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Abstract

Viscoelastic materials can today be found in a wide range of practical appli-
cations. In order to make efficient use of these materials in construction, it
is of importance to know how they behave when subjected to dynamic load.
Characterization of viscoelastic materials is therefore an important topic,
that has received a lot of attention over the years.

This thesis treats different nonparametric methods for identifying the
complex modulus of an viscoelastic material. The complex modulus is a
frequency dependent material function, that describes the deformation of
the material when subjected to uniaxial stress. With knowledge about this
and other material functions, it is possible to simulate and predict how
the material behaves under different kinds of dynamic loads. The complex
modulus is often identified through wave propagation testing.

An important aspect of identification is the accuracy of the estimates.
For the identification to be as accurate as possible, it is important that the
experimental data contains as much valuable information as possible. Differ-
ent experimental condition, such as sensor locations and choice of excitation,
can influence the amount of valuable information in the data. The proce-
dure of determining optimal values for such design parameters is known as
optimal experiment design.

The first two papers of the thesis treats optimal experiment design for
nonparametric identification of the complex modulus, based on wave prop-
agation tests on large homogenous specimens. Optimal sensor locations is
treated in the first paper, and optimal excitation in the second. In the third
paper, a technique for estimating the complex modulus for a small pellet-
sized specimen is presented. Three different procedures are considered, and
an analysis of the accuracy of the estimates is carried out.
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1 Introduction

Viscoelastic materials, such as plexiglass and other plastics, can today be
found in a wide range of practical applications. In many cases, these ma-
terials are used in environments where they are subjected to dynamic load.
This dynamic load may for example be vibrations from a motor or stress
caused by impact or collision. In order to make efficient use of viscoelastic
materials, it is therefore of interest to know their behavior under different
circumstances. What is for example the deformation of the airplane win-
dows when the motor is switched on? Mechanical engineers today have tools
to simulate and predict such behavior given that the characteristics of the
material are known.

The behavior of a elastic material under uniaxial stress is described by
the well known Hooke’s law of linear elasticity

σ(t) = Eε(t), (1)

where σ(t) is the stress (force per unit area), ε(t) is the strain (relative
change of length), and E denotes the constant Young’s modulus, or modulus
of elasticity. For example many metals obey Hooke’s law with high accuracy.

For elastic materials, there is a direct proportionality between the stress
and the strain at time t, and the strain history has no influence on the current
state. This is not true for viscoelastic materials, which apart from their
elastic behavior also exhibit viscous properties. The relationship between
stress and strain can instead be described by a convolution

σ(t) = E(t) ⊗ ε(t), (2)

where E(t) is no longer constant. The corresponding frequency domain
relationship is

σ̂(ω) = E(ω)ε̂(ω), (3)

where E(ω) is a frequency dependent function, commonly known as the
complex modulus. In (3), σ̂(ω) denotes the Fourier transform of σ(t), and
ε̂(ω) is the transform of ε(t). In the following, this standard will be used to
represent Fourier transformed variables. The theory of viscoelastic materials
are thoroughly treated in [6, 7, 10, 14, 24].

The complex modulus is commonly identified through wave propagation
testing, where a specimen of the viscoelastic material is subjected to some
kind of dynamic load and the response then measured. A number of differ-
ent approaches have been used in the literature. Some design issues worth
mentioning are:

• Specimen geometries and wave propagation. A bar specimen
and longitudinal wave propagation is most commonly used in iden-
tification of the complex modulus, see for example [2, 17, 20, 40].
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Another commonly used setup is flexural waves generated in a beam,
see [16, 30, 36]. The load is typically applied to one end of the bar
or beam, and the response then measured at the opposite end or at a
number of points along the specimen. In [12, 34], longitudinal wave
propagation in a pellet-sized specimen is used. This approach is useful
when it is not possible to produce large enough samples to measure
on the specimen itself. specimen itself.

• Measured signal. The response of the specimen can be measured in
different ways. Some examples include measuring strains by means of
strain gauges [2, 17, 40], acceleration by means of accelerometers [29,
41, 48], or wave velocity or displacement by the use of laser techniques
[5, 46].

• Input signal. In identifying the complex modulus, different kinds of
load have been used. In [29, 37, 44], a harmonic excitation was used,
and the resulting accelerations then measured. Other possibilities are
to use a white noise load as in [1, 41], or to load the specimen through
impact, see [28, 43, 48].

• Overlapping/Non-overlapping waves. The excitation will cause
waves propagation back and forth in the specimen. Some methods are
based on measurements of one wave at the time [2, 22, 39], while others
allows waves reflected in the boundaries of the specimen [3, 19, 27]. A
disadvantage with non-overlapping waves is that very large specimens
are needed in order to separate waves traveling in opposite directions.

• Parametric/nonparametric identification. Both parametric and
nonparametric approaches have been used in identifying the complex
modulus. The nonparametric approach was used in [19, 30, 33, 41],
while parametric models were used in [32, 35, 36, 40]. A number of
parametric models can be used to describe the properties of a viscoelas-
tic material, see for example [14, 24, 47]. Among the most popular are
the standard linear solid model, and the generalized standard linear
solid model.

2 Modeling and Methods

In this section, methods for non-parametric identification of the complex
modulus will be considered. Longitudinal and flexural wave propagation in
large homogenous specimens will be described, as well as longitudinal wave
propagation in a small pellet-sized sample. The model obtained for waves in
the pellet-sized specimen do not cover the case of overlapping waves, while
reflected waves are allowed in the case of larger specimens described next.
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Figure 1: Experimental setup, longitudinal waves in a large homogenous
specimen

2.1 Wave propagation in large homogenous specimens

Longitudinal and flexural wave propagation in large, homogenous viscoelas-
tic specimens, can be modeled in similar ways. The wave propagation can in
frequency domain be described by an ordinary differential equation (ODE)
of order p, where p = 2 for longitudinal waves and p = 4 for flexural waves.
This ODE can also be cast into a state space framework, as will be seen in
the following example.

Example 1: Wave propagation in an axially excited viscoelastic bar.

Consider longitudinal wave propagation in a linearly viscoelastic, homoge-
nous bar of length L, cross-sectional area A, and density ρ. A typical setup
for this kind of experiment is shown in Figure 1. The bar is axially excited,
giving rise to longitudinal waves traveling back and forth in the bar, and the
resulting strains are measured at n different points {xi}ni=1 along the bar.

In the frequency domain, the strain at a point x can be modeled by a
2:nd order ODE,

∂2ε̂(x, ω)

∂x2
− γ2(ω)ε̂(x, ω) = 0, (4)

where γ(ω) is the so called wave propagation function, satisfying

γ2(ω) = − ρω2

E(ω)
. (5)

The ODE in (4) is often referred to as the wave equation. For an appropriate
choice of state variables, the model in (4) can also be cast into a state space
framework. For longitudinal waves, the wave propagation at section x can
be described by the normal force N(x, t) and the particle velocity u̇(x, t) at
this section. This gives the frequency domain state vector

s(x, ω) =
[

N̂(x, ω) ˆ̇u(x, ω)
]T
. (6)
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As output, we choose the strain at position x, which in terms of the state
variables can be written as

ε(x, ω) =
σ̂(ω)

E(ω)
=

N̂(ω)

AE(ω)
. (7)

The state space model can now be written as

ds(x, ω)

dx
= R(ω)s(x, ω)

ε(x, ω) = cT0 (ω)s(x, ω)

(8)

where

R(ω) =

[

0 iωρA
iω

E(ω)A 0

]

, (9)

and

c0(ω) =
[

1
AE(ω) 0

]T
. (10)

For details, see [42].
The general solution to (4), and to the equivalent state space model (8),

will be on the form

ε(x, ω) = c−(ω)eγ(ω)x + c+(ω)e−γ(ω)x, (11)

where −γ(ω) corresponds to the wave propagation in the positive x direction,
and γ(ω) represents the reflected wave in the negative x direction. The
complex valued functions c±(ω) are the corresponding amplitudes of the
waves at x = 0. For the state space model, ±γ(ω) are the eigenvalues of the
matrix R(ω).

Example 1 covers only the longitudinal wave case, but the wave propagation
for flexural waves can be modeled in the same fashion. The main difference
is that the wave equation for flexural waves is a 4:th order ODE, and that
the state vector will have dimension 4× 1. The matrix R(ω) and the vector
c0 = (ω) are defined as in [30]. It is also interesting to note that the state
space model in Example 1 has some characteristics that differ from the
standard case. All state variables are for example in the frequency domain,
and the independent variable is the position x along the center line of the
bar.

The general solution (11) to the wave equation can be generalized to

ε(x, ω) =

p/2
∑

k=1

c−k (ω)eγk(ω)x + c+k (ω)e−γk(ω)x, (12)

with p = 2 for longitudinal waves, and p = 4 for flexural waves. The strains
caused by the wave propagation is measured at n different points {xi}ni=1.
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Figure 2: Experimental setup, longitudinal waves in a small pellet-sized
specimen

Using (12) and all n strain measurements, the following system of equations
can be formed

ε̂(ω) = A(ω)c(ω), (13)

where

A(ω) =







eγ1x1 e−γ1x1 · · · eγpx1 e−γpx1

...
...

...
...

eγ1xn e−γ1xn · · · eγpxn e−γpxn






, (14)

c(ω) =
[

c−1 (ω) c+1 (ω) · · · c−p (ω) c+p (ω)
]T
, (15)

ε̂(ω) =
[

ε̂(x1, ω) · · · ε̂(xn, ω)
]T
. (16)

The matrix A(ω) is implicitly dependent on the complex modulus E(ω)
through the wave propagation functions {±γi(ω)}pi=1, and an estimate can
be obtained by minimizing the loss function

U
(

E(ω), c(ω)
)

=
∥

∥

ε̂(x, ω) − A(ω)c(ω)
∥

∥

2
, (17)

with respect to E(ω) and c(ω).

2.2 Wave propagation in a small pellet-sized specimen

In the previous subsection, measurements were taken at a number of points
on the specimen itself. For some materials (such as certain pharmaceutical
materials) it is not possible to produce large homogenous specimens, and the
previously described method can therefore not be used. Wave propagation
tests can instead be performed by the use of the so called Split Hopkinson
Pressure Bar technique (SHPB), which was introduced by Kolsky in the
1940’s [21]. The classical SHPB analysis is however not suitable to use for
viscoelastic materials, and the theory was therefore generalized in [34] to
cover the case of viscoelastic specimens.

In SHPB testing, a short specimen of length a, cross-sectional area A
and density ρ, is placed between two long bars with known complex modulus
Eb(ω), see Figure 2. The cross-sectional area of the bars is denoted Ab, the
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density by ρb. The setup is excited through an axial impact at the end of one
of the pressure bars, giving rise to an incident wave traveling along the bar.
At the first bar/specimen interface, the wave will be partly reflected back
into the first bar, and partially transmitted into the specimen and onto the
second bar. The strain histories of the waves are measured on either side
of the specimen, and will thus contain information on how the waves are
altered when meeting and passing through the specimen.

In the setup in Figure 2, the strain associated with reflected wave, εR(t),
is measured at a distance b1 from the first bar/specimen interface. The
strain history of the transmitted wave, εT (t), is in the same way measured
at a distance b2 from the second bar/specimen interface. The frequency
domain strain ration ε̂R(ω)/ε̂T (ω) can then be expressed as a function of
the complex modulus

ε̂R(ω)

ε̂T (ω)
eγb(ω)(b1−b2) =

1

2

( Z(ω)

Zb(ω)
− Zb(ω)

Z(ω)

)

sinh(γ(ω)a). (18)

This expression was derived from a theoretical study of the the normal
force, N̂(ω), and the particle velocity, ˆ̇u(ω), at the bar/specimen interfaces
[34]. The complex modulus of the specimen enter into (18) through the
wave propagation function γ(ω), see (5), and through the characteristic
impedance Z(ω), which satisfies

Z(ω) = A
√

E(ω)ρ. (19)

The wave propagation function and the characteristic impedance of the pres-
sure bars are denoted by γb(ω) and Zb(ω), respectively. An estimate of the
complex modulus is obtained by solving (18) with respect to E(ω).

3 Experiment design

System identification is concerned with creating a mathematical model of a
system based on experimental input/output data. In order for the identifi-
cation to be as accurate as possible, it is important that this data contains
as much valuable information as possible. The procedure of designing an
experiment to obtain a maximal amount of information, is commonly re-
ferred to as optimal experiment design. A solid theoretical basis for optimal
experiment design is built in [9, 25, 38], and is widely employed in different
areas of engineering. Some examples include sensor array signal processing
[15], distributed systems [4], robotics [26], and power systems [8]. The prob-
lem of goal oriented design, where the intended use of the model is taken
into account, has also received a lot of attention, see e.g. [11, 13, 18]. The
information content of the data can be influenced by a number of different
design parameters. Examples often found in the control literature are loca-
tions of sensors and actuators [23], and the input signal to the identification
experiment [31, 45].
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The standard procedure for optimal experiment design is to minimize
some scalar function of the covariance matrix P of the estimates, with re-
spect to the design variable of interest. Popular choices of scalar functions
include

A − optimality : min tr(P )

D − optimality : min det(P ) (20)

E − optimality : minλmax(P ).

D-optimality is perhaps the most popular method, since it is invariant under
scale changes of the parameters and linear transformations of the output.
Another advantage is that D-optimality implies G-optimality, which means
that the variance of the predicted outputs is minimized [31].

Most of the research involving optimal experiment design is concerned
with parametric identification. In parametric identification there is one co-
variance matrix for the parameter estimate, and the measures in (20) are
therefore directly applicable. In non-parametric identification, the system
dynamics are instead often estimated at a number of discrete frequency
points. In this case we will have a covariance matrix for each such estimate,
and we are thus confined to minimizing the covariance matrix on average by
integrating over some frequency interval. For the scalar functions in (20),
we get the related measures

A − optimality : min

∫

Ω
tr

(

PN (ω)
)

dω

D − optimality : min

∫

Ω
det

(

PN (ω)
)

dω (21)

E − optimality : min

∫

Ω
λmax

(

PN (ω)
)

dω

where PN (ω) is the covariance matrix for the nonparametric estimate, and
Ω = [ω1, ω2] denotes the frequency interval. In many practical applications,
(21) has to be solved by numerical methods. The integral may in that case
be exchanged for a sum.

4 Contributions

In this section, a brief summary of the three papers included in this thesis
will be given. Paper I and II treat different topics of optimal experiment
design, when identifying the complex modulus through wave propagation in
a large homogenous specimen. In the third paper, the SHPB technique is
analyzed.
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4.1 Paper I

In this paper, optimal sensor locations for longitudinal wave propagation in
a bar specimen is studied. Previously, sensor locations have been assigned
in an ad-hoc manner for this kind of experiment, and the potential to im-
prove the accuracy of the estimates is therefore great. In addition to the
sensor location problem, the question of how many sensors to use in the
experiment is addressed. The investigations are based on the expression for
the covariance matrix, developed in [30].

In the paper, three different scalar functions for experiment design are
considered and evaluated. One is minimizing the covariance matrix in an
A-optimal way, at one single frequency. The other two are minimizing the
covariance matrix over a range of frequencies in an A- and D-optimal way,
respectively. The results verifies that the accuracy of the estimates can be
greatly improved by choosing the sensor locations in an optimal way.

4.2 Paper II

In Paper II, optimal excitation for longitudinal and flexural wave propaga-
tion tests is considered. In previous experiments, the specimen was excited
through impact with a steel hammer or an air gun. This kind of excitation
has most of its energy at low frequencies, and poor accuracy can therefore
be expected for estimates in the higher frequency range. The question ad-
dressed in this paper is how to optimally distribute the energy content of
the original pulse excitation over frequency, in order to get good accuracy at
all frequencies considered in the identification. As in Paper I, the analysis is
based on the expression for the covariance matrix in [30]. The expression is
modified to make it explicitly dependent of the input spectrum. The theory
can also be used to identify the excitation used in a particular experiment
from measured data. This excitation is generally unknown, and hard to
measure.

4.3 Paper III

In the final paper, the generalized SHPB theory developed in [34] is pre-
sented. Three different methods to estimate the complex modulus, all sim-
plifications of (18), are considered. One is considered to be exact in the
context of one dimensional wave propagation, while the other two are ap-
proximations. The low frequency estimate gives a good approximation at
low frequencies, and has the advantage of being analytically solvable with
respect to the complex modulus. The classical estimate is a further simpli-
fication of the low frequency estimate. It was in [34] shown to be identical
to the method used in classical SHPB analysis.

In this paper, an accuracy analysis is performed for all three estimates,
and expressions for the variance of the estimates are developed. The results
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are verified by experiments.

5 Future Work

There are a number of possible extensions to the work presented in this
thesis. Firstly, the study on optimal excitation presented in Paper II needs
to be supplemented by experiments. The theoretical investigation implies
that the accuracy of the estimates may be greatly improved by the use
of an optimal input signal. This however remains to be verified in live
experiments.

The subject of optimal sensor placement is near to concluded. Some
remaining issues still remains. In Paper I, the optimal sensor locations
share some properties with optimal sensor locations for bearing estimation
in array signal processing. It would be interesting to see if any parallels can
be drawn between these two theories. Furthermore, the study on optimal
sensor locations was made for a system excited through impact. The sensor
configurations achieved in Paper I may not be optimal for other types of
inputs, such as the optimal excitation in Paper II. A total experiment design,
where optimality in sensor locations and excitation are explored together,
may therefore be of interest.

The SHPB procedure described in Paper III is still a very new method,
to which a number of extensions and improvements can be made. The topic
of optimal sensor locations may for example be addressed in this context as
well. Another extension is to include the incident wave ε̂I(ω) in the estima-
tion. This will provide additional information on the complex modulus, and
a better estimate can thus be achieved. Another cheap way to attain more
accurate estimates is to use redundant measurements in the identification.
The appealing properties of the computationally simple low frequency es-
timate, may also be further improved upon, by using iterative methods to
reduce the bias.
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Optimal sensor locations for nonparametric

identification of viscoelastic materials

Agnes Runqvist Saed Mousavi Magnus Mossberg
Torsten Söderström

Abstract

The problem of optimal sensor locations in nonparametric identifi-
cation of viscoelastic materials is considered. Sensor locations have
previously been assigned in an ad-hoc manner, resulting in a sub-
optimal experiment design with a comparatively high variance of the
estimates. Different scalar criteria of the covariance matrix, connected
to A- and D-optimal experiment design, are considered and evaluated.
The results indicate that the accuracy of the estimates can be greatly
improved by the use of optimally placed sensors. The theoretical study
has been verified by experiments. The presented results can be used
to design experiments with improved accuracy of the estimates.

1 Introduction

Viscoelastic materials, such as plexiglass and other plastics, can be found
in a wide range of applications. In order to make efficient use of these
materials, it is of great interest to have knowledge about their characteristics.
For example, how will a specific component react when used in a dynamic
environment such as an air-craft cabin? A linearly viscoelastic material
is characterized by its frequency dependent complex modulus, that relates
stress and strain in the material. Provided that strains and strain rates are
not too high, many materials can be approximated as linearly viscoelastic.
Knowledge about the complex modulus is thus important in understanding
behavior of these materials under dynamic load. Such dynamic load may for
example be vibrations from a motor or stress caused by impact or collision.
The theory of viscoelastic materials are thoroughly treated in [17], [4] and
[11].

The complex modulus can be determined through different kinds of wave
propagation experiments, where for example displacement [3], velocity [22],
acceleration [13, 23, 21] or strain [20, 2, 8] is measured. In order to get good

1
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quality estimates, the collected data should contain as much valuable infor-
mation as possible, and design parameters that influence the information
content must thus be chosen carefully. Examples of such parameters are the
input signal, the number of sensors used in the experiment, and the sensor
locations. The procedure of determining optimal design parameters in an
experiment is commonly referred to as optimal experiment design.

A solid theoretical base for optimal experiment design is built in [6] and
[18], and is widely employed in different areas of electrical engineering. Some
examples include sensor array signal processing [7] and robotics [12]. In the
control literature, a survey of the sensor location problem is presented in
[10]. A common procedure for optimal experiment design is to optimize
some scalar function of the covariance matrix of the estimate. The design
tools developed is therefore useful in a wide range of applications, where the
covariance matrix can be expressed as a function of the design variable of
interest.

In the identification of viscoelastic materials, the sensor locations have
previously been assigned in an ad-hoc manner based on some physical in-
sight into the system, see [8] in particular. In [15], a theoretical study on
optimal sensor configurations for parametric identification was performed,
and the results indicate a substantial increase in accuracy by the use of op-
timal sensor locations. This paper focus on the corresponding problem for
nonparametric identification of viscoelastic materials, based on the propa-
gation of longitudinal strain waves, although the procedure used for optimal
experiment design is general and can be applied to a variety of different
identification problems. In Sections 2 and 3, the identification experiment
and the nonparametric identification procedure are described. The optimal
experiment design is described in Section 4, while Section 5 treats some as-
pects on the optimization problem at hand. A theoretical study on optimal
sensor locations is performed in Section 6, and a number of questions rele-
vant to the optimization and estimation problems are discussed. Finally, the
findings from Section 6 are validated by experiments in section 7, followed
by conclusions in Section 8.

2 Identification experiment

The behavior of a linearly viscoelastic material is characterized by its fre-
quency dependent complex modulus E(ω), that relates stress and strain of
the material. The identification problem studied in this paper is the one of
identifying the complex modulus of a viscoelastic material from longitudi-
nal strain waves propagating in the material. The strains are measured by
strain gauges mounted on the bar, which gives a significantly better signal-
to-noise ratio than measuring for example velocity by the means of laser
technique. Fig. 1 shows the experimental setup where a bar specimen of
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Figure 1: Experimental setup

length L is axially impacted at the right end. As a result of the impact, lon-
gitudinal waves that travel back and forth along the bar, are generated. The
associated strains ε1, . . . , εn are measured at n different sections located at
x = [x1, . . . , xn]

T , at N discrete time instances. The strains are then trans-
formed into frequency domain using the discrete Fourier transform

ε̂(ωk) =
1√
N

N−1
∑

n=0

ε(n)e−i 2π
N
nk (1)

for

ωk =

{

2πk
NT , 0 ≤ k ≤ N

2
2π(k−N)
NT , N

2 < k < N
. (2)

Similar experiments have been designed for flexural waves by an impact
perpendicular to the bar, as in [14], and for torsional waves [16]. This paper
deals mainly with longitudinal wave experiments, but can easily be modified
to cover flexural and torsional waves.

3 Nonparametric identification

The axial wave propagation in the bar, caused by the impact, is governed
by the wave equation in the frequency domain [8]

∂2ε̂(x, ω)

∂x2
− γ2(ω)ε̂(x, ω) = 0. (3)

This equation has the solution

ε̂(x, ω) = c1(ω)eγ(ω)x + c2(ω)e−γ(ω)x, (4)

where ε̂(x, ω) denotes the Fourier transform for frequency ω of the strain
measurements at sensor location x. In (4), c1(ω) and c2(ω) are complex
valued functions of ω which can be interpreted as amplitudes of waves prop-
agating in positive and negative direction, respectively. Here, γ(ω) is the
wave propagation function, satisfying

γ2(ω) = − ρω2

E(ω)
. (5)



4 Agnes Rensfelt

By identifying γ(ω), the complex modulus E(ω) can be determined through
(5).

The strains caused by the impact on the bar are measured at n sections
located at x = [x1, . . . , xn]

T . From (4), the system of equations

ε̂(x, ω) = A(x, ω)c(ω), (6)

where

A(x, ω) =







eγ(ω)x1 e−γ(ω)x1

...
...

eγ(ω)xn e−γ(ω)xn






, (7)

c(ω) =
[

c1(ω) c2(ω)
]T
, (8)

ε̂(x, ω) = [ε̂(x1, ω), . . . , ε̂(xn, ω)]T , (9)

can be formed. An estimate of γ(ω) is obtained by minimizing the loss
function

U
(

γ(ω), c(ω)
)

=
∥

∥

ε̂(x, ω) − A(x, ω)c(ω)
∥

∥

2
(10)

with respect to γ(ω) and c(ω). Here, the unknowns c1(ω) and c2(ω) act as
nuisance parameters, giving a total of three unknowns, and the number of
sensors needed for identification must thus be n ≥ 3. Alternatively, if there
exist a free end at x1 = 0, the boundary condition

ε̂(x1, ω) = 0 (11)

can be used as an extra strain measurement, reducing the number of sen-
sors needed by one. Once γ(ω) is determined, an estimate of the complex
modulus at frequency ω can be obtained through (5).

In [14], an expression for the covariance matrix for the estimate of the
complex modulus E(ω) is derived, under the assumption that the measure-
ment noise is white and the signal-to-noise ratio (SNR) is high. For no-
tational simplicity and to stress that the matrix A(x, ω) implicitly is an
analytic function of the complex modulus, it will from here onwards be
replaced by A(eω), where

eω =
[

er(ω) ei(ω)
]T
, (12)

such that

E(ω) = er(ω) + iei(ω). (13)

Denoting the estimated complex modulus by eestω and the true complex
modulus by e0

ω, the covariance matrix can be expressed as

E{(eestωl
− e0

ωl
)(eestωk

− e0
ωk

)T } =
λ

h(x, ωl)
δl,kI2, (14)
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where λ is the noise variance, δl,k the Kronecker delta function, and I2 the
2 × 2 identity matrix. Further,

h(x, ω) = 2ε̂∗(x, ω)A†∗(e0
ω)A∗

r(e
0
ω)P(e0

ω)

× Ar(e
0
ω)A†(e0

ω)ε̂(x, ω)

= 2c∗(ω)A∗
r(e

0
ω)P(e0

ω)Ar(e
0
ω)c(ω),

(15)

where A†(eω) is the pseudo-inverse of A(eω), P(eω) the orthogonal projec-
tion onto the null space of A∗(eω), and Ar(eω) is defined as

Ar(eω) =
∂A(eω)

∂er(ω)
. (16)

From (14) we see that the estimation error (eestω − e0
ω) at a particular fre-

quency is uncorrelated with the estimation error at any other frequency.
We also see that the estimation errors of the real and the imaginary parts
are uncorrelated at any given frequency, and that the variances of the real
and imaginary part of the estimated complex modulus are equal and pro-
portional to 1/h(x, ω). Another important aspect of the covariance matrix
is that it is implicitly dependent on the sensor locations x = [x1, . . . , xn]

T

through A(eω), as can be seen from equations (7), (15) and (16). The vari-
ance of the estimates is thus influenced by the choice of sensor locations and
the number of sensors n, which in turn means that an optimal choice of x
will improve the accuracy of the estimates.

4 Optimal experiment design

In nonparametric identification, an estimate of the complex modulus E(ω)
is determined for every frequency in the discrete Fourier transform. As a
result, the covariance matrix of the estimates must be evaluated separately
at each such frequency. Naturally, it is desirable to keep the variance to a
minimum at every given frequency, a task not necessarily trivial. As it is not
possible to consider each frequency on an individual basis in the optimization
process, a pertinent scalar measure of the performance is needed. In this
paper, the three scalar criteria

V1(x) =
1

h(x, ωk)
, (17)

V2(x) =
∑

k

1

h2(x, ωk)
, (18)

V3(x) =
∑

k

1

h(x, ωk)
, (19)

are considered and evaluated. By inspecting (14), it is easily seen that
V1(x) will minimize the covariance function at a particular frequency. In
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the same way V2(x) and V3(x) are equivalent to minimizing the mean of the
determinant and the mean of the trace of the covariance matrix, respectively.
The mean is calculated over some frequency range, which can be chosen to
cover an interval of particular interest, and will comprise of all the discrete
frequency points at which the complex modulus has been evaluated. The
argument x of the criteria will be omitted from here onwards.

In the theory of optimal experiment design, treated in [6] and [18] among
others, the criteria V1 and V3 implies A-optimality, since A-optimality is
based on the average variance of the parameter estimates, i.e. the trace
of the covariance matrix. In the same way, the criterion V2 implies D-
optimality, which is based on minimizing the determinant of the covariance
matrix. D-optimality is perhaps the most common criterion used in optimal
design, since it is invariant under re-parameterizations and guarantees that
the confidence ellipsoid is kept small.

5 Optimization aspects

The three criteria presented in (17)-(19) involve very hard optimization
problems with several local minima separated by high peaks, as can be
seen in Fig. 2. It is clear that a global optimization algorithm is needed.
In this study an algorithm based on multilevel coordinate search, presented
in [9], was used. Each of the criteria was minimized with respect to the
sensor positions for different number of sensors. Note that, in order to get
more manageable numbers, the term 1/h(ω) has been scaled by a factor
10−14 during this work. For experimental aspects of implementation, the
following constraints were imposed on the optimization:

0 + δ1 ≤ xi ≤ L− δ2, i = 1, . . . , n (20)

xi+1 − xi ≥ δ3, i = 1, . . . , n− 1. (21)

Here, δ1 is the minimum distance between a sensor and the left end of the
bar, δ2 is the minimum distance between a sensor and the point of excitation
at the right end of the bar, and δ3 is the minimum distance between two
adjacent sensors.

6 Theoretical study

6.1 Data

This work is based on the experimental data obtained in [8], where the
material PMMA (plexiglass) was studied. A bar of L = 2 m was axially
impacted, and strain data collected at N = 4096 discrete time instances,
with a sampling interval of 20 µs. In the expression for the covariance matrix
in (14) and (15), the true complex modulus at each frequency is needed.
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Figure 2: For n = 3 sensors, criterion V1(x) (a) and criterion V3(x) (b)
are shown as functions of sensor location x2. Sensors x1 and x3 are locked
to position 0 and 1.98 [m], respectively. The behavior of criterion V2(x) is
similar to that of V3(x) and is thus omitted.

These values are here replaced by the estimated complex modulus obtained
through (5), where γ(ω) is the mean of 10 identification experiments.

In [8] two approaches to sensor configuration were investigated. In one
approach the sensors were spaced uniformly on the bar, so that the distance
between any two sensors was a multiple of 0.2 m. This configuration was
found to have some apparent drawbacks, as the estimate at frequency ωk can
be expected to be inaccurate if all sensors are placed so that the distance
between any two sensors (or the distance between the free left end and



8 Agnes Rensfelt

0 2000 4000 6000 8000 10000 12000
0

5

10

15

20

f = 2π/ω [Hz]

1/
h(

ω
)

Figure 3: 1/h(x, ω) when criterion V1 was minimized for 5 sensors at ap-
proximately 3 kHz (dotted), and 1/h(x, ω) for reference sensor configuration
xref (solid), as a function of frequency.

the middle sensor if only three sensors are used) is an integral multiple
of half a wavelength of ωk. In the case with uniformly spaced sensors,
this condition will always be fulfilled for some frequencies. In the other
approach, five sensors were unevenly placed on the bar in order to minimize
the risk for such critical conditions to occur. This configuration, xref =
[0, 0.290, 0.646, 1.078, 1.600]T m, has proven to give a low variance for all
frequencies considered in the identification experiment, and has thus become
a standard configuration in subsequent work. It is also the configuration used
when collecting the data used in this study, and will be referred to as the
’reference configuration’ in what follows. The critical conditions discussed
above are important to keep in mind during the optimizations.

6.2 Investigations

The way the optimization problem is formulated allows us to pose a number
of questions concerning the sensor locations and the design of the experi-
ment. Some of these questions will be further discussed in the examples in
this subsection. In accordance with the work in [15], the numerical values
of δ1 − δ3 of the constraints (20) and (21), were δ1 = 0 and δ2 = δ3 = 0.02
m, unless stated otherwise.



Paper I 9

0 2000 4000 6000 8000 10000 12000
0

5

10

15

20

f = 2π/ω [Hz]

1/
h(

ω
)

Figure 4: 1/h(x, ω) against frequency for n = 5 sensors for reference sen-
sor placement xref in (6.1) (solid), optimal sensor placement by V2 (dash-
dotted), and V3 (dotted). V2 and V3 were minimized in the interval 2 to 8
kHz.

Example 1. Is V1 a good criterion to use? What happens at other frequen-
cies than ωk, the frequency of minimization?
During the optimizations it was clear that the surface produced by the crite-
rion V1 is particularly hard for optimization purposes, and the optimization
algorithm did in many cases not converge to the global minimum for this cri-
terion. Furthermore, minimizing the variance at a single frequency showed a
strong tendency to press up the variance at other frequencies, as can be seen
from Fig. 3. The criteria V2 and V3 proved to be simpler for optimization
purposes, even though summation over a range of frequencies significantly
increases the computational load. Similarly to V1, both V2 and V3 experi-
ence the problem of large inaccuracy in the estimates for frequencies outside
the range of minimization. However, a strength of these criteria is that the
designer of the experiment can choose an interval of frequencies, in which
the variance of the estimates should be kept low. Within the chosen interval
the variance can be reduced significantly compared to the reference sensor
configuration xref , as can be seen in Fig. 4. It can also be seen that mini-
mizing the criteria V2 and V3 produce similar results. Due to the averaging
neither of these two criteria tolerates a high variance in the estimates within
the chosen interval. Large inaccuracies in the estimates may for example
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Figure 5: 1/h(x, ω) against frequency for criterion V1, minimized at approxi-
mately 5.2 kHz. Optimal sensor placement for n = 3 sensors (critical sensor
configuration for 6.4 kHz, 8.5 kHz, and 11 kHz), (solid), and for n = 4
sensors, (dotted). Observe the logarithmic scale.

be due to the critical conditions discussed in Section 5. In criterion V1 on
the other hand, only one single frequency is considered and bad behavior
at any other frequency is thus allowed. This problem can be partly taken
care of by the use of more than three sensors, since this will decrease the
possibility of a critical sensor configuration, see Fig. 5. This should be true
for all criteria used.

Example2. What is the potential to improved performance compared to the
standard configuration xref?
In Table 1 numerical values for xref are displayed together with the corre-
sponding results for the three criteria considered in this study. From the
table we see that already with three optimally placed sensors there is a
significant decrease of the function values, compared to the reference con-
figuration. For the same number of sensors in the optimal configuration as
in the reference, the decrease of function values is even greater. In Table 1
we see that for V1, the function value has gone from 3.729 to 0.736, cor-
responding to a decrease of the variance of the estimates at the frequency
of minimization by 80%. For criterion V2 (and V3) the related decrease of
functional values corresponds to a decrease of 65% (65%) of the average
variance within the interval of minimization or a decrease of 73% (74%)



P
a
p
er

I
11

Table 1: Minimum values of V1, V2, and V3 and corresponding x for different number of sensors n. V1 minimized at 3 kHz,
and V2 and V3 over the interval I = 2 − 8 kHz.

n xT [m] Vi(x)
Average 1/h(x, ω) Maximal 1/h(x, ω)

on interval I on interval I

V1

3 [0 1.7238 1.8365] 1.339 1.049 8.846
4 [0 0.0200 1.7364 1.8549] 0.993 0.678 4.444
5 [0 0.0200 0.2056 1.7794 1.7994] 0.736 0.990 4.798
6 [0 0.0200 0.0400 0.1973 1.7889 1.8089] 0.630 0.689 4.860
7 [0 0.0400 0.0600 0.5732 1.7886 1.8086 1.8286] 0.547 0.429 1.661

xref [0 0.2900 0.6460 1.0780 1.6000] 3.729 0.898 3.921

V2

3 [0.0011 1.8449 1.9264] 363.592 0.652 2.939
4 [0 0.0724 1.8073 1.9113] 101.586 0.392 1.219
5 [0 0.0923 0.1861 1.8093 1.9063] 63.364 0.313 1.063
6 [0 0.0200 0.0873 1.7605 1.8412 1.9200] 42.552 0.252 0.812
7 [0 0.0200 0.1000 0.2077 1.7848 1.8635 1.9299] 29.979 0.213 0.729

xref [0 0.2900 0.6460 1.0780 1.6000] 690.143 0.898 3.921

V3

3 [0.0005 1.8399 1.9247] 318.707 0.649 3.083
4 [0 0.0732 1.8145 1.9187] 192.141 0.391 1.278
5 [0 0.0200 0.0908 1.8123 1.9149] 152.680 0.311 1.006
6 [0 0.0200 0.0900 1.7949 1.8941 1.9800] 121.115 0.247 0.869
7 [0 0.0200 0.1000 0.2084 1.8012 1.8955 1.9800] 104.421 0.213 0.805

xref [0 0.2900 0.6460 1.0780 1.6000] 440.924 0.898 3.921
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Figure 6: Function values for V1 (circles), V2 (crosses), and V3 (triangles).
Note that the values are normalized so that the function value for the ref-
erence sensor configuration equals one.

of the maximal variance within that interval. These results indicate that
the quality of the estimate of the real and imaginary part of E(ω) can be
greatly improved, at one single frequency or within a range of frequencies,
if an optimal sensor configuration is used.

Example 3. What is a good number of sensors to use?
In Table 1 there is a continuous decrease of function values and related vari-
ances with an increasing number of sensors. The gain from adding one more
sensor is however reduced as more sensors are added, as can be clearly seen
in Fig. 6. This leaves the designer with the choice of how many sensors it
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is reasonable to use. It is apparent from Fig. 6 that a great improvement is
achieved for the criteria V2 and V3 when increasing the number of sensors
from three to four, but that more than four sensors give a more moderate
improvement. This can be compared with the optimal experimental design
for the parametric case studied in [15], where a great improvement was seen
for up to five sensors. For the criterion V1, there is not the same leap in
function values. One reason could be that these values only depend on the
behavior at one single frequency point, and that three sensors are enough
to achieve a reasonably good value at that point. As discussed above, it is
also preferable to use more than three sensors to avoid a situation where the
estimation algorithm breaks down for some frequencies.

Example 4. What effect will changing the constraints have on the sensor
positions?
If the sensor configurations in Table 1 are studied, it is apparent that a num-
ber of sensors tend to group as close together as constraint (21) allows, close
to the left end of the bar. For the criterion V1, the same behavior is also true
for the right end. We therefore examined the optimization problem without
the constraint (21), i.e. δ3 = 0. For all three criteria, this gave the result
that more sensors were placed at the very left end of the bar (xi = 0), giving
slightly lower values than those in Table 1. This indicates that, instead of
having an increasing number of sensors, higher accuracy in the estimates
can be achieved by more accurate measurements at this point. For criteria
V1, sensors also group together towards the right end of the bar, leaving
only three distinct sensor locations. This again indicates that three sensors
are enough to get a good accuracy at one single frequency point. For more
details, see [19].

Example 5. Do the optimal sensor configurations show any characteristic
pattern?
From the examples above, and in accordance with the findings in the para-
metric case [15], it is obvious that it is advantageous to place sensors close
to the point of excitation at the right end of the bar, and close to the left
end. Grouping the sensors towards the ends of the bar seems reasonable
since i) it gives the best SNR for (damped) waves traveling in positive and
negative x-direction, respectively, and ii) it provides the most information
on how the waves are changed when traveling between the each group of
sensors. It is also advantageous to make use of a free end with zero strain
at x1 = 0. This behavior is true for all three criteria. These results are sim-
ilar to results connected to direction-of-arrival (DOA) estimation in array
signal processing, see for example [1] and [5]. For DOA estimation using
a linear array, it is optimal to place the sensors at the ends of the array,
with an equal number of sensors at each end. This corresponds well with
the results in Table 1. In the case of an uneven number of sensors, the
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remaining sensor is optimally placed in the middle of the array for DOA
estimation. To place at least one sensor in the middle of the bar is also a
common approach to sensor placement in experiments using linear arrays,
such as the one described in this paper. It is therefore interesting to note
that in the optimal sensor configurations derived in this study, no sensors
seem to be placed in the middle section of the bar. To fully explain this
phenomenon, a more detailed study is needed, which is beyond the scope of
this paper and will be left to future work. There are however a number of
circumstances that separate this experiment from for example DOA estima-
tion. Firstly, the experiment described in this paper is designed so that both
ends are free, i.e. the strain at each end is equal to zero after the impact.
One of these boundary conditions was used in (11). Naturally, this impose
restrictions on how the waves can propagate in the material, in contrast to
DOA estimation where no such constraint exists. Furthermore, in the case
of DOA estimation, the problem can roughly be described as estimating the
frequency of undamped exponentials. Estimating the complex modulus of a
viscoelastic material are instead concerned with damped exponentials, where
the real part of the wave propagation function γ(ω) is the damping factor,
cf. (4). The difference in optimal sensor placements may also be expected
to be greater for a more heavily damped material than the weakly damped
PMMA used in this study. It might for example not be as advantageous to
place sensors as close to the left end of the bar, i.e. far from the point of
excitation, if the waves are rapidly damped out.

7 Experiments

7.1 Sensor locations

The model used in this paper is based on 1D wave propagation theory. To
meet the requirements for for 1D theory, it is not possible to place sensor
within 10 diameters from the ends of the bar. In order to get an opti-
mal sensor configuration suitable for an experiment, the optimizations were
therefore repeated considering these limitations for bars of diameter less
than 0.015 m, i.e. δ1 = δ2 = 0.15 m and δ3 = 0.02 m. As the previous re-
sults in this study show that it is desirable to utilize the boundary condition
(11), one sensor was fixed at x1 = 0 in order to simplify the optimization.
As it is no longer possible to place sensors as close to the ends as in Ta-
ble 1, some changes in the sensor configurations were noted, giving slightly
higher function values, see [19] for details. The general behavior was how-
ever in agreement with the earlier results. A study on misplacement of the
sensors was performed, allowing for a deviation of 5 mm from the nominal
value. The study showed an increase of function values of at most 10% (for
criterion V2 and three sensors), and typically below 6% when more sensors
were used. Thus, within this reasonable error bound, the optimally placed
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Table 2: Minimum values of V2 and corresponding x for n = 5 and n = 7. Criterion minimized on the interval I = 2− 8 kHz.

n xT V2(x)
Average 1/h(x, ω) Maximal 1/h(x, ω)

on interval I on interval I

5 [0 0.231 0.329 1.763 1.850] 85.593 0.361 1.057
7 [0 0.150 0.234 0.342 1.741 1.795 1.850] 44.770 0.263 0.717

xref [0 0.290 0.646 1.078 1.600] 690.143 0.898 3.921
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Figure 7: Experiment setup.

sensors will still give a drastically improved performance, compared to the
reference sensor configuration. The sensor configuration used in the exper-
iments were those received by minimizing criterion V2 for 5 and 7 sensors,
respectively, see Table 2. Note that the locations have been rounded to
millimeter precision.

7.2 Data

The experiment was performed on a polymethyl methacrylate (PMMA) bar
of length L = 2 m, and with a circular cross-section of diameter d = 0.012 m.
PMMA is an amorphous thermoplastic with density ρ = 1183 kg/m3. The
bar used in the experiment was produced from a moulded plate and ma-
chined down to its final shape and dimension. In Figure 7, a detailed
schematic picture of the experiment setup is shown. During the experi-
ment, the bar was supported by 8 Teflon coated bearings to minimize the
influence of friction. The strains were measured by the means of foil strain
gauges (TML GFLA-3-350-70-1L), with an active gauge length of 3 mm and
gauge factor 2.07. This particular type of strain gauge is designed to be used
on materials with low elastic modulus. The gauges were mounted on the bar
in pairs with diametrically opposite members, using cyanoacrylate adhesive.
Each pair were then connected to a Wheatstone bridge in a half-bridge con-
figuration, which allows the output signal to be proportional to the axial
strains only. The bridge circuit was connected to a bridge amplifier (Mea-
surement Group 2210), and the signals from the strain gauges were recorded
by means of a 12 bit UltraFast UF.3122 eight-channel data acquisition board
with sampling interval T = 0.1 µs. The sampling was synchronous on all
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Figure 8: Mean of estimated complex modulus for 5 optimally placed sen-
sors. Real part (upper) and imaginary part (lower).

channels, and shunt calibration was used so as to convert the gauge output
(voltage) into strain. In order to generate a pulse with the proper strength
and duration, lead bullets with an approximate mass of 0.4 g were fired at
the impact end of the bar using an air gun. The impact velocity of the bul-
lets was estimated to approximately 46 m/s. Strain measurements for the
reference sensor configuration and 5 optimally placed sensors were recorded
simultaneously1, while 7 optimally spaced sensors required a separate ex-
periment due to the limited number of channels. The number of samples
taken from each channel was N = 218, but the first 16000 samples, which
were sampled prior to excitation and containing only noise, were removed
and later used to estimate the noise variance. The remaining samples were
padded with zeros up to N = 219 in the discrete Fourier transform, in order
to get better frequency resolution. The variance of the measurement noise
was estimated to approximately λ = 10−11. However, to account for the
noise not being completely white, a noise variance of λ = 4 · 10−11 was used
in the evaluation.

The experiment was repeated 10 times, under as identical conditions as
possible. The wave propagation function γ(ω) was identified for each real-
ization, and the complex modulus E(ω) was then obtained through (5). In
Fig. 8, the mean of the identified complex modulus for 5 optimally placed

1Totally eight sensors since use is made of a free end with zero strain, see (11).
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Figure 9: Theoretical variance (solid), and experimental variance (dotted)
for reference sensor configuration.

sensors is shown. In the expression for the covariance matrix in (14) and
(15), the true complex modulus at each frequency is needed. For the most
realistic scenario, the true values were here replaced with the estimated com-
plex modulus from one single realization. This can be compared with the
theoretical study where a mean of all 10 realizations was used. In Fig. 9,
the variance obtained through the theoretical expression is displayed to-
gether with the experimental variance based on the 10 experiments. As can
be seen, there is some deviation between the theoretical and experimental
results. This discrepancy arise for several reasons, one being the limited
number of realizations to estimate the experimental variance. The exper-
imental variance is further corrupted by the impracticability to keep the
experimental condition identical between experiments. Also note that the
theoretical expressions in (14) and (15) are developed for ideal conditions,
i.e. a large SNR and the measurement noise being spatially and temporally
white, conditions not always fulfilled in a real experiment. Nevertheless, it
can be seen that the general behavior of the theoretical result is well in ac-
cordance with the experimental variance. The theoretical and experimental
values also prove to give similar results in the evaluation in the following
subsection.



Paper I 19

2000 4000 6000 8000
0

2

4

6

8
x 10

−4

f = 2π/ω [Hz]

V
ar

ia
nc

e 
[(

G
P

a)
2 ]

(a)

2000 4000 6000 8000
0

2

4

6

8
x 10

−4

f = 2π/ω [Hz]

V
ar

ia
nc

e 
[(

G
P

a)
2 ]

(b)

Figure 10: Variance for reference sensor configuration (dotted) and 5 opti-
mally placed sensors (solid). Criterion minimized in the interval 2-8 kHz.
Theoretical values in a) and experimental values in b).
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Figure 11: Variance for 5 optimally placed sensors (dotted) and 7 optimally
placed sensors (solid). Criterion minimized in the interval 2-8 kHz. Theo-
retical values in a) and experimental values in b).
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7.3 Evaluation

In order to assess the performance of the optimal sensor configurations, the
variances (both theoretical and experimental) of the estimates were evalu-
ated. In Fig. 10, the reference sensor configuration is compared to 5 opti-
mally placed sensors, and in agreement with the theoretical study in Sec-
tion 6, an increased accuracy of the estimates can be noted when optimally
placed sensors were used. For the variance computed through the theoretical
expression in (14) and (15), the result in Fig. 10a) indicates a decrease of
60% of the average variance within the interval of minimization or a decrease
of 79% of the maximum variance on this interval. The experimentally com-
puted variance in Fig. 10b) implies a decrease of similar magnitude (55%
and 77% respectively). This is directly comparable to the values in Table 2
where the average variance goes from 0.898 to 0.361 (a decrease of 60%),
and the maximum variance from 3.921 to 1.057 (a decrease of 73%).

The benefit of using 7, instead of 5, optimally placed sensors is more
modest, as can be seen from Fig. 11. However, for the theoretical (exper-
imental) variance, adding two extra sensors gives an additional decrease of
22% (31%) of the average variance and 30% (17%) of the maximum variance
on the interval. The corresponding values i Table 2 are 27% and 32%. The
experiments thus confirm that there is a great benefit from using an opti-
mal sensor configuration, compared to the previously used reference sensor
configuration. Also, using two additional sensors will further improve the
accuracy of the estimates, although this effect is more modest.

8 Conclusions

This paper treats the problem of optimal sensor locations for estimating the
complex modulus of a viscoelastic material from longitudinal wave prop-
agation experiments. The idea is that by placing the sensors at optimal
locations, it is possible to maximize the amount of useful information that
can be extracted from the data, and thereby get a more accurate identifica-
tion. It is important to stress that even though this article treats a specific
application, the procedure for optimal experiment design used here also ap-
plies to a more general case of identification experiments. The key issue is
to have a covariance matrix, or information matrix, dependent on the de-
sign parameter of interest. Here, the number of sensors in the experiment,
and their positions, affect the variance of the estimates, and results from
this study can thus be used to increase the quality of the estimates in fu-
ture experiments. This has been confirmed by applying the results in the
theoretical study to real experiments.

In this study, the design criteria V1, V2 and V3 in (17)-(19) were evalu-
ated. The criterion V1 minimizes the variance at one single frequency point,
while the criteria V2 and V3 aim to minimize the variance over an inter-
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val of frequencies. The criterion functions used are based on the trace (V1

and V3) and the determinant (V2) of the covariance matrix. It was found
that minimizing the variance at a limited number of frequencies leads to
increased variances at frequencies outside the interval of minimization. This
is particularly bad for V1, targeting only one frequency but allowing for a
bad behavior at every other frequency. The negative effect is less serious for
V2 and V3, as the designer can choose an interval of frequencies, in which
the variance should be kept low. It is thereby possible to target a range of
frequencies of special interest, at the expense of accuracy at less interesting
frequencies. It is also evident that more than three sensors should be used
in the experiments, even though three optimally placed sensors seem to be
enough to give a reasonably good estimate at one single frequency (i.e. for
criterion V1). Adding more sensors will continously decrease the variances of
the estimates, and it is up to the designer to decide when the cost of adding
one more sensor is not compensated by the gain. Finally, it is advantageous
to place sensors near the ends of the bar. Moreover, placing more accurate
sensors at critical points of the bar was found to have an effect similar to
that of increasing the number of sensors.

For the experimental evaluation of the theoretical results, it was chosen
to implement the sensor configuration obtained through criterion V2 for 5
and 7 sensors. This choice was partly due to the substandard behavior of cri-
terion V1. The criteria V2 and V3 were found to have a similar behavior, both
in actual sensor placements and in the behavior inside the interval of mini-
mization, although the connection between criterion V2 and D-optimality is
making this the preferable choice.

There are of course experimental aspects other than sensor number and
location, that influence the accuracy of the estimates. One example is the
input signal to the identification experiment, and this is a topic for future
work.
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[5] M. I. Doroslovački and E. G. Larsson. Nonuniform linear antenna arrays
minimising Cramér-Rao bounds for joint estimation of single source
range and direction arrival. IEE Proc. Radar, Sonar & Navigation,
152:225–231, 2005.

[6] V. V. Fedorov. Theory of Optimal Experiments. Academic Press, 1972.

[7] M. Hawkes and A. Nehorai. Effects of sensor placement on acoustic
vector-sensor array performance. IEEE Journal of Oceanic Engineering,
24(1):33–40, January 1999.

[8] L. Hillström, M. Mossberg, and B. Lundberg. Identification of complex
modulus from measured strains on an axially impacted bar using least
squares. Journal of Sound and Vibration, 230(3):689–707, February
2000.

[9] W. Huyer and A. Neumaier. Global optimization by multilever coordi-
nate search. Journal of Global Optimization, 14(4):331–355, 1999.

[10] C. S. Kubrusly and H. Malebranche. Sensors and controllers location
in distributed systems—a survey. Automatica, 21(2):117–128, 1985.

[11] R. S. Lakes. Viscoelastic Solids. CRC Press, Boca Raton, FL, USA,
1998.
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Optimal excitation for nonparametric identification

of viscoelastic materials

Agnes Rensfelt and Torsten Söderström

Abstract

The problem of optimal excitation in nonparametric identification of
viscoelastic materials is considered. The goal is to design the input
spectrum in an optimal way, so that the average variance of the esti-
mates is minimized. It is shown how the covariance matrix of the es-
timates can be expressed in terms of the input spectrum. This theory
can also be used in order to identify the (unknown) excitation, used
in a particular experiment, from measured strain data. Two scalar
criteria connected to A- and D-optimal experiment design, are consid-
ered. The results indicate that the accuracy of the estimates can be
greatly improved by applying an optimal input signal. Issues concern-
ing the implementation of the achieved optimal input spectrum in live
experiments are discussed briefly.

1 Introduction

Viscoelastic materials, such as plexiglass and other plastics, can today be
found in a wide range of practical applications. In order to make efficient
use of these materials, it is of interest to understand their behavior when
used in an environment where the material is subjected to dynamic load.
Such dynamic load could for example be vibrations from a motor, or stress
put on to the structure through collision or impact.

A viscoelastic material is characterized by its frequency dependent com-
plex modulus E(ω), that relates stress and strain in the material. In the
frequency domain this relationship looks like

σ(ω) = E(ω)ε(ω), (1)

where σ(ω) and ε(ω) denotes the Fourier transformed stress and strain,
respectively. Knowledge about the complex modulus is essential in under-
standing the materials behavior in a dynamic environment, and can be deter-
mined through different kinds of wave propagation experiments, as studied

1
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Figure 1: Experimental setup

in [1], [10] and [23]. In order to get good quality estimates, the collected data
should contain as much valuable information as possible, and design param-
eters that influence the information content must thus be chosen carefully.
Examples of such parameters are the input excitation signal, the number
of sensors used in the experiment, and the sensor locations. The procedure
of determining optimal design parameters in an experiment is commonly
referred to as optimal experiment design.

A solid theoretical basis for optimal experiment design is built in [3] and
[20], and is widely employed in different areas of engineering. Some examples
include sensor array signal processing [8] and robotics [13]. The problem of
goal-oriented experiment design has also received a lot of attention, see for
example [7], [11], [4] and [6]. In the control literature, a survey on the
sensor location problem is presented in [12], while the input design problem
is treated in [16]. A more recent discussion on input design can be found
in [25]. A common procedure for optimal experiment design is to minimize
some scalar function of the covariance matrix of the estimate. The design
tools developed is therefore useful in a wide range of applications, where the
covariance matrix can be expressed as a function of the design variable of
interest.

This work will focus on the subject of optimal input signal for identifi-
cation of viscoelastic materials. The subject of optimal sensor locations for
this application has been studied in [18] and [21]. Previously, the preferred
kind of input has been an strain pulse generated by impact from a steel
hammer or an air gun, and the transient response following the pulse was
then studied. However, in order to get good estimates it is important to
give sufficient excitation to all frequencies considered in the identification,
i.e. the input signal should contain enough energy at these frequencies. As
an pulse tends to have the majority of its energy at low frequencies, and as
identification of the complex modulus is frequently carried out for frequen-
cies up to 15 kHz, this kind of excitation can be expected to be sub-optimal
for identification in the higher frequency range. The question addressed here
can thus be formulated as follows: if we have the same energy content as in
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the original pulse, and if we could freely control the frequency distribution
of this energy, how would the optimal spectrum of the input signal look?

The paper is organized as follows. In the next section the identification
experiments are described, followed by the modeling of the system in Sec-
tion 3 and identification in Section 4. The optimal experiment design is
described in Section 5, and the results are analyzed in Section 6. Finally,
conclusions are drawn in Section 7.

2 Experimental setups

In this work, two kinds of wave propagation experiments will be studied.
In one, longitudinal wave propagation is used, and the setup is shown in
Figure 1. Here a slender bar of length L is suspended horizontally with thin
wires. The bar is then axially excited, giving rise to longitudinal waves trav-
eling back and forth in the bar. The strains caused by the wave propagation
are measured at n different sections located at {xi}ni=1, at N discrete time
instances. In order to avoid aliasing, the analog strain signals are passed
through a low-pass anti-aliasing filter before sampling.

The second experiment use flexural wave propagation, and the setup is
shown in Figure 2. Here a beam of length L is mounted vertically, and
is then excited laterally to give rise to flexural waves traveling along the
beam. As in the longitudinal case, the associated strain data is collected at
n sections {xi}ni=1, at N discrete time instances. Flexural wave propagation
experiments are often useful when the frequencies of interest are between
10 Hz and 1 kHz. With longitudinal wave propagation on the other hand,
it is possible to achieve estimates well above 1 kHz. Since longitudinal
wave experiments are concerned with one dimensional wave propagation,
the limiting factor instead is that we can only consider frequencies for which
the wavelengths are much larger than the diameter of the bar. For these
frequencies approximate 1D conditions will prevail in the setup. A common
requirement is that the wavelengths must be at least ten times the diameter
of the bar. Similarly a lower limit on useful frequencies can be estimated
from the requirement that there must be a sufficient strain variation between
the outermost sections x1 and xn, or that the wavelength must be shorter
than 10 times the distance between these sections.

The identification is carried out in the frequency domain, and the recorded
signals are therefor transformed using the Discrete Fourier Transform (DFT)

ε̂(ωk) =
1√
N

N−1
∑

n=0

ε(n)e−i 2π
N
nk (2)

for

ωk =

{ 2πk
NT , 0 ≤ k ≤ N

2

2π(k−N)
NT , N

2 < k < N
. (3)
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Figure 2: Experimental setup

Since the measured signal is real-valued, it is sufficient to consider only the
positive frequencies, i.e. only

ωk =
2πk

NT
, 0 < k <

N

2
(4)

will be considered in this study.

3 Modeling

The wave propagation in the previously described experiments can be mod-
eled in a state-space framework. Note that in the following, all state vari-
ables are in the frequency domain and that the independent variable is the
position x along the center line of the bar/beam.

For an appropriate choice of state variables, the state vector s(x, ω) will
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follow a system of first-order ordinary differential equations, see [9] or [24]

ds(x, ω)

dx
= R(ω)s(x, ω). (5)

Note that the state vector and the matrix R(ω) will be defined differently for
the different experiments. These will be described in detail in the following
subsections. Also note that the strain at section x and frequency ω will be
a linear combination of the elements in the state vector s(x, ω), i.e.

ε(x, ω) = cT0 (ω)s(x, ω). (6)

The general solution to (5) is given by

s(x, ω) = c−1 (ω)eγ1(ω)x + c+
1 (ω)e−γ1(ω)x + · · ·

· · · + c−p (ω)eγp(ω)x + c+
p (ω)e−γp(ω)x, (7)

where {±γi(ω)}pi=1 are the eigenvalues of R(ω), and are commonly referred
to as the wave propagation functions. Here {−γi(ω)}pi=1 correspond to
the wave propagation in the positive x direction of the bar/beam, and
{γi(ω)}pi=1 represent the reflected wave in the negative x direction. The
vectors {c±i (ω)}pi=1 are amplitudes of the associated waves at x = 0. These
vectors depend on various boundary condition, see Appendix A.

In the following subsections the state-space realizations of both the lon-
gitudinal and the flexural wave propagation models will be described.

3.1 Longitudinal waves

Consider a linearly viscoelastic, homogenous bar of length L, cross sectional
area A, and density ρ. For longitudinal waves, the wave propagation at
section x can be described by the normal force N(x, t) and the particle
velocity u̇(x, t) at this section. This gives the frequency domain state vector

s(x, ω) =
[

N(x, ω) u̇(x, ω)
]T
. (8)

Further, the matrix R(ω) in (5) can be defined as

R(ω) =

[

0 iωρA
iω

E(ω)A 0

]

, (9)

see [24] for details. This matrix has only two eigenvalues and the general
solution (7) will thus be on the form

s(x, ω) = c−(ω)eγ(ω)x + c+(ω)e−γ(ω)x. (10)
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Also note that the relationship between the wave propagation function γ(ω)
and the complex modulus E(ω) is

γ2(ω) = − ρω2

E(ω)
. (11)

For longitudinal waves, the strain at section x is directly proportional
to the normal force N(x, ω) at that section and at that frequency, with
proportionality constant 1/(AE(ω)). With the state vector defined as in
(8), the vector c0(ω) in (6) can thus expressed as

c0(ω) =
[

1
AE(ω) 0

]T
. (12)

.

3.2 Flexural waves

Now consider the linearly viscoelastic, homogenous beam of length L, with
cross-sectional area A, moment of inertia I, and density ρ. To describe the
flexural wave propagation at section x, appropriate choices of state variables
are the bending moment M(x, t), the shear force Q(x, t), the rotational
velocity φ̇(x, t), and the time derivative of the center line deflection ẇ(x, t).
See [9] for further details. This gives the frequency domain state vector

s(x, ω) =
[

Q(x, ω) ẇ(x, ω) M(x, ω) φ̇(x, ω)
]T
. (13)

With the Timoshenko1 beam theory, the matrix R(ω) can be defined as

R(ω) =











0 iωρA 0 0
iωψ

E(ω)A 0 0 −1

1 0 0 iωρI

0 0 iω
IE(ω) 0











. (14)

Note that we have here introduced the known constant ψ, which is dependent
on the cross-sectional geometry and the Poisson’s ratio of the material, see
[9]. The matrix R(ω) has four eigenvalues and the general solution (7) will
be

s(x, ω) = c−1 (ω)eγ1(ω)x+c+
1 (ω)e−γ1(ω)x+c−2 (ω)eγ2(ω)x+c+

2 (ω)e−γ2(ω)x. (15)

In order to determine the wave propagation functions {±γ(ω)}2
i=1 as the

eigenvalues of R(ω), we need to solve the characteristic equation of R(ω),
which is given by

γ4(ω) + 2a(ω)γ2(ω) − b(ω) = 0, (16)

1Another and more simplified theory is the Euler-Bernoulli beam theory, see [17].
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where

a(ω) =
ρω2

2E(ω)
(1 + ψ) (17)

b(ω) =
ρω2

E(ω)

(A

I
− ρω2

E(ω)
ψ

)

(18)

Hence from (16) the wave propagation functions are given by

γ2
1(ω) = −a(ω) +

√

a2(ω) + b(ω) (19)

γ2
2(ω) = −a(ω) −

√

a2(ω) + b(ω). (20)

which also describes the relationship between the wave propagation functions
and the complex modulus E(ω).

For flexural waves, the strain at section x is directly proportional to the
bending moment at that section and at that frequency with proportionality
constant A/(IE(ω)). With the state vector defined as in (13), the vector
c0(ω) in (6) is thus defined as

c0(ω) =
[

0 0 A
IE(ω) 0

]T
. (21)

4 Identification

In this section, we consider the identification of the complex modulus E(ω)
from the sampled strain data at a set of predefined sections {xi}ni=1, as shown
in Figure 1 and 2. We here assume that the sampled data is corrupted by
spatially and temporally white Gaussian noise with zero mean and variance
λ. If we denote the frequency domain noise by v(x, ω), then the Fourier
transform strain measurements can be written as

ε(x, ω) = ε0(x, ω) + v(x, ω), (22)

where ε0(x, ω) denotes the noise-free strain from section x.

Now define the measurement vector ε(ω), the noise-free strain vector
ε0(ω) and the noise vector v(ω) as

ε(ω) =
[

ε(x1, ω) · · · ε(xn, ω)
]T
,

ε0(ω) =
[

ε0(x1, ω) · · · ε0(xn, ω)
]T
, (23)

v(ω) =
[

v(x1, ω) · · · v(xn, ω)
]T
.

By combining (7), (6) and (22) with the definitions in (23) we get

ε(ω) = A(ω)c(ω) + v(ω), (24)
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where

A(ω) =







eγ1x1 e−γ1x1 · · · eγpx1 e−γpx1

...
...

...
...

eγ1xn e−γ1xn · · · eγpxn e−γpxn






. (25)

Note that A(ω) will be an n × 2 matrix for longitudinal waves, and an
n× 4 matrix for flexural waves. Here, we have also introduced the unknown
frequency dependent vector c(ω) given by

c(ω) =
[

c−1 (ω) c+
1 (ω) · · · c−p (ω) c+

p (ω)
]

co(ω). (26)

The vectors in (26) are all of dimension p× 1.
In conformity with the notations in [14], we will here introduce the fre-

quency dependent real-valued vector

eω =
[

er(ω) ei(ω)
]T

(27)

such that
E(ω) = er(ω) + iei(ω). (28)

To stress that the matrix A(ω) is an implicit analytic function of the complex
modulus, we will also change this notation to A(eω). The notation in (27)
is helpful since it allows us to deal with a real-valued parameter vector. An
estimate êω of eω can then be obtained through the solution to the separable
nonlinear least squares problem

êω = arg min
c(ω),eω

∥

∥

ε(ω) − A(eω)c(ω)
∥

∥

2
, (29)

where the unknown vector c(ω) acts as a nuisance parameter vector of di-
mension p. The number of independent measurements n thus has to satisfy
n ≥ p+1. For a detailed description of the numerical issues of this estimation
problem, we refer the reader to [14].

In [14] an expression for the covariance matrix for the estimator êω is
also derived. For any two discrete frequencies ωk and ωl, and under the
assumption that the signal-to-noise ratio is large, we have that

E{(êωl
− e0

ωl
)(êωk

− e0
ωk

)T } =
λ

2h(ωl)
δl,kI2, 0 < k, l < N/2 (30)

where λ is the noise variance, δl,k the Kronecker delta function, and e0
ωl

denotes the true parameter vector. Further,

h(ω) = ε
∗
0(ω)A†∗(e0

ω)A∗
r(e

0
w)P(e0

ω)Ar(e
0
ω)A†(e0

ω)ε0(ω), (31)

where A†(eω) is the pseudo-inverse of A(eω), P(eω) is the orthogonal pro-
jection onto the null space of A∗(eω) given by

P(eω) = In − A(eω)A†(eω), (32)
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and Ar(eω) is defined as

Ar(eω) =
∂A(eω)

∂er(ω)
. (33)

From the expression (30) for the covariance matrix, we see that the estimate
of the complex modulus has the following properties:

• The estimate at a particular frequency is uncorrelated with the esti-
mate at any other frequency.

• The estimates of the real and the imaginary part are uncorrelated at
any given frequency.

• The estimates of the real and the imaginary part are of equal variance,
proportional to 1/h(ω).

• The variance, and thereby the estimation accuracy, is implicitly de-
pendent on the sensor locations and the type of excitation.

• The function h(ω) is directly proportional to the signal energy, and
the variance is inversely proportional to the signal-to-noise ratio.

The influence of the sensor placement on the estimation accuracy has been
studied in [18] and [21], while the impact of the chosen excitation will be
studied in following sections.

5 Experiment design

The common procedure for optimal experiment design is to minimize some
scalar function of the covariance matrix P of the estimate. Popular choices
of scalar functions include

A − optimality : min tr(P )

D − optimality : min det(P ) (34)

E − optimality : minλmax(P ).

Note that (34) applies in the case of parametric identification, where there
is one covariance matrix for the parameter estimate. Here we are concerned
with nonparametric identification, and accordingly we have one covariance
matrix for each frequency at which we have identified the complex modulus.
For the nonparametric case we are confined to minimizing the covariance
matrix on average, by integrating over some frequency interval. Focusing
on A- and D-optimality we get

A − optimality : min

∫

Ω
tr

(

PN (ω)
)

dω (35)

D − optimality : min

∫

Ω
det

(

PN (ω)
)

dω (36)
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where PN (ω) is the covariance matrix for the nonparametric estimate, and
Ω is the frequency interval.

In order to do experiment design with respect to the input signal, we
first have to find how the covariance matrix (30) depends on the excitation.
We can here use the linear property of the system, i.e. that there is a linear
dependency between the input excitation signal u(ω), and the measured
strains

ε(ω) = g(ω)u(ω) + v(ω). (37)

By the use of (37), the expression for the covariance matrix in (30) can be
reformulated as

PN (ω) =
λ

2|u(ωl)|2l(ωl)
δl,kI2 , 0 < k, l < N/2 (38)

where
l(ω) = g∗(ω)A†∗(e0

ω)A∗
r(e

0
w)P(e0

ω)Ar(e
0
ω)A†(e0

ω)g(ω). (39)

The function l(ω) depends solely on the material characteristics and the
sensor positions. How to find the function g(ω) used in (39) is described in
Appendix B. Note that when g(ω) has been found, the input signal used in
a particular experiment can easily be identified from the measured strains,
by the use of (37). Also note that depending on how the experiment is
set up, the input for flexural waves can be either the shear force Q, or the
rotational velocity ẇ, at the point of excitation. For longitudinal waves, the
input is the normal force N at the point of excitation.

As the covariance matrix is inversely proportional to the signal energy,
it is obvious that we can make the variance arbitrarily small by choosing
|u(ω)|2 large, see (38). To keep the input energy on a reasonable level, we
must therefore constrain it in the optimizations. This will give the following
problem, which can be solved by calculus of variations, see [5] or [22].

Optimal experiment design: Let the criterion function be

V =

∫

Ω

1
(

|u(ω)|2l(ω)
)p dω , Ω = [ω1, ω2]. (40)

For A-optimality choose p = 1, and for D-optimality choose p = 2. The
optimization problem can then be formulated as

min
|u(ω)|2

V s.t.

∫

Ω
|u(ω)|2dω = α. (41)

The solution to the optimization problem in (41) is given by

|uopt(ω)|2 =
1

(

l(ω)
)p/(p+1)

α
∫

Ω
1

(l(ω))p/(p+1)

dω. (42)
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The optimal value is given by

Vopt =
1

αp

(

∫

Ω

1
(

l(ω)
)p/(p+1)

dω
)p+1

. (43)

For a proof, see Appendix C.

Remark 1: Since it is trivially so that we want to use all the input energy
avaliable, we have here chosen the constraint on input energy in (41) as an
equality rather than an inequality.

Remark 2: Since the input energy outside the the interval Ω will have no
effect on the estimates within that interval, the input energy is set to zero
for frequencies outside Ω.

6 Investigations

The following investigations are based on data taken from live experiments.
In the longitudinal case, a PMMA (plexiglass) bar specimen of length L = 2
m and diameter d = 16 mm was used. A discussed in Section 2, this gives
a range of useful frequencies of approximately 200 Hz - 14 kHz. The sensor
positions {xi}ni=1 used in the experiment was

Xlong = {0 0.290 0.646 1.078 1.600} m, (44)

and the number of data points collected from each sensor N = 212 at a
sampling interval of T = 20 µs. The density of PMMA is ρ = 1183 kg/m3.
Additional information on these experiments can be found in [10].

No experiments have yet been made on the experimental setup for flexu-
ral waves in Figure 2. However, to evaluate the performance of the optimal
excitation, data from a similar experiment, described in [15], has been used.
The drawback with this data is that the boundary conditions in Appendix A
are not fulfilled at x = 0, which means that the the excitation used in a par-
ticular experiment can not be identified.

The optimal excitation for flexural waves was evaluated for the same
experimental conditions as in [15]. There, a beam made of PP (polypropy-
lene), with density ρ = 915 kg/m3 and Poisson’s ratio ν = 0.33, was used.
The length of the beam was L = 1.5 m, and the sensor positions {xi}ni=1

Xflex = {0.200 0.354 0.498 0.632 0.817 1.033 1.154 1.400} m. (45)

The number of data points collected from each sensor was N = 216 at a
sampling interval of T = 50 µs. For more information, see [15]. As discussed
in Section 2, flexural wave experiments are useful for frequencies between 10
Hz and 1 kHz. Due to the numerical difficulties mentioned in Appendix B,
this investigation has to be confined to frequencies below 550 Hz.
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Figure 3: Typical input signal for a longitudinal wave experiment (a), and
its spectrum (b).
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The problem can now be formulated as follows. In both the longitudinal
and the flexural wave experiment described above, a pulse generated by the
impact of a steel hammer or pendulum was used as an input. This pulse has
a certain energy content in the useful frequency range, and the energy is dis-
tributed over the frequencies in a certain way. If we instead could distribute
this energy freely over the useful frequencies, what would this distribution
optimally be? This problem formulation gives rise several interesting ques-
tions, which will be discussed in the following. For the longitudinal wave
experiments, the energy content of the original pulse is easily estimated by
first identifying the excitation used in the experiment. For the flexural wave
data, the original exciting pulse and its energy content can not be known
exactly, as discussed above. We instead have to guess the input power α
used in the optimal experiment design in (41). However, since α enters only
as a scaling factor in the optimal spectrum (42), this guess will have no
influence on how the power is distributed over the frequencies. Note that
this is a theoretical investigation, and that no consideration has been taken
as to the implementability of the achieved input spectra. This is a question
for future work.

Example 1: What input signal has been used in a particular experiment?

In the experiments described above, an unknown pulse generated through
impact with a steel hammer, was used as an input signal. For the longi-
tudinal wave experiment, this pulse can be identified through (62) and the
measured strain data. A typical input signal for the experiment is shown in
Figure 3, along with its power spectra. As can be seen, the impulse has most
of its energy concentrated at low frequencies; the majority of the power lies
below 6 kHz.

Example 2: What is the frequency content of an optimal input signal?

In order to get good estimates for all useful frequencies, we want an input
signal that excites the system for all the frequencies within that range. For
the input signal in Figure 3, it is reasonable to think that the system is
insufficiently excited at higher frequencies, since the input lacks power in
the higher frequency range. The lower accuracy in the estimates is evident
in Figure 4a, where a gradual increase in standard deviations can be noted
for frequencies over 6 kHz. If the same reasoning is applied to the standard
deviations in the flexural case (Figure 4b), one may expect the exciting pulse
to have the majority of its power below 250 Hz. The values of the noise vari-
ance used for the calculation of the standard deviations, was λ = 2.1×10−14

for longitudinal waves and λ = 1.7 × 10−13 for flexural waves, see [19] and
[15]. The true complex modulus needed to calculate the standard deviations
was here replaced by the estimated complex modulus, and the true strains
by the measured strains.

The optimal input spectra achieved by (42) are shown in Figure 5.
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Figure 4: Standard deviations of the estimated complex modulus, based
on experiments using unknown pulse excitation. Longitudinal wave experi-
ments (a), and flexural wave experiments (b). Analytical standard deviation
(solid), and experimental standard deviation, 10 independent experiments
(dotted).



Paper II 15

We have here included all the useful frequencies in the minimization, i.e.
Ω = [200Hz, 14 kHz] for longitudinal waves, and Ω = [10Hz, 550Hz] for
flexural waves. It can be seen that the A- and the D-optimal design give
similar results. However, an important advantage of D-optimality is that it
is invariant under scale changes in the parameters and linear transforma-
tions of the output. Another advantage of D-optimality is that it implies
G-optimality, which means that the variance of the predicted output is min-
imized. These properties have made it one of the most popular methods in
optimal experiment design.

From Figure 5, it is also evident that it is better to distribute the energy
more evenly over the frequencies; for the longitudinal wave experiment more
power has been allocated to the higher frequency range, and a considerable
amount of the input power is concentrated to the higher frequency range for
flexural waves. It is also interesting to compare the optimal input spectra
in Figure 5 to the standard deviations in Figure 4. Clearly, the procedure
allocates more input energy to those frequencies for which the current sen-
sor position yields a poor estimate, i.e. where the standard deviations are
increased. Intuitively it makes sense that areas of increased variance needs
to be suppressed when minimizing a criterion function like the one in (40).
This is done by extracting more information from these modes, here achieved
by allocating more input power around certain frequencies, and thereby get
a better estimate.

Example 3: What can be gained in estimation accuracy with the use of an
optimal input signal?

From Figure 6 it is clear that it is possible to achieve better estimate by us-
ing an optimal distribution of input power, compared to that of the classical
impact excitation. For longitudinal wave experiments, the average standard
deviation has decreased by around 40 % over the range of useful frequencies.
The corresponding decrease in maximal standard deviation is about 70 %.
No such comparison can be made for flexural waves, since we do not know
the energy content of the original excitation signal. As was seen in Section 4,
the accuracy of the estimates are inversely proportional to the signal energy,
and comparing experiments with different energy contents may therefore be
deceiving. It is however clear that for both flexural and longitudinal waves,
the optimal input will counteract the increase in standard deviation in the
high frequency range. Instead the accuracy is kept on approximately the
same level for all frequencies. The input power α for the flexural wave ex-
periment has here been chosen based on the results from the longitudinal
wave case, i.e. so that the standard deviations for the optimal input lies
between the higher and the lower values of the original standard deviations.

From Figure 6, it is also clear that keeping standard deviations on the
same level for all frequencies tends to decrease standard deviations in the
higher frequency range, at the expense of accuracy at lower frequencies. It
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is however possible to target specific areas and get better accuracy at fre-
quencies with already low variance. In Figure 7, the range 2 - 8 kHz was
targeted for a longitudinal wave experiment, with lower standard deviations
as a result.

7 Conclusions

This paper treats the problem of optimal excitation for estimating the com-
plex modulus of a viscoelastic material from wave propagation experiments.
In this study, we focus on nonparametric identification in the frequency do-
main. It is important to stress that even though this article treats a specific
application, the procedure for optimal experiment design used here also ap-
plies to the more general case of identification experiments. The key issue is
to have a covariance matrix dependent on the design parameters of interest.

Here, the idea is that if we can distribute the energy content of the
input excitation signal in an optimal way, it is possible to maximize the
amount of useful information that can be extracted from the data, and
thereby get a more accurate estimate. The typical way to excite the system
in this kind of experiments has been through impact by the use of a steel
hammer or an air gun; a kind of excitation that has most of its power in
the lower frequency range. It was found that more accurate estimates can
be achieved by spreading the input power more evenly over the frequencies,
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Figure 5: Optimal input spectra. Longitudinal wave experiments in (a),
and flexural wave experiments in (b)-(c). In (b) u(ω) = Q(0, ω), and in
(c) u(ω) = ẇ(0, ω). A-optimal input (solid), and D-optimal input (dash-
dotted). In (a), identified pulse excitation (dotted).
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and that it is advantageous to allocate more energy to frequencies where the
estimates are particularly bad. It was also shown how the theory can be
used to identify the excitation used in a particular experiment, since this is
generally not known and hard to measure. Other relevant design parameters
for this application is the number of sensors used in the experiment, and their
locations. This problem was studied in [18] and [21].

In order to confirm the results of this paper, experiments have to be
designed where the optimal input signal can be applied to the system. Issues
to consider in this work include:

• What is the effect of the equipment used? This includes the transfer
functions of the amplifier and the shaker used to apply force to the
specimen. These need to be compensated for to some extent. Specif-
ically, there will be an upper limit on how fast the shaker can work,
and thereby how high frequencies that can be generated.

• How much energy can we drive into the specimen? This issue concerns
the time span of the experiment, since more energy is generated the
longer the experiment continues.
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Figure 6: Standard deviations. Longitudinal wave experiments (a), and
flexural wave experiments (b)-(c). In (b) u(ω) = Q(0, ω), and in (c) u(ω) =
ẇ(0, ω). Original impulse excitation (dotted), A-optimal input (solid), and
D-optimal input (dash-dotted).
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Figure 7: Standard deviations for a longitudinal wave experiment with op-
timal input in the range 2 - 8 kHz. Identified impulse excitation (dotted),
A-optimal input (solid), and D-optimal input (dash-dotted).

A Boundary conditions

A.1 Longitudinal waves

If the longitudinal wave propagation experiment in Figure 1 is designed so
that there is a free end at x = L, the strain (and thereby the normal force
N) at that section will equal zero. The input signal to the system is the
normal force at x = 0 (the point of excitation), which gives the following set
of boundary conditions

N(0, ω) = u(ω) , N(L,ω) = 0. (46)

A.2 Flexural waves

For a flexural wave propagation experiment designed as in Figure 2, with
a free end at x = L, it holds that the shear force Q equals zero at x = L.
Moreover, the bending moment M equals zero both at x = L and at x = 0.
Depending on the experimental setup, the input signal to the system can be
either the shear force Q or the rotational velocity ẇ at the point of excitation
(x = 0), which gives the following set of boundary conditions

Q(0, ω) or ẇ(0, ω) = u(ω) , M(0, ω) = 0 , Q(L,ω) = 0 , M(L,ω) = 0. (47)
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B Derivation of g(ω)

First note that the general solution of the system of difference equations in
(5) can also be written on the form

s(x, ω) = eR(ω)xs(0, ω). (48)

Combining (48) with (6), (22) and the definitions in (23) we get

ε(ω) = Γ(ω)s(0, ω) + v(ω) (49)

where

Γ(ω) =







cT0 (ω)eR(ω)x1

...

cT0 (ω)eR(ω)xn






. (50)

To find the relationship between the input signal and s(0, ω), we can
apply the boundary conditions described in Appendix A. These give

B1s(0, ω) = e1u(ω), (51)

B2s(L,ω) = 0, (52)

with B1, B2 and e1 defined as

B1 =
[

1 0
]

, B2 =
[

1 0
]

, e1 = 1 (53)

for longitudinal waves. For flexural waves B1 depends on the choice of input
signal,

B1 =

[

1 0 0 0
0 0 0 1

]

for u(ω) = Q(0, ω), (54)

or

B1 =

[

0 1 0 0
0 0 0 1

]

for u(ω) = ẇ(0, ω), (55)

while

B2 =

[

1 0 0 0
0 0 1 0

]

, e1 =
[

1 0
]T
. (56)

Together, (51) and (52) can be written as

Λ(ω)s(0, ω) = eu(ω), (57)

with

Λ(ω) =

[

B1

B2e
R(ω)L

]

, (58)

and

e =
[

eT1 0T
]T
. (59)



22 Agnes Rensfelt

Combining (57) with (49) then gives

ε(ω) = Γ(ω)Λ−1(ω)eu(ω) + v(ω), (60)

and the function g(ω) given in (37) satisfies

g(ω) = Γ(ω)Λ−1(ω)e. (61)

Note that we have to assume the matrix Λ(ω) to be invertible for all frequen-
cies. This assumption is easily shown to be fulfilled for longitudinal waves,
while ill-conditioned matrices may occur for flexural waves. Also note that
the function g(ω) can be used to identify the input in a particular experi-
ment from the measured strain data. This can be done in a least squares
sense by applying

u(ω) = g†(ω)ε(ω), (62)

where g†(ω) denotes the pseudo-inverse of g(ω).

C Solution to the optimization problem

A problem on the form

min
y(ω)

∫ ω2

ω1

f
(

ω, y(ω), y′(ω)
)

dω (63)

can be solved by calculus of variations, see [5] or [22]. According to this the-
ory, the minimizing function of (63), y∗(ω), must satisfy the Euler equation

d

dω

( ∂f

∂y′

)

− ∂f

∂y
= 0, (64)

where the indices of the functions have been omitted for brevity. The closely
related problem with an integral side condition

min
y(ω)

∫ ω2

ω1

f
(

ω, y(ω), y′(ω)
)

dω s.t.

∫ ω2

ω1

g
(

ω, y(ω), y′(ω)
)

dω = α (65)

can be handled in the same way by first introducing the Lagrange multiplier
λ, see [2]. The minimum of (65) can then be found through solving the
equivalent optimization problem

min
y(ω)

∫ x2

ω1

F
(

ω, y(ω), y′(ω)
)

dω, (66)

where

F
(

ω, y(ω), y′(ω)
)

= f
(

ω, y(ω), y′(ω)
)

+ λg
(

ω, y(ω), y′(ω)
)

. (67)
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Note that f(·) will now be replaced by F (·) in (64).
For the design problem in (40) and (41), we have y(ω) = |u(ω)|2. This

gives

f
(

ω, y(ω), y′(ω)
)

=
1

(y(ω)l(ω))p
,

g
(

ω, y(ω), y′(ω)
)

= y(ω), (68)

F
(

ω, y(ω), y′(ω)
)

=
1

(y(ω)l(ω))p
+ λy(ω).

Since F (·) does not include y′(ω), the Euler equation for this problem is
reduced to

∂F

∂y
= − p

(

y(ω)
)p+1(

l(ω)
)p + λ = 0. (69)

The minimizing function y∗(ω) thus has to satisfy

y∗(ω) =
( p

λ
(

l(ω)
)p

)1/(p+1)
. (70)

To find the value of the Lagrange multiplier λ at the optimum, we can use
the constraint in (65). With g(·) defined as in (68), at the minimum point
we have

∫ ω2

ω1

y∗(ω)dω =
1

λ1/(p+1)

∫ ω2

ω1

( p
(

l(ω)
)p

)1/(p+1)
dω = α, (71)

which gives

λ =
( 1

α

∫ ω2

ω1

( p
(

l(ω)
)p

)1/(p+1)
dω

)p+1
. (72)

Substituting λ into (70), we get the minimizing function

y∗(ω) = |uopt(ω)|2 =
1

(

l(ω)
)p/(p+1)

α
∫

Ω
1

(l(ω))p/(p+1)

dω, (73)

which equals (42). The optimal function value in (43) follows from straight-
forward application of (42) in (40).
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Nonparametric identification of complex modulus

using a non-equilibrium SHPB procedure

Agnes Runqvist Saed Mousavi Torsten Söderström

Abstract

We investigate non-parametric identification of the frequency depen-
dent complex modulus of a viscoelastic material, using a non-equilibrium
split Hopkinson pressure bar technique. Three different procedures for
estimating the complex modulus from experimental data are consid-
ered, and an analysis of the quality of the estimates is carried out. The
validity of the theoretical results are confirmed by numerical studies
and experimental tests.

1 Introduction

The properties of a viscoelastic material can be characterized by its complex
modulus, which relates stress and strain in the material. In order to make
efficient use of these materials under dynamic load, it is therefore important
to have knowledge about this material property. In [9], [1] and [5], wave
propagation tests based on measurements on the viscoelastic specimen it-
self are treated. The complex modulus of different polymers, such as PP
(polypropylene) and PMMA (plexiglass) has successfully been determined
by the use of such testing. These tests do, however, generally require an
aspect ratio1 of the order of 102 and are not suitable for materials from
which it is not possible to produce large homogenous specimens. Examples
of such materials are certain pharmaceutical materials fabricated through
compaction. In [8] a Split Hopkinson Pressure Bar (SHPB) procedure for
non-parametric identification of the complex modulus of a viscoelastic ma-
terial is therefore developed. In this method a short specimen is placed
between two long bars, called pressure bars. From axial impact tests, the
stress and strain histories in the specimen can then be estimated.

The SHPB procedure was first introduced by Kolsky, see [6], and is
commonly used for the study of material properties under conditions of high

1Length a to the diameter d of the specimen, i.e. a/d.

1
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Figure 1: Experimental setup

strain rates and large strains. A review of classical SHPB testing is provided
by Gray [3]. A generalization of the procedure for testing soft materials is
treated in [2],[12] and [10]. A review of the generalized procedure can be
found in [4]. One condition that must be approximately fulfilled for a classic
SHPB test to be considered valid is that equilibrium should prevail. In a
polymeric (viscoelastic) material it is particularly hard to achieve equilib-
rium because of the low wave speeds, see for example [3],[2].The procedures
developed in [8] differ from the classic SHPB procedure in that they do not
require equilibrium and that the strains and strain rates are modest.

Three procedures are developed in [8], one that is considered to be exact
in the context of 1D wave propagation and two simplified versions. The sys-
tematic error at low frequencies of these simplified procedures is discussed,
but a more thorough analysis of the quality of the estimates is missing.
The main purpose of this paper is therefore to provide an analysis of how
the estimated complex modulus is affected by stochastic disturbances of the
measured strains.

In the next section, the experiment is described and the three different
procedures for estimating the complex modulus are presented. In Section
3 an analysis of the estimated material function is made for all three pro-
cedures. Numerical studies to verify the expressions developed in Section
3 are performed in Section 4, while results from experiments are treated in
Section 5. Finally, conclusions are drawn in Section 6.

2 Identification of complex modulus

The experimental setup is shown in Fig. 1. A cylindrical specimen of length
a, cross-sectional area A, and density ρ, is placed between two cylindrical
bars. The cross-sectional area of the bar is Ab, the density ρb, and the
complex modulus Eb(ω). The complex modulus of the specimen, E(ω), is
unknown and will be identified through the experiment. The first bar is
axially impacted by a striker and a wave is generated. At the specimen this
wave is partially reflected back into the first bar, and partially transmitted
into the second bar. The wavelengths λ and λb of waves in the specimen and
the bars are assumed to be much longer than the diameters, so that 1D con-
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ditions prevail. The axial strain versus time history εR(t), associated with
the reflected wave, is measured at a distance b1 from the first bar/specimen
interface. The related strain history εT (t), associated with the transmitted
wave, is measured at a distance b2 from the second bar/specimen interface.
The strain history of the incident wave, εI(t), can also be measured, but
will not be used in this study.

In [8], an expression for the frequency domain strain ratio ε̂R(ω)/ε̂T (ω)
as a function of the complex modulus of the specimen is derived:

ε̂R(ω)

ε̂T (ω)
eγb(ω)(b1−b2) =

=
1

2

( Z(ω)

Zb(ω)
− Zb(ω)

Z(ω)

)

sinh(γ(ω)a). (1)

This relationship is considered to be exact in the context of 1D wave theory.
Here ε̂(ω) denotes the Fourier transformed strains. In (1) Z(ω) and Zb(ω)
are the characteristic impedance of the specimen and of the pressure bars
respectively, while γ(ω) and γb(ω) are the wave propagation coefficients.
The characteristic impedances are related to the complex moduli through

Z(ω) = A
√

E(ω)ρ

Zb(ω) = Ab
√

Eb(ω)ρb
(2)

and the wave propagation coefficients through

γ(ω) =

√

− ρω2

E(ω)
, γb(ω) =

√

− ρbω2

Eb(ω)
. (3)

If the strains are measured at equal distances from the first and second
bar/specimen interfaces (i.e. b1 = b2), equation (1) takes the simple form

ε̂R(ω)

ε̂T (ω)
=

1

2

( Z(ω)

Zb(ω)
− Zb(ω)

Z(ω)

)

sinh(γ(ω)a). (4)

This equation can be solved for γ(ω), and the complex modulus E(ω) can
then be determined through (3).

At low frequencies, |γ(ω)a|2 is small, and thereby sinh(γ(ω)a) ≈ γ(ω)a.
Equation (4) can then be approximated by

ε̂R(ω)

ε̂T (ω)
=

1

2

( Aρ

Abρb
− AbEb(ω)

AE(ω)

)

γb(ω)a (5)

by the use of equations (2) and (3). Solving (5) for the complex modulus
E(ω) of the specimen gives the low frequency (lf) estimate

Elf (ω) =Eb(ω)
Ab
A

γb(ω)a

2

×
( Aρ

Abρb

γb(ω)a

2
− ε̂R(ω)

ε̂T (ω)

)−1
, (6)
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which is valid for |γ(ω)a|2 ≪ 1. If the characteristic impedance of the
specimen is low relative to that of the bars, i.e. |Z(ω)/Zb(ω)|2 ≪ 1, then
by (2) we have Aρ/Abρb ≪ |AbEb/AE|, and equation (6) can be further
simplified as

Ecl(ω) = −Eb(ω)
Ab
A

γb(ω)a

2

ε̂T (ω)

ε̂R(ω)
(7)

for |γ(ω)a|2 ≪ 1 and |Z(ω)/Zb(ω)|2 ≪ 1. In [8] this estimate is shown to be
identical to the one used in the classical (cl) SHPB procedure based on the
assumption that the specimen is in a state of equilibrium.

3 Analysis of accuracy

The strain histories are measured at time instances {nT}N−1
n=0 , where T de-

notes the sampling interval. For notational simplicity, we refer to any signal
x(nT ) as x(n). The measured strains are transformed into frequency domain
using the discrete Fourier transform

ε̂(ωk) =
1√
N

N−1
∑

n=0

ε(n)e−i
2π
N
nk (8)

for

ωk =

{

2πk
NT , 0 ≤ k ≤ N

2
2π(k−N)
NT , N

2 < k < N
. (9)

The measured strain histories εR(n) and εT (n) are assumed to be corrupted
by spatially and temporally white Gaussian noise. The measurements thus
consist of a noise-free part, ε0(n), and a disturbance, v(n) with zero mean
and variance σ2

R and σ2
T , respectively. Let the subscript R,T denote a

quantity related to the reflected or the transmitted wave. The dynamics of
the measurements can then be expressed as

εR,T (n) = ε0R,T (n) + vR,T (n). (10)

In the frequency domain this relationship is

ε̂R,T (ω) = ε̂0R,T (ω) + v̂R,T (ω), (11)

and the Fourier transformed noise sequences v̂R(ω) and v̂T (ω) have the prop-
erties

E{v̂R,T (ωl)v̂
∗
R,T (ωk)} = σ2

R,T δl,k

E{v̂R,T (ωl)v̂R,T (ωk)} = 0
(12)

for 0 < k, l < N/2. See for example [7] for a derivation. Furthermore, the
noise being spatially white gives

E{v̂R(ωl)v̂
∗
T (ωk)} = 0, ∀k, l. (13)
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In the following two subsections, expressions for the accuracy of (a) the
exact estimate derived from the equation (4), (b) the low frequency estimate
in (6), and (c) the classical estimate in (7) are derived. Note that the
argument ω will be omitted, unless crucial to the understanding, in order to
simplify the notations.

3.1 Analysis of exact expression

The exact expression in (4) can be described as an analytical function of
the estimated complex modulus, Eest, and the measured strains, ε̂R and ε̂T ,
according to

f(Eest, ε̂R, ε̂T ) =

=
1

2

( Z

Zb
− Zb
Z

)

sinh(γa) − ε̂R
ε̂T

= 0. (14)

Assume that the estimated complex modulus converges to

E0 = lim
SNR→∞

Eest (15)

as the signal-to-noise ratio, SNR, tends to infinity, which corresponds to
noise-free measurements of the strains. Under the assumption that the SNR
is large, we can make a Taylor series expansion of (14) around the point E0,
and the noise free measurements ε̂0R and ε̂0T . Thus we get

f(Eest,ε̂R, ε̂T ) = f(·) + f ′E(·)(Eest − E0)

+f ′ε̂R
(·)(ε̂R − ε̂0R) + f ′ε̂T

(·)(ε̂T − ε̂0T )

+[higher order terms] = 0 (16)

where f(·) denotes f(E0, ε̂0R, ε̂
0
T ), and is equal to 0. Furthermore f ′E, f ′ε̂R

,
f ′ε̂T

denote the partial derivatives with respect to E, ε̂R and ε̂T , respectively.
By neglecting the higher order terms, this leads to

Ẽ , Eest −E0 ≈ −
(

f ′E(·)
)−1

×
[

f ′ε̂R
(·)v̂R + f ′ε̂T

(·)v̂T
]

(17)

From (17), and from the properties of the frequency domain noise in (12) and
(13), it follows that the estimates at frequencies ωk and ωl are uncorrelated
(e.g. E{Ẽ(ωk)Ẽ

∗(ωl)} = 0, k 6= l), and that the variance of the estimate at
frequency ωk can be described by

E{|Ẽ(ωk)|2} =
(
∣

∣

∣
f ′E(ωk)

∣

∣

∣

2)−1

×
[∣

∣

∣
f ′ε̂R

(ωk)
∣

∣

∣

2
σ2
R +

∣

∣

∣
f ′ε̂T

(ωk)
∣

∣

∣

2
σ2
T

]

, (18)
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Furthermore, from straightforward application of (17), it also holds that

E{Ẽ(ωk)Ẽ(ωl)} = 0, 0 < k, l <
N

2
. (19)

This implies that the variances of the real and the imaginary part of the
estimated complex modulus are equal and that the estimate of the real part
is uncorrelated with the estimate of the imaginary part for all frequencies.

3.2 Analysis of the low frequency and classical estimates

The correlation between the estimation errors at different frequencies is de-
rived in the same way for the low frequency and the classical estimate. Both
estimates are analytical functions of the measured strains, ε̂R and ε̂T

Eestlf,cl = g(ε̂R, ε̂T ). (20)

where the subscript lf, cl denotes the low frequency estimate (lf) or the
classical (cl) estimate. For the low frequency estimates g(·) equals the ex-
pression in (6), and for the classical estimate to the expression in (7).

If we assume that the SNR is large, we can Taylor expand (20) around
the noise free measurement points ε̂0R and ε̂0T , and get

g(ε̂R, ε̂T ) =g(·) + g′ε̂R
(·)(ε̂R − ε̂0R)

+ g′ε̂T
(·)(ε̂T − ε̂0T )

+ [higher order terms]. (21)

Here g(·) denotes g(ε̂0R, ε̂
0
T ), and g′ε̂R

, g′ε̂T
denote the partial derivatives with

respect to ε̂R and ε̂T , respectively. This leads to

Ẽlf,cl , Eestlf,cl − E0
lf,cl

= g(ε̂R, ε̂T ) − g(ε̂0R, ε̂
0
T )

≈ g′ε̂R
(·)v̂0

R + g′ε̂T
(·)v̂T (22)

and the variance of the estimate at frequency ωk can be described as

E{|Ẽlf,cl(ωk)|2} =

=
∣

∣

∣
g′ε̂R

(ωk)
∣

∣

∣

2
σ2
R +

∣

∣

∣
g′ε̂T

(ωk)
∣

∣

∣

2
σ2
T . (23)

Similarly to the analysis of the exact estimate, the estimates at frequency
ωk and ωl are uncorrelated, and

E{Ẽlf,cl(ωk)Ẽlf,cl(ωl)} = 0, 0 < k, l <
N

2
(24)

implying that the variances of the real and the imaginary part of the esti-
mates are equal and that the estimate of the real part is uncorrelated with
the estimate of the imaginary part for all frequencies.
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4 Numerical example

4.1 Data

In order to investigate the validity of the expressions derived in the previous
section, the experiment and identification procedure were considered in a
Monte Carlo simulation. Data for the complex modulus of the specimen
was generated from the standard linear solid model [11],

E(ω) =
E2(E1 + iωη)

E1 + E2 + iωη)
, (25)

with model parameters E1 = 7.57 GPa, E2 = 3.14 GPa and η = 251 kPa · s.
This choice of parameters applies of the dynamic behavior of PP (polypropy-
lene). To fit the Fourier transformed strains to the simulated complex mod-
ulus, experimental strain data associated with the transmitted wave were
used. The data were obtained from an experiment with a PP specimen, with
a = 20 mm, A = 100 mm2, and ρ = 915 kg/m3. The material of the pressure
bars was aluminum, with ρb = 2700 kg/m3, and Ab = 100 mm2. Frequency
domain strain data associated with the reflected wave were obtained through
(4), and the simulated data apply to the same experimental setup as above.
As aluminum is elastic, the modulus of the pressure bars is here constant
and equal to Eb = 71 GPa for all frequencies. The number of data points
was N = 700 and the sampling interval was T = 1 µs. The strains were
measured at an equal distance from the first and the second bar/specimen
interface, b1 = b2 = 600 mm. As the strain data were simulated in frequency
domain, noise was also added in this domain. From (12), we know that the
real and imaginary parts of the frequency domain noise are uncorrelated
and of equal variance, with a total variance equal to the time domain noise
variance. Uncorrelated sequences with variance σ2

R,T /2 were therefore added
to the real and the imaginary part of the Fourier transformed strains. This
procedure was repeated for 100 different noise realizations. From measure-
ments carried out in order to study the noise characteristics, the typical
time domain variance was found to lie between 10−12 and 10−11 for both
measurements. The variance of the time domain noise were therefore chosen
as σ2

R,T = 8 · 10−12. The analysis also confirmed that the assumptions made
on the noise, i.e. that it is spatially and temporally white, are close to be
fulfilled.

4.2 Results

In the derivation of the estimates in Section 2, 1D conditions were assumed
to prevail. In order for this assumption to be fulfilled, the wavelengths λ
and λb must be greater than, say, ten times the diameter of the specimen
and the bars, respectively. This gives an upper limit of useful frequencies,
which for the experimental conditions described in the previous subsection
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Figure 2: Real part (upper curves) and imaginary part (lower curves) of the
exact estimate (solid), the low frequency estimate (dash-dotted), and the
classical estimate (dotted).

are limited by the PP specimen and implies wavelengths greater than 0.11 m
or frequencies below 16 kHz.

For the experimental conditions to which the data described in the pre-
vious subsection apply, |γ(ω)a|2 is kept small for all useful frequencies. The
approximation condition in (6) is thus fulfilled, or close to be fulfilled, for all
such frequencies, and the low frequency estimate is close to that of the exact
expression (4), see Fig. 2. Furthermore, for the choice of PP specimen and
aluminum bars, |Z(ω)/Zb(ω)|2 is kept low, and the classical estimate is close
to the low frequency estimate. As the two simplified estimates manage to
capture the dynamics of the exact expression, they can be expected to treat
the measurement noise in very similar ways. The standard deviations, taken
as the the square root of the variance of each estimate, should therefore be
close. That this really is the case can be seen in Fig. 3, where the stan-
dard deviations of the estimates (both numerical and theoretical) are shown.
Furthermore, the theoretical standard deviations obtained through the ex-
pressions in (18) and (23), are very well in accordance with the numerical
results from the 100 simulated experiments. From Fig. 3, it is also clear that
there is a drastic increase in standard deviations for low frequencies. This
behavior is partly due to the circumstance that, if the change in the wave is
sufficiently slow, the specimen will manage to follow the movements of the
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Figure 3: (a) Numerical standard deviation for the exact estimate, the low
frequency estimate and the classical estimate (all dotted) and theoretical
standard deviations for the exact estimate (solid), the low frequency estimate
(dashed), and the classical estimate (dash-dotted). (b) Closeup between 12
and 14 kHz.
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Figure 4: Real part (upper curves) and imaginary part (lower curves) of the
exact estimate (solid), the low frequency estimate (dash-dotted), and the
classical estimate (dotted).

pressure bars, as if they were one homogenous piece. This gives inadequate
information on the specimen, and will lead to a poor quality estimate of the
complex modulus.

5 Experiments

5.1 Data

In the previous section, the validity of the expressions in (18) and (23)
were confirmed for simulated data. Naturally, it is even more important
to confirm the validity when real data are used. In order to do this, ten
experiments, as identical as possible, were carried out using a PP specimen
and aluminum bars. The details on the experimental setup were the same as
in the numerical example in Section 4. The number of data points used was
N = 700 and the sampling interval was T = 1 µs. Note that to calculate the
theoretical standard deviations from (18) and (23), the noise variances σ2

R

and σ2
T are needed, as well as the noise free frequency domain strain histories

ε̂0R(ω) and ε̂0T (ω). The noise free strain histories were here approximated by
the measured strains ε̂R(ω) and ε̂T (ω), which can be justified by the fact
that the SNR is high. From the study of the noise characteristics mentioned
in Section 4, the typical time domain variance was found to lie between 10−12
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Figure 5: (a) Experimental standard deviation for the exact estimate, the
low frequency estimate and the classical estimate (all dotted) and theoretical
standard deviations for the exact estimate (solid), the low frequency estimate
(dashed), and the classical estimate (dash-dotted).

and 10−11. Here, values of σ2
R,T = 1 · 10−11 were found to give satisfying

results for all three estimates.

In (18), the estimate of the complex modulus corresponding noise free
strain measurements is also required. This value, E0(ω), was here approxi-
mated by the mean of the estimates from the ten independent experiments.

5.2 Results

The result of the identification can be seen in Fig. 4, where the value of the
complex modulus at each frequency is obtained by averaging the result from
the ten independent experiments. The oscillatory behavior of the estimates
are due to waves traveling back and forth in the specimen, leaking out
part of their energy each time they meet the bar/specimen interface. For
long specimens, this will cause the measured waves to have long tails, and
a truncation error is introduced as these tails have to be cut in order to
separate subsequent strain pulses.

In order to check the validity of the expressions in (18) and (23), the
theoretical standard deviation was compared to the sample standard devi-
ation obtained from the ten experiments. The results are shown in Fig.
5, where the standard deviations (both experimental and theoretical) of all



12 Agnes Rensfelt

three estimates are shown. It can be seen that the theoretical values are
well in accordance with the experimental results. The oscillations in the
experimental standard deviation are in accordance with the oscillations in
the estimates, and are most likely an effect of these. Also note that the
discussion in Section 4.2 is also valid for the experimental results.

6 Conclusions

In this paper, a non-equilibrium SHPB procedure for non-parametric iden-
tification of the complex modulus of viscoelastic materials was considered.
With this procedure, a short specimen of the viscoelastic material is used,
and the method is therefore an important complement to earlier work, where
long homogenous specimens are needed. The procedure also differs from the
classical SHPB procedure in that equilibrium is not required. This is partic-
ularly good for identification of viscoelastic materials, in which equilibrium
is hard to achieve.

Three different estimates of the complex modulus were considered; one
regarded to be exact in an 1D context, and two simplified versions. In order
to put a quality tag on these estimates, an analysis of the accuracy of the
estimates was carried out, and expressions for the variance, valid for large
SNR:s, were derived. The validity of these expressions were confirmed, both
by Monte Carlo simulation and by real experimental data. It was found
that the theoretical values describe the experimental standard deviation
with high accuracy.
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[7] K. Mahata, S. Mousavi, T. Söderström, M. Mossberg, U. Valdek, and
L. Hillström. On the use of flexural wave propagation experiments for
identification of complex modulus. IEEE Trans. on Control Systems
Technology, 11(6):863–874, November 2003.

[8] S. Mousavi, K. Welch, U. Valdek, and B. Lundberg. Non-equilibrium
split Hopkinson pressure bar procedure for non-parametric identifi-
cation of complex modulus. Int. Journal of Impact Engineering,
31(9):1133–1151, October 2005.

[9] Y. Sogabe and M. Tsuzuki. Identification of the dynamic properties of
linear viscoelastic materials by wave propagation testing. Bulletin of
the Japan Society of Mechanical Engineers, 29(254):2410–2417, August
1986.

[10] Y. Sogabe, T. Yokoyama, M. Nakano, Z. Wu, and Y. Arimitsu. A
viscoelastic split Hopkinson pressure technique and its applications to
several materials. In A. Chiba, S. Tanimura, and K. Hokomato, editors,
Impact Engineering and Application, pages 767–772. ElsevierScience
Ltd, 2001.

[11] C. Zener. Elasticity and Anelasticity of Metals. University of Chicago
Press, 1948.

[12] H. Zhao, G. Gary, and J.R. Klepaczko. On the use of a viscoelastic split
Hopkinson pressure bar. Int. Journal of Impact Engineering, 19(4):319–
330, 1997.







Recent licentiate theses from the Department of Information Technology

2005-006 Erik Bängtsson:Robust Preconditioned Iterative Solution Methods for Large-
Scale Nonsymmetric Problems

2005-007 Mei Hong:On Two Methods for Identifying Dynamic Errors-in-Variables Sys-
tems

2005-008 Niklas Johansson:Usable IT Systems for Mobile Work

2005-009 Magnus Evestedt:Parameter and State Estimation using Audio and Video Sig-
nals
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