitation is not sufficient, it can be shown that a manifold of stationary
solutions exists whose complete characterization is given in terms of the
regressor sequence. However, all the stationary solutions to (7) within the
manifold yield the same Kalman gain
k(t) =

Pd ϕ(t)
r(t) + ϕT (t)Pd ϕ(t)

Thus stationary behavior of the SG estimate is unambiguous even under
lack of excitation.
If the Sylvester equation (7) converges to one of the stationary solutions and
the excitation remains insufficient, then the solution will not depart from
the stationary point. Particularly, if there has been sufficient excitation in
the input signal for a significant period of time in the past and the solution
has converged to Pd , it will stay there even if the excitation disappears in
some directions. This gives the method good windup properties.
On the negative side, the computational complexity of the SG-algorithm
is similar to that of the Kalman filter, [1]. However, the solution to (7)
can be evaluated element-wise provided the direction of excitation is known
beforehand, as it is when the data are periodic.

4

Simulations

In this section, simulations are used to study the properties of some recursive
parameter estimation algorithms. The first two examples are included to
show that with some basic stationary inputs, white noise and a colored
signal, the SG algorithm does not perform worse than the others. Then
an example is given to highlight the influence of the choice of Pd on the
estimation performance of the SG algorithm. Next it is shown that in terms
of windup properties the SG algorithm is the best one. Finally simulations
are performed to show how the SG algorithm behaves in terms of Riccati
equation set point tracking.
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White noise input

This example compares the NLMS, AKFA, SG and the Kalman filter in
terms of convergence time to a given echo suppression. The input signal x(t)
was zero mean white noise, normally distributed with unit variance. The
simulated output signal was generated by a 512-tap real world time invariant
impulse response [1], and a Gaussian measurement noise (SNR=10dB) was
added. The AKFA was initialized with the same parameters as in [16],
P ower = 0.25 (−6dB), n = 512, m = 16, δ = 0.001, f1 = 1, f2 = 0.07815,
ǫ = 10−6 , and N = 512. The numbers reflect a desired echo suppression of
30 dB and assumptions on the echo power.
The NLMS algorithm used an adaptation gain of µ = 0.01954 and n = 512
to get the same echo suppression as the AKFA. The possibility of using a
time varying adaptation gain is not utilized in this comparison. The matrix
Q in the Kalman filter was manipulated to produce an echo suppression
of 30 dB. To obtain a suitable Pd in the SG-algorithm, simulations were
performed beforehand to find the stationary point of the basic Kalman filter
algorithm. The performance curves are shown in Fig. 2.
1
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SG algorithm

Kalman
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Figure 2: Convergence time comparison between the NLMS-algorithm, the
Kalman filter, AKFA and the SG-algorithm, to a given echo suppression.
ĥ||
The measurement of quality is misalignment, defined as ||h−
||h|| .
As can be seen, the convergence time of the SG-algorithm, with a proper
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choice of Pd , is similar to that of the Kalman filter. The convergence time
of the AKFA is, as expected, somewhere between that of the NLMS and the
Kalman filter while its transient response is of the same character as that
of the SG-algorithm and the Kalman filter.

4.2

Colored input

This example compares the NLMS, AKFA, SG and the Kalman filter when
the input signal x(t) is colored and comprises 11s of music, [3]. The reference
to the music piece is provided to make simulations repeatable. Music is
a typical signal in this kind of experiments since it usually includes both
foreground and background sound as well as voice. The output signal was
generated using a 512-tap real world time invariant impulse response and
white Gaussian noise v(t) was added (SNR=10dB). The AKFA was tuned
as in the white noise case. The NLMS-algorithm and the Kalman filter had
the same parameter settings as in the previous case. Three different choices
of Pd were used in the SG-algorithm. The matrices were obtained from
simulations with the Kalman filter.
0
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0.4

0.6
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1.6

1.8

2
5
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x 10

Figure 3: Estimation accuracy of the NLMS-algorithm, the Kalman filter,
AKFA and the SG-algorithm using a non-stationary input (music) and different choices of Pd .

As can be seen in Figure 3, the Kalman filter performs best, which should be
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expected considering the colored input. The AKFA performs significantly
better than the NLMS algorithm. The SG algorithm performs similarly to
the Kalman filter for the different choices of Pd .

4.3

Piecewise stationary input

This example provides some insight into the importance of the choice of
Pd . The input signal toggled between two zero mean, white noise processes,
e1 (t) and e2 (t) with different variances, σ1 and σ2 ,
The output signal was generated as in the colored input example, with a
truncated impulse response of 64 taps. The Pd -matrix was selected as the
stationary solution to the Riccati equation, obtained by simulation, with the
corresponding input signal.
Two simulations were performed. The first one compares the Kalman filter
with the SG algorithm, when it is known beforehand when the input signal
shifts. At each such shift Pd is also changed accordingly. The results are
shown in Fig. 4. As can be seen the performance of the two algorithms
1
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Figure 4: Estimation accuracy of the SG algorithm and the Kalman filter using a piecewise stationary input with scheduled Pd . The curves are
virtually indistinguishable.
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is almost identical in this case. If Pd is instead set constant, the results
obtained are shown in Fig. 5.
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Figure 5: Estimation accuracy of the SG algorithm and the Kalman filter
using a piecewise stationary input with constant Pd

Figures 4 and 5 indicate that the choice of Pd in the SG algorithm is important to the estimation performance. If it is known that the input signal
will be piecewise stationary, solving the algebraic Riccati equation for each
period of stationarity gives the best choice of Pd at each stationarity interval.

4.4

Input signal with decreasing energy

In this example, the same 11s of music as in the case of colored input were
used as input signal. The energy in the signal was however decreased over
time to study the algorithms’ robustness to windup. During the first seconds
of the experiment, the input signal was white noise with unit variance to
provide the algorithms with sufficient initial excitation. The output was
created using a 512 tap impulse response.
The goal with this setup was to compare how the NLMS, the AKFA, the
SG algorithm, the Kalman filter and the method referred to as Algorithm
1 in [4], react to partial loss of excitation. In Fig. 6 the misalignment of

14

Magnus Evestedt

the estimated parameters is shown. In Fig. 7 the condition number of the
matrix P for the Kalman based algorithms is depicted.
Clearly, neither the SG algorithm, Algorithm 1 in [4] nor the NLMS algorithm is prone to windup. As can be seen, the SG algorithm performs best
and it also has a constant stationary condition number of the matrix P(t)
equal to the condition number of Pd . For Algorithm 1, the stationary value
of the condition number is one, exactly as for the NLMS whose P(t) = γI
is constant. The misalignment achieved with the Kalman filter gets worse
with time as the signal energy decays since the estimate is updated not only
in the direction of excitation. The condition number of P(t) also grows,
indicating a tendency to windup. The AKFA performs worst in terms of
misalignment. The algorithm does not take input excitation into account
which makes it vulnerable to decreasing input signal energy. Algorithm 1
achieves an estimation accuracy in between the NLMS and the Kalman filter.
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Figure 6: Misalignment for the recursive parameter estimation algorithms
when the input signal energy decreases.
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Figure 7: The condition number of P(t) for the Kalman filter based recursive
parameter estimation algorithms when the input signal energy decreases.
Condition number for the NLMS algorithm is always one.

4.5

Tracking

In this example the tracking performance of the SG algorithm is studied.
The input signal was zero mean white noise with variance σ = 5. The output
signal was created using a 64 tap impulse response. If Pd is considered as
a reference signal to the SG algorithm, the tracking time is defined as the
time for the algorithm to converge to a specific Pd . Here it is illustrated by
simulating a change of Pd at time t = 50000. The results are shown in Fig.
8. As can be seen in the figure, the algorithm converges exponentially, as
the Kalman filter [7].
When the excitation is nonpersistent, there is a manifold of stationary solutions to the Riccati equation of the SG algorithm (7), [5, 6]. To illustrate
this, the input signal was chosen as a constant during the first 50000 samples. Fig. 9 shows the simulation results. When the input signal is not
persistently exciting, the difference between the stationary solution and Pd
is constant. When the excitation is recovered, the solution however converges to the matrix Pd .
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Figure 8: Tracking performance of the Riccati equation of the SG algorithm to a specific set point, Pd is changed at t = 50000. Convergence is
exponential, notice logarithmic scale.

5

Conclusions

The windup properties of a recursive parameter estimation algorithm, referred to as Stenlund Gustafsson (SG) algorithm are studied. As a benchmark for comparing the properties of different recursive parameter estimation algorithms, an acoustic echo cancellation application is used.
The SG algorithm is shown to perform similarly to the Kalman filter in
terms of convergence to a given echo suppression with white noise input.
With a colored input signal, the accuracy of the estimates achieved by the SG
algorithm is close to that of the Kalman filter. The importance of the choice
of tuning parameters in the SG algorithm is highlighted by simulations with
a piecewise stationary input signal. The algorithm is shown by simulation
to converge exponentially if the tuning parameters are changed in real time
according to a schedule. When the energy in the input signal decreases, the
SG estimate has the best accuracy. The windup properties are characterized
by the condition number of the solution to the Riccati equation. Once
converged a specific steady-state point, the Riccati equation of the SGalgorithm stays there even when the excitation is insufficient. This gives the
method good anti-windup properties.
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Figure 9: Tracking performance of the Riccati equation of the SG algorithm
when the input signal is not persistently exciting. Convergence is exponential, notice logarithmic scale.
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Paper III

Gas jet impinging on liquid surface: Cavity
spaciotemporal modelling and estimation
Magnus Evestedt and Alexander Medvedev

Abstract
A water model is studied to simulate physical phenomena in the LD
steel converter. The depression in the liquid, due to the impinging gas
jet, is measured by means of a video camera. Image processing tools
together with a nonlinear mathematical model based on the physics
of the liquid-gas system, are used to describe the cavity profile. The
model is shown to give rise to periodic spatial solutions of the liquid
depression for large radial distances from the origin. Under the assumption that the cavity profile is stationary, a quantification of the
uncertainty of the depth and diameter estimates is given. The variance
of the estimates is shown, by experiments, to decrease by 50% under
the assumption that the the cavity depth and diameter oscillations can
be described as a sum of a small number of sine waves.

1

Introduction

A jet of gas impinging on the surface of a liquid has many industrial applications. The focus of this paper is on modelling a steel making process
involving top blowing e. g. the LD converter. It is widely used and stands
for approximately 60% of the total world steel production , [18].
The main principle of the LD process is to reduce, by oxidization, the contents of carbon, silicon and other contaminating components in the molten
metal. In the LD converter, oxygen is jetted onto the liquid iron surface
from the top, through a lance, at supersonic speed. In the interaction area
1

2
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Vj
h
r

H

h0

D
Figure 1: Gas jet impinging on a liquid surface. The diameter of the lance is
denoted by d, the maximum velocity of the gas Vj and H is the lance height
above the liquid surface. D and h0 are the diameter and depth, respectively,
and h and r define the axes in the coordinate system.

between the gas and the liquid, a cavity is formed, where some of the oxidization occur. The jetting also produces slag, where much of the process’
chemical reactions take place.
Understanding the effects of a gas jet impinging on a liquid surface would
give more insight into the process behavior and improve the efficiency of
blowing, since lance position and oxygen flow are usually used as manipulated variables. The important parameters, determining heat and mass
transport at the interface and in the liquid, are the interface shape, the
width and depth of the cavity and the height of the peripheral lip, [5], see
Figure 1.
Three different modes of the surface deformation have been identified in
the process: dimpling, splashing and penetrating, [10], depending on the
properties of the gas jet and the liquid. The modes are illustrated in figure
(2). Here the first two modes are considered.
Since the steel bath is a hostile environment for performing experiments, a
water model is usually used to study the liquid cavity of the LD-converter. In
the water model, the molten steel is simulated by water and compressed air is
used instead of oxygen. In [9], it is shown that the physical properties of the
two systems are similar. A significant advantage of the water model when
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(a)

(b)

(c)

Figure 2: Modes of surface deformation by the impinging gas jet according
to [10]. (a) Dimpling, (b) Splashing, (c) Penetrating.
it comes to shape estimation is that it is easy to collect visual information.
The problem is long-standing and has been addressed by many researchers
since the 1960’s. The first studies are reported in [1], where experiments
were performed, using a liquid-gas system consisting of water and air. Two
approaches for analyzing the phenomenon were explored, based on the assumption that the cavity is stationary in time. The first one related the
depth of the surface depression or cavity to the stagnation pressure based
on the centerline velocity of the jet in the neighborhood of the surface. The
second one related the weight of the liquid displaced from the cavity to the
momentum of the jet. It was found that the experimental data, obtained
from photographs, were consistent with the theoretical results, but there
was no comment on the accuracy of the measurements.
Later, experiments were performed using an air jet impinging on wet fast
setting cement, [4]. In this way the width and height of the cavity could be
easily measured. The conclusions made were: (i) the change in the vertical
momentum of a jet impinging on a liquid surface is equal to the weight of
displaced fluid; (ii) the depth and diameter of the cavity can be predicted;
(iii) the cavity can be approximated by a paraboloid; (iv) there is a jet
velocity over which splashing will occur and below which a smooth cavity
exists; (v) liquid and gas viscosity and liquid surface tension do not affect
the results. Cavity oscillations, both vertically and horizontally, were also
observed, but not quantified, in the water tank. Once again, no accuracy
estimates were provided.
Analytical expressions were derived in [16] for the depth and diameter of
the cavity by considering the force on a unit area of the liquid surface, by
using Newton’s second law of motion. The pressure from the surface that
counteracts this force is given by the maximum depression of the liquid.
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The predictions were validated on a system with different liquids and argon
or nitrogen jet streams. The analytical expressions were found to agree
with the experimental results, but the variance of the measurements was
not given.
In an attempt to predict the whole cavity profile, a nonlinear singular integral equation was formulated in [12], using conformal mapping methods and
finite Hilbert transforms. The results were, however, limited to small angle
depressions in the liquid surface. Later, new numerical procedures were developed, that allowed the depressions to be slightly deeper, [17]. The model
was found to be consistent with the experimental data reported in [1], but
only for large lance heights.
Energy and force balances were analyzed in [14], to describe the indentation
profile. The calculated profile was found to agree with a cavity profile obtained in experiments, but the quality of the measurements was not given.
These results were later used in [2], for a study of the stability of interfaces
between fluids in motion, special attention being given to the role of surface
tension. It was found that increasing surface tension has a stabilizing effect,
while increasing the gas density or jet velocity is destabilizing.
More recently, experiments were carried out using a water-air system, [5].
Sophisticated image processing was used to measure the important parameters describing the cavity. The shape of the cavity was found to be either
parabolic or Gaussian depending on the conditions of the jet flow and the
liquid bath. The results were also compared to those found in [1] and [4].
The comparison shows that the estimates in [1] and [4] overestimated the
cavity width and height, because the theory did not properly account for
the effects of the liquid viscosity and surface tension. The oscillations of the
cavity were neglected in the experiments.
A physical modeling study of the effects of top blowing was performed in
[11]. There the effects of nozzle diameter, lance height and flow rate on the
penetration depth were investigated and empirically modelled.
All the work performed previously has been based on the assumption of stationary properties of the cavity. On the other hand, cavity oscillations have
been observed in the water tank during the experiments that should lead
to a large variance in the estimates based on the stationarity assumption.
The purpose of this paper is to combine the experimental data obtained by
image processing with a mathematical model of the cavity. The uncertainties in the depth and diameter estimates under the stationarity assumption
are quantified using a sequence of images. Furthermore, a mathematical
description of the temporal behaviour of the cavity depth and diameter is
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proposed to decrease the variance of the estimates.
Three following insights motivate the approach to obtain a description of
the whole cavity, not only the depth and diameter.
• Mathematical models based on approximation techniques lack connection to the physics of the process and often lead to inconclusive
results.
• A mathematical model of the liquid-gas jet system has to be rich
enough in order to explain the cavity profiles observed in the water
model.
• Dynamics of the temporal variations in the cavity depth and diameter
have to be taken into account to yield reasonable estimate variance.
The organization of the paper is as follows. First the mathematical model
of the cavity is given and its stability properties are analyzed. Then the
experimental setup is described. The paper is concluded with the results of
depth and diameter estimation, under the assumption of stationary cavity
and oscillating cavity, respectively.

2

Mathematical models

Mathematical modelling of the cavity is important to extract valuable information from the image in the face of disturbance. Due to the difficulties
of estimating the form of the cavity, the researchers have concentrated on
a few key parameters such as depth and diameter of the depression. Many
suggestions on the cavity profile, such as paraboloid, ellipsoid or Gaussian
form, have been made in the past, [4], [5]. Another equation that describes
a
the cavity is the inverted hyperbolic cosine function, [6], h(r) = cosh2 (b(r−c))
,
where a is the amplitude of the function and b is a parameter that affects
the width. The parameter c allows the cavity to move sideways.
The results of approximation of an experimentally obtained cavity profile
by some of those functions are shown in Figure 3. As can be seen, the
indentation is described equally well in the cavity itself, but the accuracy
of the models differ when larger radial distances from the center are considered. This means that the accuracy of approximation is mainly defined
by the spatial interval at which the approximation is considered. Neither
of the models is able to capture the peripheral lips of the cavity. Another
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a)
b)

c)

Figure 3: Cavity approximations, (a) a paraboloid, (b) an ellipsoid and (c)
an inverted hyperbolic cosine function.

problem with these models is that they do not provide physical insight into
the process itself. Thus it is difficult to use them for any other purpose than
image smoothing. For parameter, state estimation and control ends, more
complex physically motivated models have to be considered. Hence, this
paper focuses on a mathematical model stemmed from fluid dynamics, that,
combined with image processing techniques, is used to estimate the whole
cavity profile.

2.1

Force balance

This subsection is based on the theoretical results obtained in [14]. Since
the width of the water tank is about 200 times the jet radius, the calculations presented here are for an axisymmetric jet impinging on a liquid in
a container whose walls are at an infinite distance from the axis of symmetry. Using the coordinate system from Figure 1, an ordinary differential
equation, describing the shape of the indentation can be written as follows:
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(1)

with
p1 − p2 = ∆p + (ρ1 − ρ2 )gh

(2)

where g is the gravitational constant, ∆p is the over-pressure due to the
impinging jet, δ =1, ρ1 and ρ2 are the densities of the liquid and the gas,
respectively and σ is the surface tension of the specific liquid-gas combination.
To determine ∆p, Rosler and Stewart used the experimental data of Gibson,
for laminar jets impinging on a flat plate, [7]. The pressure distribution is
approximated by:
(
pmax cos(0.826 rrj ) for r ≤ 1.2rj
(3)
∆p =
4.53pmax exp(−1.76 rrj ) for r > 1.2rj
where rj is the jet radius, pmax = 21 ρ1 Vj2 is the jet strength and Vj is the
maximum jet velocity.
In the experiments presented in Section 3, (1) is used to approximate the
measured cavity profile. The parameters defining the depth of the cavity,
the surface tension σ and the parameter δ, are used as tuning parameters
in the fitting of the model to the image frames. A loss function of the form
V (h(r), ĥ(r)) =

N
X

(h(r) − ĥ(r))2

(4)

r=1

where N is the number of edge pixels, h and ĥ are the measured and calculated profile, respectively, is used as an optimization criterion for the
estimation. By changing the parameter settings, the goal is to minimize
the criterion and thus obtain a good description of the measured edge. The
optimization was performed using the fminsearch command in Matlab c .
Numerical studies of the loss function have been performed to evaluate the
probability of converging to a local minimum. The probability was found to
be small.
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Figure 4: Trajectories of the system with different initial values.

2.2

Stability analysis

The system described in (1) can be formulated in state-space form as
dx
=
dr
x=

(

x2

1
σ (∆p
[x1 x2 ]T

where x1 = h and x2 =




3
+ (ρ1 − ρ2 )gx1 ) 1 + x22 2 − δr x2 1 + x22

(5)

dh
dr .

Since r is the integration variable in the state-space formulation and appears
explicitly in the right-hand side of the equation, using a phase portrait is
not feasible. A three dimensional plot of the evolution of (5) with increasing
r, for different initial points, is shown in figure (4).
Taking into account that limr→∞ ∆p = limr→∞
tem is

dx
=
dr

(

x2
1
σ ((ρ1

δ
r

= 0 the steady-state sys-


3
− ρ2 )gx1 ) 1 + x22 2

(6)

The dynamics of (6) give rise to sustained periodic solutions as proven by
the proposition below.
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Proposition Consider the function
V (x) =

c
1
− x21
2
1/2
2
(1 + x2 )

(7)

where c = σ1 (ρ2 − ρ1 )g, c > 0. Define a set M as the region
M = x ∈ R2 |c1 ≤ V (x) ≤ c2 , where 0 < c1 < c2 < 1. Then there is a
periodic solution of (6) in M .
Proof : Consider the system given by (6) and the function (7). The derivative
of V (x) along the trajectories of the system is given by
V̇ (x) = −cx1 ẋ1 − x2 (1 + x22 )−3/2 ẋ2 = 0
Define a set M as the region

M = x ∈ R2 |c1 ≤ V (x) ≤ c2

(8)

(9)

where 0 < c1 < c2 < 1. Clearly M is bounded and positively invariant. It is
also free of equilibrium points, since the only equilibrium point of the system
is at the origin. Thus it follows from the Poincaré-Bendixson theorem, [8],
that there is a periodic solution of (6) in M . 
According to the theoretical results, sustained spatial oscillations arise far
away from the origin, due to the model properties. In the experiments that
follow in the next section, the water is contained in a tank of finite diameter.

3

Experiments

The experiments were conducted on a water model of the LD converter,
previously used to study and control foaming, [3]. A single hole cylindrical
nozzle with diameter 1.5 mm is used. The indentation profile arising when
air is jetted onto the liquid surface is recorded using a CCD camera.

3.1

Video measurement

A digital video camera captures the cavity during the blow. The shoot angle
of the camera can be easily changed. In these experiments the tank is filmed
directly from the side of the water tank, creating a two-dimensional image.
Since the jet-forming nozzle on the lance providing the gas is symmetric,
the depression should be rotation symmetric. The video camera produces a
sequence of image frames that is the information source in the estimation of
the cavity shape and can as well be used to discern its temporal pattern.
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3.1.1

Camera calibration

The frames collected from the video camera are represented by pixel values. It is desirable to express the axis of the images in length units and
thus a conversion between them is performed. Special care is also taken to
compensate for a tilted image, due to the camera setting.

3.1.2

Light settings

In photography, the lighting has to be designed beforehand to obtain the best
imaging results. This is especially important for image processing purposes.
The lighting has to suit the camera and the purpose of filming or else the
image can be useless. Incorrect light settings result in shadows, glares and
unwanted reflections in the water surface. In these experiments the water
tank was lit from the side with a reflector behind, which is proven to provide
the best lighting conditions.

3.2

Image processing

To extract the edges from the image an in-house software is used. The
frames of the video sequence are filtered to reduce the noise in the image.
Then edge detection is applied using a thresholding method, together with
some basic image processing tools such as opening, closing and flood-fill,
[15].

3.3

Sources of error

There are several sources of error in the experimental setup.

• The oxygen flow through the lance is slowly varying with time.
• The lance angle to the water bath cannot be guaranteed to be 90
degrees at all heights.
• Bubbles and splashing make the edge detection difficult.
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Figure 5: The studied settings of lance height and gas flow rates used in 12
experiments with the water model. Each triangle corresponds to a specific
experiment.

4

Results

In this section the results obtained from water model experiments are summarized. First edge detection in the video frames is discussed. Then the
cavity depth and diameter are estimated using the assumption that they are
constant for each setting of experimental conditions. The variance of the
obtained estimates is compared to that of the estimates obtained under the
assumption that the depth and diameter are changing with time.
Twelve different settings of gas flow rate and lance height were studied and
are illustrated in Figure 5. The values are selected so that a well-defined
cavity can be seen in the water tank.

4.1

Image processing results

The cavity shape measurements are given in the form of images obtained
by a video camera. To be able to compare the image to a mathematical
function, the edge of the cavity is extracted from the measurement. The
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Figure 6: Detected edges in the image.

result of such a procedure is shown in Figure 6.
The lower edge is used as a description of the cavity in the image. Optimizing
the parameters in the mathematical model with respect to the loss function
(4), leads to the model fit shown in Figure 7. As can be seen, the model is
flexible enough to explain the profile well. In Figure 8 the calculated profiles
have been superimposed on the image from the video camera.

4.2

Stationary cavity assumption

Previous research on estimation of diameter and depth of the cavity reported
in the literature, have been based on the assumption that the indentation
profile is stationary. In this section, the stationarity assumption is used to
reproduce the results in [11] for the penetration depth and to quantify the
uncertainty of the estimates. An estimate for the diameter of the cavity is
also included.
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Figure 7: Approximation of the cavity profile using a mathematical model
based on force balance. The approximated cavity is shown together with
the measured edge.

Figure 8: Approximation of the cavity profile for a mathematical model
based on force balance. The approximated cavity is superimposed on an
image frame.
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4.2.1

Depth estimation

The centerline depth of the cavity was estimated for a sequence of 900 frames
at a frame rate of 15 frames per second. The mean depth and the standard
deviation are shown i Figures 9 and 10 for different lance heights and gas
flow rates.
As can be seen in Figure 9, for a constant gas flow rate, the depth of the
cavity decreases with increasing lance height until no cavity forms on the
water surface. The uncertainty of the estimate decreases with increasing
lance height. For a constant lance height, Figure 10, the depth of the cavity
increases with increasing gas flow rate. Also, the uncertainty of the estimate increases due to the increasing disturbance (bubbles, splashing) in the
images. The results are consistent with those presented in [11].

4.2.2

Diameter estimation

The diameter of the indentation profile was estimated using (1). The mean
diameter and the standard deviation are shown in Figures 11 and 12 for
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Figure 10: Mean depth and standard deviation for different gas flow rates
and constant lance height, 14 cm.

different lance heights and gas flow rates.
The large standard deviations in Figures 11 and 12 indicate that the diameter of the cavity is more volatile than the depth. It also shows that the
assumption of a stationary cavity fails to provide consistent estimates.

4.3

Dynamic cavity assumption

The estimates of the cavity depth and diameter are, in each image frame,
obtained from the model. Since the force balance model does not account for
the temporal cavity oscillation, the assumption that the process is stationary
leads to an unnecessarily large variance of the estimates.
Here the assumption that the cavity oscillations, both in diameter and depth,
are periodic is investigated. A natural base function for describing such a
signal is the sine wave. The proposed model is a sum of a number of sine
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waves
h0 =

n
X

Ah0 (i) sin(ωh0 (i)t + φh0 (i))

(10)

i=1

D=

n
X

AD (i) sin(ωD (i)t + φD (i))

i=1

where n is a small integer. The parameters Ah0 (i), AD (i), ωh0 (i), ωD (i),
φh0 (i) and φD (i) are estimated using the estimated depth and diameter
sequences, respectively. The most prominent frequency is estimated using
the Quinn and Fernandes technique, [13], and removed from the signal using regression. The residual is used to estimate the next frequency, etc.
Finally the estimated frequencies are used simultaneously to estimate the
amplitudes and phases.

4.3.1

Depth estimation

Due to the numerous sources of errors, the statistical properties of the depth
and diameter estimates are changing. The frequency of the oscillations fluctuates during the blow. To cope with this problem, a sliding window of
40 frames was used over 300 frames to estimate the time varying sine wave
parameters. The windowing results in 260 estimates of the frequencies. The
drawback of this procedure is that the accuracy of the frequency estimates
is decreased, in favor of better tracking capabilities.
The distribution of the frequency estimates for the first three dominating
frequencies is shown in Figure 13.
As can be seen in Figure 13, the main frequency content is from 5 − 6 Hz for
the most prominent estimated frequency. A large part of the energy in the
signal is still in the same interval for the second frequency. For the third,
however, the frequency content is spread over the studied frequency interval.
This means that the remaining residual after subtracting two sine waves, is
not covered by the model (10).
In Figure 14 the decrease in variance of the estimate for the depth obtained
with the dynamic assumption is shown as a percentage of the variance of the
estimates obtained with the stationary assumption. If one sine wave is used
to describe the depth oscillations, the decrease of variance is above 20% and
by using a sum of three sine waves the variance of the depth estimate can
be decreased by more than 50%.
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The lance height is 12 cm and the gas flow rate is 21 l/min.
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Diameter estimation

The diameter estimates were treated in the same way as the depth estimates.
The frequency content of the windowed measurements is shown in Figure
15. It can be seen that the main frequency content lies just above 2 Hz.
Estimating the third tone shows that the frequency content is spread over
the studied frequency interval, indicating that the model (10), cannot be
used to obtain more information about the oscillations.
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Figure 15: The distribution of the frequency estimates for the first three
dominating frequencies in the diameter estimate. Each bar represents how
often a certain frequency value is yielded in the estimate. The lance height
is 12 cm and the gas flow rate is 21 l/min.

In Figure 16, the accuracy of the diameter estimate based on the stationarity assumption is compared to that of the estimate based on the dynamic
assumption. It can be seen that by modelling the diameter changes with
one sine wave, the variance of the diameter estimate can be decreased by
more than 20% and with three sine waves the decrease is above 50%. For
experiment number 2 even one sine wave alone reduces the variance of the
estimates by 50%. One possible explanation is that for those specific settings
of lance height and gas flow rate, the error sources are not as significant as
for the other films.
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4.3.3

Cavity oscillations

The depth and the diameter of the cavity oscillate at different frequencies.
To characterize the oscillations of the whole cavity, the ratio between the
dominant frequency estimates for the depth and diameter is presented in
Figure 17.
The mean ratio and the standard deviation for the studied settings of lance
height and gas flow rate are shown in Figure 18. The large standard deviation is an effect of the large peaks, visible in Figure 17. The peaks occur
for all considered settings. However, the frequency ratio stays relatively
constant under significant periods of time.

5

Conclusions

An experimental and theoretical study of blowing in an LD-converter water
model has been carried out. A video camera is used to measure the indentation profile of the cavity during the blow. Image processing tools together
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with a mathematical model are used to estimate the cavity profile. The
mathematical model leads to spatial periodic solutions for large distances
from the point where the gas jet hits the bath surface.
Estimation of the depth and the diameter of the cavity was performed assuming them to be constant. The variance of the depth estimate decreases
with increasing lance height and increases with increasing gas flow rate. The
diameter estimate is less accurate than the depth estimate.
Proposing a sum of sine waves model to explain the cavity oscillations, the
variance of the depth and diameter estimates are decreased by 50% using a
small number of sine waves.
The ratio between the frequency of the oscillation of the cavity depth and
the frequency of the oscillation of the cavity diameter was studied and found
to depend on the current experimental settings.
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Paper IV

Model-based cavity shape estimation in a gas-liquid
system with nonuniform image sampling
Magnus Evestedt and Alexander Medvedev

Abstract
A water model is studied to simulate physical phenomena in the
Lintz-Donawitz steel converter. The depression in the liquid, due to
the impinging gas jet, is measured by means of a video camera. Image
processing tools are used to extract the edge of the surface indentation.
The measured edge, sampled in a special way, is used together with
a nonlinear mathematical model to obtain a description of the cavity
profile. The parameters of the mathematical model are optimized to
match the registered cavity edge in the image at a set of sampled
points. Three ways of choosing sampling points for the optimization
are proposed and compared on simulated as well as experimental data.
An approach involving an observer decreases the computation time
with an acceptable loss of accuracy of the estimates.

1

Introduction

The properties of a system consisting of a gas jet impinging on a liquid
surface from above are important in many industrial applications. The focus
of this paper is on a steel making process involving top blowing e.g. the
Lintz-Donawitz (LD) converter. It is widely used and stands for 60% of the
world steel production, [21].
In the LD converter process, hot metal is converted into steel by a top blown
basic oxygen furnace. Scrap and slag forming agents are added to the hot
metal before oxygen is blown onto the metal bath, from above, at supersonic
1
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d

Vj
h
r

H

h0

D
Figure 1: Gas jet impinging on a liquid surface. The diameter of the lance is
denoted by d, the maximum velocity of the gas Vj and H is the lance height
above the liquid surface. D and h0 are the diameter and depth, respectively,
and h and r define the axes in the coordinate system.

speed. A cavity is formed where the oxygen jet hits the bath surface and
Fe, Si, Mn and C are oxidized. The jetting also produces large amounts of
slag, where most of the chemical reactions take place.
The lance position over the bath, together with the oxygen flow rate are
usually used as manipulated variables in the process. A deeper understanding of the system of the gas jet and the liquid surface would improve the
efficiency of blowing and the control of the process. The important parameters, determining heat and mass transport at the interface and in the liquid,
are the interface shape, the width and depth of the cavity and the height of
the peripheral lip, [5], see Figure1.
Depending on the properties of the gas jet and the liquid, three modes of
surface deformation have been identified in the process: dimpling, splashing
and penetrating, [9]. The different modes are illustrated in Figure 2. In this
paper only the first two modes are considered.
Since the form of the cavity is difficult to observe in the actual process, due
to the hostile environment, a water model of the LD converter is often used.
In the water model the molten steel is replaced by water and compressed
air is used instead of oxygen. The similarities between the water bath and
the molten steel are analyzed in [8].
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(a)

(b)

(c)

Figure 2: Modes of surface deformation by the impinging gas jet according
to [9]. (a) Dimpling, (b) Splashing, (c) Penetrating.
The problem of modelling the cavity is long-standing and has been addressed
by many researchers since the 1960’s. The first studies are reported in [1],
where experiments were performed, using a liquid-gas system consisting of
water and air. Two approaches for analyzing the phenomenon were explored,
based on the assumption that the cavity is stationary in time. The first
one related the depth of the surface depression or cavity to the stagnation
pressure based on the centerline velocity of the jet in the neighborhood of the
surface. The second one related the weight of the liquid displaced from the
cavity to the momentum of the jet. It was found that the experimental data,
obtained from photographs, were consistent with the theoretical results, but
there was no comment on the accuracy of the measurements.
Later, experiments were performed using an air jet impinging on wet fast
setting cement, [4]. In this way the width and height of the cavity could be
easily measured. The conclusions made were: (i) the change in the vertical
momentum of a jet impinging on a liquid surface is equal to the weight of
displaced fluid; (ii) the depth and diameter of the cavity can be predicted;
(iii) the cavity can be approximated by a paraboloid; (iv) there is a jet
velocity over which splashing will occur and below which a smooth cavity
exists; (v) liquid and gas viscosity and liquid surface tension do not affect
the results. Cavity oscillations, both vertically and horizontally, were also
observed, but not quantified, in the water tank. Once again, no accuracy
estimates were provided.
Analytical expressions were derived in [19] for the depth and diameter of
the cavity by considering the force on a unit area of the liquid surface, by
using Newton’s second law of motion. The pressure from the surface that
counteracts this force is given by the maximum depression of the liquid.
The predictions were validated on a system with different liquids and argon
or nitrogen jet streams. The analytical expressions were found to agree
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with the experimental results, but the variance of the measurements was
not given.
In an attempt to predict the whole cavity profile, a nonlinear singular integral equation was formulated in [12], using conformal mapping methods and
finite Hilbert transforms. The results were, however, limited to small angle
depressions in the liquid surface. Later, new numerical procedures were developed, that allowed the depressions to be slightly deeper, [20]. The model
was found to be consistent with the experimental data reported in [1], but
only for large lance heights.
Energy and force balances were analyzed in [14], to describe the indentation
profile. The calculated profile was found to agree with a cavity profile obtained in experiments, but the quality of the measurements was not given.
These results were later used in [2], for a study of the stability of interfaces
between fluids in motion, special attention being given to the role of surface
tension. In contrast with the conclusion of [4], it was found that increasing
surface tension has a stabilizing effect on the interface, while increasing the
gas density or jet velocity is destabilizing.
More recently, experiments were carried out using a water-air system, [5].
Sophisticated image processing was used to measure the important parameters describing the cavity. The shape of the cavity was found to be either
parabolic or Gaussian depending on the conditions of the jet flow and the
liquid bath. The results were also compared to those found in [1] and [4].
The comparison shows that [1] and [4] overestimated the cavity width and
height, because the theory did not properly account for the effects of the
liquid viscosity and surface tension. The oscillations of the cavity were neglected.
A physical modeling study of the effects of top blowing was performed in
[11]. There the effects of nozzle diameter, lance height and flow rate on the
penetration depth were investigated and empirically modelled.
In [6] the cavity surface model in [2] was used, together with experimental data from a water model, to approximate the surface deformation and
to quantify the uncertainty of the depth and diameter estimates. In an attempt to decrease the uncertainty, the temporal dynamics of the cavity were
modelled as a sum of sine waves.
In this paper a sampling algorithm to improve the efficiency of the estimation procedure is given. The paper is organized as follows: First a system
model is introduced. Then three approaches for choosing sampling points
for the optimization procedure are presented, followed by a description of
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the experimental setup. The paper is concluded with a comparison between
the methods using both simulated and experimental data.

2

Problem formulation

In [2] a mathematical model for the gas-jet system was suggested. The model
was investigated further in [6], where it was reformulated in state-space form
as
dx
= f (r, x) =
dr
"
x2
1
σ (∆p



3

+ (ρ1 − ρ2 ))gx1 ) 1 + x22 2 − rδ x2 1 + x22

(1)
#

x = [x1 x2 ]T

where x1 = h, x2 = dh
dr , g is the gravitational constant, ∆p is the overpressure due to the impinging jet, δ =1, ρ1 and ρ2 are the densities of the
liquid and the gas, respectively and σ is the surface tension of the specific
liquid-gas combination.
To determine ∆p, Rosler and Stewart used the experimental data of Gibson,
for laminar jets impinging on a flat plate, [7]. The pressure distribution is
approximated by:
∆p =

(

pmax cos(0.826 rrj ) for r ≤ 1.2rj
4.53pmax exp(−1.76 rrj ) for r > 1.2rj

(2)

where rj is the jet radius, pmax = 21 ρ1 Vj2 is the jet strength and Vj is the
maximum jet velocity. In the following, δ, σ and x1 (0) are treated as tuning
parameters.
The problem treated in this paper is then to estimate the parameters θ =
[δ, σ, x1 (0)] in (1) from a video sequence showing the liquid formation on the
surface of a water tank.
The cavity edge is extracted from the image frames. Each point on the
edge is assigned a coordinate (i, j) describing its position in the image. A
conversion from the image coordinates (i, j) to actual coordinates (h(r), r)
is performed. Define a set of coordinates as M ∈ R2 , and N as the number
of pixels in the set (cardinal number of M ). In [6], the following criterion
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function is used to estimate the parameters in (1) by optimization.
θ̂ = arg min L(θ)
θ

L(θ) =

(3)

1 X
(h(r) − ĥ(r))2
N
r∈M

where ĥ(r) is the model output.
The optimization is performed over the set M , using fminsearch in Matlab c .
In the following, the approach in [6], where all data points, obtained by edge
detection, belong to M , will be referred to as Scheme 1.
The underlying algorithm for the multidimensional unconstrained nonlinear
minimization is the Nelder-Mead search, [10]. It is based on evaluating a
function at the vertices of a simplex or hypertetrahedron, then iteratively
shrinking the simplex as better points are found until some desired bound
is obtained.
Due to the lack of convergence theory, the efficiency and complexity of the
Nelder-Mead search algorithm are hard to estimate, [16]. In this particular
application, the time needed for the algorithm to converge is dependent
on the number and placement of the data used in the parameter tuning.
The contribution of this paper is two model based approaches to choose the
sampling points used in the optimization in such a way that the computation
time is substantially decreased, with acceptable reduction of the estimation
accuracy.

3

Parameter estimation

In this section two alternative model based approaches to decrease the computation time of the optimization, by utilizing the data that contain most
information about the edge, are presented. The schemes are based on the
vital assumption that the cavity shape does not change abruptly from one
frame to another.

3.1

Sampling

The continuous model described by Equation (1) is nonlinear. There is
no general theory on how to sample nonlinear systems that can be applied
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directly in this case. Consider a linear second order homogeneous ordinary
differential equation, which can be seen as a linearization of (1)
y ′′ (t) + ay ′ (t) + by(t) = 0

(4)

where the parameters a and b are constant real coefficients. A solution to
Equation (4), [15], is given by
y(t) = C1 eλ1 t + C2 eλ2 t
where λ1 and λ2 are negative real numbers and λ1 6= λ2 given by
r
a
a2
λ1,2 = − ±
−b
2
4

(5)

(6)

In order to obtain a spectrum describing the distribution of energy over
frequency, ω, Equation (5) is readily Fourier transformed as
Y (ω) =

C2
C1
+
jω − λ1 jω − λ2

(7)

According to the sampling theorem (cf Oppenheim and Schafer, 1989) , a
band-limited signal (i.e. one with a zero spectrum for frequencies ω > ωB ),
can be fully reconstructed from its sampled version, if the sampling rate is
chosen at least twice as large, that is 2ωB . Normally a much higher sampling
rate is recommended, [18].
As can be seen in Equation (7), the spectrum decreases as ω1 . This property holds for all solutions to (4). An important user choice when sampling
Equation (5) is the threshold, ωB , above which the energy content in the signal can be considered so small that it can be neglected. The reconstruction
accuracy is of course highly dependent upon this choice.
The frequency content of the solution to the nonlinear Equation (1) is more
difficult to characterize. Here, a special feature is utilized, namely the fact
that the second state describes the derivative of the indentation profile.
Thus, it provides information on how fast the curve changes. This property
underlies the following sampling methods.

3.2

An ad-hoc approach

The most interesting points of the indentation profile are where it changes
most rapidly. Studying the derivative of the model adjusted to fit the measurement obtained at time t in Figure 3, it can be seen that the derivative
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decreases with increasing radial distance r from the origin. The idea is to
only use the points where the derivative exceeds a user-defined threshold in
the optimization of the model parameters to the measurement obtained at
time t + 1. Thus the amount of data is reduced, decreasing the computation
time.
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Figure 3: The derivative of the model edge.

A summary of the proposed approach is as follows:

Scheme 2
1. Define a threshold, T , for the derivative of the cavity edge w.r.t. r.
2. Take the first frame in the video sequence and extract the edge of the
cavity. Let all edge pixels constitute the set M . Solve optimization
problem (3).
3. Evaluate Equation (1) for the parameters θ̂(t) obtained in the previous
step to estimate the derivative of the cavity edge w.r.t. r.
4. Find the pixels where the derivative is larger than a user-defined
threshold. Let those points constitute M .
5. Retrieve the next image frame.

9
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6. Detect the cavity edge.

7. Sample the detected edge only at the points in M for the optimization.
8. Solve optimization problem (3) to obtain parameter estimate θ̂(t).
9. Goto (3).

Scheme 2 is thus model-based, but does not take into account the data
extracted from the current image. In the next section a Kalman filter is used
to estimate the derivative of the model edge, based on the new measurement,
to improve the placing of the sampling points.

3.3

A Kalman filter based observer approach

In this approach the model of the surface at time t is used together with the
new measurement at time t + 1 to estimate the derivative of the indentation
profile. The estimation is performed using the Kalman filter.
To fit the nonlinear system model, (1), into the Kalman filter framework,
it is expanded in first order Taylor series around estimates of x(r). The
linearization is as follows
f (r, x) ≈ f (r, x̂) + F (r)(x − x̂)

(8)

where
F (r) =

∂f (r, x)
|x=x̂
∂x

(9)
(10)

and the linearized system is
dx
= F (r)x(r) + u(r) + w(r)
dr
u(r) = f (r, x̂) − F (r)x̂

(12)

y(r) = x1 + v(r)

(13)

(11)

where w(r) and v(r) correspond to modelling errors and measurement errors,
respectively. It is assumed that w(r) and v(r) are white noise sequences with
variances R1 and R2 .

10

Magnus Evestedt

Now, the Kalman filter can be used as an observer of the process. The
continuous Kalman filter equations are
dx̂
= F (r)x̂ + u(r) + K(r)(y(r) − x̂1 (r))
dr
dP
= F (r)P (r) + P (r)F T (r) + R1
dr
− K(r)R2 K T (r)
K(r) = P (r)[1

0]T R2−1

(14)
(15)

(16)

where y(r) in the correction term of (15) is calculated using linear interpolation between subsequent pixels.
The observer based approach can be summarized as follows:

Scheme 3
1. Define a threshold, T , for the derivative of the cavity edge w.r.t. r.
2. Take the first frame in the video sequence and extract the edge of the
cavity. Let all edge pixels constitute the set M . Solve optimization
problem (3).
3. Estimate the derivative of the cavity edge w.r.t. r from the measurement obtained at time t + 1, using the observer (15)-(17) based on the
model from time t with the current estimate θ̂(t).
4. Find the pixels where the derivative estimate is larger than a userdefined threshold. Let those points constitute M .
5. Retrieve the next image frame.
6. Detect the cavity edge.
7. Sample the detected edge only at the points in M for the optimization.
8. Solve optimization problem (3) to obtain parameter estimate θ̂(t).
9. Goto (3).

4

Experimental setup

The experiments in Subsection 5.2 were conducted on a water model of the
LD converter, previously used to study and control foaming, [3], and to
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characterize the shape of the cavity, [6]. A single hole cylindrical nozzle
with diameter 1.5 mm was used. The indentation profile arising when air is
jetted onto the liquid surface is recorded using a CCD camera. An example
of a photograph taken with the camera together with an approximation of
the cavity edge by Equation (1) is shown in Figure 4.

Figure 4: Photograph of the water surface during a blow. An approximation
of the cavity edge is included in the image.

4.1

Image processing

To extract the edges from the photographs an in-house software was used,
previously employed in [6]. The frames of the video sequence are filtered
to reduce the noise in the image. Then edge detection is applied using a
thresholding method, together with some basic image processing tools such
as opening, closing and flood-fill, [17].

4.2

Sources of error

There are several sources of error in the experimental setup.
• The oxygen flow through the lance is slowly varying with time.
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• The lance angle to the water bath cannot be guaranteed to be 90
degrees.
• Bubbles and splashing make the edge detection difficult.

5

Results

In this section the three optimization approaches are compared to each other
in terms of approximation accuracy, computation time and data utilization.
The comparison is performed on simulated as well as experimental data.

5.1

Simulation results

A sequence of 50 ideal edges obtained from Equation (1) was used to study
the performances of the considered methods. The edge was corrupted using
a white sequence to simulate the random error sources, see Figure 5. The
parameters, θ, were varied in a manner similar to that observed in experiments.
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Figure 5: Simulated surface edge.
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Table 1: The estimation accuracy of the different schemes given as the mean
value of the ratio between the estimation errors, θ̃ and the true parameter
values in θ, shown in %.
Scheme 1

Scheme 2

Scheme 3

0.38
7.09
0.56

3.11
22.0
0.63

1.90
12.2
0.63

δ̃/δ
σ̃/σ
x̃1 (0)/x1 (0)

The three optimization schemes were employed to find estimates, θ̂, of the
parameters. The data utilization in the three approaches is given in Figure 6.
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Figure 6: The amount of data used in the three approaches.

Since the parameters are not constant, the estimation error θ̃(t) = θ(t)− θ̂(t)
is used as a measure of estimation accuracy. In Table 1 the mean value of
the ratio between the estimation error and the true parameter is shown in
percent.
As can be seen x1 (0) is accurately estimated for all considered methods. The
parameters δ and σ seem to be more difficult to estimate, which is indicated
by larger estimation errors. Scheme 3 however, provides estimates of reasonable accuracy compared to Scheme 1. Better accuracy can be obtained by
lowering the sampling threshold and thus considering more edge points in
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Table 2: The mean performance in terms of approximation accuracy, time
and data utilization for the three approaches. Simulated data.
Time [s]
Data [%]

Scheme 1
16.7
100

Scheme 2
8.97
25

Scheme 3
4.4
24

the estimation. The most significant gain of using Scheme 2 over Scheme 1
is in reduction of the optimization time. If Scheme 3 is used instead, the
computation time is decreased even further, with higher estimation accuracy
compared to Scheme 2. From Figure 7 it follows that the computation time
using Scheme 3 is just a quarter of the one using Scheme 1.
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Figure 7: Computation time using the different schemes.

The mean performance in terms of time, approximation accuracy and data
utilization is shown in Table 2.

5.2

Experiments

A sequence of 50 frames was obtained experimentally using the water model
setup, with a lance height of 12 cm and a gas flow rate of 21 l/min. Image
processing techniques were utilized to obtain the edge of the cavity. The
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three approaches, Schemes 1, 2 and Scheme 3, were used to approximate the
measured edge. In Figure 8 the number of data points used in optimization
is shown for the three approaches.
Since true model parameter values are unknown in the experiments, Equation (3) is used as a measure of how well the cavity form is approximated.
The full edge measurement is considered as the true edge, h(r), in the loss
function L(θ). In Figures 9 and 8, the results of the optimization approaches
are shown. As can be seen, the reduction of data points does not significantly affect the performance of the approximation, except at the locations
of the peaks. It is likely that splashing water in the tank destroys the edge
detection and invalidates the model at these points. The best approximation
in this case is naturally the approach using all the measured data.
The gain in computation time achieved by using Schemes 2 and 3 instead
of Scheme 1 is illustrated in Figure 10.
The mean performance in terms of time, approximation accuracy and data
utilization is shown in Table 3. The large peaks for some of the edge realizations affect the mean values significantly, explaining the large mean values
of L(θ) in Scheme 2 and Scheme 3.

Table 3: The mean performance in terms of approximation accuracy, time
and data utilization for the three approaches. Experimental data.
L
Time [s]
Data [%]

6

Scheme 1
0.015
38.5
100

Scheme 2
13.6
33.3
63

Scheme 3
0.41
27.4
61

Conclusions

Two approaches to selecting sampling points in a nonuniform way in the
images of a surface cavity in a water model were proposed. Instead of using
all the data points, a smaller number of data was utilized and shown both
on simulated as well as on experimental data to decrease the computation
time with an acceptable reduction of the estimation accuracy.
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Figure 8: The amount of data used in the three approaches.
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Figure 9: The approximation accuracy for the three optimization approaches
using 50 realizations of the edge.
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Figure 10: Computation time using the different schemes.
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