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Abstract

System identification finds nowadays application in various areas of biomed-
ical research as a tool of empiric mathematical modeling and model individ-
ualization. Hormone regulation is a classical example of biological feedback
where control theories, in general, and system identification, in particular,
are indispensable in unraveling the regulation mechanisms and explicating
the complex dynamical phenomena arising in endocrine systems.

The main function of endocrine feedback regulation is to maintain the hor-
mone levels within a particular physiological range as well as to sustain
an appropriate hormone secretion pattern. Therefore, a natural operating
mode of a closed-loop endocrine system is a stable periodic cycle. This
property significantly reduces the repertoire of readily available identifica-
tion techniques, not least due to the fact that the regulation (input) signal
is immeasurable in many practical cases.

There are two approaches to blind identification of hormone dynamics pre-
sented in this thesis. The first one is based on constrained nonlinear least-
squares method. Weighting functions play an important role in satisfying
the biological conditions on the identified model. The second approach is
derived from a novel time-delay system identification method in Laguerre
domain. In the latter, the time delay appears due to a specific input sig-
nal model and is estimated along with the finite-dimensional dynamics of
hormone kinetics.
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Chapter 1

Introduction

The term ”systems biology” is defined by the European Science Foundation
as the systematic study of complex interactions in biological systems, carried
out primarily by methods from dynamical systems theory, [1]. Generally,
two focal points for the impact of practicing systems biology in medicine are
identified: new insights in biology and novel intervention strategies derived
from these insights, [28]. The former goal can be achieved by mathemati-
cal modeling and model analysis combined with informative biological and
clinical data. To meet the latter goal, systems biology has to be augmented
with design tools because engineering an intervention strategy based on a
mathematical model and a desired outcome is not straightforward. Citing
H. Kitano in [16]: ”Although the road ahead is long and winding, it leads
to a future where biology and medicine are transformed into precision engi-
neering”.

A living organism is an immensely complex and multi-scale system that con-
sists of uncountable number of functional subsystems on different levels of
biological detail, from the sub-cellular and cellular scale via the tissue and
organ levels to the system level. These subsystems work together to keep
the body in a healthy condition, each one sustaining its functions through
feedback regulation mechanisms and thus achieving homeostasis. In this
way, feedback constitutes the basis of biological regulation as well as one of
the major complications in studies of living organisms. Indeed, the proper-
ties of a closed-loop dynamical system are defined by all the incorporated
blocks and the interactions between them. Further, neither mechanistic
causal relations nor logical elaboration can elucidate the phenomena arising
in closed-loop dynamic systems and mathematics is the only tool of studying
them.
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1.1 Endocrine systems

One of the subsystems of the human body is the endocrine system. The en-
docrine system works together with the other subsystems of the organism in
maintaining such functions as reproduction, growth, etc [10]. The endocrine
system consists of glands that are distributed all over the human body. En-
docrine glands produce certain types of signal substances - hormones that
communicate information between cells and, thus, also organs. Hormones
travel with blood flow from one organ to another transmitting information
coded in the hormone concentration but also in the way how that concen-
tration varies in time. Once secreted, the hormone molecules can be stored
in the gland until they are requested to be released into blood.

Now, what the endocrine system has to do with control engineering? A
short answer to this question is - the dynamical nature of it! Dynamical
phenomena appear in endocrine systems due to several distinct factors such
as hormone kinetics, the processes of stimulation and inhibition, time delays
and endocrine feedback regulation [11], [22].

Secretion of a hormone is stimulated (or inhibited) by other hormones. This
process can be described mathematically as a functional dependence of the
secretion rate of one hormone on the concentration of another one. A dif-
ferential equation is clearly a suitable tool of describing such a dependence.
Then stimulation leads to a more intensive secretion of the hormone (an in-
crease in the secretion rate) and inhibition hampers the hormone production
(a decrease in the secretion rate). The secreted hormone molecules preserve
an active biological state for a while and then degrade. The latter process
is referred to as elimination or clearing. The elimination process is usually
characterized by a half-life time, i.e. the time necessary for an amount of
hormone to decrease by half. Thus, a given instantaneous value of hormone
concentration results from two dynamical processes: the secretion and the
elimination.

Not so long ago it has been discovered that secretion of hormones is per-
formed in two different ways, i.e. in basal and pulsatile manner [8]. The
impact of basal secretion would appear after a while, while pulsatile secre-
tion would give a sudden reaction of concentration level in the bloodstream.
This pulsatile secretion occurs in neurons inside the brain [9].

Time delays in endocrine systems arise for at least two reasons: due to trans-
port of hormone molecules in the bloodstream and due to the time necessary
for a gland to produce an amount of hormone when the storage level is low.
Under overstimulation, the hormone-producing cells of a endocrine gland
can simply run out of the product and need time to recover.

The maintenance of hormone levels within a particular appropriate physi-
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ological range is implemented via endocrine feedback. The feedback mech-
anism is also responsible for forming the temporal pattern of hormone se-
cretion. Episodical (pulsatile) release of hormone is a fundamental mode of
endocrine regulation and can be described as a pulse-modulated feedback
where both the amplitude and the frequency of the feedback signal impart
biologically significant information [8],[21].

Hormone secretion is also subject to circadian rhythm, i.e. a biological clock
with a period of 24 hours. So far, the mechanism of this interaction remains
unclear but its effect is quite prominent in most of the endocrine systems.

One of the highly influential endocrine systems in the human body is that of
testosterone regulation, [29]. Testosterone is secreted primarily in testes of
males and ovaries of females. Small amount of testosterone is also secreted by
the adrenal glands. For men especially, testosterone holds a very important
role in many aspects such as sperm production, growth of muscle, bones,
and fat tissue.

Figure 1.1: Regulation of hormone in male reproduction system (Image courtesy:
Dixast Science News)

The testosterone regulation system involves mainly two other hormones,
those are luteinizing hormone (LH) and gonadotropin-releasing hormone
(GnRH). These two hormones are secreted inside human brain, in differ-
ent parts of it, namely hypophysis and hypothalamus. Secretion of GnRH
stimulates the secretion of LH, then the concentration of LH stimulates the
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secretion of testosterone. Testosterone, on the other hand, inhibits the secre-
tion of GnRH. Thus a negative endocrine feedback is implemented. It is also
obvious that time delay is essential in the closed-loop regulation of testos-
terone due to the transportation route that the hormones need to travel
from the brain to the testes and back.

1.2 Problem formulation

Why testosterone regulation in the male makes an interesting topic in system
identification and control? Well, first of all, as it has been mentioned earlier,
GnRH and LH are secreted inside the brain with GnRH having a half-life
time of couple of minutes. Obtaining measurements of GnRH concentration
level is unethical in human and difficult to implement in animal models.

At present, the most prominent technique to analyze the dynamic hormone
regulation is by implementing a deconvolution method. Given the mea-
surements of hormone concentration C(t) with initial condition C(0), with
prior information of the elimination rate profile E(t), one could obtain the
secretion rate through deconvolution based on the following relation

C(t) =

∫ t

0
S(τ)E(t− τ)dτ + C(0)E(t).

In [7], a comparison of several deconvolution approaches are presented, e.g.
Least square (LS) deconvolution, Maximum A Posteriori (MAP) deconvo-
lution [6], and Wiener deconvolution.

The degree of a priori information about the hormone secretion profile S(t)
defines the difficulty in solving the deconvolution problem. When no in-
formation is available, the process is called blind deconvolution and would
rather be considered as an ill-conditioned problem. In most cases, the secre-
tion profile is assumed to follow a certain dynamic pattern, which renders
an easier problem and is called model-based deconvolution. There are many
algorithms for hormone secretion analysis based on the deconvolution meth-
ods, e.g. WEN Deconvolution [7], WINSTODEC [25], AutoDecon [15].

When a train of pulses from 20 hours of measurement is being analyzed, most
deconvolution-based methods could, generally speaking, capture the major
pulsatile secretion, as seen on Fig. 1.2. However, they would also tend to
neglect the existence of secondary pulses in between the major pulses, see
Fig. 1.3. Thus, when one wants to perform deep analysis of a single secretion
pulse, a different approach is needed.

This thesis presents two ways of estimating the model parameters of hor-
mone pulsatile regulation system. The first approach is based on weighted
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Figure 1.2: Reconvolution of LH concentration from 20-hours measurement.
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Figure 1.3: Reconvolution of LH concentration from one major pulse by means of
deconvolution method. Notice that the two methods neglect the possible existence
of secondary pulse that produces second peak at around 70 minutes mark.
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nonlinear least-squares method. The second approach employs system iden-
tification in terms of Laguerre functions [18],[19],[30].

1.3 Smith models of testosterone regulation

The underlying dynamics of testosterone (Te) regulation in the male can be
described by the following equations

Ṙ = f(T )−B1(R),

L̇ = G1(R)−B2(L), (1.1)

Ṫ = G2(L)−B3(T ).

This model is known as the Smith model and represents, in a highly sim-
plified manner, the regulation in the axis Te-GnRH-LH. The state variables
correspond to the hormone concentrations: R of GnRH, L of LH and T of
Te. The non-negative functions B1, B2, B3 representing hormone clearing
and G1, G2 representing secretion usually accept linear approximation. In
the original formulation of the model, the secretion function f(·) is continu-
ous and does not reflect the pulsatile character of the feedback regulation in
question. To model the episodic secretion of GnRH in response to changes
in Te, the Smith model is complemented by a pulse-modulated feedback in
[5]. This leads to a simplified form of the model

ẋ = Ax+Bξ(t), y = Cx (1.2)

with

A =

⎡
⎣−b1 0 0

g1 −b2 0
0 g2 −b3

⎤
⎦ , B =

⎡
⎣10
0

⎤
⎦ , C =

⎡
⎣00
1

⎤
⎦
T

, x =

⎡
⎣x1x2
x3

⎤
⎦ (1.3)

where b1, b2, b3, g1, and g2 are positive, and x1 = R(t), x2 = L(t), x3 = T (t).
The pulsatile secretion is represented by a sequence of Dirac delta functions
as input signal, based on the reasoning that the delta functions mark the
pulse firing time but do not model the actual secretion profiles.

ξ(t) =
∞∑
n=0

λnδ(t− tn) (1.4)

It is also observed that CB = 0 which property guarantees unbounded
system output.

Different secretion analysis methods assume different signal forms to repre-
sent the pulsatile secretion. While the most common methods approximate
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secretion by a Gaussian distribution-formed signal, the model above rather
suggests that it can be described with good accuracy by the impulse response
of a stable linear system.

1.3.1 Bipartite endocrine model

The main concern of this thesis is to estimate the relationship between
pulsatile secretion of GnRH and LH concentration level. Thus, model (1.2)
is simplified further to second-order dynamics

A =

[−b1 0
g1 −b2

]
, B =

[
1
0

]
, C =

[
0
1

]T
, x =

[
R(t)
L(t)

]
. (1.5)

A GnRH concentration pulse is given by the response of a stable first-order
system with the time constant 1/b1 to a Dirac delta-function fired at time
tk and with the weight λk.

From the measured data, it is seen that the majority of the released LH
concentration pulses have at least one minor pulse that follows a major one.
This leads to a specialized parameter estimation problem with one primary
and one secondary GnRH pulsatile release and corresponds to a well-studied
case of 2-cycle detailed in [5] with the input sequence

ξ(t) = δ(t) + λδ(t− τ) (1.6)

parametrized in only two additional parameters, the ratio λ and the delay
τ between the secondary and primary impulses.

Based on the original model in (1.2) with state space matrices (1.5) and
input signal (1.6), the model of LH concentration profile is given by

L(t) =
g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < τ,

(1.7)

L(t) =
g1

b2 − b1
(η(b1)e

−b1t − η(b2)e
−b2t), η(bi) = 1 + λebiτ , τ ≤ t < T,

with T represents the least period of the closed system solution. This model
involves nonlinearity which makes any direct implementation of classical
linear identification methods inapplicable.

1.4 Least-squares method

When it comes to fitting data to a given function, least-squares method
is the most celebrated approach that has been used in many years and
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applications, [17], [24]. Not only because the idea behind it is simple and
reasonable, but also because the result it gives is in many cases quite good.
Numerous advanced identification algorithms have been developed departing
from the least-squares method. Several reasons why least-squares method
is so popular are suggested in [2]. The first reason is that most estimation
problems can be embedded in this framework. Second, it is very tractable.
Then, there are plenty of mathematical tools and algorithms available since
it has been studied for a long time.

Based on this motivation, it is interesting to see how well the least-squares
method will perform in solving the estimation problem described in the
previous section. The underlying model is simple enough and available data
are time series data, which makes it a perfect framework for implementing
the least-squares method.

Following is a brief recapitulation of the least-squares method. The sim-
plest example of least-squares estimation is linear regression. Given a set
of measurement pairs x(i) and y(i), with i ∈ {1, N}, estimates of a and b
parametrizing the linear (affine) function

y = a+ bx (1.8)

can be obtained by minimizing the objective function V which is the sum of
squares of the differences between the actual measurement and the model
prediction with respect to the values of the estimated parameters

V =
∑
i

(y(i)− (a+ bx(i)))2 .

The model parameters are typically assembled in a parameter vector

θ =

[
a
b

]
.

Minimization can be performed by taking the derivative of V with respect
to a and b and equating it to zero. The least-squares estimate is then

θ̂ = arg min
θ

V.

Even though the least-squares method is suitable to solve the problem in
estimating (fitting the data to) the model given in (1.7), there are some
adjustments that have to be implemented to satisfy the model’s properties.
First, instead of ordinary least squares, it has to be nonlinear least-squares
method since the underlying model is nonlinear. The latter also means that
analytical calculation of the optimal estimate is not possible. Thus, numer-
ical calculation is the only way to solve the minimization problem. Second,

10



20 30 40 50 60 70 80 90
60

80

100

120

140

160

180

200

220

240

x

y

 

 

Disturbed measurement

Estimated output signal

Figure 1.4: An example of least squares fit of linear model (1.8) to noisy data.

the data have to be handled so that some measured instances will have
higher priority to be fitted that the others, which property can be achieved
by introducing weights in the least-squares method. Finally, to make bio-
logical sense, the parameter estimates have to fulfill certain conditions. This
hints to the use of a constrained least-squares method.

As it has been mentioned in the previous section, this study focuses on
parameter estimation problem with one primary and one secondary GnRH
pulsatile release with the input sequence given in (1.6). Fig. 1.5 shows
three examples of LH concentration profile that exhibits a secondary GnRH
pulsatile release.

The first condition that has to be fulfilled is the timing of primary pulse
peak given below

tmax =
ln(b1)− ln(b2)

b1 − b2
.

Another condition is defined for the maximum concentration for the primary
pulse

Lmax =
g1

b2 − b1

(
e−b1tmax − e−b2tmax

)
.

Satisfying these conditions would lead the optimization to the intended re-
sult.
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Figure 1.5: Three pulsatile profiles of LH concentration measured in human male.
Notice that all the pulses exhibit first maximum and secondary GnRH release event
approximately at the same time.

1.5 Orthonormal functions in system identifica-
tion

The estimation of parameters of the model in (1.7) could be considered
as system identification based on impulse response data. One alternative
approach to system identification from impulse response data is by consid-
ering the measured signals in a basis of orthonormal functions [27]. When
the problem in hand has a known parametrized structure, this approach can
be quite successful.

Within this method, the time-domain measurements of signals (and the sys-
tem representation) are effectively transformed to a different domain while
the essential system properties are preserved. However, by transforming the
system, some properties can be emphasized while the influence of other fac-
tors can be minimized. Utilization of orthonormal basis function is also often
found in signal processing area. Never the less, numerical tools of identifica-
tion and signal processing in orthonormal bases are not well-developed. Most
methods involve numerical schemes of continuous integration that might lead
to numerical issues for higher-order functions.

One family of orthonormal rational functions that is widely used in system
identification area is the Laguerre functions. A Laguerre function is an ex-
ponential function in time domain and will converge to zero as the argument
goes to infinity, see Fig. 1.6. This property suits really well in approximation
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of a stable impulse response as it is shown on Fig. 1.8.

Laguerre functions �k(t), k = {0,∞} yield an orthonormal basis in L2. The
Laplace transform of k-th continuous Laguerre function is given by

�k(s) =

√
2p

s+ p

(
s− p

s+ p

)k

where k is a positive number and p > 0 represents the Laguerre parameter.
In terms of the Laguerre shift operator T (s) and a normalizing function
T̃ (s), one has �k(s) = T̃ T k, where

T (s) =
s− p

s+ p
; T̃ =

1√
2p

(1− T (s)) =

√
2p

s+ p
.

The Laguerre spectrum element yk characterizes the contribution from La-
guerre function �k(t) in the true signal y(t). This term is also called the
Laguerre coefficient and evaluated as a projection of Y (s) onto �k(s)

yk = 〈Y, �k〉,

with k ∈ {0,∞}. The inner product is defined as

〈Y, �k〉 = 1

2πj

∫ j∞

−j∞
Y (s)�k(−s)ds.

The Laguerre spectrum depends on the value of Laguerre parameter p that
is used to form the Laguerre functions. Fig. 1.7 and 1.8 show how two
different Laguerre spectra with different Laguerre parameter values would
produce approximation of the true signal. It is apparent that one of the
representations fits the actual signal better with the same number of the
base functions. Notice that infinite number of Laguerre functions is needed
in order to obtain a perfect approximation of the true signal.

Generally speaking, there are two approaches available to utilize Laguerre
functions in system identification. The first approach involves computing an
approximation of the Laguerre spectra from input and output signal [12],
[13]. The other one describes the input and output relation in Laguerre
domain [4], [14], [23], [26], [27].

1.5.1 Time-delay estimation

As it has been mentioned, one of the parameters that has to be estimated
from the underlying model is the delay between the primary and secondary
pulses. This parameter gives infinite-dimensional dynamics to the model.
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The simultaneous estimation of a combination of continuous finite and infinite-
dimensional dynamics, usually termed as time-delay system identification,
is not a trivial task. Plenty of studies in continuous pure time-delay esti-
mation have though been done. There are as well numerous articles about
discrete time-delay system identification. However, when it comes to con-
tinuous time-delay system identification, not so much relevant literature can
be found.

In [3], some time-delay estimation techniques for both continuous and dis-
crete time are reviewed and compared. One of the reviewed techniques is the
implementation of a Laguerre functions based identification method that is
claimed to be robust against finite-dimensional dynamics perturbation. The
idea is to approximate the time-delay operator by means of Laguerre func-
tions, in the similar sense that Padé approximations are used [20]. This
works quite well as has been shown in [13]. In the identification approach,
the time-delay operator is described in terms of Laguerre shift operators,
then any shift operator technique can be performed to solve the identifi-
cation problem. The next step is to combine this with finite-dimensional
dynamics identification.

Within the time-delay system identification framework, the terms related
to the time-delay operator and the finite dimensional dynamics have to be
separated so that the time-delay estimation can be performed in independent
way. This in fact leads to a recursive estimation strategy of the time-delay
operator and the finite-dimensional dynamics, due to the fact that the two
blocks are linearly interchangeable.
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1.6 Included Papers

The following papers are included in the thesis.

Paper I - Parameter Estimation in a Pulsatile Hormone Se-
cretion Model

In this paper, an algorithm based on weighted nonlinear least-squares mini-
mization with constraints has been studied. The algorithm is developed for
parameter estimation of the presented mathematical model of the bipartite
endocrine axis. The implementation of this method, together with the de-
rived constraints, is further tested on simulated and real data. The results
show that, for the specified problem, the studied algorithm manages to give
respectable results, when compared with the state-of-the-art techniques.

The manuscript is an updated version of Technical Report nr. 2010-007 from
the Department of Information Technology, Uppsala University, Sweden.

Paper II - Continuous time-delay estimation in Laguerre do-
main - Revisited

A formal proof of an algorithm for pure time-delay estimation based on
Laguerre functions is presented. The robustness of the algorithm against
finite-dimensional perturbation is investigated. Here it is also shown that in
theory it is possible to completely remove the effect of perturbation channel
in the case of pure time-delay estimation by selecting a certain value of the
Laguerre parameter.

This paper is accepted for presentation at the 16th IFAC Symposium on
System Identification (SysId 2012), July 11-13, Brussels, Belgium.

Paper III - Laguerre domain identification of continuous linear
time-delay systems from impulse response data

This paper contributes a general representation of the impulse response of
a continuous linear time-delay system in terms of Laguerre functions. This
representation is then used to develop an algorithm for continuous time-delay
system identification combining subspace identification with time-delay grid-
ding.

An abridged version of this paper is accepted for publication in Automatica.
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Paper IV - Identification of a pulsatile endocrine model from
hormone concentration data

This paper deals with the results of the previous papers together with the
implementation of the developed methods on real data. The numerical issues
in the old version of the identification algorithm are discussed and the latter
is revised to achieve better performance.

The contribution is submitted to a conference.

1.7 Future Work

The results which are presented in this thesis open up many directions of
future research. Some of the obvious ones are outlined here.

• The focus of this thesis is on identification of endocrine system from
data sets with one primary and one secondary release of pulsatile hor-
mone secretion. Modification of the identification approach to satisfy
a model with higher number of secondary pulsatile secretion is a non-
trivial task and as challenging as the original identification problem.

• In this thesis, identification problems have been developed based on
the bipartite endocrine model. The relation between LH secretion and
Te concentration level has not been discussed at all. Further research
topic would be to consider this phenomenon as it leads the problem
into a more complex nonlinear system identification case.

• To this date, the calculation of Laguerre spectra heavily relies on nu-
merical computation. In this thesis two approaches of numerical meth-
ods are presented, i.e. numerical integration and optimization-based
method. Future research would also focus on improving the calculation
of Laguerre spectra from sampled measured data.
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Parameter Estimation in a Pulsatile Hormone

Secretion Model

Egi Hidayat and Alexander Medvedev

Abstract

This paper presents an algorithm to estimate parameters of amath-
ematical model of a bipartite endocrine axis. Secretion of one of the
involved hormones is stimulated by the concentration of another one,
called release hormone, with the latter secreted in a pulsatile manner.
The hormone mechanism in question appears often in animal and hu-
man endocrine systems, i.e. in the regulation of testosterone in the
human male. The model has been introduced elsewhere and enables
the application of the theory of pulse-modulated feedback control sys-
tems to analysis of pulsatile endocrine regulation. The state-of-the art
methods for hormone secretion analysis could not be applied here due
to different modeling approach. Based on the mathematical machin-
ery of constrained nonlinear least squares minimization, a parameter
estimation algorithm is proposed and shown to perform well on actual
biological data yielding accurate fitting of luteinizing hormone concen-
tration profiles. The performance of the algorithm is compared with
that of state-of-the art techniques and appears to be good especially
in case of undersampled data.

1 Background

Hormones are chemical messengers in endocrine systems, communicating
information from one cell, or group of cells, to another, and regulating many
aspects in the human body, i.e. metabolism and growth as well as the sexual
function and the reproductive processes.

Hormones are secreted by endocrine glands directly into the blood stream
in continuous (basal) or pulsatile (non-basal) manner. As stressed in [1],
pulsatility is now recognized as a fundamental property of the majority of
hormone secretion patterns. The term pulsatile generally refers to a sud-
den burst occurring in the face of a relatively steady baseline process. The
concept of amplitude and frequency pulse-modulated feedback appears nat-
urally in pulsatile hormone regulation. The rationale is summarized e.g.
in [2] : Pulse-modulated feedback allows greater control, is more robust to
degradation, and is generally more energy-efficient. Moreover, pulsatile sig-
nals enable, in principle, to communicate information to the target cell in
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pulse amplitude, pulse duration, pulse shape and inter-pulse interval. Qui-
escent inter-pulse intervals are biologically essential to allow target receptor
recovery.

One pulsatile endocrine system that has been intensively studied is the
testosterone regulation axis in the human male. Besides of testosterone
(Te), it basically includes two other hormones, namely luteinizing hormone
(LH) and gonadotropin-releasing hormone (GnRH), which structure yields a
simpler study case compared to other endocrine systems. Furthermore, the
GnRH-LH-Te axis is essential in medicine with respect to e.g. treatments of
prostate cancer and reproductive failure as well as changes in the dynamics
of this endocrine system are also implicated in aging and obesity, [3].

Within the human male, Te is produced in testes, while the other two
hormones are secreted inside the brain. LH is produced in hypophysis and
GnRH is secreted in hypothalamus. The pulsatile dynamics of GnRH secre-
tion stimulates the secretion of LH. Further, the secretion of LH stimulates
the production of Te. The concentration of Te inhibits the secretion of
GnRH and LH, as explained in [3], and implies a negative feedback around
the hormone axis. The closed endocrine loop exhibits sustained oscillations
that correspond to self-regulation of the biological system.

In the GnRH-LH-Te axis, the mathematical modeling of the secretion of
LH stimulated by pulses of GnRH is typically done through the deconvolu-
tion process. The state-of-the-art software AutoDecon for quantification of
pulsatile hormone secretion events [4] produces close estimates for the con-
centration and basal secretion of LH by applying deconvolution and pulse
detection algorithms. However, the resulting characterization does not give
much insight into the feedback regulation governing the closed endocrine
system since the concentration data are treated as time series.

The latest trend that one can discern in biomathematics is the use of
control engineering ideas for formalizing feedback patterns of hormone se-
cretion, [5]. However, the impact of mathematical and particularly control
theoretical methods on elucidating the mechanisms of endocrine pulsatile
regulation is still surprisingly insignificant. One plausible explanation is
that control-oriented mathematical models of pulsatile regulation were lack-
ing until recently.

A parsimonious mathematical model describing pulsatile endocrine reg-
ulation suggested in [6] and studied in detail in [7] is hybrid in nature and
explicitly based on the biologically motivated mechanisms of frequency and
amplitude modulation. The model does not, by design, have any equilibria
and always possesses a 1-cycle, i.e. a periodic solution with one modulated
pulse in the least period. It is also shown to exhibit complex nonlinear
dynamics such as cycles of higher periodicity and chaos [8]. Previous decon-
volution studies on high resolution LH data [9] have also demonstrated that
each visible LH concentration pulse corresponds to a number of secretion
events, usually one of much higher amplitude than the other.
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In the present article, an algorithm to estimate parameters of a math-
ematical model of a bipartite endocrine axis is presented. Secretion of one
of the involved hormones is stimulated by the concentration of another
one, called release hormone, with the latter secreted in a pulsatile manner.
Following [7], release hormone secretion events are specified by a train of
weighted Dirac delta-functions produced by the pulse-modulated controller.

The article is organized as follows. First the underlying model of bipar-
tite endocrine axis with pulsatile secretion is briefly described along with
two state-of-the-art hormone secretion estimation methods. Then an algo-
rithm to estimate the parameters of this model is suggested, followed by its
evaluation on simulated data to demonstrate the efficacy of the proposed
approach. Further, the algorithm is tested on real hormone data repre-
senting LH concentration profiles with the results compared to those of the
state-of-the-art approaches.

2 Mathematical modeling of pulsatile endocrine

regulation

A simple model of basal testosterone regulation in the human male has been
suggested by [10] and given rise to a class of mathematical constructs known
as Smith models. Such a model can be written as

Ṙ = f(T )−B1(R),

L̇ = G1(R)−B2(L),

Ṫ = G2(L)−B3(T ),

where R(t), L(t), and T (t) represent the concentration of GnRH, LH, and
Te, respectively. The elimination rates of the hormones are given by the
functions Bi, i = 1, 2, 3, while the secretion rates are described by the func-
tions f , G1, and G2. Typically, most of the above functions admit linear
approximations, i.e.

Bi(x) = bix, bi > 0 i = 1, 2, 3,

Gi(x) = gix, gi > 0 i = 1, 2.

The secretion rate of releasing hormone f(T ) is usually assumed to be non-
linear. Notice that the presence of a nonlinearity is essential in order to
obtain sustained oscillations in the closed-loop endocrine system.

In the human, only hormone concentration but not secretion can be
measured. Besides, concentration of GnRH cannot neither be measured in
the human due to ethical issues and has to be inferred.
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2.1 Pulsatile Smith model

To model pulsatile regulation, [7] suggests to turn f(T ) of the Smith model
into a pulse-amplitude-frequency modulation operator:

dx

dt
= Ax+Bξ(t), y = T (t), (1)

where

A =

⎡
⎣−b1 0 0

g1 −b2 0
0 g2 −b3

⎤
⎦ , B =

⎡
⎣10
0

⎤
⎦ , x(t) =

⎡
⎣R(t)
L(t)
T (t)

⎤
⎦

b1, b2, g1, and g2 are positive parameters and

ξ(t) =

∞∑
n=0

λnδ(t− tn)

with δ(t) denoting the Dirac delta-function. The weights λn and the fir-
ing times tn are evaluated through nonlinear functions of T implementing
the amplitude and frequency pulse modulation. The delta-functions in the
equation above emphasize the discontinuous nature of pulsatile regulation
and mark the positions of GnRH pulses, while the weights in front of them
represent the amount of secreted GnRH at those instances. The main ad-
vantage of this description is that it lends itself to mathematical analysis of
the closed-loop dynamics.

2.2 Parametric and non-parametric pulsatile secretion anal-

ysis

The hormone concentration C(t) with the initial condition C(0) is evaluated
as the convolution of the secretion rate S(t) and the impulse response of the
system E(t) modeling the hormone elimination rate:

C(t) =

∫ t

0
S(τ)E(t − τ)dτ +C(0)E(t). (2)

The problem of estimating S(t) from measurements of C(t) is known as de-
convolution. There are many linear deconvolution techniques available to
estimate S(t) from measurements of C(t), e.g. Least Squares (LS) decon-
volution, Maximum A Posteriori (MAP) deconvolution, and Wiener decon-
volution, see [9] for a comparison among these. Deconvolution is generally
an ill-conditioned operation and has to be augmented with some degree of
a priori information about S(t) to result in a practically useful algorithm.
Deconvolution without any prior assumptions about the estimated input is
called blind. If the class of inputs is somehow restricted, e.g. by specifying
a functional basis for it, then one speaks of semi-blind deconvolution. The
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case when a mathematical model for S(t) is specified and its parameters are
estimated from measurements of C(t) is usually termed as model-based de-
convolution. Strictly speaking, the latter type of deconvolution is a special
case of system identification since an explicit model for the system input is
assumed.

There are many algorithms for hormone secretion analysis based on the
deconvolution methods, e.g. WEN Deconvolution[9], WINSTODEC[11],
AutoDecon[4]. Some more general software estimation of compartmental
models such as NONMEM [12] and SAAM II [13] can as well be adopted
for that purpose. In this paper, a method for estimation of parameters in
(1) is sought, especially for the case of undersampled hormone data.

Next, a brief description of WEN deconvolution and AutoDecon is pre-
sented. These two algorithms are selected as reference for the evaluation of
the approach suggested in this paper.

2.2.1 WEN Deconvolution

The main problem with the linear deconvolution methods is their high noise
sensitivity often resulting in biologically meaningless negative secretion esti-
mates. A nonlinear technique developed in [9] and called WEN (White Ex-
ponential Noise) deconvolution guarantees nonnegative secretion estimates
being obtained from sampled data of hormone concentration. However, a

priori knowledge of the half-life time of the hormone in question is needed.
Under variation of the half-life time values, the secretion estimate exhibits
inconsistency.

Apparently, it is difficult to obtain public domain software implementing
modern regularized deconvolution and WEN deconvolution presents a viable
alternative to it due to the ease of programming. Since the algorithm does
not assume any other property of the input signal S(t) than positivity, it is
instructive to compare its performance on simulated and experimental data
with that of model-based deconvolution methods explicitly stipulating the
dynamic secretion pattern.

2.2.2 AutoDecon

Assuming the signal form of hormone secretion enables the estimation of
the hormone half-life time from concentration data. The state-of-the-art
software applying such approach to evaluating pulsatile secretion dynamics
is AutoDecon described in [4]. AutoDecon is further development of the
widely used Cluster algorithm presented in [14] and estimates hormone half-
life time, basal secretion, and initial hormone concentration. AutoDecon is
downloadable for public free of charge.

The algorithm is based on the convolution model, i.e. (2). For a single
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compartment model, the elimination rate is defined as

E(t) = e−k1t, k1 =
2

hL1

where hL1 is the hormone half life time. For an endocrine model with two
compartments, it is stipulated that

E(t) = (1− f2)e
−k1t + f2e

−k2t, k2 =
2

hL2

(3)

where hL1 and hL2 represent the elimination half-lives and f2 is the mag-
nitude fraction part of the second compartment. The hormone secretion
function is then defined with following equation

S(t) = S0 +
∑
k

e
logHk−

1
2
(
t−τk

SD
)2
.

The secretion rate is thus assumed to have a Gaussian form that would occur
an irregular time τk with different heights Hk and SD representing the width
of secretion. The basal secretion is denoted by S0. The choice of secretion
function appears to be a matter of on-going discussion in endocrinology,
as [1] would rather take Gamma distribution form to represent the pulsatile
secretion. Clearly, from concentration data alone, the signal form of pulsatile
secretion cannot be discerned.

The estimation algorithm of AutoDecon is composed of three modules,
namely the fitting, insertion, and triage. The fitting process is based on
weighted nonlinear least-squares with Nelder-Mead Simplex algorithm. The
insertionmodule would add a presumed secretion event at the location based
on a calculated value called probable position index. The triage module
performs a test to specify whether the inserted secretion should be kept or
removed. The whole algorithm works through a certain combination of these
three modules.

Performing quite well at explaining hormone data, AutoDecon does not
produce a mathematical description of endocrine systems with pulsatile reg-
ulation that lends itself to closed-loop analysis. This shortcoming is rectified
in the present paper using pulsatile model (1) and a parameter estimation
algorithm tailored to its specific features. Since AutoDecon, similar to the
technique proposed in this paper, employs model-based deconvolution, it is
selected as reference to illustrate the differences in estimates arising due to
the dissimilarities in the secretion models and estimation algorithms.

2.3 Bipartite pulsatile hormone secretion model

The deconvolution-based methodsmentioned above, widely known as power-
ful tools for hormone secretion analysis, do not produce parameter estimates
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of the Smithmodel. Obtaining the values of these parameters would open up
for deeper understanding of the control feedback in endocrine systems. For
instance, all the nonlinear feedback phenomena described in [7] and arising
due to the pulsatile hormone secretion are parameter-dependent and need
corresponding parameter estimation techniques to be applied in practice.

At present, there is no general agreement on the true form of hormone
pulsatile secretion. Release hormones (RH) have short half-life times, which
fact motivates, at low sampling frequencies, to model the secretion of such a
hormone as an instantaneous event, e.g. by means of a Dirac delta-function.
This modeling approach is consistent with the mathematical tools of pulse-
modulated control systems.

Below, a linear mathematical model describing the relationship between
the pulsatile secretion of a RH and the concentration of the hormone it
releases, denoted as H(t), will be derived. With the concentration of RH
denoted as R(t), model (1) written for the bipartite endocrine system in
question gives

A =

[
−b1 0
g1 −b2

]
, B =

[
1
0

]
, y(t) = H(t), x(t) =

[
R(t)
H(t)

]
.

The closed loop hormone regulation system is supposed to exhibit sus-
tained nonlinear oscillations of a certain period in order to model self-
regulation. From [7], it is known that multiple pulses of RH within the
oscillation period can occur. Notably, release of RH does not always result
in a significant increase of the concentration of H, but can also manifest
itself as reduced decay rate of H(t).

Assume that k pulses of RH occur at the firing times 0, t1, . . . , tk−1 within
the least period of the closed system solution τ :

Θ(t) = λ0δ(t) + λ1δ(t− t1) + . . . + λk−1δ(t − tk−1).

Then, the concentration of RH evolves as

R(t) = (R(0) + λ0)e
−b1t, 0 ≤ t < t1,

R(t) = η1(b1)e
−b1t, η1(x) = R(0) + λ0 + λ1e

xt1 , t1 ≤ t < t2,

...

R(t) = ηk−1(b1)e
−b1t,

ηk−1(x) = R(0) + λ0 + λ1e
xt1 + . . . + λk−1e

xtk−1 , tk−1 ≤ t < τ,
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and the measured hormone concentration is given by

H(t) = H(0)e−b2t +
(R(0) + λ0)g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < t1,

H(t) = H(0)e−b2t +
g1

b2 − b1
(η1(b1)e

−b1t − η1(b2)e
−b2t), t1 ≤ t < t2,

...

H(t) = H(0)e−b2t +
g1

b2 − b1
(ηk−1(b1)e

−b1t − ηk−1(b2)e
−b2t), tk−1 ≤ t < τ.

The number of RH pulses within the least oscillation period depends on
the structure of the endocrine system and the values of its parameters. In
mathematical analysis of the GnRH-LH-Te axis, periodical solutions with
one and two pulses of GnRH have been discerned. In what follows, the case
with two pulses of RH-H in the least period is therefore considered.

Θ(t) = λ0δ(t) + λ1δ(t− t1).

The case of one RH pulse in the least period follows by letting λ0 = λ1 and
t1 = τ/2 which is frequency doubling.

Based on the above given equation, the concentration of RH with two
fired pulses can be described by the following functions

R(t) = (R(0) + λ0)e
−b1t, 0 ≤ t < t1, (4)

R(t) = η(b1)e
−b1t, η(x) = R(0) + λ0 + λ1e

xt1 , t1 ≤ t < τ.

For the measured concentration, it applies

H(t) = H(0)e−b2t +
(R(0) + λ0)g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < t1, (5)

H(t) = H(0)e−b2t +
g1

b2 − b1
(η(b1)e

−b1t − η(b2)e
−b2t), t1 ≤ t < τ.

In what follows, an important temporal characteristic of model (4,5) is uti-
lized for estimation of system parameters. It is introduced as the time
instant at which the measured hormone concentration achieves maximum
for the first time during the oscillation period, i.e.

tmax = argmax
t

H(t), 0 ≤ t < t1.

Since the scope of this article is only limited to pulsatile secretion, the initial
condition H(0) is taken out from the model.

H(t) =
(R(0) + λ0)g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < t1, (6)

H(t) =
g1

b2 − b1
(η(b1)e

−b1t − η(b2)e
−b2t), t1 ≤ t < τ.
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From (6), this characteristic is uniquely defined by the values of b1 and b2

tmax =
ln(b1)− ln(b2)

b1 − b2
.

From the biology of the system, it follows that b1 > b2. Let now b1 = b and
b2 = κb where 0 < κ < 1. Therefore

tmax =
lnκ

b(κ− 1)
.

For further use, one can observe that tmax is a monotonically decreasing and
bounded function of κ. Indeed,

d

dκ

lnκ

κ− 1
=

1

κ− 1

(
1

κ
−

lnκ

κ− 1

)
< 0.

The first factor of the right-hand side of the equation above is negative and
the second factor is positive by evoking the standard logarithmic inequality

x

1 + x
≤ ln(1 + x), x > −1

and taking into account the range of κ. The same inequality yields also a
useful upper bound

tmax =
lnκ

b(κ− 1)
<

1

bκ
=

1

b2
. (7)

Denote Hmax = H(tmax). In terms of model parameters

Hmax =
λ0g

0
1

b02 − b01
(e−b01tmax − e−b02tmax) =

λ0g1
κb

e−btmax =
λ0g1
κb

e−
lnκ

κ−1 .

Now, due to the inequality above, the following lower bound can be found

Hmax >
λ0g1
κb

e−
1
κ . (8)

3 Model parameters

There are seven parameters to be estimated in the mathematical model of
the measured output H expressed by (4) and (5), namely g1, b1, b2, λ0,
λ1, t1, and R(0). The initial condition H(0), as it has been mentioned
above, is taken out from the model for two reasons. On the one hand, it is
supposed to be known since measurement data of H are available. On the
other hand, the focus of this paper is on the pulsatile secretion of H and,
therefore, the basal level of H would be out of the scope. The proposed

9



algorithm would estimate the parameters based on preprocessed data, that
is extracted individual major pulse.

Nonlinear least squares estimation was used in [7] to fit a mathematical
model of LH secretion stimulated by two consequent GnRH pulses corre-
sponding to a 2-cycle of the closed-loop pulsatile regulation system. Esti-
mates obtained from real data representing four pulses of LH sampled at 10
min and taken from the same humanmale appear to lay outside the intervals
of biologically reasonable values as provided in [15]. Therefore, further re-
search has to be performed, both to find estimates that also are biologically
sensible and to explore more data.

3.1 Identifiability

Before performing parameter estimation, it has to be confirmed that the
proposed model is identifiable. Compared to a standard system identifica-
tion setup with an output signal registered for a given input, the parameter
estimation in the case at hand has to be performed from a pulse response of
the dynamic system. The celebrated Ho-Kalman realization algorithm [16]
provides the theoretical grounds for such an estimation. Indeed, under zero
initial conditions, for the impulse response of the minimal realization of the
transfer function W (s) = C(sI −A)−1B where s is the Laplace variable,
one has

y(t) = C exp(At)B, t = [0,∞).

Therefore, the Markov coefficients of the system

hi = CAiB, i = 0, 1, . . .

can be obtained by differentiation of the output at one point

h0 = y(t)|t=0+ , h1 =
dy

dt
|t=0+ , h2 =

d2y

dt2
|t=0+ , . . .

and the matrices A,B,C obtained via the Ho-Kalman algorithm.
There are two issues pertaining to the identifiability of model (4,5). The

first issue is related to the initial condition of RH concentration R(0). As
can be seen from the model equations, this value always appears in a sum
with the magnitude of first delta function λ0. Hence, it is impossible to
distinguish between these parameters, which might be an artifact resulting
from consideration of only the extracted pulse. They are further considered
as one parameter defined as λ0.

Furthermore, λ0 and λ1 always appear multiplied by g1. The only pos-
sible solution is to estimate not the actual values of λ0 and λ1, but rather
the ratio between them. Following [7], it is further assumed that λ0 = 1.
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3.2 Parameter estimation algorithm

A data set of measured hormone concentration typically consists of samples
that are taken every 3 − 10 minutes for 20 − 23 hours during one day of
observation. In case of pulsatile secretion, such a data set would exhibit
several major concentration pulses. Figure 1 shows three pulses of LH ex-
tracted from measured data. The data have been preprocessed to remove
the basal level. The pulses have similar signal form and are all coherent
with the assumption of two secretion events of GnRH within one period of a
model solution. The curves also confirm that the secondary GnRH releases
occur around the same time instance. It can be conjectured that depending
on the amplitude of the secondary GnRH pulse, the concentration of LH can
either rise (Data set 3), stay constant (Data set 1) or decay at decreased
rate (Data set 2).
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Figure 1: Three pulsatile profiles of LH concentration measured in a human male. Notice
that all the pulses exhibit first maximum and secondary GnRH release event approximately
at the same time.

By the argument given in the previous subsection, the number of esti-
mated unknown parameters is reduced from seven to five: g1, b1, b2, λ1,
and t1. Figure 2 shows how the estimated parameters influence the pulse
form. The ratio between λ0 and λ1 would only represent the weights ratio
between the Dirac delta-functions. Notice that delta-functions have infinite
amplitudes and only used to mark the time instances of GnRH secretion
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and communicate the amount of secreted hormone through the weight. Es-
timates of these values are obtained via optimization performed basing on
the mathematical model and measured data. Typically, hormone data are
undersampled and it is hard to capture the kinetics of most RHs. For in-
stance, a GnRH pulse would decay in around 1-3 minutes, according to bi-
ological analysis in [17]. To obtain more reliable parameter estimates from
undersampled measurements, the data are processed in several steps.

• Step 0: Extract a data set representing one pulse of H from measured
data;

• Step 1: Evaluate maxima and minima within the data set;

• Step 2: Calculate initial values of ĝ01 , b̂
0
1, b̂

0
2, λ̂

0
1 and t̂01 for estimation;

• Step 3: Estimate ĝ1, b̂1, and b̂2 from the measurements within the
interval t < t̂1;

• Step 4: Estimate λ̂1 and t̂1 from the measurements within the interval
t ≥ t̂1;

• Step 5: Estimate ĝ1, b̂1, b̂2, λ̂1 and t̂1 from all points of the data set
using the estimates obtained at Step 3 and Step 4 as initial conditions.

The operations executed at each step of the estimation algorithm are ex-
plained in what follows.

3.2.1 Pulse extraction from measured data

Provided with hormone concentration data comprising several pulses, it is
necessary to extract each pulse from the data set prior to performing pa-
rameter estimation. Then the basal level of hormone concentration at onset
of each pulse is omitted to assure that the changes in concentration are due
to pulsatile secretion. This pulse extraction provides the measured data set
Hm(k) with n sample points and the sampling interval h where the first
measurement is taken at k = 0, and the last measurement at k = n−1. The
value of each measurement Hm(k) is subtracted by the initial value Hm(0).
It should be noted that these measurements are sampled instances of a con-
tinuous output. In what follows, the sampling instance is denoted with k
and t represents the continuous time variable, i.e. t = kh, k = 0, 1, . . . , n−1.

3.2.2 Maxima, minima and initial estimation of t1

From a measured data set, the information about local maxima and local
minima of the hormone concentration H is collected. A simple approach
for it is described in Appendix A. Initialization of parameter estimates is
performed by inspecting the extreme values and their temporal locations.
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Figure 2: Estimated parameters of model dynamics. Amplitudes of Dirac delta-functions
are infinite.

The global maximum represents the highest concentration level of H which
is caused by the release of the first RH pulse. The local minimum most
probably marks the location of the second RH pulse firing. Finally, the
other local maximum shows the highest concentration of H after the second
RH pulse has been fired.

The peak concentration value Hmax is given by

Hmax = Hm(kmax) = sup
k

Hm(k), 0 ≤ k < n

t̂max ≈ kmaxh

where kmax is the sample number at which the highest concentration of H is
achieved. A global maximum always exists in the measured data due to the
nature of pulsatile secretion. However, not all data sets would contain local
minima and local maxima. In Fig. 1, Data set 1 and Data set 2 exhibit no
local minima while Data set 3 does. Therefore, two cases are considered in
the next step.

1. Data with local maxima and local minima: An example of data with
local maxima and local minima is Data set 3 on Fig. 1. For this case,
it is easier to estimate the time at which second RH pulse occurs. The
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local minimum marks the firing time t̂1.

H(t̂1) ≈ Hm(kmin) = min
k

Hm(k), kmax < k < n

t̂1 ≈ kminh.

The second maximum Hmax2 , which occurs because of the second RH
pulse, is then obtained from the information about the local maximum.

Hmax2 = Hm(kmax2) = max
k

Hm(k), kmin ≤ k < n

t̂max2 ≈ kmax2h.

2. Data without local minima: This case arises when the magnitude of
second RH pulse is relatively small and causes rather a decrease in
the decay rate of H concentration instead of producing another peak.
Examples of this kind of behavior are given by Data set 1 and Data
set 2 in Fig. 1.

To produce the initial estimate t̂01, the ratio between two consecutive
data samples ρ(k) is calculated. The lowest ratio value indicates the
position of the second RH pulse t̂1. Due to a reduction in the decay rate
of H concentration, the difference between concentration level at two
consecutive samples is relatively low compared to the level difference
at other instances. Because the concentration level varies, evaluating
the ratio is more reliable than evaluating the level difference

ρ(kmin) = min
k

Hm(k)

Hm(k + 1)
, kmax < k < n− 1

t̂1 ≈ kminh

H(t̂1) ≈ Hm(kmin).

In this case, secondary peak does not exist and, within the interval
kmin ≤ k < n, the maximal value is achieved on the boundary kmin.
Therefore, this point is estimated as the firing time of the second RH
pulse

t̂max2 ≈ t̂1

Hmax2 = Hm(kmin).

With the collected information of t̂max, Hmax, H(t̂01), t̂max2 , and Hmax2 the
estimation algorithm could proceed to the next step.

3.2.3 Initial parameter estimates

The introduced above mathematical model has five parameters that need to
be identified. Therefore, at least five equations are required to provide the
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initial values of these parameters ĝ01 , b̂
0
1, b̂

0
2, λ̂

0
1 and t̂01. These initial values

constitute a starting point for the optimization algorithm. The following
characteristics to estimate initial parameters are considered.

• The time instant at which highest H concentration is achieved – t̂max;

• The value of maximum H concentration – Hmax;

• The value of H concentration at the time of second RH pulse – H(t̂01);

• The time instant of local maximum of H concentration after second
RH pulse is secreted – t̂max2 ; and

• The value of second local maximum of H concentration – Hmax2 .

All necessary information to calculate those values is readily obtained from
previous sections. Below is a detailed description of each equation that is
used to produce initial parameter estimates.

1. The time instant at which highest H concentration is achieved – t̂max.
This value can be obtained by taking first derivative of H in (5) for
0 ≤ t < t1 equal to zero and solving the equation for t

t̂max =
ln b01 − ln b02

b01 − b02
. (9)

2. The value of maximum concentration of H – Hmax. This value is
calculated from (5) as

Hmax =
λ0g

0
1

b02 − b01
(e−b01 t̂max − e−b02 t̂max). (10)

3. The concentration of H at the time of second RH pulse – H(t̂01). Since
the estimated point of the second RH pulse is obtained, the measured
concentration data at that point can be used to obtain more informa-
tion on the model parameters.

H(t01) =
λ0g

0
1

b02 − b01
(e−b01t

0
1 − e−b02t

0
1). (11)

4. The time instant of local maximum of H concentration after second
RH pulse is secreted – t̂max2 . The instance where second maximum
would occur is obtained similarly to Hmax and results in the following
equation

t̂max2 =
ln b01(λ0 + λ0

1e
b01t

0
1)− ln b02(λ0 + λ0

1e
b02t

0
1)

b01 − b02
. (12)
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5. The value of second (local) maximum of H concentration – Hmax2 .
Similar with the first maximum, however for the concentration of H
taken within the interval t1 ≤ t < τ .

Hmax2 =
g01

b02 − b01
(η(b01)e

−b01 t̂max2 − η(b02)e
−b02 t̂max2 ). (13)

Solving equations (9-13) provides fair initial values of ĝ01 , b̂
0
1, b̂

0
2, λ̂

0
1 and

t̂01 for further parameter estimation.

3.2.4 Parameter estimation using constrained weighted nonlinear
least squares

Given the knowledge of initial values of the parameters evaluated from in-
spection of hormone concentration data, more accurate estimates of model
parameters can be obtained by taking into account all the samples of the
data set. Weighted nonlinear least squares with positivity constraints is uti-
lized here, motivated by the biological nature of the system. The algorithm
comprises three steps of fitting the solution of (4,5) to data samples. In
the first step, estimates of g1, b1, and b2 are produced. The next step is
performed to estimate λ1 and t1. Then the final estimation step is carried
out to yield better parameter estimates all together.

1. Estimation of g1, b1, and b2. The first optimization step of parameter
estimation is performed using measured data Hm(k) for 0 ≤ k <
[ t1
h
], where [·] represents the integer part of a real number. Within

this interval, only g1, b1, and b2 are affecting the concentration of H,
while the model response afterwards is also influenced by the other
two parameters. The weighting for this estimation is chosen so that
data representing the global maximum have the highest priority. Then
the fit within the interval [ tmax

h
] < k < [ t1

h
] will be given higher weights

compared to that within the interval 0 ≤ k < [ tmax
h

].

2. Estimation of λ1 and t1. The other two model parameters are esti-
mated from measured data Hm(k) which are sampled after the es-
timated secretion instant of the second RH pulse [ t1

h
] ≤ k < n and

taking advantage of the estimates of g1, b1, and b2 resulting from the
previous step. This approach gives estimates of λ1 and t1 that would
approximate this part of the measured data, without changing the
fitting of the preceding samples of the data set. The measured data
Hm(k) at sampling instances k = [ t1

h
] and k = [

tmax2
h

] are given the
highest priority when applying the nonlinear least squares. Then the
fit in the interval [

tmax2
h

] < k < n is given higher weight than that

within [ t1
h
] ≤ k < [

tmax2
h

].
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3. Estimation of all parameters. The last optimization step is performed
to estimate the parameters by considering all samples of the data set.
Until this point, the influence of parameters g1, b1, and b2 on the second
part of measured data has not been considered. Based on initial values
from the previous two estimation steps, this last step would provide
estimation improvement. The weighting for this step follows the values
evaluated above.

Further details on the used least squares algorithm are provided in Ap-
pendix B.

4 Experiments

Experiments with data are performed to illustrate efficacy of the suggested
estimation approach. First, simulated LH data based on the bipartite pul-
satile secretion model of Section 2.3 are utilized and then the method is put
to test on previously published hormone data.

4.1 Experiments with simulated data

The data are produced by capturing at each sampling instance the output
value of the LH regulation model (4,5) with two instances of pulsatile se-
cretion in the least period. For congruence with the real hormone data case
discussed in the next section, sampling period is set equal to 10 minutes.
Two sets of simulated data are used and the nominal model parameters for
them are given in Table 1. Data set 1 demonstrates a situation when the sec-
ondary GnRH pulse is large enough to produce an obvious secondary peak
in the LH concentration profile. Data set 2 illustrates a weaker secondary
secretion event that only reduces the hormone concentration decay rate.

A number of cases is constructed to investigate the performance of the
estimation approach in different situations, namely:

• estimation with initialization of parameter estimates close to actual
values,

• estimation with initialization of parameter estimates far from actual
values,

• estimation under measurement disturbance.

Under these conditions, the parameter estimation approach developed here,
the WEN deconvolution approach, and AutoDecon approach are tested.
For the WEN deconvolution approach, the hormone kinetics is modeled
according to (3).
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Initial parameter values. The performance of the WEN deconvolution
approach is highly dependent on the accuracy of the assumed values of the
LH decay rate, while the parameter estimation approach and AutoDecon
can perform very well even in the case of unknown initial parameter values,
relying instead on their estimates. The parameter values of k1 and k2 in
the two-compartment secretion model for the WEN deconvolution approach
follow the values of the parameters b1 and b2 of the pulsatile model. De-
convolution with nominal parameter values in Table 1 is used to illustrate
the performance with perfect knowledge of the hormone kinetics and while
deconvolution with initial values reveals the effects of parameter uncertainty.

As expected, both the parameter estimation approach and the WEN de-
convolution with nominal parameter values (WEN deconvolution (N)) ex-
plain simulated LH concentration data well, Fig. 3a. Yet, the secretion
estimates produced by the WEN deconvolution method are inaccurate. The
discrepancy between the actual and estimated secretion depends apparently
on the sampling rate and is addressed later. For inaccurate (initial) as-
sumed parameter values, the WEN deconvolution method (WEN deconvo-
lution (I)) yields significant errors also in the estimated LH concentration.
Notably, as Fig. 3b indicates, the performance of the WEN deconvolution
improves for Data set 2 where the secondary secretion event is less promi-
nent. Apparenly, AutoDecon estimates the LH profile very well for the main
pulse but neglects the existence of the secondary pulse. Similar to the WEN
deconvolution approach, its performance improves for Data set 2 due to the
small value of secondary pulsatile secretion. AutoDecon’s secretion profile
also differs from the simulated model. This is understandable because in
AutoDecon pulsatile secretion model is based on a different assumption, i.e.
it follows normal distribution.

Besides of the nominal value of the parameters, the initial and the fi-
nal parameter estimates produced by the parameter estimation approach
are also shown on Table 1. The accuracy of the parameter estimates is
sufficient to make the simulated LH concentration and secretion practically
indistinguishable in Fig. 3 from the corresponding estimates. Inspecting the
estimated values shows that tmax and Hmax satisfy bounds (7) and (8).

Sampling rate. As noted before, the secretion estimation provided by
the WEN deconvolution approach does not represent the actual secretion
rate of the simulated model. The reason to it is the inadequate sampling
rate in the data sets. In fact, much higher sampling rates are technically
feasible. For instance, in [18], 30 s samples of portal blood from short term
ovariectomized ewes have been taken. As concluded by stochastic analysis
in [17], an appropriate sampling period of the LH secretion profile should
be around 2 − 3 minutes. In [7], from a control engineering perspective,
the suitable sampling time is estimated to be in the range 0.6 − 1.9 min-
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Parameter set g1 b1 b2 λ1 t1

Nominal 1 0.2243 0.0748 0.0514 0.1056 90
Initial 1 0.5000 0.0500 0.0220 0.0010 80
Estimated 1 0.2203 0.0693 0.0541 0.1047 90

Nominal 2 0.3200 0.0750 0.0330 0.0500 75
Initial 2 0.5000 0.0500 0.0220 0.0100 90
Estimated 2 0.3130 0.0715 0.0337 0.0515 75

Table 1: Parameter sets for generation of simulated data and their estimates by the
proposed method.

0 20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

1

1.2

Time (min)

LH
 c

on
ce

nt
ra

tio
n 

(IU
/L

)

LH output from simulated data 1

0 20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

1

1.2

1.4
Estimated secretion from simulated data set 1

Time (min)

S
ec

re
tio

n 
ra

te
 (I

U
/L

)

Parameter estimation
Deconvolution (N)
Deconvolution (I)
AutoDecon
Sampled data

Parameter estimation
Deconvoluted secretion (N)
Deconvoluted secretion (I)
AutoDecon
Actual model secretion

(a) Simulated data 1

0 20 40 60 80 100 120
0

0.5

1

1.5

2

Time (min)

LH
 c

on
ce

nt
ra

tio
n 

(IU
/L

)
LH output from simulated data 2

0 20 40 60 80 100 120
0

0.5

1

1.5

2
Estimated secretion from simulated data set 2

Time (min)

S
ec

re
tio

n 
ra

te
 (I

U
/L

)

Parameter estimation
Deconvolution (N)
Deconvolution (I)
AutoDecon
Sampled data

Parameter estimation
Deconvoluted secretion (N)
Deconvoluted secretion (I)
AutoDecon
Actual model secretion

(b) Simulated data 2

Figure 3: Performance of the tested estimation approaches on simulated data sets, sam-
pling time 10 min.

utes. Lowering the sampling time to one minute increases the agreement
of the estimated secretion with the actual simulated one, see Fig. 4. The
figure also depicts the estimation provided by AutoDecon. Typically for de-
convolution approaches, AutoDecon performs very well on high resolution
sampled data. The secretion profile produced by AutoDecon fits well the
secretion model when high resolution data are used. Furthermore, in the
same figure, it can be noticed that AutoDecon yields negative estimates in
the attempt to follow the simulated LH concentration in the beginning of
the data set. The estimated secretion profile also has some negative values,
i.e. in Fig. 4a within the time interval t = {50, 80}. As pointed out in
Section 2.2.1, the problem of negative secretion estimates in deconvolution
has been successfully resolved in [9].

Measurement disturbance. The last simulation test is the performance
evaluation with random additive hormone concentration measurement dis-
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Figure 4: Performance of the tested estimation approaches on simulated data sets, sam-
pling time 1 min.

turbance. For simulation purpose, a random signal with zero mean and
variance of 10−6 is introduced as measurement disturbance. This value is
chosen based on the accuracy of radioimmunoassay (RIA) that is used for
measuring LH concentration in blood sample. The standard deviation of
RIA measurement is known to be on the level of ng/ml, therefore the cho-
sen for simulation value appears to be reasonable. On disturbed data, the
tested approaches perform quite well when it comes to the LH concentration
estimation, see Fig. 5. The parameter estimation approach is able to esti-
mate the secretion profile correctly and the estimate is not influenced much
by the measurement disturbance. This is also confirmed by Monte Carlo
simulation where 50 different realizations of measurement disturbance have
been used to perturb each of the simulated data sets. The estimation results
summarized in Table 2 indicate good robustness properties of the developed
technique against additive measurement disturbance.

g1 b1 b2 λ1 t1

Simulated data 1 0.2243 0.0748 0.0514 0.1056 90
Estimation mean (μ) 0.2203 0.0691 0.0543 0.1060 90.2186
Standard deviation (σ) 0.0009 0.0016 0.0012 0.0021 0.4678

Simulated data 2 0.3200 0.0750 0.0330 0.0500 75
Estimation mean (μ) 0.3131 0.0715 0.0337 0.0514 75.5961
Standard deviation (σ) 0.0010 0.0005 0.0002 0.0006 1.1153

Table 2: Monte Carlo simulation results.
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Figure 5: Performance of the tested estimation approaches on simulated data sets with
measurement disturbance, sampling time 10 min.

4.2 Experiments with measured data

As it has been shown in the previous section, the proposed estimation ap-
proach yields better results on simulated data than the state-of-the-art de-
convolution algorithms, especially in the case where high sampling rate is
not available. However, this does not prove that the approach also would
perform better on actual biological data since the other two approaches are
based on different model assumptions. Indeed, any mathematical model is
just an approximation of reality and cannot capture all the particularities
of the actual phenomena.

To investigate feasibility of the proposed parameter estimation technique
on real data, it is applied to data of LH serum concentration provided by
Prof. Veldhuis of Mayo Clinic and described in [19]. The evaluation data
are collected from two healthy men (Patient A and Patient B) and sampled
periodically every 10minutes starting from 18.00 until 14.00 on the following
day, see Fig. 6. From ocular inspection, there are about 6 major pulses
within the LH concentration data of patient A, and 5 major pulses in the
data from patient B.

Since the focus of this paper is on the pulsatile hormone regulation,
the basal level of each pulse is subtracted from the hormone concentration
values. Along with the WEN deconvolution approach, comparison is also
performed with AutoDecon.

Fig. 7 shows some typical experimental results on real hormone data. It
represents the cases both with and without clear secondary maximum on
sampled data for both patients. Fig. 7a and Fig. 7d show the case where
secondary local maximum does not appear in sampled data, while Fig. 7b
and Fig. 7c represent the case where the sampled data exhibits an obvious
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Figure 6: LH concentration data for two healthy men, sampling time 10 min.

secondary peak. It can be seen that the proposed parameter estimation
approach fits the sampled LH concentration data better compared to the two
deconvolution algorithms, especially when the examined data set has a clear
secondary peak. Occasionally, the WEN deconvolution also produces results
that indicate the release of a secondary GnRH pulse. For example, in Fig. 7a,
the GnRH secretion profile estimated by the conventional deconvolution
approach clearly exhibits a second pulse. Similarly to the experiments with
simulated data, AutoDecon sometimes estimates very small negative value
of the basal secretion. This is probably related to the symmetrical (normal
distribution shaped) signal form of the secretion.

The fact that the deconvolution approaches do not always recognize sec-
ondary GnRH secretion events in LH pulses does not necessarily lead to
significant errors in the estimate of the secreted GnRH. It rather implies
that they ignore an interesting dynamic phenomenon whose existence is
predicted mathematically in [7]. Another problem with the deconvolution
methods is the large discrepancy in the estimated hormone secretion due to
uncertainty in the metabolic constants. This shortcoming is intrinsic to the
deconvolution approach and cannot be alleviated without assuming a model
of the RH secretion profile, as e.g. is done in AutoDecon. However, since
there is no generally accepted pulsatile secretion model in endocrinology,
the estimation results depend on what secretion model is assumed.

Parameter estimates produced by the proposed approach are summa-
rized in Table 3. Once again, the resulting parameter estimates are within
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the expected boundaries for tmax and Hmax given by (7) and (8). Clearly,
variation in the estimates of b1 and b2 is high. This problem is expected
because of the low sampling rate. However the variation of ratio between
two exponential rates κ is reasonable. In [20], the exponential rates for RIA
LH profile have been examined yielding the fast decay rate k1 = 3.87×10−2

and the slow one k2 = 7.69 × 10−3, with the ratio between them equals
to 0.19. The mean value of κ from Table 3 is 0.26 which is not very far
from the value obtained ratio from [20]. Regarding the estimated values
of t1, it is interesting to note that the results of regularized deconvolution
analysis of LH data sampled with 5 min sampling time in [21] clearly show
two instances of pulsatile secretion separated by approximately a one hour
long interval. This agrees well the values in Table 3 obtained by the present
method from much sparser data.

An inherent drawback of the proposed algorithm is that it is based on a
simple linear model and cannot capture nonlinearities of the LH dynamics,
as seen on Fig. 7a where the estimation misses the second sampling instance.

Patient Data Set ĝ1 b̂1 b̂2 λ̂1 t̂1 κ

A

1 0.2223 0.0698 0.0392 0.0674 91 0.56
2 1.0942 0.1319 0.0233 0.0878 50 0.18
3 0.2839 0.0565 0.0430 0.0583 51 0.76
4 0.8597 0.0752 0.0162 0.0813 60 0.22
5 0.6333 0.1936 0.0297 0.1551 58 0.15
6 1.7058 0.1070 0.0182 0.2634 60 0.17

B

7 0.5284 0.1644 0.0319 0.1169 50 0.19
8 0.7623 0.0928 0.0217 0.0415 90 0.23
9 0.9104 0.1790 0.0165 0.0637 110 0.09
10 0.6677 0.1554 0.0196 0.2252 39 0.13
11 2.5608 0.1098 0.0260 0.1164 48 0.24

Table 3: Estimated parameters of the major pulses of measured data given on Fig. 6.

5 Conclusion

In this study, an algorithm for parameter estimation of pulsatile hormone
regulation based on the model introduced in [7] is developed and evaluated
on simulated and experimental biological data. The suggested technique
performs very well on undersampled simulated data. The two deconvolution-
based algorithms developed from different model assumption, one which is
the state-of-the-art software for identification and characterization of hor-
mone data, produce different hormone secretion profile with the nominal one.
It is demonstrated on experimental data that the model with two instances
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Figure 7: Performance of the tested estimation approaches on selected LH data sets,
sampling time 10 min.

of GnRH release within one period of LH pulsatile secretion is feasible. Fur-
thermore, the parameter estimation technique could fit the measured data
as good as the state-of-the-art deconvolution approaches without neglecting
the existence of secondary GnRH release.
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A Identifying maxima and minima

To locate maxima and minima within the data set, evaluation of the numer-
ical derivative of the system output is performed.

D(k) =
Hm(k + 1)−Hm(k)

h
, for 0 < k < n− 1.

The points at the beginning and the end of the data set are excluded. Then
the points of probable maxima or minima are evaluated by finding the sam-
pling instance ki where the following inequality holds

D(ki)D(ki − 1) ≤ 0.
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To find out whether the extremum is either maximum or minimum, the
following conditions are checked

ki :

{
max ifD(ki − 1) > 0
min ifD(ki − 1) < 0.

B Constrained weighted nonlinear least squares

The estimation approach used within this article is to minimize the least
square error between measured data Hm(k) and model output H(x, kh)
with x representing the parameters vector {g1, b1, b2, λ1, t1}, i.e.

x̂ = argmin
x

F (x) =
1

2
min
x

n−1∑
k=0

W (k)

(
Hm(k)−H(x, kh)

)2

.

The weighting factors of the output error at each sampling instance k are
represented by W (k) and their values are assigned based on the rules given
in Section 3.2.4.

The minimum value of F (x) is achieved when its gradient is equal to
zero. The gradient is calculated as

F′(x) =

⎡
⎢⎢⎢⎢⎣

∂F

∂x1
(x)

...
∂F

∂x5
(x)

⎤
⎥⎥⎥⎥⎦

where

∂F

∂xj
(x) =

n−1∑
k=0

W (k)
∂fk
∂xj

(x)fk(x)

fk(x) = Hm(k)−H(x, kh).

Function fk(x) is the discrepancy between measured data andmodel output.
Its gradient J(x) is described by the following equation

(J(x))kj =
∂fk
∂xj

(x)

= −H′

kj(x).

The matrix H′ consists of partial derivatives of hormone H concentration
with respect to the model parameters. The values of H(t) given by (5) can
be separated in two time intervals to facilitate derivation

H(t) =

{
Ha(t) for 0 ≤ t < t1
Ha(t) +Hb(t) for t1 ≤ t < T
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where

Ha(t) =
λ0g1

b2 − b1
(e−b1t − e−b2t),

Hb(t) =
λ1g1

b2 − b1

(
eb1(t1−t) − eb2(t1−t)

)
.

Now, a step (Heaviside) function σ(t) is introduced

σ(t) =

{
0 for 0 ≤ t < t1
1 for t1 ≤ t < τ

yielding

Hb(t) =
λ1g1σ(t)

b2 − b1

(
eb1(t1−t) − eb2(t1−t)

)
.

The gradient H′(x, t) is calculated by partial derivation as[
∂H

∂g1

∂H

∂b1

∂H

∂b2

∂H

∂λ1

∂H

∂t1

]
=

[
∂Ha

∂g1

∂Ha

∂b1

∂Ha

∂b2

∂Ha

∂λ1

∂Ha

∂t1

]

+

[
∂Hb

∂g1

∂Hb

∂b1

∂Hb

∂b2

∂Hb

∂λ1

∂Hb

∂t1

]

where

∂Ha

∂g1
=

λ0

b2 − b1

(
e−b1t − e−b2t

)

∂Hb

∂g1
=

λ1σ(t)

b2 − b1

(
eb1(t1−t) − eb2(t1−t)

)

∂Ha

∂b1
=

λ0g1

(b2 − b1)
2

(
(b1t− b2t+ 1)e−b1t − e−b2t

)

∂Hb

∂b1
=

λ1g1σ(t)

(b2 − b1)
2

(
(b2 − b1)(t1 − t)eb1(t1−t) + eb1(t1−t) − eb2(t1−t)

)

∂Ha

∂b2
=

λ0g1

(b2 − b1)
2

(
−e−b1t + (1− b1t+ b2t)e

−b2t
)

∂Hb

∂b2
=

λ1g1σ(t)

(b2 − b1)
2

(
(b1 − b2)(t1 − t)eb2(t1−t) − eb1(t1−t) + eb2(t1−t)

)

∂Ha

∂λ1
= 0

∂Hb

∂λ1
=

g1σ(t)

b2 − b1

(
eb1(t1−t) − eb2(t1−t)

)
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∂Ha

∂t1
= 0

∂Hb

∂t1
=

λ1g1σ(t)

b2 − b1

(
b1e

b1(t1−t) − b2e
b2(t1−t)

)
.

The minimization is performed using Matlab function fmincon, which is
available in Optimization Toolbox for constrained minimization. The im-
plementation of the positivity constraints

xi > 0, i = 1, ..., 5

x = {ĝ1, b̂1, b̂2, λ̂1, t̂1}

is to assure that the optimization would produce parameters with biologi-
cally reasonable values, i.e. positive values.
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Continuous time-delay estimation in Laguerre

domain - Revisited

Egi Hidayat and Alexander Medvedev

Abstract

The topic of time-delay estimation from Laguerre spectra of the
input and output signal is re-approached. A formal proof of the re-
lationship underlying an earlier suggested subspace continuous time-
delay estimation method is given. Further, it is shown that a class of
Laguerre polynomials plays a key role in the mathematical modeling
of time delays in Laguerre domain. The robustness of the time-delay
estimation algorithm is also investigated. It turns out that there is al-
ways a certain choice of the Laguerre parameter that renders an exact
estimate of the time delay in the face of a finite-dimensional multi-
plicative dynamical perturbation, provided that the input is a single
Laguerre function of any order.

1 Introduction

Time-delay estimation has been an active research field for quite a long time.
The interest in this topic is driven by numerous engineering applications in
communication, radars, imaging, cf. [11], [15], [14], as well as the fact
that the continuous time delay constitutes a relatively simple example of an
infinite-dimensional system. An extensive review of time-delay estimation
techniques in continuous and discrete time is provided in [2]. There, it has
been observed that time-delay estimation in Laguerre domain is remarkably
robust against finite-dimensional multiplicative uncertainty.

Laguerre functions are generally exploited in time-delay estimation in
two different ways. The first one, as presented in [6], considers the Laguerre
spectra of the input and output signal. The second one makes use of an
approximation of the time-delay operator by means of Laguerre functions,
cf. [10], [8].

While approximating the time-delay operator by orthonormal basis func-
tions is attractive for a general case of persistently exciting signals, repre-
senting the input and output signal by Laguerre spectra is beneficial in an
L2 setup due to the fact that Laguerre functions asymptotically converge
to zero in time. The latter framework is relevant to e.g. a specific esti-
mation problem arising in endocrine systems with non-basal secretion, [4].
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In [7], time-delay estimation is employed for evaluating the time elapsed
between two consequent releases of a certain hormone. Furthermore, the
signal passed through the time delay is an L2 impulse response of a finite-
dimensional system.

In this paper, the problem of continuous time-delay estimation from
Laguerre spectra of the input and output originally formulated and treated
in [6] is revisited. A subspace algorithm solving the problem was provided
in [6] without proof of the underlying relationship between the input and
output of the system in Laguerre domain. Therefore, a systematic derivation
of this result is provided in the present work. It appears that the dynamics
of the time-delay operator can be completely parametrized in terms of a
certain polynomial family, namely associated Laguerre polynomials, which
fact opens up for the use of rich mathematical literature on orthogonal
polynomials. Furthermore, a robustness result is obtained showing how the
choice of the Laguerre parameter can be utilized in order to completely
eliminate the impact of multiplicative finite-dimensional perturbation on
the Laguerre spectrum of output signal and, consequently, on time-delay
estimation.

The paper is composed as follows. First a necessary background on La-
guerre functions and polynomials is summarized. Then, the relationship
between the Laguerre spectra of the input and output signal of a pure con-
tinuous time delay is proven. Further, a result explicating the robustness of
Laguerre functions-based time-delay estimation against finite-dimensional
multiplicative uncertainty is derived and illustrated by a numerical experi-
ment.

2 Preliminaries

Both Laguerre functions �k(·) and Laguerre polynomials L
(α)
n (·) are utilized

in what follows. The notation for the Laguerre functions differs from the
standard one in order to avoid confusion with the Laguerre polynomials.

2.1 Laguerre functions

The Laplace transform of k-th continuous Laguerre function is given by

�k(s) =

√
2p

s+ p

(
s− p

s+ p

)k

where k is a positive number and p > 0 represents the Laguerre parameter
throughout the whole paper. In terms of the Laguerre shift operator T (s)
and a normalizing function T̃ (s), one has �k(s) = T̃ T k. where

T (s) =
s− p

s+ p
; T̃ =

1
√
2p

(1− T (s)) =

√
2p

s+ p
.
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The functions �k(s), k = {0,∞} constitute an orthonormal complete
basis in H2 with respect to the inner product

〈W,V 〉 =
1

2πj

∫ j∞

−j∞

W (s)V (−s)ds. (1)

Further, k-th Laguerre coefficient of W (s) ∈ H2 is evaluated as a projection
of W (s) onto �k(s)

wk = 〈W, �k〉,

while the set wk, k = {0,∞} is referred to as the Laguerre spectrum of W (s).
According to Riemann-Lebesgue lemma, the integral over an infinite

half-arc Γ2 in Fig. 1 is

1

2πj

∫
Γ2

W (s)�k(−s)ds = 0

and line integral in (1) can be conveniently evaluated as a contour integral

〈W,Lk〉 =
1

2πj

∮
Γ
W (s)�k(−s)ds (2)

over a clockwise contour on the whole right half part of complex plane Γ.

Figure 1: Contour for inner product evaluation.

The time domain representations of the Laguerre functions are obtained
by means of inverse Laplace transform,

lk(t) = L−1 {�k(s)}

with lk(t), k = {0,∞} yielding an orthonormal basis in L2.

2.2 Laguerre polynomials

The well-known family of associated Laguerre polynomials is given explicitly
by

L(α)
n (x) =

n∑
i=0

1

i!

(
α+ n

n− i

)
(−x)i, n = 0, 1, 2, . . . (3)
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The first few associated Laguerre polynomials are

L
(α)
0 (x) = 1

L
(α)
1 (x) = −x+ α+ 1

L
(α)
2 (x) =

1

2

(
x2 − 2(α+ 2)x+ (α+ 1)(α + 2)

)

In [12] (p. 205), there is a proof for the orthogonality property of the
associated Laguerre polynomials, i.e.

∫
∞

0
xαe−xL(α)

n (x)L(α)
m (x) dx = 0, m 
= n, α > −1. (4)

It also applies that

∫
∞

0
xαe−xL(α)

n (x)L(α)
m (x) dx =

(n+ α)!

n!
δm,n, α > −1, (5)

where δm,n is the Kronecker delta. However, the case of α = −1 is evidently
not taken into consideration while it is exactly the type of Laguerre poly-
nomials that are encountered, as shown in the next section, in time-delay
systems. For α < −1, Laguerre polynomials are no longer orthogonal on the
positive real axis but rather satisfy a non-hermitian orthogonality on certain
contours in the complex plane, cf. [9], instead of (4). Some confusion yet
arises with respect to what notion of orthogonality applies to α = −1, cf.
[9] p. 205 and p. 209. Thus, the following result is necessary for further use.

Proposition 1. Laguerre polynomials L
(−1)
n (x) are orthogonal on the posi-

tive real axis in the sense∫
∞

0

e−x

x
L(−1)
n (x)L(−1)

m (x) dx = 0 (6)

Proof. In [12], it is shown that

(m− n)

∫ b

a

xαe−xL(α)
n (x)L(α)

m (x) dx =

xk+1e−x
(
L(α)
m (x)L̇(α)

n (x)− L(α)
n (x)L̇(α)

m (x)
)∣∣∣∣

b

a

Specialized to α = −1, the integration result reads

ϕm,n(x) = e−x
(
L(−1)
m (x)L̇(−1)

n (x)− L(−1)
n (x)L̇(−1)

m (x)
)

Clearly, due to the exponential

lim
x→∞

ϕm,n(x) → 0. (7)
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Furthermore, the least order term in L
(−1)
m (x), m > 0 is always x. Therefore,

the least order term in L̇
(−1)
m (x), m > 0 is always 1. The least order term in

the product L
(−1)
m (x)L̇

(−1)
n (x), n 
= 0,m 
= 0,m 
= n is, once again, x. Then

ϕm,n(0) = 0 which fact, together with (7) implies orthogonality of L
(−1)
n (·)

and L
(−1)
m (·) for m 
= n, i.e. (6).

It can also be shown that, for α = −1, the integration on (5) would yield
∫

∞

0

e−x

x
L(−1)
n (x)L(−1)

n (x)dx =
1

n
.

3 Pure time delay system description in Laguerre

domain

The basis of system identification in Laguerre domain is provided by the
mapping of the Laguerre spectrum of the input to the Laguerre spectrum of
the output implied by the system dynamics.

Consider the continuous delay system

y(t) = u(t− τ). (8)

Lemma 1 ([6]). For system (8), the following regression equation holds

between the Laguerre coefficients of the input {uk}
N
k=0 and those of the output

{yk}
N
k=0:

yk = ϕT
kΘ (9)

with the elements of the regression vector of dimension N + 1

ϕT
k = [ϕk(1), . . . , ϕk(N + 1)]

ϕk(j + 1) = uk, j = 0

ϕk(j + 1) =
(−2)j

j!(j − 1)!

k−j∑
i=0

(k − i− 1)!

(k − i− j)!
ui, k ≥ j > 0

ϕk(j + 1) = 0, j > k

and the parameter vector

Θ =
[
1 κ

2 · · · (κ2 )
N
]T

e−
κ

2 .

Thus, the Laguerre coefficients of the output signal are given by

yk = e−
κ

2

⎛
⎝ k∑

j=1

(−κ)j

j!(j − 1)!

k−j∑
i=0

(k − i− 1)!

(k − i− j)!
ui + uk

⎞
⎠ , (10)

with κ = 2pτ.
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Proof. The input signal can be written in terms of its Laguerre spectrum

U(s) =
∞∑
l=0

ul�l(s).

The output signal in Laplace domain is then

Y (s) = G(s)U(s) =
∞∑
l=0

ulG(s)�l(s).

Now the k-th Laguerre coefficients of the output signal could be evaluated
using the inner product

yk = 〈Y (s), �k(s)〉

=
∞∑
l=0

〈ulG(s)�l(s), �k(s)〉

=
∞∑
l=0

〈G(s)�l(s), �k(s)〉ul.

It follows from the Residue Theorem [13] that yk only depends on {ul}
k
l=0,

thus

yk =

k∑
l=0

〈G(s)�l(s), �k(s)〉ul. (11)

Taking Laplace transform of both sides of (8) gives

Y (s) = e−τsU(s).

Substituting the above expression into equation (11) gives the expression for
Laguerre coefficient in the pure time delay case

yk =
k∑

l=0

〈e−τs�l(s), �k(s)〉ul.

The inner product can be evaluated using contour integration as

φk,l = 〈e−τs�l(s), �k(s)〉

=
1

2πj

∫ +j∞

−j∞

e−τsT̃ (s)T l(s)T̃ (s)T (s)kds

=
−2p

2πj

∮
Γ

e−τs

−(s+ p)(s − p)

(
s+ p

s− p

)k−l

ds

=
2p

2πj

∮
Γ
e−τs (s+ p)k−l−1

(s− p)k−l+1
ds

= (2p)Ress=p

{
e−τs (s+ p)k−l−1

(s− p)k−l+1

}
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φk,l = 〈e−τs�l(s), �k(s)〉

=

⎧⎪⎨
⎪⎩

0 for k < l,

e
κ

2 for k = l,

φn = e
κ

2
∑n−1

i=0

(
n−1
i

)
κn−i

(n−i)! for k > l,

(12)

with n = k − l.

The corresponding inner product gives the expression of k-th Laguerre co-
efficient of output signal

yk = e−
κ

2

⎛
⎝ k∑

j=1

j−1∑
i=0

(
j − 1

i

)
(−κ)j−i

(j − i)!
uk−j

⎞
⎠+ uke

−
κ

2 , (13)

for k ≥ 1.

To prove that the expression above is equivalent to (10), it is sufficient to
show that ∀k : σk = σ̃k where

σk =

k∑
j=1

j−1∑
i=0

(
j − 1

i

)
(−κ)j−i

(j − i)!
uk−j

σ̃k =

k∑
j=1

(−κ)j

j!(j − 1)!

k−j∑
i=0

(k − i− 1)!

(k − i− j)!
ui.

Make the variable change n = k − j in the expression for σk

σk =

k−1∑
n=0

k−n−1∑
i=0

(
k − n− 1

i

)
(−κ)k−n−i

(k − n− i)!
un.

Now let m = k − n− i, yielding, after some algebra, the sought result:

σk =

k−1∑
n=0

k−n∑
m=1

(
k − n− 1

k − n−m

)
(−κ)m

m!
un

=

k−1∑
n=0

k−n∑
m=1

(k − n− 1)!

(k − n−m)!(m− 1)!

(−κ)m

m!
un

=

k∑
m=1

k−m∑
n=0

(−κ)m(k − n− 1)!

m!(m− 1)!(k − n−m)!
un

= σ̃k.
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Following [7], define polynomials Pj(ξ) as

Pj(ξ) =

j−1∑
i=0

(
j − 1

i

)
(−ξ)j−i

(j − i)!
, (14)

then (13) can be written in a more compact form

yk = e−
κ

2
( k∑
j=1

Pj(κ)uk−j + uk
)

(15)

Now, it is easy to check that

Pj(ξ) = L
(−1)
j (ξ).

In what follows, the only type of Laguerre polynomials used is the one with
α = −1. Therefore, for the ease of notation,

L
(α)
j (·)|α=−1 = L

(−1)
j (·) ≡ Lj(·).

3.1 Matrix form of Laguerre spectra relationship

Consider a lower triangular Toeplitz matrix

An =

⎡
⎢⎢⎢⎣

a0 0 . . . 0
a1 a0 . . . 0
...

...
...

...
an−1 an−2 . . . a0

⎤
⎥⎥⎥⎦ . (16)

Lower triangular Toeplitz matrices constitute an commutative (Abelian)
group with respect to matrix product and inverse. The matrix An is com-
pletely defined by its first column which can be associated with a polynomial

ϕAn
(z) =

n−1∑
i=0

aiz
i

For an infinite Toeplitz matrix A∞, the polynomial ϕAn
(z), n → ∞ becomes

a formal series

ϕA(z) =

∞∑
i=0

aiz
i.

If converging, this series can be viewed as a complex function in a neighbor-
hood of zero, cf. [1].

Consider the matrix

Φn(x) =

⎡
⎢⎢⎢⎣

L0(x) 0 . . . 0
L1(x) L0(x) . . . 0

...
...

...
...

Ln−1(x) Ln−2(x) . . . L0(x)

⎤
⎥⎥⎥⎦ . (17)
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Then, for n → ∞

ϕΦ
∞

(z, ·) =
∞∑
i=0

Li(·)z
i.

The generating function for the Laguerre polynomials, as shown in [3], is

(1− z)−α−1 exp

(
xz

z − 1

)
=

∞∑
i=0

L
(α)
i (x)zi

and clearly coincides with the generating function of the matrix Φ∞(x).
Therefore

ϕΦ
∞

(z, x) = exp

(
xz

z − 1

)

and

ϕΦ−1
∞

(z, x) = exp

(
xz

1− z

)
.

Introduce the following vectors describing the Laguerre spectra of the
input and output

Yk =
[
y0 y1 . . . yk

]T
; Uk =

[
u0 u1 . . . uk

]T
.

As it can be concluded from (15), for system (8), it holds that

Yk = e−
κ

2ΦkUk (18)

and the Laguerre polynomials Li(·) completely define the mapping between
the Laguerre spectra of the input and output. This is an important re-
sult since it opens up for the use of the extensive mathematical machinery
developed for orthogonal polynomials.

The matrix Φn(·) has a number of useful properties.

Proposition 2. The following relationships hold:

(a): Φ−1
n (x) = Φn(−x) .

(b): For any finite k ≥ 1,

n∑
i=0

L2
i (x) < ‖Φn(x)‖

2
2 < ex

and

lim
n→∞

‖Φn(x)‖
2
2 = lim

n→∞

n∑
i=0

L2
i (x) = ex

Proof. Omitted.
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4 Impact of finite-dimensional multiplicative per-

turbation

Pure time delay is a mathematical abstraction and usually appears in en-
gineering applications in combination with multiplicative finite-dimensional
dynamics. For instance, in a physical analog communication channel, the
time delay in signal transmission is typically accompanied by signal atten-
uation. Thus, it is plausible to model such a channel as a linear continuous
system with input time delay

ẋ(t) = Ax(t) +Bu(t− τ) (19)

y(t) = Cx(t)

where A,B,C are real matrices of compatible dimensions, x is the state vec-
tor, u and y are the input and the output signal, respectively. In this paper,
only the single-input single-output case is considered for the ease of notation.
A generalization to a multi-input multi-output systems is straightforward.

Applying Laplace transform under zero initial conditions gives the trans-
fer function of the time delay system

Y (s) = W (s)e−τsU(s)

where

W (s) = C(sI −A)−1B.

Consider alone the finite-dimensional dynamics factor W (s) in state space
equation (19). The state space equation for finite-dimensional dynamics in
Laguerre domain is readily given ([5]) by

xk+1 = Fxk +Guk

wk = Hxk + Juk

where

F = −(pI −A)−1(pI +A)

G = −
√

2p(pI −A)−1B

H =
√

2pC(pI −A)−1

J = C(pI −A)−1B.

The relation between the input and output Laguerre spectra is calculated
as

Yk =e−pτ

⎡
⎢⎢⎢⎣

J 0 · · · 0
L1(κ)J +HG J · · · 0

...
. . .

...
Lk(κ)J + · · · +HF k−1G · · · · · · J

⎤
⎥⎥⎥⎦Uk

=e−
κ

2ΦkΩkUk,
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with

Ωk =

⎡
⎢⎢⎢⎣

J 0 · · · 0
HG J · · · 0
...

. . .
. . .

...
HF k−1G HF k−2G · · · J

⎤
⎥⎥⎥⎦ .

Denote the output signal Laguerre spectrum of a pure time delay corre-
sponding to the input spectrum Uk as Ỹk, implying due to (18) that

Ỹk = e−
κ

2ΦkUk.

Then the difference between the output Laguerre spectrum of the system
with the multiplicative perturbation W (s) and that of the unperturbed one
(pure time delay), in matrix form, is

Ek = Yk − Ỹk

= e−
κ

2

⎡
⎢⎢⎢⎣

J − 1 0 · · · 0
L1(J − 1) +HG J − 1 · · · 0

...
. . .

...
Lk(J − 1) + · · ·+HF k−1G · · · · · · J − 1

⎤
⎥⎥⎥⎦Uk.

Using the Abelian group property of the involved dynamics, thismapping
takes a simpler form

Ek = e−
κ

2ΦkMkUk

where

Mk =

⎡
⎢⎢⎢⎣

J − 1 0 · · · 0
HG J − 1 · · · 0
...

. . .
. . .

...
HF k−1G HF k−2G · · · J − 1

⎤
⎥⎥⎥⎦ .

Lemma 2. A lower triangular Toeplitz matrix An given in (16) is similar

to a single Jordan block under the condition that a1 
= 0.

Proof. It is obvious that An has single eigenvalue at λ = a0.⎡
⎢⎢⎢⎢⎢⎣

a0 0 · · · · · · 0
a1 a0 0 0
...

. . .
. . .

...
an−2 · · · · · · a0 0
an − 1 · · · · · · · · · a0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

x0
x1
...

xn−2

xn−1

⎤
⎥⎥⎥⎥⎥⎦
= a0

⎡
⎢⎢⎢⎢⎢⎣

x0
x1
...

xn−2

xn−1

⎤
⎥⎥⎥⎥⎥⎦
.

Evaluate the geometric multiplicity of this eigenvalue. Under the condition
of a1 
= 0, the relation given by the second matrix raw results in x0 = 0.
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Then, similarly, from the remaining equations, it is seen that x1 = ... =
xn−2 = 0. This means that the eigenvalues λ = a0 correspond to a single

eigenvector x =
[
0 · · · 0 1

]T
, which brings the conclusion that λ = a0

has the geometric multiplicity of order one.

The Laguerre functions and, logically, the Laguerre spectra have only
one degree of freedom - the Laguerre parameter. An interesting question to
ask with respect to the problem of time-delay estimation is whether there
is a value of p that minimizes the impact of the perturbation W (s) on the
time-delay estimation error. The result below gives a partial answer to this
question assuming a particular form of the input signal. It also gives a
mathematical explanation to the robustness of Laguerre domain time-delay
estimation against finite-dimensional dynamics.

Proposition 3. For any finite dimensional multiplicative perturbation given

by the transfer function W (s) such that ‖W (s)‖∞ ≥ 1,W (0) 
= 1, there is

at least one non-zero value of the Laguerre parameter p such that ‖Ek‖2 = 0
for the input signal comprising a single Laguerre function Lk(s).

Proof. First notice that the matrix Mk constitutes a single Jordan block
according to Lemma 2. Further, it applies that J = W (s)|s=p. Therefore,
under the conditions of the proposition, there is always a value p = p1 
= 0
such that W (p1) = 1 and making Mk a nilpotent matrix. The matrix Mk

is then a single Jordan block of size k and with the null space given by the
vector

Uk =
[
0 0 . . . 1

]T
.

Then, for p = p1, a single Laguerre function as the input results in ‖Ek‖2 =
0.

The conditions on the norm of the finite-dimensional perturbation W (s)
are not limitations. In fact, before applying a time-delay estimation al-
gorithm, one can simply scale the measured output signal with a suitable
constant to make the actual perturbation satisfy the gain condition. Yet,
the purpose of estimation in this case is to evaluate the time delay and not
the finite-dimensional dynamics.

5 Simulation example

To illustrate how the robustness of time-delay estimation in Laguerre domain
is influenced by the choice of Laguerre parameter, a simulation example is
provided in this section. A certain communication channel imposing a time
delay of 8 seconds is considered. Signal attenuation is described by a stable
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second order LTI system given by the following matrices

A =

[
−0.8147 0
0.9058 −0.1270

]
; B =

[
1
0

]
;

C =
[
0 0.1904

]
; D = 0.

For this perturbation, it can be evaluated that

‖W (s)‖∞ = ‖C(sI −A)−1B)‖∞ = 1.67,

W (0) = −CA−1B = 1.67,

which values fulfill the condition of Proposition 3. The following plots show
how the value of Laguerre parameter affects the norm of output error and
the estimated time delay by the subspace algorithms suggested in [6].
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Figure 2: Simulation results: The Euclidian norm of the difference between the
Laguerre spectrum of the perturbed and unperturbed system output (upper plot).
The estimate of the time delay from the perturbed output spectrum.

As shown in Fig. 2, there is a value the Laguerre parameter that elim-
inates the impact of W (s) on the output Laguerre spectrum (upper plot)
and therefore yields an exact estimate of the time delay (lower plot). That
value of p corresponds to the point where the transfer function of the pertur-
bation channel is equal to one. For large values of the Laguerre parameter,
the estimation error exponentially goes to zero as p → ∞. High values of p
will however lead to computational problems.

6 Conclusion

The problem of time-delay estimation by means of Laguerre functions has
been revisited. It is shown that by considering the Laguerre spectra of
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input and output signal, the relation between the two spectra can expressed
in terms of orthogonal (associated) Laguerre polynomials. Furthermore, it
is shown that the influence of multiplicative finite-dimensional perturbation
on the signal can, under mild assumptions, be eliminated by choosing a
certain value of Laguerre parameter.
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Laguerre domain identification of continuous linear

time-delay systems from impulse response data

Egi Hidayat and Alexander Medvedev

Abstract

An expression for the Laguerre spectrum of the impulse response
of a linear continuous time-invariant system with input or output de-
lay is derived. A discrete state-space description of the time-delay
system in the Laguerre shift operator is obtained opening up for the
use of conventional identification techniques. A method for Laguerre
domain identification of continuous time-delay systems from impulse
response data is then proposed. Linear time-invariant systems result-
ing from cascading finite-dimensional dynamics with pure time delays
are considered. Subspace identification is utilized for estimation of
finite-dimensional dynamics. An application to blind identification of
a mathematical model of an endocrine system with pulsatile regulation
is also provided.

1 Introduction

Time delay estimation has for a long time been an active research field
in signal processing and system identification. However, mostly discrete
time systems have been addressed as they obey finite-dimensional dynamics.
On the contrary, continuous time-delay systems possess infinite-dimensional
dynamics and thus require more advanced estimation techniques.

In the continuous time framework, another important distinction is pure
time-delay estimation versus estimation of time-delay systems incorporating
both finite and infinite-dimensional dynamics. The former problem is inves-
tigated more often. The latter one, usually termed as time-delay system
identification, is however considered in only a few papers such as [11] and,
more recently, in [1], [9], [4], [14].

In [1], a linear filter-based approach to identification of continuous time-
delay models is proposed. A four-step iterative algorithm utilizing the least
squares and instrumental variable methods is devised to estimate the model
parameters and initial conditions of the finite-dimensional part as well as
the time delay. An on-line identification algorithm is suggested in [9] for
single-input single-output continuous-time linear time-delay systems from
only output measurements. This algorithm utilizes an sliding mode adaptive
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identifier that treats the time-delay differential equations similarly to finite-
dimensional dynamics. An extension of an earlier identification method
introduced in [3] for systems with structured entries is provided in [4]. This
on-line estimation technique applies the iterated convolution product con-
cept.

A system identification method for systems with input time delay based
on a wavelet approach is proposed in [14]. Partitioning of the system is used
there to estimate the finite-dimensional dynamics and the time delay sepa-
rately. The finite-dimensional system dynamics are identified using recursive
least squares method.

A well-known and generic problem with optimization-based identification
of time-delay systems is their vulnerability to local minima, see e.g. [5]. In
batch algorithms, this problem can be handled by starting the search for the
optimal estimate from a variety of initial guesses. Another possibility is to
use particle swarm optimization, [2]. None of these techniques guarantees
though that global minimum is achieved.

System identification is conventionally performed from data in time or,
via the Fourier transform, in frequency domain. However, orthonormal func-
tional bases such as Laguerre functions and Kautz functions, have been uti-
lized in system modeling and identification for many years, [15]. The notion
of shift operator plays a key role in a systematic exposition of such an ap-
proach. The advantage of using e.g. the Laguerre shift is its similarity, in
the sense of multiplicity, to the regular discrete time shift operator with
the possibility for tuning the identification performance by means of the
Laguerre parameter.

Time delay estimation from Laguerre spectra of the input and output sig-
nal was introduced in [8]. As pointed out in survey paper [5], this subspace
estimation approach has remarkable robustness properties against finite-
dimensional perturbations. Notice also that in Laguerre domain, a linear
continuous time-delay system is represented by discrete linear equations
with respect to the Laguerre shift operator. However, Laguerre domain de-
scriptions and estimation algorithms of more general continuous time-delay
systems are not readily available, even for the case of impulse response.

The need for system identification of a continuous linear time-delay sys-
tem driven by an impulse signal or a train of impulses arises in several
fields. In endocrinology, such a mathematical model is utilized for repre-
senting pulsatile secretion of hormones, [6]. The radar is a good example
of an application where the travel time of a signal appears as a time delay,
[16]. The signal in question is usually a pulse and attenuated by the channel
media.

When the input signal to a time-delay system is limited to a single im-
pulse or a sparse sequence of impulses, the problem of identifying the system
dynamics becomes more challenging than that in the case of persistently ex-
citing input. Indeed, provided the system is stable, the impulse response dies

2



out quite fast and, after a while, output measurements do not convey much
information about the system. Instead of maximizing the estimate accuracy
in the face of noise, which is a typical goal in classical system identification,
one has to put focus on recovering and utilizing as much information as
possible from the available system output record.

Laguerre domain identification fits perfectly the problem of identification
of linear time-delay systems from the impulse response due to the following
facts:

• The impulse response of a stable time-delay function is exponentially
decaying and belongs to L2,[11]. Laguerre functions are exponential
functions themselves and comprise of complete orthonormal basis in
L2.

• The Laguerre domain representation of a time-delay system is exact
and does not involve any loss of system properties that is characteristic
to the methods based on approximations of the infinite-dimensional
dynamics.

• The Laguerre domain representation of a continuous time-delay system
is in discrete form with respect to the Laguerre shift operator and thus
allows for the use of the reliable numerical tools of classical discrete
time system identification.

• The continuous time Laguerre spectrum of a function can be estimated
from an irregularly (in time) sampled data set.

• The Laguerre parameter gives the benefit of tuning the Laguerre basis
for better estimation accuracy, which degree of freedom is lacking in
many other techniques.

The main goal of the present paper is therefore to obtain in Laguerre
domain a description of linear continuous systems with input or output delay.
To illustrate how such a framework can be used for system identification by
means of conventional and widely used techniques, an algorithm relying on
subspace identification is devised. In order to deal with the problem of local
minima, gridding over an a priori known range of the time-delay values is
utilized.

The paper is organized as follows. Necessary background on Laguerre
functions and Laguerre domain system models is briefly presented in Sec-
tion 2. Section 3 provides a mathematical formulation of the considered
identification problem which is consequently solved by subspace-based tech-
niques in Section 4. Simulation and a numerical example in Section 5 are
intended to illustrate the feasibility of the proposed method in a particular
biomedical application.
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2 Preliminaries

2.1 Laguerre functions

The Laplace transform of k-th continuous Laguerre function is given by

Lk(s) =

√
2p

s+ p

(
s− p

s+ p

)k

where k is a positive number and p > 0 represents the Laguerre parameter.
In terms of the Laguerre shift operator T (s) and a normalizing function
T̃ (s), one has Lk(s) = T̃ T k, where

T (s) =
s− p

s+ p
; T̃ =

1
√
2p

(1− T (s)) =

√
2p

s+ p
.

The functions {Lk(s)}
∞

k=0 constitute an orthonormal complete basis in
H2 with respect to the inner product

〈W,Lk〉 =
1

2πj

∫ j∞

−j∞

W (s)Lk(−s)ds. (1)

Further, k-th Laguerre coefficient of W (s) ∈ H2 is evaluated as a projection
of W (s) onto Lk(s)

wk = 〈W,Lk〉,

while the set {wk}
∞

k=0 is referred to as the Laguerre spectrum of W (s).
According to Riemann-Lebesgue lemma, the integral over an infinite half

arc Γ2 in Fig. 1 is
1

2πj

∫
Γ2

W (s)Lk(−s)ds = 0

and line integral in (1) can be conveniently evaluated as a contour integral

〈W,Lk〉 =
1

2πj

∮
Γ
W (s)Lk(−s)ds (2)

over a clockwise contour on the whole right half part of complex plane Γ.

Figure 1: Contour for inner product evaluation.

The time domain representations of the Laguerre functions are obtained
by means of inverse Laplace transform,

lk(t) = L−1 {Lk(s)}

with {lk(t)}
∞

k=0 yielding an orthonormal basis in L2.
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2.2 Laguerre domain

Consider the continuous single-input single-output time-delay system

ẋ(t) = Ax(t) +Bu(t− τ) (3)

y(t) = Cx(t) +Du(t− τ)

where A,B,C,D are constant real matrices of suitable dimensions and τ > 0
is the time delay. The matrix A is assumed to be (Hurwitz) stable and the
initial conditions on (3) are x(0) = x0 and u(θ) ≡ 0, θ ∈ [−τ, 0]. Sys-
tem description (3) stipulates the relationship between u(·) and y(·) in time
domain. A corresponding description in Laguerre domain renders the de-
pendence between uk and yk for k ∈ [0,∞).

Two important special cases of system (3) have been previously treated
in Laguerre domain and come in handy in this study.

2.2.1 Pure time delay

Consider the continuous delay system

y(t) = u(t− τ). (4)

It represents a special case of (3) with the matrices A,B,C equal to zero
and D = I.

Lemma 1 ([8]). For system (4), the following regression equation holds

between the Laguerre coefficients of the input {uk}
N
k=0 and those of the output

{yk}
N
k=0:

yk = ϕT
kΘ (5)

with the elements of the regression vector of dimension N + 1

ϕT
k = [ϕk(1), . . . , ϕk(N + 1)]

ϕk(j + 1) = uk, j = 0

ϕk(j + 1) =
(−2)j

j!(j − 1)!

k−j∑
i=0

(k − i− 1)!

(k − i− j)!
ui, k ≥ j > 0

ϕk(j + 1) = 0, j > k

and the parameter vector

Θ =
[
1 −ζ

2 · · · (−ζ
2 )N

]T
e

ζ

2 .

Thus, the Laguerre coefficients of the output signal are given by

yk = e
ζ

2

⎛
⎝ k∑

j=1

ζj

j!(j − 1)!

k−j∑
i=0

(k − i− 1)!

(k − i− j)!
ui + uk

⎞
⎠ , (6)

with ζ = −2pτ.
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2.2.2 Finite-dimensional system

Consider the continuous time-invariant system

ẋ(t) = Ax(t) +Bu(t) (7)

y(t) = Cx(t)

representing a specialization of (3) with τ = 0 and D = 0. Assume that the
Laguerre parameter p does not belong to the spectrum of A, i.e. detRA(s)|s=p 	=
0 where the resolvent matrix of A is denoted as

RA(s) = (sI −A)−1.

Let Uk and Yk be the vectors of Laguerre coefficients of the input and
output signal, respectively, i.e.

Uk =
[
u0 . . . uk

]T
, Yk =

[
y0 . . . yk

]T
.

Lemma 2 ([7]). For system (7), the following relationships hold between

the Laguerre coefficients of the input and those of the output:

Yk = Γkx0 +ΘkUk

where

Γk =

⎡
⎢⎢⎢⎣

H
HF
...

HF k

⎤
⎥⎥⎥⎦ ,Θk =

⎡
⎢⎢⎢⎣

J 0 · · · 0
HG J · · · 0
...

...
. . .

...

HF k−1G HF k−2G · · · J

⎤
⎥⎥⎥⎦

and the Laguerre domain system matrices F,G,H are defined in Table 1.

Table 1: System matrices in Laguerre domain.

F T (A)

G −T̃ (A)B

H CT̃ (A)
J C(pI −A)−1B

The notation in Table 1 is to be understood in the context of matrix
functions, e.g.

T (A) = T (s)|s=A

=
1

2πj

∮
Γ
T (s)(sI −A)−1ds

where · denotes complex conjugate and Γ is a contour enclosing all the
eigenvalues of A.
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In a convolution form, the result of Lemma 2 reads:

yk =

k−1∑
i=0

HF k−1−iGui + Juk.

With the input signal in time domain given by u(t) = δ(t), the Laguerre
spectrum of the input is reduced to ui =

√
2p, i = 0, 1, · · · , k. The Laguerre

coefficients of output signal are then evaluated as

yk =

k−1∑
i=0

2p
√

2p(−1)i+1CRi+2
A (p)(pI +A)iB +

√
2pCRA(p)B. (8)

It should be noted that for impulse response of (7), the Laguerre coef-
ficients of the output signal can also be derived by calculating the linear
integral of the scalar product via counter-clockwise contour integration over
the left half plane of the complex plane, namely Γc in Fig. 1. This procedure
actually produces a simpler expression:

yk =
1

2πj

∫ +j∞

−j∞

CRA(s)B

√
2p(−s− p)k

(−s+ p)k+1
ds

=
√

2pC Res

[
RA(s)

(−1)k(p+ s)k

(p− s)k+1

]
s=A

B

= (−1)k
√
2pCRk+1

A (p)(pI +A)kB. (9)

3 System model in Laguerre domain

Time delay system (3) has not been previously studied in Laguerre domain.
In this paper, a specialization of it to the case of D = 0 is considered

ẋ(t) = Ax(t) +Bu(t− τ) (10)

y(t) = Cx(t)

to keep the system impulse response bounded from above.

Proposition 1. The Laguerre spectrum of the output signal response y(t) of
(10) to a Dirac delta function (i.e. u(t) = δ(t)) under zero initial conditions

is given by:

yk =
k∑

i=0

k−i∑
j=0

(
k

j

) √
2pζk−je

ζ

2

τ i(k − i− j)!
CRi+1

A (p)B, (11)

for k ∈ {0, 1, . . . ,∞}.

Proof. In Laplace domain, under the conditions of the proposition, the out-
put signal y(t) in (3) is transformed to

Y (s) = CRA(s)e
−τsB.
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Thus, by a straightforward calculation according to (2), one gets

yk =
1

2πj

∮
CRA(s)e

−τsB
√

2p
(s+ p)k

(s− p)k+1
ds

= C
√

2p Res

[
RA(s)e

−τs (s+ p)k

(s− p)k+1

]
s=p

B.

Evaluating the residues will provide an analytical expression of the Laguerre
spectrum that can, after some algebra, be brought to the more concise rep-
resentation of (11).

The result below demonstrates that the expression for the Laguerre spec-
trum of the impulse response of system (10) does indeed reduce to the known
expression for the delay-free system when τ = 0, despite the differences in
appearance.

Corollary 1. With τ = 0, the expression for yk in (11) is equivalent to that

provided by Lemma 2 for the impulse response of (7) in the LTI case as well

as to the expression given by (9).

Proof. See Appendix.

Under zero initial conditions, system (10) is characterized by the transfer
function

W (s) = CRA(s)Be−τs = W0(s)e
−τs (12)

and constitutes a cascade coupling of a linear finite-dimensional system
W0(s) similar to (7) and a pure time-delay operator, as in (4). Due to
linearity of both blocks, the order in which they follow can be interchanged
without altering the input-output properties of the overall system, i.e. the
time delay can be alternatively attributed to the output signal. Thus, pro-
vided either constituting block of W (s) is known in advance, the problem
of identifying (10) from its impulse response in Laguerre domain is readily
solved by existing techniques.

Indeed, the impulse response of (12) can be written as

y(t) = w0(t− τ)

with w0(t) representing the impulse response of W0(s), i.e.

w0(t) = L−1{W0(s)}.

Assume now that the delay-free part of (10) is known and the Laguerre
spectrum of w(t) can therefore be evaluated according to Lemma 2. Then
the problem of estimating τ is just the problem of estimating the time delay
for the case of known Laguerre spectra of input and output already solved
in [8]. If, on the other hand, the value of time-delay is assumed to be known,
it can be attributed to the input signal. The problem in hand turns then
into the estimation of a linear time-invariant finite-dimensional system in
Laguerre domain, the one that is readily solved by means of e.g. subspace

8



identification in [7]. The input signal in the case of impulse response is
a delayed δ-function. Notice here that one does not have to evaluate the
Laguerre coefficients of the delayed δ-function and simply shifting the time
axis for the delay value will suffice.

Figure 2: Two equivalent input-output realizations of system (12) under non-zero
initial conditions

For a system with zero initial conditions, switching the order of the blocks
would not have any influence on the input-output properties. However, for
a general case appearing in many engineering applications, initial conditions
cannot be disregarded. In Fig. 2, the effect of the initial conditions on the
output signal is singled out. For Configuration A, the finite-dimensional dy-
namical block produces system output in response to a delayed input signal.
Conversely, in Configuration B, the delay element is excited by the output
of the finite-dimensional block while input-output equivalence between the
configurations is preserved.

The real polynomials Pj(·), j = 1, 2, . . . defined as

Pj(ξ) =

j−1∑
i=0

(
j − 1

i

)
ξj−i

(j − i)!
(13)

play an important role in the Laguerre representation of time-delay system
(10). Due to the presence of binomial coefficients in the expression for
(13), it is desirable to evaluate Pj(·) in a recursive manner to avoid possible
numerical problems. The following result is instrumental in this respect.

Lemma 3 (Three term relation). The polynomials Pj(ξ) obey the following

three-term recurrence relation

ξPj(ξ) = ajPj+1(ξ) + bjPj(ξ) + cjPj−1(ξ),

with

aj = j + 1, bj = −2j, cj = j − 1.

Proof. See Appendix.

In virtue of the Favard theorem [13], the polynomials Pj(·), j = 1, 2, . . .
constitute an orthogonal set with respect to an inner product. However, the
orthogonality property is not further explored in this paper.

Proposition 2. The following relationships hold for the Laguerre coeffi-

cients of the impulse response of system (10):

Yk = Γkx0 +ΨkΠke
ζ

2 (14)
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where

Ψk =

⎡
⎢⎢⎢⎣

HB 0 · · · 0
HFB HB · · · 0

...
...

. . .
...

HF kB HF k−1B · · · HB

⎤
⎥⎥⎥⎦ , Πk =

⎡
⎢⎢⎢⎣

1
P1(ζ)

...

Pk(ζ)

⎤
⎥⎥⎥⎦ .

Proof. By Lemma 1, the Laguerre coefficients of the output signal of the
time-delay block, with the adjustment for the initial conditions, are

Yk = Γkx0 + e
ζ

2ΦkΩk (15)

where

Ωk =

⎡
⎢⎢⎢⎣

HB
HFB

...
HF kB

⎤
⎥⎥⎥⎦ ,Φk =

⎡
⎢⎢⎢⎣

φ1,1 φ1,2 · · · φ1,k+1

φ2,1 φ2,2 · · · φ2,k+1
...

...
. . .

...
φk+1,1 φk+1,2 · · · φk+1,k+1

⎤
⎥⎥⎥⎦ ,

with φi,j =

⎧⎨
⎩

0 for i < j,
1 for i = j,
Pi−j(ζ) for i > j.

For individual Laguerre coefficients of output signal it then applies:

y0 = Hx0 + e
ζ

2HB, (16)

yk = HF kx0 + e
ζ

2H

⎛
⎝ k∑

j=1

F k−jPj(ζ) + I

⎞
⎠B,

for k ≥ 1. Now define

Ψ =

⎡
⎢⎢⎢⎢⎣

H 0 · · · 0

HF H
. . . 0

...
...

. . .
...

HF k HF k−1 · · · H

⎤
⎥⎥⎥⎥⎦ ,

then

Yk = Γkx0 +Ψ(Πk ⊗ I)Be
ζ

2 .

The output is given by three separate terms, i.e. the finite-dimensional
dynamics, the time-delay, and the initial state. Since the terms due to the
time delay are scalar values, the equation could be rewritten as (14).

It is essential to point out that Laguerre domain description (14) is
completely equivalent to time domain description (10) when k → ∞. The
system in hand is still infinite-dimensional and continuous despite of the
discrete type of the relationship between the Laguerre coefficients of the
input and those of the output. The latter description opens up for the direct
use of classical (discrete time) identification techniques such as prediction
error method or subspace identification endowed with reliable numerical

10



tools.

4 System identification in Laguerre domain

The estimation algorithm suggested in this section is based on gridding of
the estimated time delay and the use of subspace identification at each grid
point. The algorithm itself is simple, non-iterative, based on conventional
techniques and highly suitable for parallel implementation. Gridding is uti-
lized as a computationally heavy but yet practical way of avoiding local
minima generally arising in the identification of time-delay systems. The
algorithm is intended as an illustration of how the main result of the pa-
per (description (14)) can be used for system identification from impulse
response information.

4.1 Estimation algorithm

At each grid point, the finite dimensional dynamics are identified in Laguerre
domain with a polynomial sequence (the elements of Πk) constructed basing
on the time-delay grid value and acting as input signal. Then an output
error loss function is calculated and the grid point at which the loss function
achieves its least value is chosen as the time-delay estimate. Gridding can be
easily substituted with other standard methods, e.g. gradient search, then
with a risk of getting stuck at a local minimum.

The algorithm is worked out for the case of the response of a continu-
ous time-delay system to a single impulse. For more general input, such as
impulse trains, some modifications are required on each step. The case of
double impulse is treated in Section 5 with regard to a biomedical applica-
tion.

Below is an outline of the estimation procedure.

1. Set the grid properties, i.e. grid size, starting point, and end point.

2. Choose the Laguerre parameter value p.

3. Calculate the Laguerre spectrum Yk of the output signal y(t) with the
chosen p based on the numerical integration of

yi =

∫
∞

0
y(t)li(t)dt, i = {0, 1, . . . , k}.

4. Begin gridding of fixed points τ̂j, j ∈ {1, . . . , N}

(a) Compute ζ = −2pτ̂ .

(b) Construct the polynomial sequence Πk as in

Πk =
[
1 P1(ζ) . . . Pk(ζ)

]T
.
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(c) Evaluate Uk = Πke
ζ

2

(d) Estimate the finite-dimensional dynamics in Laguerre domain
representation (F̂ ,F̂ B̂,Ĥ,ĤB̂) and initial conditions x̂0 by means
of subspace identification with output Yk and input data Uk.

x̂k+1 = F̂ x̂k + F̂ B̂uk

yk = Ĥx̂k + ĤB̂uk

(e) Compute the estimate of output signal Laguerre spectrum Ŷk.

(f) Calculate the loss function

f(τ̂) =
1

2

k∑
i=0

(
yi − ŷi(τ̂ )

)2
.

5. Find
τ̂e = argmin

τ̂
f(τ̂), τ̂ ∈ {τ̂j, j = 1, · · · , N}

6. Select the estimated finite-dimensional dynamics in Laguerre domain
(F̂e,F̂eB̂e,Ĥe,ĤeB̂e) and initial conditions x̂0e corresponding to τ̂e.

7. Compute the finite-dimensional dynamics representation in time do-
main

Âe = −p(I − F̂e)
−1(I + F̂e)

Ĉe =
√

2pĤe(I − F̂e)
−1.

The solution in this algorithm is obtained from minimization the loss func-
tion in Laguerre domain for the estimated time-delay grid. According to
the Parseval’s Theorem, the l2 loss function calculated in Laguerre domain
would be equal to the L2 loss function calculated in time domain:

∞∑
k=0

|yk − ŷk|
2 =

∫
∞

0
|y(t)− ŷ(t)|2dt.

Thus, the solution obtained by the algorithm will also be time-domain op-
timal.

4.2 Performance analysis

In this section, the performance of the estimation algorithm in terms of
robustness against perturbation and its estimation accuracy compared to
existing technique is presented. For these purposes, a simple example is
simulated where a single impulse signal acts as input to the time-delay sys-
tem under the condition of zero initial condition.

Comparison with Padé approximation Padé approximation is well-
known for its use in representing time delay as finite-dimensional dynamics.
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In this example, a combination of Padé approximation together with sub-
space identification and gridding of the time-delay estimate, similarly to
the Laguerre identification algorithm presented above. Both concepts are
evaluated on a simulated impulse response sampled at 10 min.
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Figure 3: Comparison between Padé approximation (loss function value 1.0345) and
Laguerre domain identification (loss function value 0.2897). The system dynamics
is the same as considered in Section 5 but with a time-delay τ = 49.

As seen in Fig. 3, the Laguerre domain identification method provides
a better time-delay estimation. Furthermore, it also produces a better fit
to the actual output signal, yielding 28% of the loss function of the Padé
approximation method.

To recapitulate the differences between the identification in Laguerre
domain and the methods based on Padé approximation:

• Amodel with a Padé approximation of the time delay is finite-dimensional
while the model in Laguerre domain does not involve any approxima-
tions and preserves the infinite-dimensional nature of the system.

• To enable the use of the well-established discrete-time identification
techniques, a continuous model with a Padé approximation of the time
delay has to be sampled while the model in Laguerre domain is readily
obtained in a discrete form with respect to the Laguerre shift operator.

• Since the identification in Laguerre domain does not rely on discretiza-
tion, it allows for implementation with irregular sampled data, while
Padé approximation needs a constant sampling time.

• The identification in Laguerre domain has the advantage of a tun-
ing parameter (the Laguerre parameter) for performance optimization,
while the only way to tune Padé approximation is to increase the ap-
proximation order.

Robustness against perturbation Impulse response of a stable contin-
uous infinite-dimensional linear system belongs to L2. As pointed out in [12],
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there is no established notion of noise in L2. However, perturbations may
arise in the numerical evaluation of Laguerre spectra from the (sampled)
time series data. Presently, there is no reliable technique for computing La-
guerre coefficients of experimental data and spectra are calculated through
numerical integration that might exhibit significant errors. Fig. 4 shows an
example where this phenomenon is well-pronounced and modeled by a ran-
dom sequence that could be considered as output disturbance. Even with
perturbed data, the dynamics of the true system is captured quite well by
the in Laguerre domain identification method, as seen in Fig. 5.
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Figure 4: Perturbation on Laguerre spectra of output signal.
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Figure 5: Estimation result with perturbation acting on Laguerre spectra of output
signal.

5 Application

A pulse-modulated mathematical model describing an endocrine closed-loop
system comprised of testosterone (Te), luteinizing hormone (LH), and go-
nadotropin releasing hormone (GnRH) is studied in [6]. An algorithm based
on a nonlinear least-squares approach has been developed in [10] to estimate
the parameters of the system and the pulsatile input in order to study the
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dynamic relation between LH and GnRH.

In this section, the feasibility of the proposed algorithm for identification
of time-delay systems is tested on simulated GnRH-LH data. The goal is to
estimate the biological parameters of the model and the delay between two
consecutive pulsatile GnRH secretions.

With the concentration of GnRH denoted as R(t) and the concentration
of the hormone it releases, i.e. LH, denoted as H(t), model (7) assumes the
following values

A =

[
−b1 0
g1 −b2

]
, B =

[
1
0

]
, y(t) = H(t), x(t) =

[
R(t)
H(t)

]
.

System model The pulse-modulated hormone regulation system exhibits
sustained nonlinear oscillations with one or two δ-functions fired in each
period. Assume that two pulses of GnRH occur at the firing times t = 0
and t = τ within the least period of the closed system solution T :

u(t) = λ0δ(t) + λ1δ(t− τ).

Then the concentration of GnRH in response to these two secretion events
is described by

R(t) = (R(0) + λ0)e
−b1t, 0 ≤ t < τ,

R(t) = η(b1)e
−b1t, η(x) = R(0) + λ0 + λ1e

xτ , τ ≤ t < T.

For the measured LH concentration, it applies

H(t) =
(R(0) + λ0)g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < τ,

H(t) =
g1

b2 − b1
(η(b1)e

−b1t − η(b2)e
−b2t), τ ≤ t < T.

Modified algorithm For this application, the estimation algorithm has
to be adjusted to take into account the impulse fired in the beginning of the
interval, i.e. without delay. The output signal in Laplace domain is

Y (s) = CRA(s)
(
x0 +B + λBe−τs

)
(17)

assuming λ0 = 1 and λ1 = λ to recover identifiability.

Finite dimensional dynamics estimation

This step has to be modified to account for the first impulse. From (17)
and (14), the Laguerre coefficients of the output signal can be defined as
following

Yk = Γkx0 + ΓkB +ΨkΠkλe
ζ

2

= Γkx̃0 +ΨkΠkλe
ζ

2
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where x̃0 = x0 +B. Then, in Laguerre domain, it applies

x̃k+1 = Fx̃k + FBũk

yk = Hx̃k +HBũk

where ũk = λuk.

Simulation Identification data are generated by simulation performed
with assumed values of hormones’ half-life times. The releasing hormone
has the decay rate of 0.07 per minute while the released hormone has 0.033
per minute. For this example, the time delay of the secondary pulse relative
to the primary pulse is chosen equal to 64 minutes. The simulated output
data is sampled each 10 min. as in [10]. The identification result is given in
time domain on Fig. 6 and in Laguerre domain on Fig. 7.
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Figure 6: Estimation of response with two consecutive pulses
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Figure 7: Laguerre spectrum of simulated and estimated output signal

Notice that this simulation is performed without any disturbance. The
sole objective of this simulation is to show that the estimation approach is
feasible for this particular application.
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6 Conclusion

The Laguerre spectrum of the impulse response of linear continuous time-
invariant system with input or output delay is derived and related to the
known results for pure time delay and linear finite-dimensional system.
Based on these results, an algorithm for identification of continuous time-
delay systems in Laguerre domain from impulse response data is suggested.
The algorithm is based on a gridding technique over the interval of ad-
missible time-delay values where the numerically reliable tools of subspace
identification are employed for the estimation of the finite-dimensional dy-
namics. The minimal achieved value of the loss function points out the
best estimate of the time delay and the finite dimensional dynamics. The
suggested method provides superior estimation and fitness to true output
compared to a similar identification method based on Padé approximation.
Simulations also indicate that the Laguerre identification method is capable
of capturing the system dynamic from perturbed output Laguerre spectrum
data. An application of the identification algorithm to the estimation of an
endocrine system with pulsatile secretion is also provided.

Appendix

Proof of Corollary 1 First observe that (11) can be manipulated into
an equivalent form:

yk =

k∑
i=0

k−i∑
j=0

(
k

j

)√
2p(−2p)k−jτk−i−je

ζ

2

(k − i− j)!
CRi+1

A (p)B.

Since the power of τ in the sums would lie between {0, k}, there is no
singularity at τ = 0. For τ = 0 the terms of the sums have nonzero value
only when k − i− j = 0, yielding

yk =

k∑
i=0

(
k

i

)√
2p(−2p)iCRi+1

A (p)B, (18)

for k = {0, 1, . . . ,∞}. Consider a rational proper function

fi(s) = −2p
(s+ p)i

(s− p)i+2
.

With partial fraction decomposition, fi(s) is expanded as

fi(s) =
i+2∑
j=1

cij
(s− p)j

where the coefficients of partial fractions are

cij =
g
(i+2−j)
i (p)

(i+ 2− j)!
, gi(s) = lim

s→p
(s − p)i+2fi(s).
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Therefore

fi(s) =

i∑
n=0

(
i

n

)
(−2p)(2p)n

(s− p)n+2
.

Now, consider

vk(s) = −2p

k−1∑
i=0

(s+ p)i

(s− p)i+2
=

k−1∑
i=0

fi(s)

Making use of the partial fractions expression for fi(·) results in

vk(s) =
k∑

i=1

(
k

i

)
(−2p)i

(p − s)i+1
.

According to the assumptions made on the system, vk(s) is analytical on
the spectrum of A and thus it applies that

vk(A) =
1

2πj

∮
Γ
vk(s)RA(s) ds. (19)

=

k∑
i=1

(
k

i

)
(−2p)iRi+1

A (p).

Thus, it is demonstrated that (18) is a partial fraction expansion of (8) and
they are, therefore, equivalent.

To prove that these expressions are identical with (9), a similar fractional
decomposition procedure can be applied. Consider rational proper function

f̃(s) = −
(s+ p)k

(s− p)k+1
=

k+1∑
j=1

c̃j
(s − p)j

.

with coefficients c̃j defined as

c̃j =
g̃(k+1−j)(p)

(k + 1− j)!
, g̃(s) = lim

s→p
(s − p)k+1f̃(s).

Hence

f̃(s) = −

k+1∑
j=1

(
k

j − 1

)
(2p)j−1

(s − p)j
.

Take i = j − 1, then

f̃(s) =

k∑
i=0

(
k

i

)
(−2p)i

(p− s)i+1
.

Again, since f̃(s) is analytical on the spectrum of A, the matrix function

f̃(A) =

k∑
i=0

(
k

i

)
(−2p)iRi+1

A (p)

= vk(A).
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Proof of Lemma 3 The three-term relationship written as a recursion
reads:

ajPj+1(ξ) = (ξ + bj)Pj(ξ)− cjPj−1(ξ). (20)

The left-hand side expression can be expanded as

ajPj+1(ξ) =
1

j!
ξj+1 +

j + 1

(j − 1)!
ξj +

j−1∑
i=2

(
j + 1

i

)
ξj−i+1

(j − i)!
+ (j + 1)ξ.

On the right-hand side, the difference between the first term

(ξ + 2j)Pj(ξ) =
1

j!
ξj+1 +

j + 1

(j − 1)!
ξj +

j−1∑
i=2

ξj−i1

(j − i)!

×

((
j − 1

i

)
+

(
j − 1

i− 1

)
2j

j − i+ 1

)
+ 2jξ

and the second one

cjPj−1(ξ) =

j−1∑
i=2

(
j − 1

i− 2

)
ξj−i+1

(j − i)!
+ (j − 1)ξ

is evaluated to

(ξ + 2j)Pj(ξ)− cjPj−1(ξ) =
1

j!
ξj+1 +

j + 1

(j − 1)!
ξj

+

j−1∑
i=2

ξj−i+1

(j − i)!

((
j − 1

i

)
+

(
j − 1

i− 1

)
2j

j − i+ 1
−

(
j − 1

i− 2

))
+ (j + 1)ξ.

By direct calculation(
j − 1

i

)
+

(
j − 1

i− 1

)
2j

j − i+ 1
−

(
j − 1

i− 2

)
=

(
j + 1

i

)

which fact proves that (20) is an equality.
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Identification of a pulsatile endocrine model from

hormone concentration data

Egi Hidayat and Alexander Medvedev

Abstract

This paper presents two approaches to estimate parameters of a
mathematical model of a bipartite endocrine axis. Secretion of one of
the involved hormones is stimulated by the concentration of another
one, with the latter secreted in a pulsatile manner. The system out-
put can be modeled as the response of a linear time-invariant system
to a train of Dirac delta functions with unknown weights and fired at
unknown instants. The hormone mechanism in question appears of-
ten in animal and human endocrine systems, e.g. in the regulation of
testosterone in the human male. The model has been introduced else-
where and makes use of pulse-modulated feedback for describing pul-
satile endocrine regulation. The first identification approach is based
on the mathematical machinery of constrained nonlinear least squares
minimization, while the second one is based on Laguerre domain iden-
tification of continuous time-delay systems. Both algorithm perform
reasonably well on actual biological data yielding accurate fitting of
luteinizing hormone concentration profiles.

1 Introduction

Hormones are the signaling elements of endocrine systems that regulate
many aspects in the human body, i.e. metabolism and growth as well as the
sexual function and the reproductive processes.

Hormone production is called secretion and performed by endocrine
glands directly into the blood stream in continuous (basal) or pulsatile (non-
basal) manner. The latter secretion mechanism was discovered in the second
half of the 20th century, [1]. As stressed in [2], pulsatility is now recognized
as a fundamental property of the majority of hormone secretion patterns.
The term pulsatile generally refers to a sudden burst occurring in the face of
a relatively steady baseline process. The amplitude, frequency and the sig-
nal form of hormone pulses impart physiological effects and are manipulated
in an endocrine system quite similarly to the mechanism of pulse-modulated
feedback that is commonly found in control and communication, [3].

An endocrine system with pulsatile hormone secretion that has been in-
tensively studied is the testosterone regulation system in the human male.
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Besides of testosterone (Te), it basically includes two other hormones, namely
luteinizing hormone (LH) and gonadotropin-releasing hormone (GnRH),
which structure presents a simpler study case compared to other endocrine
systems. Furthermore, the GnRH-LH-Te axis is essential in medicine with
respect to e.g. treatments of prostate cancer and reproductive failure as well
as development of contraceptives for men. Changes in the dynamics of this
endocrine system are also related to aging and obesity, [4].

Within the human male, Te is produced in testes, while the other two
hormones are secreted inside the brain. LH is produced in hypophysis and
GnRH is secreted in hypothalamus. The pulsatile dynamics of GnRH secre-
tion stimulates the secretion of LH. Further, the secretion of LH stimulates
the production of Te. The concentration of Te inhibits the secretion of
GnRH and LH, as explained in [4], and implies a negative feedback around
the hormone axis. The closed endocrine loop exhibits sustained oscillations
that correspond to self-regulation of the biological system.

The hormone concentration change rate is affected by the elimination
rate and secretion rate. While hormone elimination rate is defined by the
concentration of the hormone itself, the secretion rate is related to concen-
trations of other hormones.

In the GnRH-LH-Te axis, the estimation of otherwise unaccessible for
measurement GnRH pulses is typically done through deconvolution of the
LH concentration. The state-of-the-art software AutoDecon for quantifica-
tion of pulsatile hormone secretion events [5] produces close estimates for the
concentration and basal secretion of LH by applying deconvolution and pulse
detection algorithms. However, the resulting characterization does not give
much insight into the feedback regulation governing the closed endocrine
system since the concentration data are treated as time series.

A modern trend in biomathematics is the use of control engineering
ideas for formalizing feedback patterns of hormone secretion, [6]. However,
the impact of mathematical and particularly control theoretical methods on
elucidating mechanisms of endocrine pulsatile regulation is still surprisingly
insignificant. One plausible explanation is that control-oriented mathemat-
ical models of pulsatile regulation were lacking until recently.

An approximate mathematical formulation of pulsatile regulation in the
axis GnRH-LH-Te using pulse modulated systems has been analyzed in [3].
This simple model is shown to be capable of complex dynamic behaviors in-
cluding sustained periodic solutions with one or two pulses of GnRH in each
period. Lack of stable periodic solutions is otherwise a main shortcoming of
existing low-order hormone regulation models, cf. [7]. Previous deconvolu-
tion studies on high resolution LH data [8] have also demonstrated that each
visible LH concentration pulse corresponds to a number of secretion events,
usually one of much higher amplitude than other. Yet, bifurcations in the
pulse modulated model of [3] provide the only mathematical explanation for
how secondary secretion events arise.
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In this article, two approaches for estimating parameters of a mathe-
matical model of a bipartite endocrine axis are presented. The paper is
organized as follows. First the underlying model of bipartite endocrine axis
with pulsatile secretion is briefly described. Then a weighted nonlinear least
squares method for estimating its parameters is presented. As an alterna-
tive, a parameter estimation technique in Laguerre domain is considered.
Finally, the performance of the two methods is evaluated on simulated and
experimental hormone data representing LH concentration pulses.

2 Mathematical modeling of pulsatile endocrine

regulation

To model pulsatile regulation, [3] suggests to turn the nonlinear feedback of
the classical Smith model [9] into a pulse-amplitude-frequency modulation
operator. This results in a hybrid system instead of the original continuous
one. Let R(t), L(t), and T (t) represent the concentration of GnRH, LH,
and Te, respectively. Then the model in question can be written as

dx

dt
= Ax+Bξ(t), y = T (t), (1)

where

A =

⎡
⎣−b1 0 0

g1 −b2 0
0 g2 −b3

⎤
⎦ , B =

⎡
⎣10
0

⎤
⎦ , x(t) =

⎡
⎣R(t)
L(t)
T (t)

⎤
⎦

b1, b2, g1, g2 are positive parameters and the input is

ξ(t) =

∞∑
n=0

λnδ(t− tn),

with δ(t) denoting the Dirac delta-function. The weights λn and the fir-
ing times tn are evaluated through nonlinear functions of T implementing
the amplitude and frequency pulse modulation. The delta-functions in the
equation above emphasize the discontinuous nature of pulsatile regulation
and mark the positions of GnRH pulses, while the weights in front of them
represent the amount of secreted GnRH at those instances.

Presently, there is no general agreement on the true form of hormone
pulsatile secretion. Release hormones (RH) have short half-life times and it
is therefore reasonable, at low sampling frequencies, to model the secretion
of such a hormone as an instantaneous event, e.g. by means of a Dirac delta-
function. This modeling approach is also consistent with the mathematical
tools of pulse-modulated control systems.

3



2.1 Bipartite pulsatile hormone secretion model

Widely recognized as a powerful tool for hormone secretion analysis, the
deconvolution-based methods are not applicable in parameter estimation of
the pulsatile Smith model since the input signal ξ(t) is unbounded. Below, a
linear mathematical model describing the relationship between the pulsatile
secretion of a RH and the concentration of the hormone it releases, denoted
as H(t), is summarized. A detailed derivation of the relationships below is
provided in [10]. With the concentration of RH denoted as R(t), model (1)
written for the bipartite endocrine gives

A =

[
−b1 0
g1 −b2

]
, B =

[
1
0

]
,

y(t) = H(t), x(t) =

[
R(t)
H(t)

]
.

The closed-loop hormone regulation system is supposed to exhibit sus-
tained nonlinear oscillations of a certain period or a chaotic behavior in
order to model self-regulation. From [3], it is known that multiple pulses
of RH within the oscillation period can occur. The number of RH pulses
within the least oscillation period depends on the structure of the endocrine
system and the values of its parameters [11]. Notably, release of RH does
not always result in a significant increase of the concentration of H, but can
also manifest itself as reduced decay rate of H(t), see [10].

In what follows, the case with two pulses of RH-H in the least period
is considered, as a typical example of an observed in the regulation of Te
behavior

ξ(t) ≡ Θ(t) = λ0δ(t) + λ1δ(t− t1).

The case of one RH pulse in the least period follows by letting λ0 = λ1 and
t1 = τ/2 which is frequency doubling.

Based on the above given equations, concentration of RH with two fired
pulses can be described by the following functions

R(t) = (R(0) + λ0)e
−b1t, 0 ≤ t < t1, (2)

R(t) = η(b1)e
−b1t, η(x) = R(0) + λ0 + λ1e

xt1 , t1 ≤ t < τ.

For the measured concentration, it applies

H(t) = H(0)e−b2t +
(R(0) + λ0)g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < t1, (3)

H(t) = H(0)e−b2t +
g1

b2 − b1
(η(b1)e

−b1t − η(b2)e
−b2t), t1 ≤ t < τ.
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An important temporal characteristic (peak time) of model (2,3) is utilized
below for estimation of system parameters. It is introduced as the time
instant at which the measured hormone concentration achieves maximum
for the first time during the oscillation period, i.e.

tmax = argmax
t

H(t), 0 ≤ t < t1.

Since only pulsatile secretion is considered, the initial condition H(0) is
dropped from the model.

H(t) =
(R(0) + λ0)g1

b2 − b1
(e−b1t − e−b2t), 0 ≤ t < t1, (4)

H(t) =
g1

b2 − b1
(η(b1)e

−b1t − η(b2)e
−b2t), t1 ≤ t < τ.

From (4), the peak time is uniquely defined by the values of b1 and b2

tmax =
ln(b1)− ln(b2)

b1 − b2
.

From the biology of the system, it follows that b1 > b2. Let now b1 = b and
b2 = κb where 0 < κ < 1. Therefore

tmax =
lnκ

b(κ− 1)
.

For further use, one can observe that tmax is a monotonically decreasing and
bounded function of κ. Denote Hmax = H(tmax). In terms of the model
parameters

Hmax =
λ0g

0
1

b02 − b01
(e−b01tmax − e−b02tmax)

=
λ0g1
κb

e−btmax =
λ0g1
κb

e−
lnκ

κ−1 .

3 Nonlinear least squares

There are seven parameters to be estimated in the mathematical model of
the measured output H expressed by (2) and (3), namely g1, b1, b2, λ0, λ1,
t1, and R(0). The initial condition H(0), as it has been mentioned above, is
taken out from the model for two reasons. On the one hand, it is supposed to
be known since measurement data of H are available. On the other hand, the
focus of this paper is on the pulsatile secretion of H and, therefore, the basal
level of H would be out of the scope. The proposed algorithm estimates the
parameters based on preprocessed data, that is extracted individual major
pulses.
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3.1 Identifiability

Before performing parameter estimation, it has to be confirmed that the
proposed model is identifiable. Compared to a standard system identifica-
tion setup with an output signal registered for a given input, the parameter
estimation in the case at hand has to be performed from a impulse response
of the dynamic system. The celebrated Ho-Kalman realization algorithm
[12] provides the theoretical grounds for such an estimation. Indeed, under
zero initial conditions, for the impulse response of the minimal realization of
the transfer function W (s) = C(sI −A)−1B where s is the Laplace variable,
one has

y(t) = C exp(At)B, t = [0,∞).

Therefore, the Markov coefficients of the system

hi = CAiB, i = 0, 1, . . .

can be obtained by differentiation of the output at one point

h0 = y(t)|t=0+ , h1 =
dy

dt
|t=0+ , h2 =

d2y

dt2
|t=0+ , . . .

and the matrices A,B,C obtained via the Ho-Kalman algorithm.
There are two issues pertaining to the identifiability of model (2,3). The

first issue is related to the initial condition of RH concentration R(0). As
can be seen from the model equations, this value always appears in a sum
with the magnitude of first delta function λ0. Hence, it is impossible to
distinguish between these parameters, which might be an artifact resulting
from consideration of only the extracted pulse. They are further considered
as one parameter defined as λ0.

Furthermore, λ0 and λ1 always appear multiplied by g1. The only pos-
sible solution is to estimate not the actual values of λ0 and λ1, but rather
the ratio between them. Following [3], it is further assumed that λ0 = 1.

3.2 Parameter estimation algorithm

By the argument given in the previous subsection, the number of estimated
unknown parameters is reduced from seven to five: g1, b1, b2, λ1, and t1.
The ratio between λ0 and λ1 would only represent the weights ratio be-
tween the Dirac delta-functions. Notice that delta-functions have infinite
amplitudes and only used to mark the time instances of GnRH secretion
and communicate the amount of secreted hormone through the weight. Es-
timates of these values are obtained via optimization performed basing on
the mathematical model and measured data. Typically, hormone data are
undersampled and it is hard to capture the kinetics of most RHs. For in-
stance, a GnRH pulse would decay in around 1-3 minutes, according to the
biological analysis in [13]. To obtain more reliable parameter estimates from
undersampled measurements, the data are processed in several steps.
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• Step 0: Extract a data set representing one pulse of H from measured
data;

• Step 1: Evaluate maxima and minima within the data set;

• Step 2: Calculate initial values of ĝ01 , b̂
0
1, b̂

0
2, λ̂

0
1 and t̂01 for estimation;

• Step 3: Estimate ĝ1, b̂1, and b̂2 from the measurements within the
interval t < t̂1;

• Step 4: Estimate λ̂1 and t̂1 from the measurements within the interval
t ≥ t̂1;

• Step 5: Estimate ĝ1, b̂1, b̂2, λ̂1 and t̂1 from all points of the data set
using the estimates obtained at Step 3 and Step 4 as initial conditions.

The operations executed at each step of the estimation algorithm are ex-
plained in what follows.

3.2.1 Pulse extraction from measured data

Provided with hormone concentration data comprising several pulses, it is
necessary to extract each pulse from the data set prior to performing pa-
rameter estimation. Then the basal level of hormone concentration at onset
of each pulse is omitted to assure that the changes in concentration are due
to pulsatile secretion. This pulse extraction provides the measured data set
Hm(k) with n sample points and the sampling interval h where the first mea-
surement is taken at k = 0, and the last measurement at k = n−1. The value
of each measurement valuesHm(k) are subtracted by the initial valueHm(0).
It should be noted that these measurements are sampled instances of a con-
tinuous output. In what follows, the sampling instance is denoted with k
and t represents the continuous time variable, i.e. t = kh, k = 0, 1, . . . , n−1.

3.2.2 Maxima, minima and initial estimation of t1

From a measured data set, the information about local maxima and local
minima of the hormone concentration H is collected. Initialization of pa-
rameter estimates is performed by inspecting the extreme values and their
temporal locations. The global maximum represents the highest concentra-
tion level of H which is caused by release of the first RH pulse. The local
minimum most probably marks the location of the second RH pulse firing.
Finally, the other local maximum shows the highest concentration of H after
the second RH pulse has been fired.

The peak concentration value Hmax is given by

Hmax = Hm(kmax) = sup
k

Hm(k), 0 ≤ k < n

t̂max ≈ kmaxh
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where kmax is the sample number at which the highest concentration of H
is achieved. A global maximum always exists in the measured data due to
the nature of pulsatile secretion. However, not all data sets would contain
local minima and local maxima. Therefore, two cases are considered in the
next step.

1. Data with local maxima and local minima: For this case, it is easier
to estimate the time at which second RH pulse occurs. The local
minimum marks the firing time t̂1.

H(t̂1) ≈ Hm(kmin) = min
k

Hm(k), kmax < k < n

t̂1 ≈ kminh.

The second maximum Hmax2 , which occurs because of the second RH
pulse, is then obtained from the information about the local maximum.

Hmax2 = Hm(kmax2) = max
k

Hm(k), kmin ≤ k < n

t̂max2 ≈ kmax2h.

2. Data without local minima: This case arises when the magnitude of
second RH pulse is relatively small and causes rather a decrease in the
decay rate of H concentration instead of producing another peak.

To produce the initial estimate t̂01, the ratio between two consecutive
data samples ρ(k) is calculated. The lowest ratio value indicates the
position of the second RH pulse t̂1. Due to a reduction in the decay rate
of H concentration, the difference between concentration level at two
consecutive samples is relatively low compared to the level difference
at other instances. Because the concentration level varies, evaluating
the ratio is more reliable than evaluating the level difference.

ρ(kmin) = min
k

Hm(k)

Hm(k + 1)
, kmax < k < n− 1

t̂1 ≈ kminh

H(t̂1) ≈ Hm(kmin).

In this case, secondary peak does not exist and, within the interval
kmin ≤ k < n, the maximal value is achieved on the boundary kmin.
Therefore, this point is estimated as the firing time of the second RH
pulse

t̂max2 ≈ t̂1

Hmax2 = Hm(kmin).

With the collected information of t̂max, Hmax, H(t̂01), t̂max2 , and Hmax2 the
estimation algorithm could proceed to the next step.
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3.2.3 Initial parameter estimates

The introduced above mathematical model has five parameters that need to
be identified. Therefore, at least five equations are required to provide the
initial values of these parameters ĝ01 , b̂

0
1, b̂

0
2, λ̂

0
1 and t̂01. These initial values

constitute a starting point for the optimization algorithm. The following
equations to estimate initial parameters are considered.

• The time instant at which highest H concentration is achieved – t̂max;

• The value of maximum H concentration – Hmax;

• The value of H concentration at the time of second RH pulse – H(t̂01);

• The time instant of local maximum of H concentration after second
RH pulse is secreted – t̂max2 ; and

• The value of second local maximum of H concentration – Hmax2 .

All necessary information to calculate those values is readily obtained from
previous sections. Below is a detailed description of each equation that is
used to produce initial parameter estimates.

1. The time instant at which highest H concentration is achieved – t̂max.
This value can be obtained by taking first derivative of H in (3) for
0 ≤ t < t1 equal to zero and solving the equation for t

t̂max =
ln b01 − ln b02

b01 − b02
. (5)

2. The value of maximum concentration of H – Hmax. This value is
calculated from (3) as

Hmax =
λ0g

0
1

b02 − b01
(e−b01 t̂max − e−b02 t̂max). (6)

3. The concentration of H at the time of second RH pulse – H(t̂01). Since
the estimated point of the second RH pulse is obtained, the measured
concentration data at that point can be used to obtain more informa-
tion on the model parameters.

H(t01) =
λ0g

0
1

b02 − b01
(e−b01t

0
1 − e−b02t

0
1). (7)

4. The time instant of local maximum of H concentration after second
RH pulse is secreted – t̂max2 . The instance where second maximum
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would occur is obtained similarly to Hmax and results in the following
equation

t̂max2 =
ln b01(λ0 + λ0

1e
b01t

0
1)− ln b02(λ0 + λ0

1e
b02t

0
1)

b01 − b02
. (8)

5. The value of second (local) maximum of H concentration – Hmax2 .
Similar to the first maximum, however for the concentration of H taken
within the interval t1 ≤ t < τ .

Hmax2 =
g01

b02 − b01
(η(b01)e

−b01 t̂max2 − η(b02)e
−b02 t̂max2 ). (9)

Solving equations (5-9) provides fair initial values of ĝ01 , b̂
0
1, b̂

0
2, λ̂

0
1 and

t̂01 for further parameter estimation.

3.2.4 Parameter estimation using constrained weighted nonlinear
least squares

With the knowledge of initial values of the parameters evaluated from in-
spection of hormone concentration data, more accurate estimates of model
parameters can be obtained by taking into account all the samples of the
data set. The method which is utilized here is weighted nonlinear least
squares with positivity constraints motivated by the biological nature of the
system. The algorithm comprises three steps of fitting the solution of (2,3)
to data samples. In the first step, estimates of g1, b1, and b2 are produced.
The next step is performed to estimate λ1 and t1. Then the final estimation
step is carried out to yield better parameter estimates all together.

1. Estimation of g1, b1, and b2. The first optimization step of parameter
estimation is performed using measured data Hm(k) for 0 ≤ k <
[ t1
h
], where [·] represents the integer part of a real number. Within

this interval, only g1, b1, and b2 are affecting the concentration of H,
while the model response afterwards is also influenced by the other
two parameters. The weighting for this estimation is chosen so that
data representing the global maximum have the highest priority. Then
the fit within the interval [ tmax

h
] < k < [ t1

h
] will be given higher weights

compared to that within the interval 0 ≤ k < [ tmax
h

].

2. Estimation of λ1 and t1. The other two model parameters are esti-
mated from measured data Hm(k) which are sampled after the esti-
mated secretion instance of second RH pulse [ t1

h
] ≤ k < n and taking

advantage of the estimates of g1, b1, and b2 resulting from the previous
step. In this way, it is meant to produce estimates of λ1 and t1 that
would approximate this part of the measured data, without changing
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the fitting of the preceding samples of the data set. The measured
data Hm(k) at sampling instances k = [ t1

h
] and k = [

tmax2
h

] are given
the highest priority when applying the nonlinear least squares. Then
the fit in the interval [

tmax2
h

] < k < n is given higher weight than that

within [ t1
h
] ≤ k < [

tmax2
h

].

3. Estimation of all parameters. The last optimization step is performed
to estimate the parameters by considering all samples of the data set.
Until this point, the influence of parameters g1, b1, and b2 on the second
part of measured data has not been considered. Based on initial values
from the previous two estimation steps, this last step would provide
estimation improvement. The weighting for this step follows the values
evaluated above.

4 Laguerre domain identification

In this section a Laguerre functions-based approach to estimate the parame-
ters of the bipartite endocrine system is suggested. It essentially follows the
ideas originally presented in [14]. Laguerre domain identification suits the
problem very well due to the fact that the hormone concentration within a
registered pulse decays to a basal level as time grows, which hints to a use
of L2 functional space for signal modeling.

4.1 Laguerre functions

The Laplace transform of k-th continuous Laguerre function is given by

�k(s) =

√
2p

s+ p

(
s− p

s+ p

)k

where k is a positive number and p > 0 represents the Laguerre parameter.
In terms of the Laguerre shift operator T (s) and a normalizing function
T̃ (s), one has �k(s) = T̃ T k. where

T (s) =
s− p

s+ p
; T̃ =

1
√
2p

(1− T (s)) =

√
2p

s+ p
.

The functions �k(s), k = {0,∞} constitute an orthonormal complete
basis in H2 with respect to the inner product

〈W,V 〉 =
1

2πj

∫
∞

−∞

W (s)V (−s)ds. (10)

Further, k-th Laguerre coefficient of W (s) ∈ H2 is evaluated as a projection
of W (s) onto �k(s)

wk = 〈W, �k〉,
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while the set wk, k = {0,∞} is referred to as the Laguerre spectrum of W (s).
The time domain representations of the Laguerre functions are obtained

by means of inverse Laplace transform,

lk(t) = L−1 {�k(s)}

with lk(t), k = {0,∞} yielding an orthonormal basis in L2.

4.2 System model in Laguerre domain

As it has been shown in [14], one period of the measured output of the
pulsatile hormone regulation model under 2-cycle can be represented as the
impulse response of a time delay system in the form

ẋ(t) = Ax(t) +Bu(t− τ)

y(t) = Cx(t).

With the notation

F = −(pI −A)−1(pI +A)

H =
√

2pC(pI −A)−1,

the Laguerre spectrum of the impulse response of such system under zero
initial conditions can be written as

Yk = Γkx0 +ΨkΠke
ζ

2 (11)

where

Ψk =

⎡
⎢⎢⎢⎣

HB 0 · · · 0
HFB HB · · · 0

...
...

. . .
...

HF kB HF k−1B · · · HB

⎤
⎥⎥⎥⎦ , Πk =

⎡
⎢⎢⎢⎣

1
L1(ζ)

...
Lk(ζ)

⎤
⎥⎥⎥⎦

Γk =
[
H HF . . . HF k

]T
.

In the expression above, the well-known associated Laguerre polynomials
are utilized

L(α)
n (x) =

n∑
i=0

1

i!

(
α+ n

n− i

)
(−x)i, n = 0, 1, 2, . . . (12)

with Ln(·) ≡ L
(α)
n (·)|α=−1, [15].
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4.3 Computation of Laguerre spectrum

In Laguerre domain identification, the data are represented by their Laguerre
spectrum. An analytical expression for the Laguerre coefficients of y(t) ∈ L2

is given (via Parseval’s equality) by the standard L2 product

yi =

∫
∞

0
y(t)li(t)dt, i = {0, 1, . . . , k}. (13)

However, evaluating Laguerre spectra of continuous signals from sampled
data is a nontrivial task.

A straightforward way to obtain spectra is provided by numerical cal-
culation of the integral in (13). This approach is though inaccurate for
undersampled data, which is often the case in endocrine applications.

An alternative approach, inspired by compressive sensing, is to formu-
late Lagurre spectrum estimation as an optimization problem. Let Δt be
the sampling period and N denote the last sampling instance, yielding the
sampled impulse response

y =
[
y(0) y(Δt) . . . y(NΔt)

]T
.

With the sampled Laguerre functions

Λ =
[
Λ0 Λ1 . . . Λk

]

where

Λi =
[
li(0) li(Δt) . . . li(NΔt)

]T
,

the Laguerre spectrum of y(t) can be evaluated by solving the optimization
problem [16]

Yk = argmin
Ȳk

‖ΛȲk − y‖2 (14)

s.t.‖Yk‖1 < ε.

The value ε limits the number of the Laguerre functions used for data set
approximation. A high value of ε results in a nice fit at the price of multiple
solutions with respect to Yk. Lower values of ε imply stricter constraint on
the optimization process and lead to a unique solution. It is thus essential
to find from measured data a suitable value of ε that will result in an accu-
rate estimate of the true Laguerre spectrum. Fig. 1 shows the loss function
achieved by the optimization approach for different values of ε. The point
where the fitness of the truncated Laguerre series starts to deteriorate cor-
responds to the optimal ε since any further reduction of the optimization
constraint will lead to dropping of significantly nonzero terms of the ap-
proximation. Theoretically, due to Parseval’s equality, the values of the loss
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Figure 1: The bending point of the loss function in time domain corresponds to the
optimal choice of ε as the l1 minimization constraint and can be evaluated from
measured data.

function in time domain should be equal to those in Laguerre domain. As
seen in Fig. 1, there is a insignificant discrepancy between the loss functions
curves in time that can be attributed to the numerical implementation.

Fig. 2 depicts the results of Laguerre spectra evaluation from simulated
data, sampled at 10 min rate, by means of the optimization approach and
by numerical integration of (13). It can be seen that numerical integration
method fails to produce accurate estimation of the spectrum for the higher
order Laguerre functions while the optimization method keeps the estimated
spectrum sparse due to the l1 constraint.
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Figure 2: Laguerre spectra evaluation from simulated data with 10 minutes sam-
pling period by means of l2/l1 optimization and numerical integration.
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4.4 Identification algorithm

Identification of linear time-delay systems by minimization of a quadratic
loss function is subject to local minima, essentially due to the periodic nature
of the complex-valued exponential. Here, a gridding technique with respect
to the time delay estimate is employed instead of global optimization, which
constitutes a computationally sensible option for low-order systems.

For each time delay grid point, the finite dimensional dynamics are iden-
tified in Laguerre domain according to (11), with a polynomial sequence
(represented by the elements of Πk) acting as input signal. Then an output
error loss function is calculated and the grid point at which the loss function
achieves its least value is chosen as the time delay estimate.

The algorithm is worked out for the case of the response of a continuous
time delay system to a single impulse. For more general input, such as
impulse trains, some modifications are required on each step.

Below is an outline of the estimation procedure.

1. Set the grid properties, i.e. grid size, starting point, and end point.

2. Choose the Laguerre parameter p.

3. Calculate the Laguerre spectrum Yk of the output signal y(t) with the
chosen p based on the optimization given on (14).

4. Begin gridding of τ̂

(a) Compute ζ = −2pτ̂ .

(b) Construct the polynomial sequence

Πk =
[
1 L1(ζ) . . . Lk(ζ)

]T
.

(c) Evaluate Uk = Πke
ζ

2

(d) Estimate the finite-dimensional dynamics in Laguerre domain
representation (F̂ ,F̂ B̂,Ĥ,ĤB̂) and initial conditions x̂0 by means
of subspace identification with output Yk and input data Uk.

x̂k+1 = F̂ x̂k + F̂ B̂uk

yk = Ĥx̂k + ĤB̂uk

(e) Compute the estimate of output signal Laguerre spectrum Ŷk.

(f) Calculate the loss function

f(τ̂) =
1

2

k∑
i=0

(
yi − ŷi(τ̂ )

)2
.
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5. Find
τ̂e = argmin f(τ̂)

6. Select the estimated finite-dimensional dynamics in Laguerre domain
(F̂e,F̂eB̂e,Ĥe,ĤeB̂e) and initial conditions x̂0e corresponding to τ̂e.

7. Compute the finite-dimensional dynamics representation in time do-
main

Âe = −p(I − F̂e)
−1(I + F̂e)

Ĉe =
√

2pĤe(I − F̂e)
−1.

5 Simulation example

To illustrate the performance of the parameter estimation approaches de-
scribed above in an ideal case, a simulation example is provided in this
section. The following numerical values are used

A =

[
−0.04313 0
1.311 −0.04312

]
; B =

[
1
0

]
;

C =
[
0 1
]
.

Two consecutive delta-functions hit the system, with the ratio of the weights
between the secondary impulse and the primary impulse λ1 = 0.33 and the
time delay between the impulses τ = 58 min. The sampling period is set to
Δt = 1 min. The identified models are compared in Fig. 3. The dynamic
characteristics of the model are clearly captured by both methods. The
estimation of the time and ratio of the secondary pulse are also estimated
correctly.
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Figure 3: Performance of the estimation approaches on simulated data, sampling
period 1 minute
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6 Implementation on real data

In this section, the two considered identification approaches are tested on
real hormone data. The data consists of LH serum concentration in a young
human male provided by Prof. Veldhuis of Mayo Clinic and described in
[17]. The data are collected and sampled periodically every 10 min starting
from 18.00 until 14.00 on the following day, see Fig. 4. The data are heav-
ily undersampled as a calculated from the system dynamics sampling rate
should be 2-3 times faster, [3].
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Figure 4: Measured LH concentration for 20 hours

The data set is separated into major individual pulses. Out of these
partial data sets, only the data sets that indicate the possibility of a sec-
ondary pulsatile release are considered. Since the focus of this paper is on
the pulsatile hormone regulation, the basal level of each pulse is subtracted
from the hormone concentration value.

Fig. 5 and Fig. 6 depict estimation results achieved on two typical data
sets. As expected, the nonlinear least squares method gives a better es-
timate in terms of maximum peaks of the first and secondary pulse. The
possibility to assign larger weights to important sampling instances in vicin-
ity of assumed firing times gives better results at estimating the second
pulse. However, in terms of overall loss function, Laguerre identification
performs better, with somehow reasonable estimate of the dynamics and
second release as well.

7 Conclusion

In this study, two methods for parameter estimation of pulsatile hormone
regulation, i.e. nonlinear least square approach and Laguerre domain iden-
tification, are discussed and evaluated on simulated and experimental bi-
ological data. Each method has its own benefits and drawbacks, but the
performance is reasonably good in both cases. When higher sampling rate
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Figure 5: Estimation result on real data A, loss function of weighted nonlinear least
squares = 1.0872, loss function of Laguerre identification = 0.9978.
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Figure 6: Estimation result on real data B, loss function of weighted nonlinear least
squares = 0.2777, loss function of Laguerre identification = 0.2442.

data are available, the Laguerre domain identification method appears to
surpass the performance of nonlinear least squares approach.
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