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Abstract

The chemical master equation (CME) describes the probability for the
discrete molecular copy numbers that define the state of a chemical sys-
tem. Each molecular species in the chemical model adds a dimension to
the state space. The CME is a difference-differential equation which can
be solved numerically if the state space is truncated at an upper limit
of the copy number in each dimension. The size of the truncated CME
suffers from an exponential growth for an increasing number of chemical
species.

In this thesis the CME is approximated by a continuous Fokker-
Planck equation (FPE) which makes it possible to use sparser computa-
tional grids than for CME. FPE on conservative form is used to compute
steady state solutions by computation of an extremal eigenvalue and the
corresponding eigenvector as well as time-dependent solutions by an im-
plicit time-stepping scheme.

The performance of the numerical solution is compared to a standard
Monte Carlo algorithm. The computational work for solutions with the
same estimated error is compared for the two methods. Depending on the
problem, FPE or the Monte Carlo algorithm will be more efficient. FPE
is well suited for problems in low dimensions, especially if high accuracy
is desirable.
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B L. Ferm, P. Lötstedt and P. Sjöberg. Conservative solution of the
Fokker-Planck equation for stochastic chemical equations. Techni-
cal Report 2004-054, Department of Information Technology, Up-
psala University, 2005, revised version.
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1 Stochastic models in molecular biology

Molecular biology is the study of the structure, function and interaction
of the macromolecules (DNA, RNA and proteins) in the biological cell
machinery. Networks of gene expression and chemical processes deter-
mine the state of the cell. The key to understanding biology is to decode
those networks.

For some time it has been known that it might be necessary to con-
sider the variation in molecule numbers to accurately describe a class
of chemical systems [16] and that many examples of members of this
class are found in molecular biology [2], [3]. The matter has received
increased attention in the last years partly because of new experimental
techniques [15], and randomness is used to explain differences between
individuals in populations [18] as well as the properties of biochemical
control mechanisms [5], [17], [21].

1.1 Chemical reactions

Let us review the prerequisites of ordinary test tube chemistry. Con-
sider N molecular species Xi, i = 1, . . . , N , in a chemical reactor with
volume Ω. Let xi be the copy number of Xi. The state of the system
is determined by the number of molecules x = (x1, x2, . . . , xN )T , xi ∈
Z+ = {0, 1, 2, . . .}, but the number of molecules is usually very large in
the laboratory and is scaled by the Avogadro constant NA ≈ 6.022 · 1023

molecules per mol, in order to get the more manageable unit mol. For
practical purposes it is convenient to use concentrations [Xi] = xi/Ω in-
stead of amount of substance and describe the state of the system by
[X] = ([X1], [X2], . . . , [XN ])T , [Xi] ∈ R+ = {x ∈ R|x ≥ 0}. The mixture
is assumed to be homogeneous so that the concentrations are the same
in the entire reactor. The indicated notation where the concentration of
molecular species A is denoted [A] and the copy number is denoted a will
be used below.

The fundamental description of the chemical dynamics is the formu-
lation of reactions. A reaction is a process that changes reactants into
products by some rate defined by a rate law v([X]). The reactants and
the products are defined by vectors s = (s1, s2, . . . , sN )T , where si ∈ Z+.
The vector s− holds the number of molecules that are needed to produce
s+ molecules. A reaction is written

s−1 X1 + s−2 X2 + . . . + s−NXN
v([X])−−−−→ s+

1 X1 + s+
2 X2 + . . . + s+

NXN . (1)
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Terms where s−i = 0 or s+
i = 0 are normally not written out.

Even if concentrations change in discrete steps, it is a good approxi-
mation to assume that the change is continuous when molecule numbers
are large. This assumption is made in order to derive the reaction rate
equations which determine the time evolution of the concentrations. For
R reactions where each reaction r is associated with reactants specified
by s−r , products specified by s+

r and a rate law vr([X]), the reaction rate
equation is written

d[X]
dt

=
R∑

r=1

vr([X])
1
Ω

(s+
r − s−r ). (2)

The rate law vr([X]) must be determined experimentally and can not
be inferred from the reaction mechanism in general, but for an elementary
reaction the rate law takes a simpler form [1]. An elementary reaction is a
one-step reaction. The reaction rate then depends on some temperature-
dependent constant k and the concentrations of the reactants. The rate
law of an elementary rection r

vr([X]) = k
N∏

i=1

[Xi]s
−
ri , (3)

where s−ri is the i:th component of s−r . This equation is a good model if
the following two assumptions are satisfied [20]:

1. Between reactive collisions many non-reactive collisions ensure that
the velocities of molecules comply to the Maxwell velocity distri-
bution. Otherwise the frequency of reactive collisions will not be
proportional to the product of the concentrations.

2. Internal states of molecules are in thermal equilibrium. The re-
action rate would otherwise depend on a varying distribution of
excited states.

A complex of elementary reactions can be analyzed and a total rate of
the complex can be determined and used as rate law for a non-elemental
reaction.

It is extremely rare to consider trimolecular elementary reactions
since it would require simultaneous collisions between three molecules,
which is very improbable. It is more likely that such a reaction occurs in
two steps.
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1.2 Chemistry in the cell

When considering a single cell, the convenient concept of continuously
varying concentrations used in large scale chemistry obscures the pic-
ture. The actual molecule numbers x = (x1, x2, . . . , xN )T are quite well
suited to describe the chemical state of the cell as molecule numbers are
small (for a gene: DNA one or two copies, RNA some tens and proteins
perhaps hundreds). The actual numbers vary from gene to gene. A more
important problem is that the discrete nature of the chemical state of
the cell will make the concentration, which is a continuous variable, a
less suitable description for some cases.

The discrete nature of molecules introduces an inevitable source of
noise in the chemical system. The noise is not a result from an un-
predictable environment, but rather the discrete nature of the chemical
system and hence it is called intrinsic noise or internal noise [20]. The
experimental biology has in the last years developed methods to study
intrinsic noise in the gene expression of single cells, e.g. [6].

On the model level we cannot hope to study all molecular species in
the cell. The model has to be a subset of the species. Reactions where
either no reactants or no products are within the subset are written using
the symbol ∅ to denote that no molecules of the model are consumed
alternatively produced in the reaction. For example

∅ k−→ A,

denotes that A is created from reactants that are not included in the
model by a constant rate k.

Examples of reactions corresponding to the system schematically shown
in Figure 1 are listed in Table 1 The syntheses in Figure 1 are controlled
by feedback mechanisms symbolized by the “arrows with blunt ends”.
The minus sign indicates that the feedback is negative. The constants
k, K and µ in Table 1 determines the maximal rate of synthesis, the
strength of the feedback and the rate of degradation. The syntheses are
not elemental reactions due to the feedback mechanisms, but the syn-
thesis rate law can be derived from analysis of the underlying elemental
reactions. The reaction rate equation for the example is

d[A]
dt = k1

1+
[A]
K1

− µ[A]− k3[A][B]

d[B]
dt = k2

1+
[B]
K2

− µ[B]− k3[A][B].
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Figure 1: Two metabolites coupled by a bimolecular reaction.

No. Reaction Rate law Type

1 ∅ v1([A])−−−−→ A v1([A]) = k1/(1 + [A]/K1) synthesis

2 A
v2([A])−−−−→ ∅ v2([A]) = µ[A] degradation

3 ∅ v3([B])−−−−→ B v3([B]) = k2/(1 + [B]/K2) synthesis

4 B
v4([B])−−−−→ ∅ v4([B]) = µ[B] degradation

5 A + B
v5([A],[B])−−−−−−→ ∅ v5([A], [B]) = k3[A][B] bimolecular

reaction

Table 1: Reactions of the chemical model shown in Figure 1 (No. corre-
sponds to the numbers in the figure).

2 The master equation

The master equation describes how the probability for the state of the
system evolves in time. The probability distribution of the states give
a very detailed information about the variation in copy numbers, but
it is not the only measure that can be used to describe the properties
of the molecular control systems of cells. It is the only measure that
is considered here, but might be sufficient for some cases to compute
the autocorrelation or some moments of the probability density. The
probability density function is a more general description, though. The
goal here is to solve the master equation.

To introduce the some concepts a brief summary of the master equa-
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tion and related concepts from [20] and [8] follows.

2.1 Markov processes

The story of the master equation must begin with Markov processes.
A Markov process is a special case of a stochastic process. Stochas-
tic processes are often used in physics, biology and economy to model
randomness. In particular, Markov processes are often used to model
randomness, since it is much more tractable than a general stochastic
process.

A general stochastic process is a random function f(X, t), where X
is a stochastic variable and t is time. A stochastic variable, explained
very briefly, is a domain of possible values ΩX and the probabilities
p(x), x ∈ ΩX . The stochastic process hence describes how the proba-
bility for different states vary in time.

A general way to specify a stochastic process is to define the joint
probability densities for values x1, x2, x3, . . . at times t1, t2, t3, . . . re-
spectively

p(x1, t1;x2, t2;x3, t3; ...). (4)

If all such probabilities are known, the stochastic process is fully specified,
but it is of course not an easy task to find all such distributions.

Using (4) the conditional probabilities can be defined as usual

p(x1, t1;x2, t2; . . . |y1, τ1;y2, τ2, . . .) =
p(x1, t1;x2, t2; . . . ;y1, τ1;y2, τ2, . . .)

p(y1, τ1;y2, τ2, . . .)
,

where x1, x2, . . . and y1, y2, . . . are values at times t1 ≥ t2 ≥ . . . ≥ τ1 ≥
τ2 ≥ . . ..

This is where a Markov process has a very attractive property. It has
no memory. For a Markov process

p(x1, t1;x2, t2; . . . |y1, τ1;y2, τ2, . . .) = p(x1, t1;x2, t2; . . . |y1, τ1).

The probability to reach a state x1 at time t1 and state x2 at time t2
if the state is y1 at time τ1 is independent of any previous states, with
times ordered as before. This property makes it possible to construct any
of the probabilities (4) by a transition probability p→(x, t|y, τ) (t ≥ τ)
and an initial probability distribution p(xn, tn):

p(x1, t1;x2, t2; . . . ;xn, tn) = p→(x1, t1|x2, t2)p→(x2, t2|x3, t3) . . .
. . . p→(xn−1, tn−1|xn, tn)p(xn, tn).
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A consequence of the Markov property is the Chapman-Kolmogorov
equation

p→(x1, t1|x3, t3) =
∫

p→(x1, t1|x2, t2)p→(x2, t2|x3, t3)dx2. (5)

2.2 Derivation of the master equation

The master equation is a differential form of the Chapman-Kolmogorov
equation (5). The terminology differs between different authors. Some-
times the term “master equation” is used only for jump processes. Jump
processes are characterized by discontinuous motion, that is there is a
bounded and non-vanishing transition probability per unit time

w(x|y, t) = lim
∆t→0

p→(x, t + ∆t|y, t)
∆t

,

for some y such that |x − y| > ε > 0. Here, the function w(x|y, t) =
w(x|y).

The master equation for jump processes, which is the type of processes
that will be considered here, can be written

∂p(x, t)
∂t

=
∫ (

w(x|x′)p(x′, t)− w(x′|x)p(x, t)
)
dx′. (6)

The master equation has a very intuitive interpretation. The first part
of the integral is the gain of probability from the state x′ and the second
part is the loss of probability to x′. The solution is a probability distri-
bution for the state space. Analytical solutions of the master equation
are possible to calculate only for simple special cases.

2.3 The model of the cell

Here, the model of the cell is a well-stirred volume where molecules react
with a certain probability each time molecules come together in random
collisions. The state of the cell is determined by the number of molecules
of N species x = (x1, x2, . . . , xN )T . Then the reaction (1) is a state
transition

(x1, . . . , xN )T ṽ(x)−−→ (x1 + s+
1 − s−1 , . . . , xN + s+

N − s−N )T , (7)

where ṽ(x) is the mesoscopic reaction rate. The state trasition (7) and
an initial state define a jump Markov process. The number of molecules
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change as a result of reactions at random times. The mesoscopic reaction
rate for an elementary reaction corresponds to (3) but takes the discrete
nature of molecule numbers into account

ṽ(x) = Ωk
N∏

i=1

xi!

Ωs−i (xi − s−i )!
.

The reaction rate (3) is the macroscopic reaction rate and is a very good
approximation of ṽ(x) even for moderate copy numbers. From here on,
reaction rate will refer to the mesoscopic reaction rate. The reaction
rate as a function of the number of molecules will be dependent of the
volume of the cell. If the volume and molecule numbers are increased in
such a way that the concentrations are kept constant the jump process
will approach a continuous process as the volume tends to infinity. The
reaction rate can be derived also for the more complex rate laws that are
the result of a complex of elementary reactions.

For all models in this thesis the volume will be kept constant. Since a
cell is expected to grow and split, which should make the volume change
with a factor two, that might seem a little bit odd. The reason is that
the growth is modeled by a dilution of the chemical species. The dilution
is hence included in the model as a degradation rate.

This model of the cell will be used to describe the fluctuations in
molecule numbers. There are at least three reasons why this is important.

1. If molecule numbers are small, the macroscopic reaction rate equa-
tions will not be accurate [20].

2. For near-critical systems fluctuations may be very large [5].

3. The dynamics of systems with several stable fix points or a nearly
unstable fix point can not be studied unless the fluctuations are
properly characterized [21].
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2.4 The chemical master equation

We choose to define a reaction r as a jump to the state x from a state xr,
where x, xr ∈ ZN

+ . The propensity wr(xr) = ṽ(x) is the probability for
transition from xr to x per unit time [12]. One reaction can be written

xr
wr(xr)−−−−→ x.

The difference in molecule numbers nr = xr − x is used to write the
master equation (6) for a system with R reactions

dp(x, t)
dt

=
∑
r = 1

(x + nr) ∈ ZN
+

wr(x + nr)p(x + nr, t)−
∑
r = 1

(x− nr) ∈ ZN
+

wr(x)p(x, t) (8)

This special case of the master equation is sometimes called the chemical
master equation (CME), [16], [20]. If the state space is truncated in
each dimension the equation can be numerically integrated. The major
problem then is that the state space is very large; it grows exponentially
with N . Solutions cannot be computed for more than a few dimensions.

In this formalism our example, the reactions in Table 1, will take the
form shown in Table 2. The CME for the reactions in Table 2 is written

r Reaction w(x) nT
r

1 ∅ w1(a)−−−→ A w1(a) = Ωk1/(1 + a/(ΩK1)) (−1, 0)

2 A
w2(a)−−−→ ∅ w2(a) = µa (1, 0)

3 ∅ w3(b)−−−→ B w3(b) = Ωk2/(1 + b/(ΩK2)) (0, −1)

4 B
w4(b)−−−→ ∅ w4(b) = µb (0, 1)

5 A + B
w5(a,b)−−−−→ ∅ w5(a, b) = k3ab/Ω (1, 1)

Table 2: Reactions of the chemical model displayed in Figure 1.
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



∂p(0,0,t)
∂t = µp(1, 0, t) + µp(0, 1, t) + k3

Ω p(1, 1, t)
−Ω(k1 + k2)p(0, 0, t),

∂p(0,b,t)
∂t = Ω k2

1+ b−1
ΩK2

p(0, b− 1, t)+ b > 0

µp(1, b, t) + µ(b + 1)p(0, b + 1, t)+
k3
Ω (b + 1)p(1, b + 1, t)
−(Ω(k1 + k2

1+ b
ΩK2

) + µb)p(0, b, t),
∂p(a,0,t)

∂t = Ω k1

1+ a−1
ΩK1

p(a− 1, 0, t)+ a > 0,

µ(a + 1)p(a + 1, 0, t) + µp(a, 1, t)+
k3
Ω (a + 1)p(a + 1, 1, t)
−(Ω( k1

1+ a
ΩK1

+ k2) + µa)p(a, 0, t),
∂p(a,b,t)

∂t = Ω k1

1+ a−1
ΩK1

p(a− 1, b, t) + Ω k2

1+ b−1
ΩK2

p(a, b− 1, t)+ a, b > 0

µ(a + 1)p(a + 1, b, t) + µ(b + 1)p(a, b + 1, t)+
k3
Ω (a + 1)(b + 1)p(a + 1, b + 1, t)−

(
Ω( k1

1+ a
ΩK1

+

k2

1+ b
ΩK2

) + µ(a + b) + k3
Ω ab

)
p(a, b, t).

2.5 Reducing the dimension by modeling

The dimensionality is a problem, not only for solving the master equation,
but also for interpreting the results. Removing not so important parts
makes the model more clear and simplifies computations at the same
time.

Biological systems are stiff by nature in the sense that processes with
very different time scales are coupled. Some molecules are quickly syn-
thesized and degenerated (typically metabolites) and some take a long
time to turn over (typically macromolecules). There is also a difference in
the complexity of reactions. Some biochemical reactions involve a chain
of many steps, while other reactions just involve a single association or
dissociation event. This difference in time-scales can be used by assuming
quasi-equilibrium and using the equilibrium constant to eliminate some
components. Other assumptions or properties of the biological system
will also be important for the simplification of the model.

One common example of how the analysis of the kinetics can simplify
the model is the Michaelis-Menten kinetics [7]. The model of an enzyme
E that binds a substrate S and form an intermediate I that is transformed
to the product P and the unaltered enzyme by rate k3 in an irreversible
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step is written

E + S
k2·[I]−−−−−−⇀↽−−−−−−

k1·[E]·[S]
I

k3·[I]−−−→ P + E.

Using the assumption that there is a rapid equilibrium between E, S
and I compared to the rate of product formation k3 the reactions can be
modeled

S

k·[S]
KM +[S]

[E]0−−−−−−−−→ P,

where KM = (k2 + k3)/k1 is the Michaelis-Menten constant, and [E]0 is
the total amount of enzyme, regardless of if it is bound in complex or
free and is considered constant.

2.6 The stochastic simulation algorithm (SSA)

The most common way to solve the master equation for models in molec-
ular biology is using the Stochastic Simulation Algorithm (SSA) [10], [11]
[9].

The simulation is a statistically correct realization of the underlying
Markov process. A realization is a trajectory x(t) through the space of
possible values ΩX . The trajectory should be thought of as the actual
time evolution of one individual system, here, one cell. The state of the
cell is traced through time by randomly applying reactions.

The realization can be used to compute statistical properties of the
Markov process, such as moments, auto-correlation or the probability
distribution. The implementation is straightforward for any number of
molecular species. Here SSA is used for computing the probability dis-
tribution and any reference to the solution process will refer to SSA for
solving the master equation.

It is common for Markov processes to have the ergodicity property
that the mean value of a long trajectory is the same as the mean value
of an ensemble of processes. That means that the steady state solution
can be sampled by the mean value of a long trajectory. That makes SSA
efficient since the entire simulation can be used to compute the solution.
On the contrary, it is expensive to compute a solution at a specific time
T since the trajectory cannot be used for the statistics, only the state in
the actual time point T .

The weakness of the SSA approach is that the simulation of reaction
after reaction might be slow, especially if the system has many different
time scales and some reactions are very fast and others are comparatively
slow. Then the examination of the properties of the entire system will be
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slow, since it will take a long time to simulate the large amount of fast
reactions, but the simulation must be long enough to study the behavior
of the slow reactions. There is work in progress to remedy this problem,
e.g. [4].

3 The Fokker-Planck equation (FPE)

The FPE can be derived from the Chapman-Kolmogorov equation (5) if
there are no jumps in the Markov process or alternatively as an approx-
imation of the master equation (6).

The general FPE for N variables x = (x1, x2, . . . xN )T has the form

∂p(x, t)
∂t

= −
N∑

i=1

∂

∂xi
D

(1)
i (x)p(x, t) +

N∑

i=1

N∑

j=1

∂2

∂xi∂xj
D

(2)
ij (x)p(x, t), (9)

where D
(1)
i is called the drift vector and D

(2)
ij is called the diffusion tensor

[19].
In the terminology of van Kampen in [20] the FPE is a master equa-

tion, while Gardiner in [8] prefers to call it a differential form of the
Chapman-Kolmogorov equation. The FPE is also linked to stochastic
differential equations, but that subject is not discussed in this thesis.

3.1 Fokker-Planck approximation of the chemical master
equation

Let us interpolate the solution and the propensity functions between the
discrete states and define a master equation by embedding the discrete
state space in a continuous space. The solution of this master equation
is identical to the chemical master equation on the integer lattice.

The Kramers-Moyal equation is obtained by inserting a Taylor ex-
pansion in the master equation. The full Kramers-Moyal equation is
identical to the master equation. If the functions wr(x) and p(x, t) are
sufficiently smooth we discard all terms of order three and higher. The
approximation of the CME (8) now has the form of a FPE

∂p(x, t)
∂t

=
R∑

r=1





N∑

i=1

nri
∂ (wr(x)p(x, t))

∂xi
+

N∑

i=1

N∑

j=1

nrinrj

2
∂2 (wr(x)p(x, t))

∂xi∂xj



 .

The FPE is a parabolic partial differential equation (PDE). Compared to
the master equation much fewer computational grid points can be used
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for the discretization of the FPE in each dimension. The exponential
growth of the problem size is not avoided, but it is mitigated.

The Fokker-Planck approximation of CME for the system in Table 2
in terms of (9) can be written using

D
(1)
1 (a, b) = Ω k1

1+ a
ΩK1

− µa− k3ab
Ω

D
(1)
2 (a, b) = Ω k2

1+ b
ΩK2

− µb− k3ab
Ω

D
(2)
1,1(a, b) = 1

2

(
Ω k1

1+ a
ΩK1

+ µa + k3ab
Ω

)

D
(2)
1,2(a, b) = 1

2
k3ab
Ω

D
(2)
2,1(a, b) = 1

2
k3ab
Ω

D
(2)
2,2(a, b) = 1

2

(
Ω k2

1+ b
ΩK2

+ µb + k3ab
Ω

)

4 Paper A

Paper A can be read as an introduction to the problem. Even tough
SSA is briefly discussed in the paper the main focus is to approximate
and solve the master equation using a PDE framework. The compari-
son is rather numerical solution of FPE versus numerical solution of the
master equation as a difference-differential equation. A four-dimensional
problem using FPE is propagated in time until the solution approaches
steady state.

4.1 Numerical solution of the Fokker-Planck equation

The state space is discretized using finite differences and Dirichlet bound-
ary conditions. The solution on the boundary is assumed to be zero. This
is a good assumption if the mass of the solution is located far from the
boundary. The discretized equation is written

∂p(x, t)
∂t

= Ap(x, t),

where A is the space discretization matrix.
Time is integrated using the implicit backward difference formula of

order 2 (BDF-2) [14]. The time stepping scheme is
(

3
2
I −∆tA

)
pn = 2pn−1 − 1

2
pn−2,
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where I is the identity matrix, ∆t is the size of the time step and pn

is the solution in time step n. An implicit method is suitable since the
problem is stiff. The large sparse system of equations is solved by the
iterative method Bi-CGSTAB, preconditioned by zero fill-in incomplete
LU-factorization [13].

5 Paper B

Paper B uses a conservative form of the FPE. The purpose is to find
the steady state solution by computing the eigenvector corresponding to
the zero eigenvalue and to solve the time-dependent problem by time-
integration. Two examples are solved in 2D with adaptivity in space and
time. Two test problems are studied and a time-dependent solution is
compared to a solution computed using the SSA. The solutions are in
good agreement.

5.1 The steady state problem as an eigenpair problem

A fundamental property of the master equation is that as t → ∞ all
solutions p → p∞, where p∞ is the stationary solution [20]. That implies
that there is an eigenpair of the space operator with eigenvalue 0 and
eigenvector p∞.

The steady state problem for the FPE discretized in space can be
written

Ap∞ = 0.

Even though any proper stable space discretization A will have an eigen-
value close to 0 it will probably not be exactly zero if no special concern
is exercised in this matter. This will make the search for the steady state
solution by eigenvalue methods hazardous. There are very likely other
eigenvalues close to zero and it may not be easy to discern which is the
correct one.

The existence of a zero eigenvalue of A is in accord with the conserva-
tion of probability. It is intuitive to understand that the master equation
conserves the probability for at least a couple of reasons. First of all
we expect the total probability for all states to be one. Secondly, it is
particularly clear for the chemical master equation that the probability
to leave one state is exactly the same as the probability to enter some
other state from that state. The second view is close to how conserva-
tive discretizations are constructed. As a consequence of conservation the

13



space discretization matrix A will have an eigenvalue that is exactly zero.
This is an advantage when solving steady state problem with eigenvalue
methods.

The eigenpair approach to computing the steady state solution is
superior compared to time stepping in time until steady state.

5.2 Boundary conditions

The boundary ∂Ω of our N -dimensional computational domain can be
conceptually divided into two domains, the lower boundary Γl where the
molecule copy number is xi = 0 in at least one dimension i and the upper
boundary Γu which is the rest of the boundary. The upper boundary is
an artificial numerical boundary.

The mathematical boundary condition on lower boundary is called
reflecting boundary conditions [8]

R∑

r=1

nri(qr + 0.5nr · ∇qr) = 0 on Γi = {x|xi = 0}.

A reflecting boundary condition on the lower boundary simply means
that there is no probability flowing to states where copy numbers are
negative.

We apply reflecting boundary conditions at the upper boundary as a
numerical boundary condition in order to preserve the total probability.
This is a reasonable approximation if the solution at the upper boundary
satisfies p(x, t) ≈ 0, x ∈ Γu, for all times in the simulation.

5.3 A biological example, the Barkai-Leibler oscillator

The first example in the paper is a slightly simpler version of the same
system that was presented as an example in section 1.2. The second
test problem is a model for circadian rhythms, i.e. a molecular clock.
The molecule numbers oscillates and produce peaks that can be used
to keep track of time and control daily rythms. There is a parameter
regime where the macroscopic reaction rate equation fails to oscillate,
but where a stochastic simulation oscillates with a stable period. The
original model is reduced in [21] to two components, which here is called
x and y. A short stochastic simulation of the model, using the same
parameters that are used in paper B is shown i Figure 2. The figure
shows how the trajectory in the space make repeated counter-clockwise
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Figure 2: A realization of the model of a circadian clock.

excursions in a loop in the phase plane. In the parameter regime where
macroscopic oscillations vanish the trajectory returns to an area of local
stability between rotations in the state space. The reason that a stochas-
tic description can maintain oscillations is that the system is disturbed
from the pseudo-steady state and if the state variable leave the area of
local stability, another turn in the loop is generated. This oscillation will
never die out, even if the master equation has a steady state solution.

6 Paper C

Paper C contains theoretical bounds of the error in the approximation
and the numerical solution, and a comparison between the PDE and the
SSA approach to solution of the master equation.

6.1 Error bounds

The difference between the solution of the FPE and the CME arises
from two sources, the model error of the Fokker-Planck approximation
of the master equation and the discretization error from the numerical
method. Both error sources are bounded by higher derivatives of q(x, t) =
w(x)p(x, t). The model error depends on third derivatives of q(x, t) since
the Kramers-Moyal expansion is truncated after the third term. The
discretization error depends on the numerical method.
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6.2 Computational work

The computational work for solving the master equation by FPE de-
pends on the numerical methods for large sparse unsymmetric matrices,
namely Krylov subspace methods for computation of extremal eigenval-
ues (Arnoldi’s method) and solution of linear systems of equations (e.g.
Bi-CGSTAB or GMRES). Let us assume that these tasks for a sparse
M × M -matrix can be completed in CM operations, where C is some
constant.

The size M will be dependent on the number of grid points in each
dimension. The space discretization error ε for a ps-order method is
proportional to hps where h is the distance between grid points. A certain
ε requires a step length h = ε1/ps in each dimension. That implies that
the work for computing the steady state solution in N dimensions is

Wss(ε) = Cs(d, ps)ε−N/ps ,

since that is equivalent to finding the zero eigenmode. Cs(N, ps) is inde-
pendent of ε.

For the time dependent problem, O(M) operations will be performed
in each time step. Let us use the same error ε to choose the time step
of a pt-order method. Analogous to the reasoning about grid points in
space the number of time steps is proportional to ε−1/pt and the work for
the time-dependent solution in N dimensions is

Wtd(ε) = Ct(N, ps, pt)ε−(1/pt+N/ps),

where Ct is independent of ε.
Solving the master equation using SSA will in one sense mean that the

resolution in space and time is perfect. During the simulation solution
for all times is computed in the simulated time interval. Of course, to
determine p(x, t) the memory will limit the resolution in time and usually
also in space, since the number of states is KN where K is the size of
the computational domain in each dimension. In time, it is sufficient to
store the solution at a few time points. In space, the resolution and the
memory requirements can be lowered by collecting the discrete states in
bins. Instead of recording the probability for the system to be in a specific
state, the probability for being in a bin is recorded. For the standard SSA,
the reduction in resolution will not speed up the computation however,
just lower the memory requirements.

The error for Monte Carlo methods has another source, namely the
stochastic sampling. The number of operations is proportional to the

16



number of samples L. The error ε is proportional to 1/
√

L, and hence
the computational work is

WSSA = CSSAε−2,

where CSSA is independent of ε. CSSA may be large depending on the
problem. For example, the SSA applied to stiff systems will sample some
subspace of the state space extensively (the fast time scale). The cost for
sampling the entire state space will be high because of the high sampling
rate of the subspace of the fast reactions. Another example of a high
CSSA is time-dependent problems where only a few snapshots of the
solution in time is needed. The cost for generating a single sample is to
simulate a trajectory in state space for a long time until T . For steady
state solutions the ergodicity property makes the entire trajectory useful,
but for time-dependent problems only the values of the trajectory at a
few time points are used to construct the solution.

When the cost of a sample in SSA is high, the slow convergence rate
will be a problem. For those problems FPE will be an alternative.

6.3 Test problems

Some of the problems treated in Paper C are examples of when SSA
runs into problems and some other problems when it is the best method.
The first example is the system that has been used as an example in
previous sections and is shown in Figure 1. The steady state solutions
for two different K = K1 = K2 are shown in Figure 3. The weak feed-
back to the right in Figure 3 is much more problematic to the SSA, than
the strong feed-back to the left since the diffusion along the boomerang-
shaped ridge is slow.

Another example in the paper is the toggle switch, which is shown
schematically in Figure 4 and the corresponding reactions are listed in
Table 3. The switch is composed of two metabolites which mutually
inhibit each other. If one of them is abundant, very little of the other
will be produced. There is a probability that the state is perturbed by
noise and the inhibition of the repressed metabolite is decreased. Now,
the roles of the metabolites may become the opposite if the previously
repressed metabolite get the upper hand and start to repress synthesis
of the previously dominating metabolite.

The time-evolution of the toggle switch is shown in Figure 5. The
switch is initiated at one of the pseudo-stable states and the time series
shows how the probability to be at the other switch state increases to
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Figure 3: The steady state solutions of the two metabolites example,
strong inhibition (left) and weak inhibition (right). The contour levels
are 1 · 10−7, 1 · 10−6, 5 · 10−6, 1 · 10−5, 2 · 10−5, and 3 · 10−5.

approach the steady state, which is equal probability for both switch
states. The SSA will spend a lot of time simulating the distribution
of the pseudo-steady states, while the interesting feature, the transition
between switch states is a rare event.

The other two test problems in the paper, one three-dimensional and
one four-dimensional, are examples of when SSA is efficient. Not only is
the convergence of SSA insensitive to high dimensionality, but also these
two problems have a high probability for very small molecule numbers
and that suits SSA as the entire solution is “just a few reactions away”.

B

A
2

43

1

−

−

Figure 4: Toggle switch implemented by two mutually repressive metabo-
lites.
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No. Reaction Rate law Type

1 ∅ v1([B])−−−−→ A v1([B]) = k/(K + [B]2) synthesis

2 A
v2([A])−−−−→ ∅ v2([A]) = µ[A] degradation/dilution

3 ∅ v3([A])−−−−→ B v3([A]) = k/(K + [A]2) synthesis

4 B
v4([B])−−−−→ ∅ v4([B]) = µ[B] degradation/dilution

Table 3: Reactions of the chemical model displayed in Figure 4.

7 Conclusions

The Fokker-Planck approximation is an alternative for numerical solu-
tion of the master equation for a small number of dimensions, especially
for high accuracies. Conservative schemes enables fast steady state so-
lution by computation of an eigenpair. Time-dependent solutions are
computed by implicit time-stepping schemes that are well suited for the
stiffness that is so common in biological systems. High-order difference
approximations and adaptive grids will make the method more efficient
by reducing the number of grid points further.
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Abstract

The deterministic reaction rate equations are not an accurate description of many
systems in molecular biology where the number of molecules of each species often
is small. The master equation of chemical reactions is a more accurate stochastic
description suitable for small molecular numbers. A computational difficulty is the
high dimensionality of the equation. We describe how it can be solved by first
approximating it by the Fokker-Planck equation. Then this equation is discretized
in space and time by a finite difference method. The method is compared to a Monte
Carlo method by Gillespie. The method is applied to a four-dimensional problem of
interest in the regulation of cell processes.

Introduction

There has been a technological breakthrough in molecular biology during the last decade,
which has made it possible to test hypothesis from quantitative models in living cells [1],
[5], [9], [11], [18], [21], [28]. This development will contribute greatly to understanding
of molecular biology [16], [30]. For instance, we can now ask questions about how the
chemical control circuits in a cell respond to changes in the environment and reach a deep
understanding by combining experimental answers with theory from systems engineering
[4]. When put in an evolutionary context we can also understand why the control systems
are designed as they are [6], [8], [31].
The vast majority of quantitative models in cell and molecular biology are formulated in
terms of ordinary differential equations for the time evolution of concentrations of molecu-
lar species [17]. Assuming that the diffusion in the cell is high enough to make the spatial
distribution of molecules homogenous, these equations describe systems with many par-
ticipating molecules of each kind. This approach is inspired by macroscopic descriptions
developed for near equilibrium kinetics in test tubes, containing 1012 molecules or more.
However, these conditions are not fulfilled by biological cells where the copy numbers of
molecules often are less than a hundred [14] or where the system dynamics are driven
towards critical points by dissipation of energy [3], [7]. Under such circumstances is it
important to consider the inherent stochastic nature of chemical reactions for realistic
modeling [2], [22], [23], [24].
The master equation [19] is a scalar, time-dependent difference-differential equation for
the probability distribution of the number of molecules of the participating molecular
species. If there are N different species, then the equation is N -dimensional. When
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N is large the problem suffers from the ”curse of dimensionality”. With a standard
discretization of the master equation the computational work and memory requirements
grow exponentially with the number of species. As an example, engineering problems are
nowadays solved in three dimensions and time, often with great computational effort.
A Monte Carlo method is suitable for problems of many dimensions in particular for
the steady state solution of the probability distribution. In Gillespie’s algorithm [12]
the reactions in the system are simulated by means of random numbers. By sampling
the number of molecules of each species as time progresses, an approximation of the
probability distribution is obtained.
Our approach to reduce the work is to approximate the master equation by the Fokker-
Planck equation [19]. This is a scalar, linear, time-dependent partial differential equation
(PDE) with convection and diffusion terms. The solution is the probability density and
the equation is discretized by a finite difference stencil. The advantage compared to the
master equation is that fewer grid points are needed in each dimension, but the problem
with exponential growth of the work still remains. When N is large there is no other
alternative than a Monte Carlo method.
In the following sections the reaction rate equations, the master equation, and the Fokker-
Planck equation are presented and written explicitly for a system with two reacting
components. The Gillespie algorithm is discussed and compared to numerical solution
of the master or Fokker-Planck equations. The Fokker-Planck equation is discretized
in space by a second order method and in time by a second order implicit backward
differentiation method. An example of a biological system in a cell is the control of two
metabolites by two enzymes, see Fig. 1. The metabolites A and B are synthesized by the
enzymes EA and EB respectively. The synthesis is feedback inhibited and the expression of
enzymes is under transcriptional control. The consumption of the metabolites is catalyzed
by an unsaturated two-substrate enzyme.

EB

EA

B

A

source and

sink

Ract.
B

Rinact.
B

Rinact.
A

Ract.
A

repressor feedback

enzyme

product

Figure 1: The synthesis of two metabolites A and B by two enzymes EA and EB.

The time evolution of this system is computed in the last section. The solution is obtained
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by a numerical approximation of the Fokker-Planck equation in four dimensions.

1 Equations

The deterministic and the stochastic descriptions of chemical reaction models in a cell are
given in this section. On a macroscale, the concentrations of the species satisfy a system
of ODEs. On a mesoscale, the probability distribution for the copy numbers of the
participating molecules satisfies a master equation. The solution of the master equation
can be approximated by the solution of a scalar PDE, the Fokker-Planck equation.

1.1 Deterministic equations

Assume that we have N chemically active molecular species and that the mixture is
spatially homogeneous to avoid dependence in space. Then the reaction rate equations
are a macroscopic description, valid for a system far from chemical instability and with
a large number of molecules for each species [7]. The time evolution of the average
concentrations are governed by a system of N coupled nonlinear ODEs. It is convenient
to use average numbers of molecules instead of average concentrations. We assume a
constant reaction volume.
As an example, suppose that we have two species A and B. Let their copy numbers be
denoted by a and b and their average numbers be denoted by 〈a〉 and 〈b〉. The species
are created with the intensities kAe∗A and kBe∗B, they are annihilated with the intensities
µa and µb, and they react with each other with the intensity k2ab. Then the chemical
reactions can be expressed in the following way:

∅ kAe∗
A−−−→ A ∅ kBe∗

B−−−→ B

A + B k2ab−−−→ ∅
A

µa−−→ ∅ B
µb−→ ∅

(1)

The corresponding system of ODEs is

d〈a〉
dt

= kAe∗A − µ〈a〉 − k2〈a〉〈b〉,

d〈b〉
dt

= kBe∗B − µ〈b〉 − k2〈a〉〈b〉.
(2)

As an example, the coefficients in the system can be

kAe∗A = kBe∗B = 1s−1, k2 = 0.001s−1, µ = 0.002s−1. (3)

The system (2) may be stiff depending on the size of the coefficients µ and k2.
When the synthesis of A and B are under competitive feedback inhibition by A and B
respectively

∅
kAe∗

A
1+ a

KI−−−−→ A ∅
kB e∗

B

1+ b
KI−−−−→ B

A + B k2ab−−−→ ∅
A

µa−−→ ∅ B
µb−→ ∅ .

(4)
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The ODE system is now

d〈a〉
dt

= kAe∗A

1 +
〈a〉
KI

− µ〈a〉 − k2〈a〉〈b〉,

d〈b〉
dt

= kBe∗B

1 +
〈b〉
KI

− µ〈b〉 − k2〈a〉〈b〉.
(5)

Reasonable coefficients in this case are

kAe∗A = kBe∗B = 600s−1, k2 = 0.001s−1, µ = 0.0002s−1, KI = 1 · 106. (6)

1.2 The master equation

The master equation is an equation for the probability distribution p that a certain
number of molecules of each species is present at time t [19]. Let a state x ∈ S

N where
N is the number of molecular species or the dimension of the problem and S = Z

+,
the non-negative integer numbers. An elementary chemical reaction is a transition from
state xr to state x. Each reaction can be described by a step nr in S

N . The probability
for transition from xr to x per unit time, or the reaction propensity, is wr(xr) and
w : S

N → R. One reaction can be written

xr
wr(xr)−−−−→ x, nr = xr − x. (7)

The master equation for p(x, t) and R reactions is

∂p(x, t)
∂t

=
r=R∑
r = 1

(x + nr) ∈ S
N

wr(x + nr)p(x + nr, t) −
r=R∑
r = 1

(x − nr) ∈ S
N

wr(x)p(x, t). (8)

The computational difficulty with this equation is that the number of dimensions of the
problem grows with the number of species N in the chemical reactions.
Let a and b denote the number of A and B molecules and introduce the shift operator
EA in a as follows

EAf(a, b, t) = f(a + 1, b, t).

The shift EB is defined in the same manner. Then the master equation of the reactions
in (2) can be written

∂p(a, b, t)
∂t

= kAe∗A(E−1
A − 1)p(a, b, t)

+kBe∗B(E−1
B − 1)p(a, b, t)

+µ(EA − 1)(ap(a, b, t)) + µ(EB − 1)(bp(a, b, t))
+k2(EAEB − 1)(abp(a, b, t)).

(9)
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1.3 The Fokker-Planck equation

By truncating the Taylor expansion of the master equation after the second order term
we arrive at the Fokker-Planck equation [19]. Let H denote the Hessian matrix of second
derivatives with respect to x ∈ (R+)N . Then the equation is

∂p(x, t)
∂t

=
R∑

r=1

nr · ∇x(wr(x)p(x, t)) + 0.5nr · H(wr(x)p(x, t))nr

=
R∑

r=1




d∑
i=1

nri

∂
(
wr(x)p(x, t)

)
∂xi

+
d∑

i=1

d∑
j=1

nrinrj

2
∂2

(
wr(x)p(x, t)

)
∂xi∂xj


 .

(10)
The Fokker-Planck equation of the chemical system (1) is after Taylor expansion of (9)

∂p(a, b, t)
∂t

= kAe∗A(−pa + 0.5paa) + kBe∗B(−pb + 0.5pbb)
+ µ((ap)a + 0.5(ap)aa) + µ((bp)b + 0.5(bp)bb))
+ k2((abp)a + (abp)b + 0.5(abp)aa + (abp)ab + 0.5(abp)bb).

(11)

The boundary conditions at the lower boundaries are by assumption p(x, t) = 0,xi =
0, i = 1 . . .N .
It is shown in [19] that for large systems with many molecules the solution can be expanded
in a small parameter where the zero-order term is the solution to the deterministic reaction
rate equations and the first perturbation term is the solution of a Fokker-Planck equation.

2 Methods for numerical solution

We have three different models for the time evolution of the chemical reactions in a
cell. The numerical solution of the system of ODEs is straightforward [15]. The master
equation is discrete in space and can be discretized in time by a suitable method for
stiff ODE problems. The Fokker-Planck equation has straight boundaries at xi = 0, i =
1 . . .N , and is easily discretized in space by a finite difference method. An artificial
boundary condition p(x, t) = 0 is added at xi = xmax for a sufficiently large xmax > 0
to obtain a finite computational domain. For comparison we first discuss the Gillespie
algorithm, which is equivalent to solving the master equation.

2.1 Gillespie’s method

A Monte Carlo method was invented in 1976 by Gillespie [12] for stochastic simulation
of trajectories in time of the behavior of chemical reactions. Assume that there are
M different reactions and that p̃(τ, λ), λ = 1, . . .M, is a probability distribution. The
probability at time t that the next reaction in the system will be reaction λ and will occur
in the interval (t + τ, t + τ + δt) is p̃(τ, λ)δt. The expression for p̃ is

p̃(τ, λ) = hλcλ exp(−
M∑

ν=1

hνcντ),
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where hν is a polynomial in xi depending on the reaction ν and cν is a reaction constant
(cf. k2 and µ in (3)). The algorithm for advancing the system in time is:

1. Initialize N variables xi and M quantities hν(x)cν

2. Generate τ and λ from random numbers with probability density p̃(τ, λ)

3. Change xi according to reaction λ, update hν , take time step τ

4. Store xi, check for termination, otherwise goto 2

The time steps are τ . For stiff problems with at least one large hν(x)cν , the expected value
of τ is small and the progress is slow, similar to what it is for an explicit, deterministic
ODE integrator. One way of circumventing these problems is found in [25].

2.2 Solving the master equation

The master equation (8) is solved on a grid in an N -dimensional cube with xi = 0, . . . , xmax,
and step size ∆xi = 1. The total number of grid points is

∏N
i=1(xmax +1) = (xmax +1)N .

The time derivative is approximated by an implicit backward differentiation method of
second order accuracy (BDF-2) [15]. The time step is chosen to be constant and a system
of linear equations is solved in each time step.

2.3 Solving the Fokker-Planck equation

The computational domain for the Fokker-Planck equation (10) is an N -dimensional cube
as above but with ∆xi ≥ 1. Suppose that the j:th step in the i:th dimension is ∆xij

and that
∑qi

j=1 ∆xij = xmax. Then the total number of grid points is
∏N

i=1(qi + 1) <

(xmax + 1)N . The time integrator is BDF-2 with constant time step ∆t. The space
derivatives of fr(x) = wr(x)p(x) are replaced by centered finite difference approximations
of second order of the first and second derivatives with respect to xi. One can show that
with certain approximations and a step ∆xi = 1 then we obtain the master equation. It
is known from analysis of a one-dimensional problem that for stability in space there is a
constraint on the size of ∆xi [20].
If fn

r is the vector of fr(x) at the grid points at time tn, then Arfn
r approximates the

space derivatives and Ar is a constant matrix. It is generated directly from a state
representation of chemical reactions and stored in a standard sparse format [26]. Let pn

be the vector of probabilities at the grid points. With the matrix B defined such that
Bpn =

∑
r Arfn

r the time stepping scheme is

(
3
2
I − ∆tB)pn = 2pn−1 − 1

2
pn−2. (12)

The system of linear equations is solved in each time step by BiCGSTAB after precondi-
tioning by Incomplete LU factorization (ILU), see [13]. The same factorization is used in
every time step. Since B is singular, there is a steady state solution p∞ 6= 0 such that
Bp∞ = 0.
The advantage with the Fokker-Planck equation compared to the master equation is that
with ∆xi > 1 instead of ∆xi = 1 the number of grid points is reduced considerably making
four-dimensional problems tractable. On the other hand, the Fokker-Planck equation only
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approximates the master equation, but one can show that error in this approximation is
of the same order as in the numerical approximation of the Fokker-Planck equation [27].

2.4 Comparison of the methods

Compared to the Monte Carlo method in section 2.1 smooth solutions p(x, t) are eas-
ily obtained with the Fokker-Planck equation also for time dependent problems. Many
trajectories with Gillespie’s method are needed for an accurate estimate of the time de-
pendent probability. A steady state problem can be solved with a time-stepping procedure
as in (12) or directly with an iterative method as the solution of Bp = 0. A termination
criterion is then based on the residual r = Bp. It is more difficult to decide when to stop
the Monte Carlo simulation. The main advantage of Gillespie’s algorithm is its ability
to treat systems with large N and M . It needs only N + 2M memory locations for a
simulation whereas numerical solution of the Fokker-Planck equation with a traditional
grid based method is limited to N = 5 or perhaps 6. When N is small it is, however, very
competitive. In an example in [27] with N = 2 the steady state solution is obtained with
the solver of the Fokker-Planck equation 130 times faster than with Gillespie’s algorithm
[27]. If the statistics is collected for p with the Monte Carlo method and there are xmax

molecules of each species, then also that method needs xN
max storage.

3 Numerical results

The time evolution of the four-dimensional example in Fig. 1 with two metabolites A
and B and the enzymes EA and EB is simulated with the Fokker-Planck equation in this
section. The copy numbers of the EA and EB are denoted by eA and eB. The reactions
are:

∅
kAeA
1+ a

KI−−−−→ A ∅
kB eB

1+ b
KI−−−−→ B

A + B k2ab−−−→ ∅
A

µa−−→ ∅ B
µb−→ ∅

∅
kEA

1+ a
KR−−−−→ EA ∅

kEB

1+ b
KR−−−−→ EB

EA
µeA−−→ ∅ EB

µeB−−→ ∅

(13)

The reaction constants have the following values

kA = kB = 0.3s−1, k2 = 0.001s−1, KI = 60, µ = 0.002s−1,
kEA = kEB = 0.02s−1, KR = 30.
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The average copy numbers are denoted by 〈eA〉 and 〈eB〉. Then the deterministic equa-
tions are

d〈a〉
dt

= kA〈eA〉
1 +

〈a〉
KI

− µ〈a〉 − k2〈a〉〈b〉,

d〈b〉
dt

= kB〈eB〉
1 +

〈b〉
KI

− µ〈b〉 − k2〈a〉〈b〉,

d〈eA〉
dt

= kEA

1 +
〈a〉
KR

− µ〈eA〉,

d〈eB〉
dt

= keB

1 +
〈b〉
KR

− µ〈eB〉.

(14)

The solution is computed with the Fokker-Planck equation and then plotted in two-
dimensional projections in Fig. 2. The number of molecules of each species is found on
the axis. The simulation starts at t = 0 and at t = 1500 the steady state solution is
approximately reached.
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Figure 2: The isolines of p(x, t) (black) and the isolines of the steady state solution
p(x,∞) (grey) are displayed for different combinations of molecular species.
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4 Conclusions

A stochastic simulation of chemical reactions is necessary in certain models in molecular
biology. The master equation governs the time evolution of the probability distribution
of molecule numbers in a spatially homogenous system. N molecular species imply an
N dimensional master equation. The standard approach to solve the master equation
numerically is Gillespie’s Monte Carlo method. The Fokker-Planck approximation of the
master equation is an alternative for a limited number of molecular species with savings
in computing time.
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[27] P. Sjöberg, P. Lötstedt and J. Elf, Fokker-Planck approximation of the master equa-
tion in molecular biology, Dept. of Information Technology, Scientific Computing, Uppsala
University, to appear, will be available at http://www.it.uu.se/research/reports/.

[28] T. Surrey, F. Nedelec, S. Leibler, E. Karsenti, Physical properties determining self-
organization of motors and microtubules, Science, 292 (2001), 1167–1171.

[29] M. Thattai, A. van Oudenaarden, Intrinsic noise in gene regulatory networks, Proc.
Natl. Acad. Sci. USA, 98 (2001), 8614–8619.

[30] J. J. Tyson, K. Chen, B. Novak, Network dynamics and cell physiology, Nat. Rev. Mol.
Cell. Bio., 2 (2001), 908–916.

[31] T. M. Yi, Y. Huang, M. I. Simon, J. Doyle, Robust perfect adaptation in bacterial
chemotaxis through integral feedback control, Proc. Natl. Acad. Sci. USA, 25 (2000), 4649–
53.



Paper B







FOKKER-PLANCK EQUATION 2

as the master equation [5, 6, 13, 18] is much more accurate. This is often the
case in molecular biology, see e.g. [18]. The master equation is a differential-
difference equation for the time dependent probability density p of the number
of molecules of each species. With N different species, the spatial domain of p
is an N -dimensional space.

The Fokker-Planck (FP) equation is a partial differential equation (PDE) in
time and N -dimensional space approximating the master equation. For small
N , the FP equation can be solved numerically after discretization, but for N & 5
other methods are needed due to the exponential growth of computational work
and storage requirements with increasing N (’the curse of dimensionality’). A
deterministic method for high dimensions is to use sparse grids [2]. A stochastic
method is Gillespie’s algorithm [10], which is a Monte Carlo method simulating
the reactions step by step. This is the usual method to compute the time
evolution of the probability distribution of chemical compositions also for small
N . We show in this paper that numerical solution of the FP equation is an
alternative for low dimensions with many advantages and illustrate our method
with two two-dimensional examples inspired by molecular biology.

The FP equation is discretized in the nonnegative orthant by a finite volume
method. The boundary conditions are such that the total probability density is
constant over time. The grid is Cartesian and is adaptively refined and coars-
ened in blocks of the grid [7]. Second order accuracy is obtained also at block
boundaries. The scheme is conservative after corrections at the block bound-
aries but then formal accuracy is reduced to one there. The total probability
is preserved with a conservative discretization. The same effect is achieved
by rescaling the solution now and then. The time step is chosen so that the
estimated temporal discretization error is below some given threshold [15].

The steady state solution of the FP equation is computed with adaptation
by solving an eigenvalue problem for a few eigenvalues with Arnoldi’s method
[14]. The solution is the eigenvector corresponding to the zero eigenvalue. The
operator of the conservative scheme is guaranteed to have a zero eigenvalue. This
may not be the case for the non-conservative method. This way of computing
the steady state solution is orders of magnitude faster than integrating the time
dependent solution until the time derivatives vanish.

The method is first applied to a system with two species modeling two re-
acting metabolites created by two enzymes in a growing cell [6]. Then the FP
equation corresponding to the model of the circadian clock in [19] is solved.
The circadian clock is a biological rhythm responsible for adapting organisms
to periodic variations in their terrestial environment such as the daylight [11].
This equation is sensitive to the formulation of the boundary conditions. The
FP solution is compared to the solution obtained by Gillespie’s method.

The supremum norm for a vector v of length N is denoted by |v|∞ and the
`2-norm is ‖v‖2 = (

∑N
i=1 |vi|2)1/2 in the paper.
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2 The master and Fokker-Planck equations

Chemical kinetics can be modelled by macroscopic, deterministic equations or
by mesoscopic, stochastic equations. The concentrations of the chemical species
satisfy a system of ODEs on a macroscale. The probability density for the par-
ticipating molecules satisfies a master equation on a mesoscale. These equations
are discussed in this section and the solution of the master equation is approxi-
mated by the solution of the FP equation. The assumption is that the mixture
of molecules is spatially homogeneous so that space dependent solutions are
avoided.

Assume that we have N chemically active molecular species Xi, i = 1 . . . N ,
and that there are xi molecules of substrate Xi at time t. The state vector x
of dimension N satisfies x ∈ ZN

+ , where Z+ denotes the non-negative integer
numbers. The inequality relation x ≥ 0 for a vector x denotes that all compo-
nents are non-negative xi ≥ 0, i = 1 . . . N . A chemical reaction r is a transition
from a state xr to x so that xr = x + nr. The probability or propensity for the
reaction to occur per unit time is wr(xr) ∈ R. The propensity is non-negative
and often modeled as a polynomial or a rational polynomial in xi. The reaction
r can be written

(1) xr
wr(xr)−−−−→ x, nr = xr − x.

The time evolution of the concentrations of the molecules is governed by the
reaction rate equations. They form a system of N coupled nonlinear ODEs,
which are valid when the molecular copy number of each species is large. Let
the concentration of Xi be denoted by [xi] and let [x] ∈ RN

+ be the vector of
concentrations, where R+ denotes the non-negative real numbers. Then the
reaction rate equations with R reactions are [13]

(2)
d[xi]
dt

= −
R∑

r=1

nriwr([x]), i = 1 . . . N.

The system (2) is often stiff with the size of the terms in wr differing by orders
of magnitude.

The master equation is a difference-differential equation for the time evolu-
tion of the probability density p(x, t) that the molecular state is x at time t [13].
To derive the equation for p, split nr into two parts so that

nr = n+
r + n−r , n+

ri = max(nri, 0), n−ri = min(nri, 0).

A reaction (1) at xr takes place if xr ≥ 0 and x ≥ 0 implying that x + n−r ≥ 0,
and a reaction at x occurs if x ≥ 0 and x− nr ≥ 0 implying that x− n+

r ≥ 0.
Introduce the flux for the r:th reaction

qr(x, t) = wr(x, t)p(x, t).

For a single reaction the change of probability is

(3)
∂p(x, t)

∂t
=

{
qr(x + nr, t), x + n−r ≥ 0

0, otherwise

}
−

{
qr(x, t), x− n+

r ≥ 0
0, otherwise

}
.
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Summation of (3) over all x yields

(4)

∑

x∈ZN
+

∂p(x, t)
∂t

=
∂

∂t

∑

x∈ZN
+

p(x, t) =
∑

x+n−r ≥0

q(x + nr, t)−
∑

x−n+
r ≥0

q(x, t)

=
∑

y≥0

q(y + n+
r , t)−

∑

y≥0

q(y + n+
r , t) = 0.

Thus, the total probability
∑

x∈ZN
+

p(x, t) is constant over time and therefore
conserved.

With R reactions the master equation is

(5)
∂p(x, t)

∂t
=

R∑
r = 1

x + n−r ≥ 0

qr(x + nr, t)−
R∑

r = 1
x − n+

r ≥ 0

qr(x, t).

It follows from (4) and (5) that the total probability in the master equation is
also conserved.

By truncating the Taylor expansion of the first sum of the master equation
(5) after the second order term we arrive at the FP equation [13] for x ∈ RN

+ .
The equation for the probability density is

(6)

∂p(x, t)
∂t

=
R∑

r=1





N∑

i=1

nri
∂qr(x, t)

∂xi
+

N∑

i=1

N∑

j=1

nrinrj

2
∂2qr(x, t)
∂xi∂xj





=
R∑

r=1





N∑

i=1

nri
∂

∂xi


qr(x, t) +

1
2

N∑

j=1

nrj
∂qr(x, t)

∂xj






.

The conservation form of the FP equation is obtained by introducing Fr with
the components

Fri = nri(qr + 0.5nr · ∇qr), r = 1 . . . R, i = 1 . . . N.

Then by (6)

(7)
∂p(x, t)

∂t
=

R∑
r=1

∇ · Fr.

Assume that p(x, t) = 0 outside

(8) Ω(ρ) = {x | x ∈ RN
+ and ‖x‖2 < ρ}

for some ρ > 0. Then qr = 0 and Fr = 0 in RN
+ \Ω(ρ) and the time derivative of

the total probability in the non-negative orthant RN
+ is by Gauss’ formula and
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(7)
(9)

∂

∂t

∫

RN
+

p(x, t) dV =
∫

RN
+

∂p

∂t
dV =

R∑
r=1

∫

RN
+

∇ · Fr dV =
R∑

r=1

∫

Ω

∇ · Fr dV

=
R∑

r=1

∫

∂Ω

Fr · nΩ dS = −
R∑

r=1

N∑

i=1

∫

Γi

Fri dS

= −
N∑

i=1

∫

Γi

R∑
r=1

nri(qr + 0.5nr · ∇qr) dS,

where nΩ is the normal of ∂Ω and Γi = {x | x ∈ RN
+ and xi = 0}. If the total

flux in the FP equation satisfies

(10)
R∑

r=1

nri(qr + 0.5nr · ∇qr) = 0 on Γi, i = 1 . . . N,

then the total probability in RN
+ is conserved. This is the boundary condition

(’reflecting barrier conditions’ in [9]) we adopt in the discretization of the FP
equation in the next section.

In order to derive the adjoint equation for the space operator of the FP
equation and its boundary condition from (6), consider for every r the inner
product

∫

Ω

nr · ∇(qr + 0.5nr · qr)u dΩ

=
∫

∂Ω

nΩ · nr(qr + 0.5nr · qr)u dS −
∫

Ω

pwr(nr · ∇)u dΩ

−0.5
∫

∂Ω

nΩ · nrqr∇ · (nru) dS + 0.5
∫

Ω

pwr(nr · ∇)∇ · (nru) dΩ.

Since
∑

r nr(qr + 0.5nr · qr) = 0 on ∂Ω, the adjoint steady state equation and
its boundary condition are

(11)

R∑
r=1

wr

N∑

i=1

nri





∂u

∂xi
− 0.5

N∑

j=1

nrj
∂2u

∂xi∂xj



 = 0,

R∑
r=1

nriwr

N∑

j=1

nrj
∂u

∂xj
= 0 on Γi.

A solution to (11) is a constant u. This solution is compared to the solution of
the discretized adjoint equation in Sect. 4.

3 Discretization

A numerical method for solution of the FP equation (7) with the boundary
conditions (10) is described in this section. The method is adaptive in space and
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time and the total probability is preserved as it is in the analytical counterpart
(9).

3.1 Space discretization

The FP equation (7) is discretized by a finite volume method in 2D with quadri-
lateral cells as in [8]. Integrate (7) using Gauss’ theorem over one cell ωij in R2

+

to obtain
(12)
∂pij

∂t
=

1
|ωij |

∫

ωij

∂p(x, t)
∂t

dω =
1
|ωij |

∫

ωij

R∑
r=1

∇ · Fr dω =
1
|ωij |

∫

∂ωij

F · nω dS,

where pij is the average in a cell, F =
∑R

r=1 Fr, and nω is the normal on the
boundary ∂ωij of cell ωij with area |ωij |.

For evaluation of the integral on ∂ωij , we need an approximation of F =∑R
r=1 nr(qr +0.5nr ·∇qr) using the cell averages pij . An upwind approximation

of
∑R

r=1 nriqr is chosen depending on the sign of w in

R∑
r=1

nriqr =
R∑

r=1

nriwrp = wp.

On the face (i + 1/2, j) between ωij and ωi+1,j

(13)
R∑

r=1

nriqr =
{

wi+1/2,j(3pij − pi−1,j)/2, wi+1/2,j < 0,
wi+1/2,j(3pi+1,j − pi+2,j)/2, wi+1/2,j ≥ 0.

The gradient is approximated in a dual grid with cell corners at the midpoints
of the primal grid. By Gauss’ theorem in a dual cell ωi+1/2,j+1/2 with midpoint
at the common corner of ωij and ωi+1,j+1

∇qi+1/2,j+1/2 =
1

|ωi+1/2,j+1/2|
∫

ωi+1/2,j+1/2

∇q dω

=
1

|ωi+1/2,j+1/2|
∫

∂ωi+1/2,j+1/2

qnωdS.

Then q is approximated at the right hand face of ωi+1/2,j+1/2 by 0.5(qi+1,j +
qi+1,j+1). The other cell faces are treated similarly. Finally, on the face (i +
1/2, j)

∇qi+1/2,j = 0.5(∇qi+1/2,j+1/2 +∇qi+1/2,j−1/2).

The approximation on the other cell faces of ωij is the same. The scheme is
second order accurate on grids with constant grid size. In conclusion, the time
dependent equation for pij in a rectangular cell with the length of the edges ∆x
and ∆y in a rectangular domain Ω is
(14)

dpij

dt
= Φij(p) = 1

|ωij |
(
(Fi+1/2,j − Fi−1/2,j)∆y + (Fi,j+1/2 − Fi,j−1/2)∆x

)
,

i = 1, . . . , Ni, j = 1, . . . , Nj .
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