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Abstract

The effect of anesthetics in the human body is usually described
by Wiener models. The high number of patient-dependent parame-
ters in the standard models, the poor excitatory pattern of the input
signals (administered anesthetics) and the small amount of available
input-output data make application of system identification strategies
difficult.

The idea behind this thesis is that, by reducing the number of pa-
rameters to describe the system, improved results may be achieved when
system identification algorithms and control strategies based on those
models are designed. The choice of the appropriate number of parame-
ters matches the parsimony principle of system identification.

The three first papers in this thesis present Wiener models with a
reduced number of parameters for the neuromuscular blockade and the
depth of anesthesia. Batch and recursive system identification algo-
rithms are presented. Taking advantage of the small number of continu-
ous time model parameters, adaptive controllers are proposed in the two
last papers. The controller structure combines an inversion of the static
nonlinearity of the Wiener model with a linear controller for the exactly
linearized system, using the parameter estimates obtained recursively by
an extended Kalman filter. The performance of the adaptive nonlinear
controllers is tested in a database of realistic patients with good results.
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Chapter 1

Introduction

1.1 General anesthesia at a glance

General anesthesia is a reversible drug-induced loss of consciousness dur-
ing which patients are not arousable, even by painful stimulation. Pa-
tients under anesthesia often require assistance in maintaining a patent
airway because of depressed spontaneous ventilation or drug-induced
depression of the neuromuscular function [3].

This definition embodies the three main components of general anesthe-
sia: hypnosis, analgesia and muscle relaxation. In order to achieve a
good compromise of these three components, anesthesiologists admin-
ister several drugs, while simultaneously maintaining all the vital func-
tions of the patient within acceptable ranges.

Hypnosis is related to unconsciousness and to the inability of the pa-
tient to recall intraoperatory events. The drugs mostly related to the
loss of consciousness are hypnotics. Since hypnotics alter electrocorti-
cal activity in a dose-dependent manner [60], it has been assumed that
the electroencephalographic activity is informative enough to be used
as a surrogate measurement of hypnosis [22]. Some of the electroen-
cephalogram (EEG)-derived indices that are commercially available are
the Index of Consciousness (IoC) [33], the Spectral Entropy (SE) [77],
and the Bispectral Index (BIS) [18]. The BIS is the most widely used
index to infer the hypnosis of a patient. This is the major reason why
it is used for the research work presented in this thesis. It is related
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to the responsiveness level and the probability of intraoperative recall
and it ranges from 0 (equivalent to the absence of brain activity) to 97.7
(representing a fully awake and alert state) in a dimensionless continu-
ous scale. Values between 40 to 60 indicate an adequate BIS level for
general anesthesia [34].

Analgesia is associated with pain relief. During general anesthesia, the
conscious experience of pain disappears due to hypnosis. There is how-
ever some activity, denoted nociception [66], generated in the peripheral
and central nervous system as a result of stimuli that has the poten-
tial to damage tissues. The physiological effects of nociception, together
with the hormonal and catabolic changes that accompany surgery (sur-
gical stress response), can be attenuated with analgesics [36]. In spite
of several trials to quantify the level of analgesia in anesthetized pa-
tients [29, 11], direct indicators of the extension of analgesia are not yet
commercially available. Hence, the estimation of the analgesia level by
the anesthesiologists is commonly based on unspecific autonomic reac-
tions, such as changes in the blood pressure and heart rate, sweating,
pupil reactivity and the presence of tears [25]. A source of complexity
in this system is that some of these clinical responses might be partially
suppressed by the effect of muscle relaxants.

Most of the hypnotics and analgesics interact in such a way that their
effect is enhanced when administered together [54, 78, 51]. This is the
reason why, in most of the cases, the term Depth of Anesthesia (DoA)
is used to assess the joint hypnosis and analgesia of a patient.

Muscle relaxation aims to ease the patients’ intubation, to facilitate
the access to internal organs, and to avoid movement responses as a
result of surgical stimuli. The neuromuscular blockade (NMB) is usually
measured from one evoked muscle response at the hand of the patient
subject to electrical stimulation of the adductor pollicis muscle through
supra maximal train-of-four (TOF) stimulation of the ulnar nerve, and
it can be registered by electromyography (EMG), mechanomyography
(MMG) or acceleromyography (AMG) [47]. In the TOF mode, the NMB
corresponds to the first single response (T1) calibrated by a reference
twitch, ranging between 100% (full muscular activity) and 0% (complete
paralysis). Among the research community, the EMG is the preferred
measure for the NMB because it is easy to apply and less vulnerable to
mechanical interferences [68].
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1.2 Drug delivery in anesthesia: standard prac-
tice

In the current anesthesia practice, anesthetics are administered following
standard dosing guidelines, often based on the average patient [9]. As
it stands, the inter (and intra) patient variability in the dose-response
relationship is not directly considered. The common procedure is to
administer the initial dose of anesthetics as suggested in the guidelines,
observe the response, and adjust the dose accordingly, also taking into
account the clinical environment and the surgical protocols that are be-
ing followed. The titration process to reach an individualized dose is
done by trial and error [9], and highly depends on the anesthesiologist’s
understanding of both the pharmacokinetics (PK) and the pharmacody-
namics (PD) of the drugs in use, as well as the possible drugs interaction.
It has been seen that the use of the knowledge of the anesthetics PK/PD
as an additional input to the anesthesiologists’ decisions results in im-
proved patient care [6]. The anesthesiologist hence acts as a feedback
controller.

The natural question here is whether automatic controllers, using the
models for the anesthetics disposition and effect, are able to overcome
the need for individualization, further improving the complex decision
of drug delivery in anesthesia.

1.3 Challenges

Several of the core features of drug delivery in anesthesia constitute ma-
jor challenges for the development of automatic closed-loop controllers.

First of all, the patients’ PK/PD responses are nonlinear and time-
varying. The nonlinear nature results from a sigmoidal relationship be-
tween the drug concentration at the effect site and the observed effect.
The time-varying profile is mainly the consequence of several noxious
stimulation, the change in the tolerance to drugs, unmodeled interac-
tions between drugs or other major changes in the patient (e.g. blood
losses) that may occur during a general anesthesia procedure [70]. Con-
sequently, models should preferably be established individually and in
real-time [79].
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Another considerable challenge for the development of automatic drug
delivery platforms in anesthesia is the nonnegative nature of the sys-
tem. This constraint also needs to be accounted for. Since no drugs
can be removed from the patients once administered, the variables to be
controlled (drugs rates) are intrinsically nonnegative. Moreover, all the
syringe pumps that are available in the market impose an upper limit
in the drug rate they can administer. This can be tackled by introduc-
ing actuator nonlinearities. If not accounted for in the control design,
the system can become unstable. These effects are clear for adaptive
controllers which continue to adapt even when the system is saturated,
leading to windup effects and unacceptable transients after saturation
[26].

The limited amount of real-time data and the poor excitation properties
of the input signals constitute further fundamental challenges. These are
the two major reasons that triggered and justified the development of
the research work presented in this thesis. On one hand, at the begin-
ning of a general anesthesia procedure, when no substantial data from
the patient is available, the knowledge about the individual PK/PD of
the patients is insufficient to initialize and tune the control algorithms.
On the other hand, due to the monitoring devices or other restrictions
from the clinical protocol, the sampling frequency of the signals of in-
terest is far from ideal and usually quite slow. Moreover, due to medical
constraints, the inputs are not allowed to be chosen for best performance
of identification experiments [79]. These reasons, together with the high
number of parameters in the physiologically-based PK/PD models that
are commonly used for the dynamics of drugs in anesthesia, motivate
the use of low-complexity models [75, 27].

From the reasons stated above, it is reasonable to assume that, by reduc-
ing the number of parameters to describe the system, improved results
may be achieved when system identification and control algorithms are
designed. The choice of the appropriate number of parameters should
match the parsimony principle of system identification [72], that loosely
states that the ”best” model to describe a certain system should contain
the smallest number of free parameters required to represent the true
system adequately.
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1.4 Thesis contributions

The first contribution of this thesis is the modeling of the disposition
and effect of some of the most commonly used anesthetics in the clinical
practice (the muscle relaxant atracurium, the hypnotic propofol and the
analgesic remifentanil) using Wiener models with very few free parame-
ters. The second contribution is the development of batch and recursive
system identification methods for the identification of the parameters
in the new models. Identification of continuous time parameters is per-
formed due to the desire to keep the number of identified parameters
at a minimum. The result is a continuous time model, which is easily
discretized. Hence, both continuous time and discrete time controller
synthesis is easily applied. The third contribution is the use of the
previously developed reduced Wiener models and identification strate-
gies in nonlinear adaptive controllers for both the NMB and the DoA.
The last contribution is the assessment of the controllers performance
as evaluated over a database of simulated realistic patients.

1.5 Outline

This thesis is divided into two major blocks. The first block gives an
overview of both the biomedical application and the engineering tools
needed to understand and to position the research of this thesis in the
general framework. Chapter 2 describes the standard PK/PD models
that are most commonly used to describe the drug-effect relationship of
muscle relaxants, hypnotics and analgesics. These are not the models
used for the controller development in this thesis but motivate the need
for models with few parameters in this application. Chapter 3 presents
the state of the art in automatic drug delivery in anesthesia. Chapter 4
deals with nonlinear system identification and modeling, while chapter 5
introduces the nonlinear adaptive control techniques for Wiener systems
that are used in this thesis. The choice of the controller framework was
defined by the application in hand. Chapter 6 summarizes the included
papers. The second block consists of reprints of the papers resulting
from the research performed for this licentiate.
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Chapter 2

Standard models in
anesthesia

The standard physiologically-based models describing the relationship
between the administered anesthetic dose and its effect may be divided
into four cascaded blocks [52]. The first one relates the dose of anesthetic
with its blood plasma concentration. This constitutes the PK model of
the drug. The second block relates the concentration of the drug in the
blood plasma with the effect concentration i.e the concentration of the
drug on its site of effect: in the case of muscle relaxants, the neuromuscu-
lar junction; and in the case of hypnotics and analgesics, the brain. The
third block describes the relationship between the effect concentration
and the observed effect. The second and third steps constitute the PD
model of the drug. In the case of simultaneous administration of several
drugs, a fourth block may be present representing the PD interaction
between drugs.

In what the PK is concerned, the distribution of the drugs in the body
depends on several transport and metabolic processes. Compartmental
models [24] capture this behavior by considering the body divided in
compartments that exchange positive amounts of drugs between each
other. Assuming an instantaneous mixing of the drug in each compart-
ment, conservation laws are used to derive the associated dynamic equa-
tions. Two or three compartmental (mammilary) models are the ones
most commonly used to describe the PK of muscle relaxants, hypnotics
and analgesics.
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Since the blood plasma is not the effect site of any of the anesthetics,
a delay between the concentrations of the drugs and observed effect
exists. The indirect link models [15] model this delay by connecting an
additional virtual effect compartment, clinically assumed with negligible
volume to ensure that the equilibrium of the PK is not affected, to the
central (plasma) compartment. This constitutes the linear part of the
PD model.

At the effect site, the way anesthetics act has a more involving character-
ization than the distribution of the anesthetics in the body. Empirical
models are therefore used to describe this part of the PD [15]. The
classic and most commonly used is the Hill function, a sigmoid static
nonlinear function relating the effect concentration of the drug with its
observed effect.

Given this, the dose-effect relationship of muscle relaxants, hypnotics
and analgesics may be seen as Wiener models: linear dynamics followed
by a static nonlinearity (Fig. 4.2(b)).

2.1 Neuromuscular blockade

2.1.1 Linear dynamics

The standard model for the effect of non-depolarizing muscle relaxants,
namely atracurium, in the NMB assumes the existence of two compart-
ments (central and peripheral) both communicating with each other,
together with an effect compartment [80, 46]. Using mass conservation
laws, the PK is described by

ẋ1(t) = −(k12 + k10)x1(t) + k21 x2(t) + ua(t),

ẋ2(t) = k12 x1(t)− (k21 + k20)x2(t), (2.1)

where ua(t) is the system input (the drug rate that enters the cen-
tral compartment, denoted as compartment 1), kij represents a positive
micro-rate constant between compartment i and j, and xi is the concen-
tration of the drug in compartment i. The plasma concentration of the
drug is given by x1(t). With some manipulation, (2.1) can be converted
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to the macro-constants state-space representation

ẋ1(t) = −λ1 x1(t) + a1 ua(t),

ẋ2(t) = −λ2 x2(t) + a2 ua(t), (2.2)

cp(t) =

2∑
i=1

xi(t),

relating the administered muscle relaxant rate ua(t) [μg kg
−1min−1] with

its plasma concentration cp(t) [μg ml−1]. xi(t), {i=1,2} are state vari-
ables (implicitly defined by (2.2)), and ai [kg ml−1], λi [min−1], {i=1,2}
are patient-dependent parameters.

The plasma concentration cp(t) of the muscle relaxant and its effect
concentration ce(t) [μg ml−1] are related by the linear PD as

ċ(t) = −λ c(t) + λcp(t), (2.3)

ċe(t) = −1/τ ce(t) + 1/τ c(t), (2.4)

where c(t) is an intermediate variable, and λ [min−1] and τ [min] are
patient-dependent parameters.

The standard models developed for atracurium [80] do not consider (2.4).
As shown in [38], the inclusion of this equation, corresponding to a first
order approximation of the τ delay, allows a better replication of the
observed experimental responses.

2.1.2 Static nonlinearity

The PD nonlinearity relates the effect concentration ce(t), impossible to
measure in the clinical practice, to the effect of the drug as quantified by
the measured NMB y(t) [%]. It is usually modeled by the Hill function
[80] as

y(t) =
100Cγ

50

Cγ
50 + cγe (t)

, (2.5)

where C50 [μg ml−1] and γ (dimensionless) are also patient-dependent
parameters.

The total number of parameters in the NMB standard model character-
izing each individual patient response is hence eight.
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2.2 Depth of anesthesia

2.2.1 Linear dynamics

Both for propofol and remifentanil, a three-compartment mammilary
model is normally used to explain the linear distribution of each drug
in the different theoretical compartments of the human body [19, 53].
By direct deduction from mass balances between compartments, and as-
suming that for each compartment i at time t, a concentration ci(t) [mg
ml−1] of drug is present, the state space representation that is commonly
used becomes

⎡
⎢⎢⎣

ẋ1(t)
ẋ2(t)
ẋ3(t)
ċe(t)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

−(k10 + k12 + k13) k21 k31 0
k12 −k21 0 0
k13 0 −k31 0
ke0 0 0 −ke0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

x1(t)
x2(t)
x3(t)
ce(t)

⎤
⎥⎥⎦

+

⎡
⎢⎢⎣

1
0
0
0

⎤
⎥⎥⎦u(t) , (2.6)

where u(t) [mg ml−1 min−1] is the drug infusion rate (either propofol or
remifentanil), k10 [min−1] is the clearance of the drug the compartment
1, ke0 [min−1] is the clearance of the drug from the effect compartment,
and kij [min−1] are transfer coefficients from compartment i to compart-
ment j. The effect concentration of the drug ce(t) [mg ml−1] is given by
the last row in (2.6). In clinical practice, neither xi(t) nor ce(t) can be
measured.

The parameters kij in (2.6) are usually guessed based on population
model distributions (see e.g. [45] and [65] for propofol and e.g. [53] for
remifentanil).
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2.2.2 Static nonlinear interaction

The joint effect of propofol and remifentanil in the DoA is nonlinear and
supra-additive [54]. The potency of the drug mixture is modeled as

φ =
Up(t)

Up(t) + Ur(t)
, (2.7)

where, by definition, φ ranges from 0 (remifentanil only) to 1 (propofol
only). In the remainder of this thesis the subscript ”p” refers to propofol
and the subscript ”r” to remifentanil.

To calculate (2.7) both effect concentrations cep(t) and cer(t) are first
normalized with respect to their concentration at half the maximal effect
(C50p and C50r, respectively) as

Up(t) =
cep(t)
C50p

, Ur(t) =
cer(t)
C50r

. (2.8)

The nonlinear concentration-response relationship for any ratio of the
two drugs can then be described by the generalized Hill function

y(t) =
y0

1 +
(
Up(t)+Ur(t)

U50(φ)

)γ , (2.9)

where y0 is the effect at zero concentration, γ controls the steepness of
the nonlinear concentration-response relation, and U50(φ) is the number
of units associated with 50% of the maximum effect of both drugs at
ratio φ. In [54] the quadratic polynomial

U50(φ) = 1− βφ+ βφ2 (2.10)

was proposed for the expression of U50(φ).

The parameters C50p, C50r, γ, β and y0 in (2.8), (2.9) and (2.10) are
patient-dependent.

The total number of patient-dependent parameters in the DoA standard
model is hence seventeen.

19



20



Chapter 3

Automatic drug delivery in
anesthesia

The need to individualize the drug delivery to patients undergoing gen-
eral anesthesia is clear and acknowledged by the medical community
[74].

3.1 Neuromuscular blockade

The conventional procedure to provide muscle relaxation to patients un-
dergoing anesthesia is the administration of bolus doses i.e. impulses of
short duration aiming to induce a quick drop in the NMB level. The
size of the bolus is estimated according to the patient’s weight, following
the drugs dosing guidelines and taking into account the type of anesthe-
sia and surgical protocol that is being performed. This procedure gives
considerable fluctuations in the levels of relaxation [39]. Moreover, since
most of the muscle relaxants have high therapeutic indices in hospital
settings, they are often used in excess of minimal effective requirements
[20]. This overdosing eliminates fine control of the NMB and may in-
crease the incidence of side-effects. In this context, closed-loop control
of muscle relaxant administration appears as a beneficial option. Be-
sides avoiding overdosing, the achievement of a better regulation of the
NMB also enables a more meaningful evaluation of patient’s depth of
anesthesia [16].
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The initial studies on closed-loop control of muscle relaxants date back
to the 80’s [12, 61, 31]. Mainly due to the fact that the system is sin-
gle input single output with reliable sensors available, the NMB setting
has been considered ideal for the initial development and performance
assessment of several different drug delivery strategies since then. Nev-
ertheless, none of these control strategies are wide spread in the daily
clinical practice. Proportional-integral-derivative (PID) controllers are
among the ones most extensively developed. In [57], vecuronium ad-
ministration was controlled by a four-phase PID with good results even
under unstable surgical conditions. The software Hipocrates [49] that
has been used mainly for atracurium constitutes an important contri-
bution to the individualization of muscle relaxant delivery. Switching
techniques were also tried [48]. In [2] a hybrid method was proposed
to identify the parameters of the standard PK/PD model using data
from the initial bolus response. In an identification error-free case, an
asymptotic convergence of the NMB to the reference is guaranteed by
the inversion of the static gain of the linear part of the model, coupled to
the inverse of the nonlinearity. For mivacurium, a model-based adaptive
generalized predictive controller was proposed and tested in [32] with
good results. The ”Rostocker assistant system for anesthesia control
(RAN)”, besides controlling the NMB, also includes a module to control
the depth of hypnosis. This prototype shows the potential of merging
the control of the NMB and the DoA in a single platform.

3.2 Depth of anesthesia

The first successful attempt to automatically attain a predefined indi-
vidualized concentration of anesthetics in the central (plasma) or effect
compartment was the so-called target-controlled infusion (TCI). While
using TCI-based devices, initially developed for the hypnotic propofol
[23], the anesthesiologist is able to set the desired theoretical (target)
concentration of the drug, and the device calculates, in an open-loop
fashion, the amount of drug that will target that specific concentration.
In spite of the control laws being proprietary, it is known that they
are based on published population models for the PK/PD of the drugs,
where the patient’s height, age, weight and gender are used as covariates
to calculate the model parameters in (2.6). For the hypnotic propofol,
TCI devices incorporating two adult models are commercial available:
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the Marsh [45] and the Schnider [65] model. For the opioid remifentanil,
the Minto model [53] is the one implemented.

Even though enabling a quicker and more accurate achievement of the
target theoretical effect concentration than standard manual adminis-
tration protocols [74], there still exists some inacurracy in the patients’
dose-effect relationship that is not covered by the linear PK/PD models
(see section 2.2.1). This means that the TCI technologies need an ac-
tive role from the anesthesiologist to titrate the ”adequate” target effect
concentration for each patient, based on all the monitored physiological
signals and measurements from the patient. Therefore the loop is only
partially closed by the anesthesiologist. It is not the measured effect
that is the input for the controller (i.e. the anesthesiologist), but one
estimate of the intermediate signal (i.e. the effect concentration) in the
Wiener structure.

A crucial question here is why closed-loop strategies have not been
widely implemented and accepted in the daily clinical use? There are
many reasons for this: a) the physiological processes behind anesthe-
sia are not well enough understood yet; b) the inter and intra patient
variability is high. It has e.g. been shown that models that hold for
adults do not perform well when applied to elderly or children [1]; c) the
lack of reliable and direct sensors to quantify the hypnosis and analgesia
prevent automatic control; d) maybe the most relevant, the ethical and
legal terms concerning even supervised closed-loop control of DoA are
extensive since malfunction of the controller can be lethal.

Consequently, it is not surprising that closed-loop (individualized) con-
trol in anesthesia has been a topic of intense discussion and research dur-
ing the last years. The common goal of all approaches is to contribute
to the development of a decision support system, aiming at improving
the patients’ safety in the clinical setting.

Adaptive control and robust control to model uncertainties are two tech-
niques often implemented to overcome the inter and intra patient vari-
ability in the response to the administration of hypnotics and analgesics.
For example, [13] presents a direct adaptive controller for uncertain lin-
ear nonnegative dynamical systems, applied to propofol administration
in anesthesia, where the relationship between the effect concentration
and the measured effect was considered as a fixed linear static function.
This assumption might however be too restrictive since the input-output

23



relationship for propofol follows a nonlinear Wiener model behavior. On
the other hand, [30] presents a comparison between a robust predic-
tive control strategy, the EPSAC [55], and a Bayesian-based closed loop
system [70], showing the applicability of the predictive controllers in a
real-life environment.

Several works constitute hybrid solutions of adaptive and robust control.
In [73] the controller is inherently a PID where the parameters of the
PD and the time delay are identified during the induction period. This
strategy shows good results when applied to a database of 44 simulated
patients. The performance of this strategy might however worsen when
the dynamics of the drug distribution or effect change during the anes-
thetic procedure. Also for propofol administration, the model-predictive
setting in [63] assumes that the PK of the patient given by the standard
model in [67] is always correct, while the PD parameters and dead-time
are identified by least squares during the induction phase.

While in the previously referred works propofol was used as the single
controlled input, [50] and [37] are examples of studies where the influ-
ence of remifentanil in the DoA control was taken into account in a
feedforward fashion. This option stands as an intermediate step to a
fully automatic drug delivery system for intravenous anesthesia.

As a further step forward, [40] and [17] present two closed-loop con-
trollers for DoA using propofol and remifentanil as controlled inputs.
The core of the algorithm in [40] is the widely used TCI concept. The
loop is closed by empirical rules which define new effect concentration
setpoints for the two drugs depending on the error between the mea-
sured and the target BIS. In this case, no individualized control strategy
is applied. The mismatch between the observed and predicted system
responses is overcome by changing the control target. Even though
empirical, this strategy gives good results when validated over a pop-
ulation of 83 patients. Robustness to major patient dynamics changes
was not assessed. Similarly, [17] keeps the PK parameters of propofol
and remifentanil fixed, identifying the PD parameters in the interaction
between the two drugs and dead times. By introducing a new analgesia
index, results in this work seem promising. However, the authors ac-
knowledge that the identification of patient individual parameters has
to be improved.
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Chapter 4

Nonlinear system
identification

In order to succeed in controlling a certain system (Fig. 4.1), the user
must have a good idea on how the observable signals y, denoted system
outputs, are produced given the external signals. The external signals
u that can be manipulated by the user are denoted system inputs. The
unwanted and not measurable signals w are denoted disturbances.

Figure 4.1: A dynamic system with input u(t), output y(t) and distur-
bances w(t).

In this sense, control design techniques need, in many cases, to be cou-
pled to a system identification strategy that aims at providing a mathe-
matical model of the system to be controlled. While mathematical mod-
eling is an analytical approach using the physical laws behind the pro-
cesses under study, system identification is an experimental approach.
Given a certain amount of experimental data, a model is fitted to that
data by assigning suitable numerical values to the parameters of the
model [72].
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Due to the generality of system identification, its range of applications
spans from industrial and chemical processes to medicine and economy.
The nonlinear dynamics of many of the systems, e.g. pH control and
valves [5], flight dynamics [28], processes in wastewater treatment plants
[44] or temperature control for solar furnaces [14], make the development
of system identification techniques for those systems a demanding task.

Initially, classical control methods were designed with stability in mind
[10]. Experimental tests for the tuning of the controller were usually
required to assess its robustness. Consequently, the system variation un-
der uncertainties could only be considered if those uncertain conditions
would persist from one experiment to the other. By utilizing modern
control design techniques, the uncertainty of a system due to variance
within the plant can be directly calculated, and the tradeoff between
performance and stability can be displayed graphically. This ability al-
lows modern controllers to perform over a wider range of conditions, and
supports the need for the development of models for the design. These
models can e.g. be obtained by system identification experiments.

4.1 Overview

4.1.1 Modeling paradigms

Depending on how much a priori information is used in the model, the
modeling of a system can be classified as white-box, gray-box or black-
box.

In white-box modeling, the model is fully derived from the physical laws
behind the process. In this case, all the a priori information about the
system dynamics is used to derive the model. One useful property of
the white-box models is that the values of the model parameters have
a physical meaning that can e.g. be compared with tabled values for
those quantities.

On the contrary, in black-box modeling, no a priori information is used to
establish a model, which is strictly based on the collected input-output
data. The main advantage of this reasoning is that the obtained models
are, in most of the cases, of low complexity. The drawback is that there
is little or no connection between the obtained parameter values and
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the physical entities involved in the process. Note that the selection of
a model structure that is needed to perform black-box modeling is some
kind of prior information. Such models are considered black-box despite
of the model selection.

A compromise between the two previous modeling paradigms is gray-box
modeling. Since some a priori information about the system is used, the
resulting models are semi-physical [42].

In spite of which paradigm is used to model a certain system, a choice
has to be made on whether the model should be formulated in discrete
or continuous time. Discrete time models (or difference equations) are
usually used to describe events for which it is natural to look at the
system and collect data at fixed (discrete) intervals. Continuous time
models, on the other hand, provide a description of the continuous time
system. This might be of interest for nonlinear systems since most non-
linear control theory is based on continuous time models [35].

Due to the fact that the dynamics of anesthetics in the human body
is nonlinear, and to enable a broader choice of controllers, the models
proposed in this thesis are formulated in continuous time.

4.1.2 System identification methods

Recursive vs. batch

Recursive identification refers to algorithms where the estimated param-
eters are updated every time a new observation of the system is avail-
able. Typically, the new estimate is equal to the previous estimate plus a
correction term which depends on the prediction error. Recursive identi-
fication schemes are useful when the system dynamics are time-varying.
A further advantage of recursive identification is that the requirement
on computational memory is quite modest since not all data are stored.

Batch identification, in opposition, uses all the available data at once to
create the ”best” model for the system [41].
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Parametric vs. nonparametric

Parametric methods can be seen as mappings from the recorded data to a
finite-dimensional estimated parameter vector. Examples of parametric
methods are prediction error methods and subspace methods [41].

Nonparametric methods provide models that are curves, tables or func-
tions that do not (explicitly) result from a finite-dimensional parame-
ter vector. Impulse responses, frequency diagrams or series expansions
through kernels (like Volterra and Wiener series expansions) are exam-
ples of models obtained with such methods. Examples of nonparametric
methods are transient analysis and spectral analysis [72].

4.2 Nonlinear model structures

This section gives an overview of some of the most commonly used non-
linear model structures.

Series expansions

Using the Volterra operator

Hn[u(t)] =

∫ ∞

−∞
. . .

∫ ∞

−∞
hn(σ1, . . . , σn)u(t− σ1) . . . u(t− σn) dσ1 . . . dσn,

(4.1)
the output y(t) can be described as a functional series expansion of the
input signal u(t) [64] as

y(t) = h0 +
∞∑
n=1

Hn[u(t)]. (4.2)

In a system identification framework, the objective is to find the Volterra
kernel hn(σ1, . . . , σn) for σi = 0, σ1

i , . . . , σ
Ni
i , {i = 1, . . . , n}, where Ni

is the number of points in which each σi is evaluated, assuming a discrete
time setup.

Since the Volterra system representation is an infinite series, it is only
meaningful if convergence is guaranteed. Moreover, computing the Volte-
rra series given a certain input-output data is not an easy task due to the
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vast amount of parameters and the coupling in between them. Wiener
proposed a series representation that has certain orthogonality proper-
ties with respect to the statistical characterization of the response [62],

y(t) =

∞∑
n=0

Gn[kn, u(t)], (4.3)

where the Wiener functionals Gn[kn, u(t)] are orthogonal for a white
Gaussian noise input. Consequently, the Wiener kernels kn(σ1, . . . , σn)
can then be easily separated, which makes the identification easier. How-
ever, the high number of unknown parameters and the whiteness restric-
tion on the noise are major drawbacks of these methods.

Discrete time nonlinear difference equations

A nonlinear generalization of the auto regressive moving average with
exogenous inputs (ARMAX) model

A(q−1)y(t) = B(q−1)u(t) + C(q−1)e(t) (4.4)

is the nonlinear ARMAX (NARMAX) model

y(t) = F (y(t−1), . . . , y(t−ny), u(t−1), . . . , u(t−nu), e(t−1), . . . , e(t−ne)),
(4.5)

where y(t) is the output; u(t) is the input; e(t) is white noise; q−1 is the
backward shift operator; A(q−1), B(q−1) and C(q−1) are polynomials
and F (.) is an arbitrarily nonlinear function.

Similarly, the NARX and NFIR models are the nonlinear equivalents of
ARX and FIR models, respectively (see e.g. [69]).

Neural networks

A neural network, which name is inspired on the structure of the human
central nervous system, is a mathematical model consisting of several
elements, called nodes, arranged in layers. Each node in one layer is
connected to all nodes in the adjacent layers. The choice of a suit-
able network architecture can be done by applying methods of model
assessment and selection, such as cross-validation. Once the architec-
ture considered to be the best is selected, the corresponding network
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is trained i.e. a set of values for the network weights are obtained by
solving an optimization problem based on the error between the model
and the collected data. After this offline step, the resulting network can
be applied to new data in order to obtain an estimate of the unknown
parameterization. The major drawback of this structure for the identifi-
cation is that the number of parameters increases considerably with the
number of nodes.

Nonlinear ordinary differential equation models

One recently advocated model is an ordinary differential equation (ODE)
model parameterized with coefficients of a multi-variable polynomial
that describes one component of the right-hand side function of the
ODE [83]. The system is formulated in continuous time and in state
space as

ẋ(t) = f(x, u, θ),

y(t) = C x(t), (4.6)

where y(t) is the system output; u(t) is the system input; x(t) is the
state of the system; f(.) is a nonlinear function; and θ is the unknown
parameter vector.

If a discrete time model is needed instead, an intuitive way of discretiz-
ing the system is to substitute the differential operator by a difference
approximation [21]. Considering a sampling period T , the Euler forward
discretization scheme becomes

x(t+ T ) = x(t) + T f(x, u, θ),

y(t) = C x(t). (4.7)

The disadvantage of the use of an Euler integration scheme is the re-
quirement of a fast sampling, a fact that can cause ill-conditioned iden-
tification problems.

Bayesian estimation

In the Bayesian approach, the model parameters are inferred through the
observation of random processes that are correlated with the parameters.
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The approach is related to linear and nonlinear state estimation (”fil-
tering”) problems. The Kalman filter (KF) and the extended Kalman
filter (EKF) are well known examples. The unobserved state vector is
assumed to be correlated with the output of the system. Consequently,
based on observations of the output, the value of the state vector can
be estimated. While the KF is optimal for linear systems with Gaus-
sian inputs, the EKF is not optimal in estimating the state of nonlinear
systems (see section 4.3.2).

The Bayesian approach is useful e.g. when the dynamics of the system is
changing and tracking is required through parameter adaptation. This
is achieved by modeling also the parameter vector as a random process
[43].

Block-oriented models

Block-oriented models exploit the interaction between linear time-inva-
riant (LTI) dynamic subsystems and static nonlinear elements [7]. These
blocks may be interconnected in different ways e.g. series, parallel or
feedback, which makes the block-oriented models flexible enough to cap-
ture the dynamics of many real systems.

The simplest structures are composed by two blocks in series.

If the nonlinearity is present at the input, the model is denoted a Ham-
merstein model (Fig. 4.2(a)). A list of examples where Hammerstein
models are used can be found in [7]. Existing methods in the lit-
erature for identifications of Hammerstein models comprise the over-
parameterization method, stochastic methods, frequency domain meth-
ods, and iterative methods (see e.g. [8]).

If the nonlinearity is present at the output, the model is of Wiener type
(Fig. 4.2(b)). Cases where there exists saturation in the sensors that
measure the system output are usually treated as Wiener models [82].
Even though apparently similar, it is easier to perform system identifica-
tion in the Hammerstein model than in the Wiener model. The reason is
that the Hammerstein model can be reparameterized as a linear multiple
input single output (MISO) model by a suitable choice of parameteriza-
tion [59]. The overparameterization method takes advantage of exactly
this property. The Wiener model structure will be treated in more detail
in section 4.3.
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A series combination of a Hammerstein and a Wiener model yields two
different model structures depending on the position of the blocks. If
the nonlinearity is enclosed by two LTI blocks, the model is Wiener-
Hammerstein (Fig. 4.2(c)). In the case where two static nonlinearities
are present at the input and at the output, with a LTI system between
them, the model is Hammerstein-Wiener (Fig. 4.2(d)).

(a) Hammerstein model.

(b) Wiener model.

(c) Wiener-Hammerstein model.

(d) Hammerstein-Wiener model.

Figure 4.2: Block-oriented model structures.

4.3 The Wiener model structure

In the case of drug delivery in anesthesia, the amount of available data is
limited, and therefore the use of parametric Wiener models seems more
appealing than exploiting nonparametric structures. Parametric struc-
tures enable a small number of parameters, which is also advantageous
given the poor excitatory profile of the input signals in the application
at hand. The models are hence parameterized in terms of a small set
of parameters that define models of the blocks of the Wiener model.
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Another reason for the choice of a parametric model is that many of
the nonparametric algorithms are constructed for white noise Gaussian
input. In this application, the input signals cannot be freely chosen to
enable a better identification, being instead subject to the clinical pro-
tocols and recommended ranges. The system can hence not be assumed
to operate in open loop.

The cascaded structure of the Wiener model (Fig. 4.3) brings a funda-
mental complication to parametric modeling, related with the fact that
only the product of the static small signal gains of the two cascaded
blocks is important from an input-output point of view [81]. Therefore,
if independent parameterizations of the two blocks are used, the static
gain parameter has to be fixed in one of them. This means that the
total number of degrees of freedom is reduced by one [82].

Figure 4.3: The nonlinear Wiener model. The signal yl is not available
for measurement.

The choice between discrete time and continuous time modeling of the
Wiener structure depends on the application. In [81], a discrete time
model was used. The linear dynamic block was modeled as a SISO
transfer function in the backward shift operator, while the nonlinearity
is described by a piecewise linear model.

Continuous time modeling is e.g. beneficial when the size of the param-
eter vector has to be kept low. In the work presented in this thesis,
aiming at keeping the number of parameters low, the modeling of the
linear block was performed in continuous time and sampled afterwards,
so that the original continuous time parameters were retained explicitly
in the resulting discrete time model. As it will be seen, this is the key
to obtain models with a small number of parameters.

4.3.1 Input signals

Considering only the linear block, the input signal requirement is one of
persistent excitation of a high enough order. In open loop experiments,
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the necessary order of persistent excitation equals the number of pa-
rameters to be estimated [41]. Regarding the nonlinear block, the input
signal has to be such that the output of the linear block has energy in
all amplitudes where accurate modeling is required [82].

4.3.2 System identification algorithms

Prediction error algorithms

Recalling that a model represents a way of predicting the behavior of
a certain system, an intuitive way to determine the ”best” model for a
certain process is to use a measure based on the prediction error [72],

ε(t, θ) = y(t)− ŷ(t|t− 1; θ), (4.8)

where y(t) is the measured output; and ŷ(t|t− 1; θ) is the prediction of
y(t) given the data up to and including t − 1, and based on the model
parameter vector θ.

The performance of the predictor is hence assessed by minimizing a
certain prediction error based criterion like

VN (θ) =
1

N

N∑
t=1

l(t, θ, ε(t, θ)), (4.9)

where l(t, θ, ε) is a scalar-valued (typically positive) function [41] of the
model parameter vector θ.

The estimate θ̂N yielding the ”best” model is hence given by

θ̂N = argmin
θ

VN (θ). (4.10)

For nonlinear systems, the search for the minimum is usually performed
numerically, based on the negative gradient of the prediction error (4.8).
In the case of the prediction error method (PEM) [72], this search is
done in batch. The online counterpart of the PEM is the recursive PEM
(RPEM) [72]. Examples of the RPEM for nonlinear Wiener models in-
clude [81, 56]. The recursive scheme has the advantage of providing
updates of the parameters in time, useful in e.g. adaptive control sys-
tems where the time-varying parameters are used in the time-varying
regulator [5].
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Extended Kalman filter

The idea of the EKF is to use the ideas of the KF for nonlinear models.

The nonlinear discrete time model is given by [71],

x(t+ 1) = f(t, x(t), u(t)) + g(t, x(t))v(t),

y(t) = h(t, x(t)) + e(t), (4.11)

where v(t) and e(t) are mutually independent Gaussian white noise se-
quences with zero mean and covariances R1(t) and R2(t), respectively;
u(t) is the input signal; and f(.) and h(.) are nonlinear functions.

The model is expanded in a first-order Taylor series around estimates
of the state x(t). The function f(.) is then expanded around the most
recent estimate x̂(t|t) as

f(t, x(t), u(t)) ≈ f(t, x̂(t|t), u(t)) + F (t)(x(t)− x̂(t|t)), (4.12)

with

F (t) =
∂f(t, x, u)

∂x

∣∣∣∣
x=x̂(t|t)

. (4.13)

The output function is expanded around the predicted state x̂(t|t − 1)
as

h(t, x(t)) ≈ h(t, x̂(t|t− 1) +H(t)(x(t)− x̂(t|t− 1), (4.14)

with

H(t) =
∂h(t, x)

∂x

∣∣∣∣
x=x̂(t|t−1)

. (4.15)

The noise function is evaluated at x̂(t|t) as
g(t, x(t)) ≈ G(t), (4.16)

with
G(t) = g(t, x)|x=x̂(t|t) . (4.17)

Using the previous approximations, the system can be treated with linear
techniques, exploiting the state space model

x(t+ 1) = F (t)x(t) +G(t)v(t) + ũ(t),

y(t) = H(t)x(t) + e(t) + w(t),

ũ(t) = f(t, x̂(t|t), u(t))− F (t)x̂(t|t), (4.18)

w(t) = h(t, x̂(t|t− 1))−H(t)x̂(t|t− 1).
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Applying the standard KF equations to (4.19), it follows that

H(t) =
∂h(t, x)

∂x

∣∣∣∣
x=x̂(t|t−1)

,

K(t) = P (t|t− 1)HT (t)× [H(t)P (t|t− 1)HT (t) +R2(t)]
−1 ,

x̂(t|t) = x̂(t|t− 1) +K(t)[y(t)− h(t, x̂(t|t− 1))] ,

P (t|t) = P (t|t− 1)−K(t)H(t)P (t|t− 1) ,

x̂(t+ 1|t) = f(t, x̂(t|t), u(t)) ,
F (t) =

∂f(t, x, u)

∂x

∣∣∣∣
x=x̂(t|t)

, (4.19)

G(t) = g(t, x)
∣∣
x=x̂(t|t) ,

P (t+ 1|t) = F (t)P (t|t)F T (t) +G(t)R1(t)G
T (t).

State augmentation

In some situations, the parameter vector θ and the data are not linearly
related. For the sake of simplicity of notation, let the model be linear
in the inputs. Such a model can hence be represented as [43],

x(t+ 1) = F (θ)x(t) +G(θ)u(t) + w(t),

y(t) = H(θ)x(t) + e(t). (4.20)

To determine a recursive estimator for θ, the augmented state vector is
usually defined as

z(t) =

[
x(t)
θ(t)

]
, (4.21)

and the estimation problem uses the following model

z(t+ 1) =

[
F (θ(t))x(t) +G(θ(t))u(t)

θ(t)

]
+

[
wx(t)
wθ(t)

]
,

y(t) = H(θ(t))x(t) + e(t). (4.22)

This model assumes that the time-varying profile of the model parame-
ters θ follow a random walk. Since the state z(t) enters nonlinearly in the
system matrices in (4.22), this problem becomes a nonlinear ”filtering”
problem and the EKF is one excellent tool to address the estimation of
z(t).
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In comparison with other recursive identification techniques, the EKF
enables independent tuning using the covariance matrix of both the pro-
cess and the measurement noise, thereby giving rise to an independent
tuning of the convergence speed for each one of the parameters. This
was the main reason for the choice of the EKF to recursively estimate
the parameters of the models presented in this thesis.
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Chapter 5

Nonlinear adaptive control
for Wiener systems

This chapter gives the technical background for the development of non-
linear adaptive controllers for the NMB and the DoA.

The main purpose for the introduction of adaptivity is to handle inter
and intra patient variability in an improved way. The benefit would be
an increased control performance during anesthesia. From the clinical
perspective, robustness of the control is also very important. Adaptive
control provides some robustness, by adaptation to individual patient
dynamics. However, a systematic study of this, as well as of robust
control techniques is a subject for future research.

5.1 Overview

Generally speaking, an adaptive control system can be seen as having
two loops [5]. One loop is a normal feedback with the process and the
controller, and the other loop is the parameter adjustment loop. A
schematic representation of an adaptive controller is shown in Fig. 5.1.

There are two ways of bringing adaptivity to the structures. Either
the parameters of the model are estimated, and the control parameters
are updated indirectly via the estimation of the process model (indirect
adaptive algorithm), or the model can be reparameterized such that the
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controller parameters can be estimated directly (direct adaptive algo-
rithm) [5].

Figure 5.1: Block diagram of an adaptive system.

In the work presented in this licentiate thesis, indirect adaptive algo-
rithms were chosen.

5.2 Linearization by inversion

The nonlinear nature of the Wiener systems naturally brings difficulties
for controller development. However, controllers for Wiener systems can
be easily designed if the static nonlinearity is monotone. The system
can then be linearized by applying the inverse of the nonlinearity to the
measured output signal. If the same inverse is applied to the reference
signal, the resulting system can be controlled by a linear controller [5].

When a perfect model of the static nonlinearity is available, and no dis-
turbances are present (Fig. 5.2), the nonlinearity f can be canceled ex-
actly and the output of the linear block of the Wiener system yl appears
directly as input for the linear controller. The linear part of the con-
troller is therefore designed to control the output of the linear dynamic
part of the Wiener type system as if there was no static nonlinearity.

If only an estimate f̂ of the nonlinearity f is available, the signals that
are obtained after the inversion are approximated versions of yl and yrefl

[84]. Moreover, explained by the signal energy requirements of the data
for Wiener systems identification briefly described in section 4.3.1, it
should be guaranteed that the energy content of ŷl and ŷrefl coincides

reasonably well with the one of yl and yrefl .
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Figure 5.2: A feedback linearizing controller for Wiener systems [84].

5.3 Linear controller design

5.3.1 Pole placement

A pole placement controller is based on the principle that the closed-
loop poles are placed in predefined desired locations by feedback. In
the model following case, it is also required that the controlled output
follows the command signal in a specified manner [5].

It is assumed here that the single input single output (SISO) system is
described as

Ayl(t) = B(u(t) + v(t)), (5.1)

where y is the output; u is the input; v is a disturbance; and A are
B are relatively prime polynomials either in the forward shift operator
q for discrete time models or in the differential operator p = d/dt for
continuous time models. Moreover degA = n, and degB = n−b0, where
b0 is the pole excess. It is also assumed that A is monic. A general linear
controller for (5.1) can be described as

Ru(t) = Tuc(t)− Syl(t), (5.2)

where R, S and T are polynomials. Elimination of u between (5.1) and
(5.2) gives the following equations for the closed-loop

yl(t) =
BT

AR+BS
uc(t) +

BR

AR+BS
v(t),

u(t) =
AT

AR+BS
uc(t)− BS

AR+BS
v(t). (5.3)

The closed-loop characteristic polynomial is hence given by the Dio-
phantine equation

AR+BS = Ac. (5.4)
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The design parameter is the polynomial Ac, chosen such that the closed-
loop system has the desired performance. The polynomials R and S can
be determined by solving (5.4). In order to determine T in (5.4), a
further restriction is added. It is required that the response from the
command signal uc to the output be described by

Amym(t) = Bmuc(t). (5.5)

It then follows from (5.3) that

BT

AR+BS
=

BT

Ac
=

Bm

Am
(5.6)

must hold. The polynomial B is typically factored as

B = B+B−, (5.7)

where B+ is a monic polynomial whose zeros are stable, and well damped
so that they can be canceled by the controller, and B− has the unstable
or poorly damped zeros that cannot be canceled. If follows that B−

must be a factor of Bm as

Bm = B−B′
m, (5.8)

and B+ must be a factor of Ac, since it is canceled. It also follows
from (5.6) that Am must be a factor of Ac. Given this, the closed-loop
polynomial must have the form

Ac = AoAmB+. (5.9)

Due to the fact that B+ is a factor of B and Ac, it follows from the
Diophantine equation that it also divides R. Thus R = B+R′, and the
Diophantine equation (5.4) becomes

AR′ +B−S = AoAm = A′
c. (5.10)

The polynomial T can hence be obtained by introducing (5.7), (5.8) and
(5.9) into (5.6),

T = A0B
′
m. (5.11)

Conditions on how to obtain a controller that is causal in discrete time
(or proper in the continuous time case) can be found in [5, pp.95-96].

The addition of integral action in the controller aims to regulate away
any static error that may be present in the controlled signal y(t). This
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static error regulation is captured by assuming that the disturbance w(t)
in (5.1) is generated by Ad(p)w(t) = e(t), where e(t) is white noise. In
terms of pole placement controller design in continuous time, this means
that an additional stable closed-loop pole X = p+x0 has to be added to
the adaptive controller structure [5, pp.124]. The new polynomial R0(p)
will be given by R0 = AdR

0′ . Hence, if R and S are solutions to (5.10),
R0 and S0 given by

R0 = XR+ Y B, (5.12)

S0 = XS − Y A, (5.13)

will satisfy [5, pp.123],

AR0 +BS0 = XAc. (5.14)

From (5.12) it follows that

R0 = pR0′ = (p+ x0)R+ y0B, (5.15)

with x0 to be chosen and Y = y0 obtained by making p = 0 in (5.15):

y0 = −x0R(0)

B(0)
. (5.16)

Inserting X and y0 into (5.12) and (5.13) the new controller is found.
The complete control law is then given by

R0u(t) = Tuc(t)− S0yl(t). (5.17)

5.3.2 Linear quadratic Gaussian control

Linear quadratic Gaussian (LQG) control is a tool to deal with linear sys-
tems with Gaussian disturbances, through minimization of a quadratic
criterion [71].

The system is given by

x(t+ 1) = Fx(t) +Gu(t) + v(t),

y(t) = Hx(t) + e(t), (5.18)
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where v(t) and e(t) are jointly Gaussian white noise sequences of zero
mean and

E

[
v(t)
e(t)

] [
vT (t) eT (t)

]
=

[
R1 R12

R12 R2

]
, (5.19)

where E denotes the expectation operator, and R2 > 0.

The criterion function is often selected as

l =
∞∑

t=t0

[
xT (t) uT (t)

] [Q1 Q12

Q21 Q2

] [
x(t)
u(t)

]
, (5.20)

where the symmetric weighting matrices satisfy [71, pp. 319],

Q2 > 0 and

[
Q1 Q12

Q21 Q2

]
≥ 0.

The regulator that minimizes the expected loss E l is

u(t) = −L(t)x(t). (5.21)

The matrix L(t) is obtained by solving the discrete-time Ricatti equation
[71].

In case of systems with incomplete state information, the optimal per-
formance is obtained by substituting the exact state by the optimal
state estimate x̂(t|t − 1) of (5.18). Even in the presence of arbitrarily
distributed disturbances, the regulator (5.21) is still optimal [71].

When a reference signal uc(t) has to be followed without any static error,
the feedback law (5.21) is substituted by

u(t) = −Lx(t) +Muc(t). (5.22)

The appropriate value of M to yield zero static error in the closed loop
system is

M =
[
H(I − F +GL)−1G

]−1
. (5.23)

Static errors can also be avoided by using integral feedback. For that,
an augmented state z(t) =

∑t−1
s=0[y(s)− uc(s)] is added to the dynamic

model (5.18). The state space vector becomes x(t) =
[
xT (t) zT (t)

]
and

the augmented model is

x(t+ 1) =

[
F 0
H I

]
x(t) +

[
G
0

]
u(t) +

[
0
−I

]
uc(t). (5.24)
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The penalty matrix Q1 has to be transformed accordingly as

Q1 =

[
Q1 0
0 Q3

]
. (5.25)

The LQG controller for the system in (5.24) becomes

u(t) = −Lx(t)

= −L1x(t)− L2z(t) (5.26)

= −L1x(t)− L2

t−1∑
s=0

[y(s)− uc(s)].

The size of the penalty matrix Q3 affects the strength of the integrating
term in the controller.

Faster servo responses on changes of the reference signal can be obtained
by introducing a direct term from uc(t) in (5.26) as

u(t) = −L1x(t)− L2

t−1∑
s=0

[y(s)− uc(s)] + L2uc(t). (5.27)

5.4 Antiwindup

The problem of controlling a Wiener system with a monotone nonlinear-
ity would be solved with the techniques previously described if no actu-
ator saturations existed. However, in most of the real control systems,
the actuators have a working range that should be taken care of while
designing the controller, because the feedback will be broken whenever
the actuator saturates. The effects of this saturation are specially visible
with controller or processes that are unstable, or with controllers with
integral action. If an integrator is included in the design, it winds up
(i.e. continues integrating the error) whenever the actuator is saturated.
The output of the integrator can then assume very large values, and it
can take a long time to get it back to a normal value again [4]. This
saturation phenomenon is usually called ”reset windup” or ”integrator
saturation” [4].

Broadly speaking, there are two possible approaches to deal with windup
schemes [76]. On the one-step approach, the antiwindup is included in
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the controller design from the very beginning. The controller hence aims
at ensuring all performance specifications, while handling the saturation
constraints by the actuator. The other possibility is to separate the
design of the controller and the design of the antiwindup compensator.
The controller does not take into account the saturation constraints
and it is designed to ensure that stability is maintained. It is only
when saturation occurs that the antiwindup scheme is turned on. The
idea in e.g. [58] is to change the dynamics of the closed-loop system
when actuators saturate, so that a good transient behavior is obtained
after desaturation, while avoiding limit cycles oscillations and repeated
saturations.

In the pole placement design, the windup is overcome by feeding back the
actual process input (saturated) instead of the unsaturated (calculated)
input signal. If the controller in (5.2) is written in observer form as

Aou(t) = Tuc(t)− Syl(t) + (Ao −R)u(t), (5.28)

and the saturating actuator is described by the nonlinear function f(.),
the controller that avoids windup is then given by [5],

Aov(t) = Tuc(t)− Syl(t) + (Ao −R)u(t),

u(t) = f(v(t)). (5.29)

46



Chapter 6

Included Papers

In this chapter a summary of the papers included in the second part
of the thesis is given. Note that the papers have been written to be
understood separately and therefore some information is repeated.

Paper I

M. M. Silva, T. Wigren, and T. Mendonça. Nonlinear identification of
a minimal neuromuscular blockade model in anesthesia. IEEE Transac-
tions on Control Systems Technology, vol. 20, no. 1, pp. 181-188, Jan.
2012.

A new SISO Wiener model with two parameters is proposed for the ef-
fect of atracurium in the NMB. An EKF is developed to perform the
online identification of the system parameters. This approach outper-
forms many conventional identification strategies, and shows good re-
sults regarding parameter identification and measured signal tracking,
when evaluated on a large patient database. The new method proved
to be adequate for the description of the system, even with the poor
input signal excitation and the few measured data samples present in
this application. The method is of general validity for the identification
of drug dynamics in the human body.
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Paper II

M. M. Silva, T. Mendonça, and T. Wigren. Online nonlinear identifi-
cation of the effect of drugs in anaesthesia using a minimal parameter-
ization and BIS measurements. In Proc. American Control Conference
(ACC’10), Baltimore, Maryland, pp. 4379-4384, Jun. 30-Jul. 2, 2010.

A new MISO Wiener model with four parameters for the PK/PD of
propofol and remifentanil, when jointly administered to patients under-
going surgery, is presented. An EKF was used to perform the nonlinear
online identification of the system parameters. The results show that
both the new model and the identification strategy outperform the cur-
rently used tools to infer individual patient response. The proposed DoA
identification scheme was evaluated in a real patient database, where the
DoA is quantified by the BIS.

Paper III

M. M. Silva. Prediction error identification of minimally parameterized
Wiener models in anesthesia. In Proc. 18th IFAC World Congress,
Milan, Italy, pp. 5615-5620, Aug. 28-Sep. 2, 2011.

In this paper, PEM algorithms for the identification of Wiener models
describing the effect of drugs in patients subject to anesthesia are de-
rived. In order to exemplify the performance of the proposed PEM algo-
rithms, a database with real records collected from patients undergoing
general anesthesia is used. The two parameters of a SISO Wiener model
describing the effect of the muscle relaxant atracurium in the NMB are
identified. Regarding the DoA, the four parameters of a MISO Wiener
model describing the joint effect of the hypnotic propofol and the opioid
remifentanil in the BIS are also identified. The results show that the
identified parameters give rise to predicted output signals that follow the
main trends of the real signals, discarding the noise that highly corrupts
the measurements.

48



Paper IV

M. M. Silva, T. Mendonça, and T. Wigren. Nonlinear adaptive con-
trol of the neuromuscular blockade in anesthesia. In Proc. 50th IEEE
Conference on Decision and Control and European Control Conference
(CDC-ECC’11), Orlando, Florida, pp. 41-46, Dec. 12-15, 2011.

This paper presents a nonlinear adaptive control strategy based on the
Wiener model for control of the NMB in anesthesia. The structure com-
bines the inversion of the static nonlinearity present in the Wiener model
with a pole-placement controller for the linearized system. The overall
strategy exploits identification of a reduced model for the description of
the effect of the muscle relaxant atracurium in the NMB. An EKF was
developed for that purpose, providing estimates of the model parame-
ters for both the linear controller and the blocks where the inversion of
the static linearity is performed. Simulations were run in a database of
100 patients simulated with the standard physiologically-based PK/PD
model for the NMB. The results show that the nonlinear adaptive con-
troller performs well regarding reference following and tackles changes
in the patient’s dynamics. Noisy scenarios were also simulated to test
the robustness of the proposed strategy.

Paper V

M. M. Silva, T. Wigren, and T. Mendonça. Exactly linearizing adaptive
control of propofol and remifentanil using a reduced Wiener model for
the depth of anesthesia, to appear in Proc. 51st IEEE Conference on
Decision and Control (CDC’12), Maui, Hawaii, Dec. 10-13, 2012.

A closed-loop adaptive controller for propofol and remifentanil admin-
istration using BIS measurements is proposed in this paper. The con-
troller design relies on a reduced MISO Wiener model for the DoA. The
exact linearization of this minimal Wiener structure using the model
continuous-time parameter estimates calculated online by an EKF is a
key point in the design. A LQG controller is developed for the exactly
linearized system. Good results were obtained when the robustness of
the proposed controller was assessed with respect to inter and intrapa-
tient variability through Monte Carlo simulations on a database of 500
patients.
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Nonlinear identi�cation of a minimal

NeuroMuscular Blockade model in

anesthesia

Margarida M. Silva, Torbjörn Wigren and Teresa Mendonça

Abstract

This paper presents new modeling and identi�cation strategies
to address the many di�culties in the identi�cation of anesthe-
sia dynamics. The most commonly used models for the e�ect of
muscle relaxants during general anesthesia comprise a high number
(greater than eight) of pharmacokinetic and pharmacodynamic pa-
rameters. The main issue concerning the NeuroMuscular Blockade
(NMB) system identi�cation is that, in the clinical practice, the in-
put signals (drug dose pro�les to be administered to the patients)
vary too little to provide a su�cient excitation of the system. The
limited amount of measurement data also indicates a need for new
identi�cation strategies. A new SISO Wiener model with two pa-
rameters is hence proposed to model the e�ect of atracurium. An
Extended Kalman Filter (EKF) approach is used to perform the
online identi�cation of the system parameters. This approach out-
performs many conventional identi�cation strategies, and shows
good results regarding parameter identi�cation and measured sig-
nal tracking, when evaluated on a large patient database. The new
method proved to be adequate for the description of the system,
even with the poor input signal excitation and the few measured
data samples present in this application. It turns out that the
method is of general validity for the identi�cation of drug dynam-
ics in the human body.

1 Introduction

The present paper considers nonlinear identi�cation of the dynamics of
drugs in the human body. For this purpose, new minimally parameteri-
zed models are proposed, overcoming the poor excitation of such prob-
lems. Data collected in the surgery room from NeuroMuscular Blockade



(NMB) control cases during general anesthesia is used to exemplify the
ideas.

In the clinical practice, the term anesthesia refers to a drug-induced
reversible pharmacological state where three main variables must be kept
in equilibrium: hypnosis, analgesia and are�exia. Hypnosis is de�ned as
the level of unconsciousness associated with the absence of recall after
surgery regarding intraoperative events. Several univariate parameters
computed using the raw data from the electroencephalogram (EEG) have
been used to monitor the level of hypnosis in patients, namely the spec-
tral edge frequency [1], the auditory evoked potentials [2] and the ap-
proximate entropy [3]. More recently the Bispectral Index (BIS) [4] has
taken the lead, being the index most widely used by anesthetists and
researchers in the �eld to infer the Depth of Anesthesia (DoA). Anal-
gesia is de�ned as the absence of pain. However, a quantitative and
reliable index for the measurement of pain in patients has not yet been
widely accepted and validated. Clinicians use signs such as the presence
of tears, changes in heart rate and changes in blood pressure to infer the
analgesia condition of the patients. Are�exia is de�ned as the lack of
movement. It is induced and maintained by the administration of muscle
relaxants and it aims to achieve an adequate level of paralysis to perform
surgical procedures. The NMB can be clinically quanti�ed by electrical
stimulation of the adductor pollicis muscle in the patient's hand. The
blockade level corresponds to the �rst single response calibrated by a
reference twitch.

In order to address the balance of these three components, the anes-
thetists adjust the dose of the corresponding drugs by integrating the
NMB and DoA indices with all the other monitored physiological vari-
ables. When compared with manual drug administration, automated
technologies may carry considerable advantages [5]. If reliable models of
the patients' pharmacokinetics (PK) and pharmacodynamics (PD) are
available, under or overdosing can be avoided by programming the sy-
ringe pumps to target speci�c values of the drug e�ects. Such control
softwares need reliable models for the patients' PK/PD as well as au-
tomatic identi�cation strategies based on those models able to identify
the inter- and intra-patients' variability. If set up successfully, these con-
trol schemes overcome the drawback of using standardized procedures in
drug administration based on population studies.

The PK/PD of the e�ect of drugs in anesthesia can be modeled as
a Wiener model: a linear block in series with a static nonlinearity [6].



The linear part describes the way the drug is di�used, accumulated and
excreted by the human body. The nonlinear part models the e�ect of
the drug in the patient. Due to this structure, the use of linear models
to predict human response to anesthesia is not completely adequate [7].
In [8] a �rst approach for reducing the number of model parameters
was proposed but a linear model was used to describe the nonlinearity.
Alternatives to the identi�cation of linear models can be found in other
publications. For example, in [9] a hybrid method based on parameter
estimation and an arti�cial neural network coupled with a curve �tting
algorithm was proposed. Good results were obtained but the parameter
redundancy is still present in the calculation of the steady-state drug
dose prediction. The algorithm proposed in [10] was also previously
tested for the anesthesia identi�cation case study. The black box model
approach was modi�ed to take into account the NMB Wiener system
speci�cations but it still failed in identifying the eight parameters present
in the atracurium e�ect model. Unfortunately, the excitatory pattern of
the input cannot be chosen by the user to achieve a better performance of
the identi�cation methodologies. In general anesthesia procedures, the
induction phase usually comprises the administration of a bolus of drug
(considered as one �nite impulse) and afterwards the measured variables
are kept at the desired target values by a low variance drug dose pro�le.
Moreover, the available data is limited by the sampling rates accepted
by the clinical devices.

From the reasons stated above it is reasonable to assume that, by
reducing the number of parameters to describe the system, improved
results may be achieved when new system identi�cation algorithms are
designed. The choice of the appropriate number of parameters should
match the parsimony principle [11], that states that the best model to
describe a certain system should contain the smallest number of free
parameters required to represent the true system adequately.

The main contribution of this paper is hence the use of a minimal
number of parameters to model the NMB input-output relation, consis-
tent with the excitation present in the available data from real cases.
A nonlinear Wiener model using only two free parameters is proposed
for this purpose. From this model a new online adaptive algorithm for
parameter identi�cation is derived by the use of the Extended Kalman
Filter (EKF), providing a second contribution. Experimental evalua-
tion of the new algorithm in a previously collected database P of sixty
patients undergoing general surgery proves the feasibility of the model



and the algorithm. Due to parameter adaptation, the identi�ed signals
achieve very good reference signal tracking in test cases, using the afore-
mentioned database. A comparison between the identi�cation results
obtained with the EKF algorithm applied to the minimally parameteri-
zed model and the EKF applied to the standard models constitutes the
last contribution of the paper. The used metrics show that the tracking
errors of both strategies are comparable, hence supporting the choice of
the model with the smaller number of parameters as the one that better
describes the data, in terms of parsimony. Very close pole zero locations
were observed for the standard model, indicating that the available data
is not rich enough to excite all modes of that model.

This paper is organized as follows. Section 2 describes the principles
concerning the control of anesthesia. Section 3 presents the de�nition of
both the linear and the nonlinear parts of the new minimally parameteri-
zed model. In Section 4 the derivation of the EKF is presented. Section 5
presents the simulation results and a comparison of the new method per-
formance with a standard approach for the NMB identi�cation, whereas
Section 6 gives the conclusions.

2 Control strategies

2.1 Control algorithms

The �rst successful attempt to commercialize a device designed to control
drug dose administration to patients in a personalized way was 'Diprifu-
sor' [12]. The algorithm used by this Target Controlled Infusion (TCI)
platform receives information about the patient and then adjusts the
drug dose pro�le in such a way as to achieve a speci�c predicted tar-
get e�ect concentration. The set of PK/PD parameters that are used
to compute the drug doses were selected based on population models.
Even with information regarding age, weight and height of the patient,
a certain inaccuracy remains, meaning that the anesthetist still needs
to readjust the target e�ect concentration every time the observed drug
e�ect in the patient does not match the clinically desired one. Following
this trend several other strategies were recently proposed. For example,
in [13] an adaptive approach is proposed to improve TCI based strate-
gies. The method combines an optimal variance constrained drug dose
design with a hybrid identi�cation of the individual patient dynamics.
The model in that study was based on the one described in Section 2.2.
Despite constituting a real improvement regarding the commonly used



Block 1 Block 2 Block 3 Block 4

Figure 1: Block diagram for the PK/PD of the muscle relaxant
atracurium.

TCI strategies, the results from the tests of the algorithm on the NMB
control present some inaccuracies regarding reference tracking. It is ac-
tually the patient inter- and intra-variability that play the major role
[14] and indicate a need for new models and identi�cation algorithms.

2.2 State of the art models

The model used in the previous studies to describe the PK/PD of the
drug e�ect for the special case of the non-depolarizing muscle relaxant
atracurium is presented in this subsection. This will not be the model
adopted for the development of this paper but it motivates and supports
the build up of the new proposed model and identi�cation algorithm. To
meet the parsimony principle, the main design goal is then to perform
the modeling with a minimal number of parameters.

Recalling the compartmental type models [15], the NMB input-output
relation can be described as a Wiener model as proposed in [16]. The
PK is described by the linear dynamic block 1 in Fig. 1. The physio-
logical basis of this part consists of assuming two plasma compartments
(central and peripheric) both communicating with each other. The PD
incorporates a linear dynamic part (blocks 2 and 3 in Fig. 1) and a non-
linear static block (block 4 in Fig. 1). The relation between the plasma
concentration cp(t) and the e�ect concentration ce(t) was �rst described
without block 3 in Fig. 1 [17] but, as shown in [18], the inclusion of
this equation allows a better �t to the observed experimental responses.
Block 4 in Fig. 1 represents the PD static nonlinearity and relates the
e�ect concentration to the e�ect of the drug as quanti�ed by the mea-
sured NMB level y(t). This model depends on eight parameters that
need to be estimated from clinical data.



A state space description of the model of Fig. 1 is given by:
ż1(t)
ż2(t)
ċ(t)
ċe(t)

 =


−λ1 0 0 0

0 −λ2 0 0
λ λ −λ 0
0 0 1/τ −1/τ




z1(t)
z2(t)
c(t)
ce(t)

+


a1
a2
0
0

u(t),

where {ai [kgml−1], λi [min−1]}i=1,2, λ [min−1], τ [min] are patient-dependent
parameters. Here, zi(t), {i = 1, 2} are nonnegative state variables such
that cp(t) = z1(t) + z2(t) in Fig. 1. In turn, ce(t) is related with the
NMB level y(t) [%] by means of a nonlinear static Hill equation [17],

y(t) =
100Cγ50

Cγ50 + (ce(t))γ
, (1)

where C50 [µgml−1] and γ (dimensionless) are also patient-dependent
parameters. Note that in the clinical practice none of the intermediate
signals c(t), cp(t) and ce(t) are measured. Having available only the
input and the output signals of the system is a common feature of such
applications [6]. The variable y(t), normalized between 0 (equivalent to
full paralysis) and 100 (equivalent to full muscular activity), quanti�es
the NMB.
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Figure 2: NMB response (upper plot) and input drug dose (lower plot)
from a real case collected in closed-loop control for the muscle relaxant
atracurium. Note that the scale in the y-axis of the lower plot has been
split.

Fig. 2 represents the typical NMB response of a patient after the
administration of atracurium, under a closed-loop control scheme [16].
The output signal y(t) is represented in the upper plot whereas the input



drug dose u(t) is shown in the lower plot. As can be seen in the lower
plot, at the beginning of the surgery, during the so-called induction phase
(t ≤ 10min), a bolus of atracurium, typically uδ = 500 δ(t)µg kg−1

(in discrete-time corresponding to u(0) = uδ h with h = 1/3min−1) is
administered to the patient to enable a rapid drop of NMB level. For
control purposes, during the period where the patient is under the e�ect
of the bolus drug dose (t ≤ 30min for atracurium), the value of the
reference is �xed at a low level, being gradually raised to the setpoint of
10% [16]. The output signal y(t) represented in the upper plot of Fig. 2
was then maintained around the reference pro�le by the administration
of the input drug dose u(t), calculated by a closed-loop control strategy
[19].

Due to the characteristics of the true system present in this applica-
tion, the available input signals vary less than desirable when the goal
is to design reliable system identi�cation algorithms. Hence, �nding the
best model, in terms of parsimony, to explain the system with the partic-
ular characteristics of poor excitation and limited datasets to work with
motivates the present study.

3 New model: minimal number of parameters

A new SISO Wiener model describing atracurium PK/PD is presented
in this section. One adaptive algorithm for simultaneous identi�cation
of the linear dynamics and the static nonlinearity is then derived. Mo-
dels are �rst constructed using a continuous-time Wiener model. This
model is then sampled with a zero-order hold strategy [20]. This en-
ables the derivation of the EKF algorithm that estimates the under-
lying continuous-time parameters, thereby exploiting the fact that the
continuous-time parameters are of minimal number.

3.1 Linear block

For simulation purposes, and in order to cover a wide range of behaviors,
a bank of realistic nonlinear dynamic models for atracurium PK/PD was
generated using the probabilistic distribution discussed in [18]. It then
constitutes a simulated database where the exact parameterization of (1)
and (1) is known for each simulated patient.

Fig. 3 shows, in solid line, the e�ect concentration response (output
from the linear dynamic part in the Wiener model) of model number
25 in the simulated database after administration of a single atracurium



bolus at time 0. This is the impulse response of the 4th-order standard
model (1).
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Figure 3: Impulse e�ect concentration response of the linear dynamic
part (1) of the standard 4th-order model (solid line), plotted together
with the impulse e�ect concentration response of the linear dynamic part
(2) of the new minimally parameterized 3rd-order model (dashed line).

By inspection of the impulse response of the linear dynamic part (1)
of the standard 4th-order model (solid line in Fig. 3), a model with a
nth-order multiple pole located at −1/κ with unitary static gain was
�rst proposed to account for the dynamics in (1). Subsequently, and in
accordance with the work in [21], a 3rd-order model (n = 3) was chosen.
Fig. 3 shows in dashed line the impulse e�ect concentration response of
a 3rd-order linear model with the same structure as the one that will be
used in this paper (2). However, it was hypothesized that, by placing
the model poles in di�erent locations, better accuracy could be achieved.
According to [22], it is possible to describe the model dynamics using the
limiting Laguerre approximations. It is this idea that is the basis for the
next re�nement.

Instead of having a pole with multiplicity 3 located in α = −1/κ,
several combinations of multiples of −1/κ are introduced for the pole
locations. Hence, the following linear model is proposed:

Cme (s) =
k1 k2 k3 α

3

(s+ k1 α)(s+ k2 α)(s+ k3 α)
U(s), (2)

where Cme (s) is the Laplace transform of the continuous-time output
cme (t) of the model linear dynamic part and U(s) is the Laplace transform
of the input signal u(t). In the remaining of this paper the superscript
m denotes the minimally parameterized model.

Aiming for the best modeling, the parameters ki, {i = 1, 2, 3} must
be chosen, noting that k1 = 1 needs to hold to get a unique parame-



terization. A brute force search on the available real database was then
performed in [21]. The combination k2 = 4 and k3 = 10 was the one
that proved to be optimal for the all cases in the database, meaning
that the normalized error was found to be minimum for those values.
The constants k2 and k3 are then �xed to 4 and 10, respectively, in all
simulations that give rise to the results present in the remaining of this
paper.

3.2 Nonlinear block

The output from the nonlinear block was modeled with the Hill equation:

ym(t) =
100Cγ50

Cγ50 + (cme (t))γ
. (3)

Here θ = (α , γ) T is the parameter vector. The parameter α of the
linear dynamics (2) and the parameter γ of the nonlinearity (3) are hence
jointly identi�ed.

Noting that the linear part contributes with a unit gain for the whole
system, the di�erential static gain must be estimated by the parameter
to be adapted in the nonlinear part [6]. At the same time, γ adapts the
shape or static di�erential gain of (3). According to [9], in simulation
studies on the previously mentioned simulated database, the variability
on C50 does not strongly a�ect the identi�cation results. Hence C50 was
kept constant during this study.

3.3 Sampling

In order to implement the proposed model structure in the identi�cation
algorithm, the continuous-time representation (2) has to be sampled. For
that purpose, the system (2) was represented in a state-space form as
follows, {

ẋ(t) = A(α)x(t) +B(α)u(t)
cme (t) = C(α)x(t)

, (4)

where u(t) ∈ R is the input (drug dose infusion), x(t) ∈ R3×1 is the con-
tinuous model state-vector, cme (t) ∈ R is the output (e�ect concentration
of the drug), and C(α) ∈ R1×3, A(α) ∈ R3×3 and B(α) ∈ R3×1 are
the system matrices. Note that k′is are not shown explicitly in (4) since
they are determined a priori in a single optimization step with respect
to the available data, and �xed in the identi�cation simulations to be



performed afterwards. Because of this, the parameter α is the only one
to be adapted in order to cover the patients' dynamics variability in the
linear part.

The zero-order hold method [20] was applied using the sampling in-
stant tk = kh. Usually, h is equal to 1/3min−1 due to the fact that,
in the surgery environment, data from NMB is monitored and acquired
every 20 sec = 1/3min−1. The discrete-time model then becomes{

x(kh+ h) = Φ(α)x(kh) + Γ(α)u(kh)
cme (kh) = C(α)x(kh)

, (5)

where
Φ(α) = eA(α)h

Γ(α) =
∫ h
0 e

A(α)s dsB(α)
. (6)

Here, u(kh) ∈ R is the input (piecewise constant drug dose infusion),
x(kh) ∈ R3×1 is the discrete model state-vector, cme (kh) ∈ R is the
output (e�ect concentration of the drug), and Γ(α) ∈ R3×3 and B(α) ∈
R3×1 are the sampled system matrices.

The sampling does not a�ect the nonlinear block, hence (3) can be
used as it is. The model output is then given by:

ym(kh) =
100Cγ50

Cγ50 + (cme (kh))γ
. (7)

4 Recursive identi�cation algorithm:

Extended Kalman Filter

In order to enable the incorporation of a nonlinear identi�cation algo-
rithm in an online platform for control of NMB, recursive identi�cation
methodologies need to be developed. This is e.g. a prerequisite when
adaptive control is introduced [23]. The Extended Kalman Filter (EKF)
is then a natural choice since it is well suited for adaptive control struc-
tures using e.g. Model Predictive Control (MPC). Moreover, depending
on its formulation, it also provides values for the state estimates in ev-
ery iteration step, these being needed for MPC control. The idea of the
EKF is to use the Kalman �lter [24] for a nonlinear problem. The EKF,
in contrast to the Kalman �lter for linear systems, is not an optimal
�lter. Nevertheless, it constitutes a powerful tool for recursively identi-
fying the model parameters. In contrast to other recursive identi�cation
techniques it also has the advantage of independent tuning using the



covariance matrix of both the process and measurement noise, thereby
enabling a tuning of the speed of convergence for each parameter sepa-
rately. For EKF purposes, the general discrete nonlinear model is

x̂(t+ 1) = f(t, x̂(t), u(t)) + g(t, x̂(t)) v(t)
ŷ(t) = h(t, x̂(t)) + e(t)

,

where v(t) and e(t) are mutually independent Gaussian white noise se-
quences with zero means and covariances R1(t) and R2(t), respectively.
The EKF algorithm can then be summarized as follows [24]:

H(t) =
∂h(t, x)

∂x

∣∣∣∣
x=x̂(t|t−1)

K(t) = P (t|t− 1)HT (t)× [H(t)P (t|t− 1)HT (t) +R2(t)]
−1

x̂(t|t) = x̂(t|t− 1) +K(t)[y(t)− h(t, x̂(t|t− 1))]

P (t|t) = P (t|t− 1)−K(t)H(t)P (t|t− 1)

x̂(t+ 1|t) = f(t, x̂(t|t), u(t))

F (t) =
∂f(t, x)

∂x

∣∣∣∣
x=x̂(t|t)

(8)

G(t) = g(t, x)
∣∣
x=x̂(t|t)

P (t+ 1|t) = F (t)P (t|t)F T (t) +G(t)R1(t)G
T (t)

In the next subsection, the recursive identi�cation setting of the EKF
is derived.

4.1 Model structural aspects

To enable the estimation of the model parameters with the EKF, a cou-
pled identi�cation model must be de�ned. The model merges the sam-
pled model (5) and a random walk model for the parameter estimates
[11]:

x(kh) =


x1(kh)
x2(kh)
x3(kh)
x4(kh)
x5(kh)

 =


x1(kh)
x2(kh)
x3(kh)
α(kh)
γ(kh)

 . (9)



Hence, the extended state-space model is the following:

x̂(kh+ h) =


Φ(α)

0 0
0 0
0 0

0 0 0
0 0 0

I


x̂(kh)
α̂(kh)
γ̂(kh)

+

+

Γ(α)
0
0

u(kh) +

wx(kh)
wα(kh)
wγ(kh)



≡


f1(kh, x̂(kh), u(kh))

f2(kh, x̂(kh), u(kh))
...

f5(kh, x̂(kh), u(kh))

+ w(kh)

≡ f(kh, x̂(kh), u(kh)) + w(kh) , (10)

ŷm(kh) =
100 C

x̂5(kh)
50

C
x̂5(kh)
50 + (C(x̂4(kh))x̂(kh))x̂5(kh)

≡ h(kh, x̂(kh)) + e(kh) , (11)

C(·) = (C(·) 0 0) . (12)

4.2 Linearization

In the EKF algorithm structure (8), it is necessary to linearize both
f(t, x) and h(t, x).

The linearization of f(kh, x̂(kh), u(kh)) (10) was performed analyt-
ically, using the symbolic toolbox of Matlab. The formula for F (kh) is
not shown here due to its complexity.

The linearization of h(kh, x̂(kh)) (11) was performed numerically in
order to reduce the computational complexity of the calculations:

H(kh) =
∂h(kh, x̂(kh))

∂x̂(kh)
(13)

=
h(kh, x̂(kh) + ∆x̂(kh))− h(kh, x̂(kh))

∆x̂(kh)
,



where ∆x̂(kh) is the step for the di�erentiation and chosen to be small
(<< h).

4.3 Algorithm and Initialization

After having formulated all the quantities needed to set up the EKF,
the initial values for the variables must be speci�ed. For the third-order
model, the initial values for the states were

x̂(0| − 1) = (0 0 0 0.03 1)T . (14)

It should be noted that, before any drug administration, the circu-
lating and stored amount of drug in the patient body is zero (i.e. the
system is at rest), so then the initial values for the state estimates x̂1,
x̂2 and x̂3 in (9) are set to 0. The initial value for α̂ was chosen tak-
ing into account the mean value for the pole positions in the standard
model (1) [17]. The initial value for γ̂ was chosen as 1. This choice is
equivalent to say that, during the initial part of the parameter adapta-
tion in the EKF, the relationship between e�ect concentration and NMB
response is approximately linear. In the EKF structure the derivative
of the nonlinearity around the current state estimates is taken at every
step (14). Hence, by this choice, the derivative of the nonlinear function
is approximately constant at the beginning of the parameter adaptation.
This results in the same feedback gain for all amplitude values, which is
bene�cial during the initial convergence after the bolus when the ampli-
tude varies much. In case the initial estimate of γ would be far from one,
the derivative of the Hill function would be very small except in a small
interval, increasing the probability of ill convergence of the algorithm.

Using simulations performed on the available real database P =
{(yi(t), ui(t))}i=1,...,60, it was found suitable to use

P (0| − 1) =


105 0 0 0 0
0 104 0 0 0
0 0 103 0 0
0 0 0 10−2 0
0 0 0 0 101

 . (15)

A similar empirical analysis was made on the same database P in
order to set the values for the covariance matrices R1 and R2. It was
assumed that a maximum of 10% of variation around the parameter



estimates was allowed. Hence, and according to the order of magnitude of
α̂ and γ̂, 10−2 and 100, respectively, the noise covariance terms associated
with these terms were E w2

α(kh) = (0.1×10−2)2 = 10−6 and E w2
γ(kh) =

(0.1 × 100)2 = 10−2 in R1. The covariance terms related to the states
of the system were set accordingly to these values, by the use of (2).
The value of the measurement error covariance R2 was tuned as to have
the desired �ltering of the output signal. The values for the covariance
matrices R1 and R2 were consequently set to:

R1 =


106 0 0 0 0
0 105 0 0 0
0 0 104 0 0
0 0 0 10−6 0
0 0 0 0 10−2

 , (16)

R2 = 103 . (17)

5 EKF Performance Evaluation

The purpose of the following section is to illustrate the practical per-
formance of the EKF algorithm for the model in (10) and (11) that
describes the e�ect of the muscle relaxant atracurium. Simulations were
performed using the real collected NMB cases in the database P.
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Figure 4: The real measured NMB data (in dashed line) plotted together
with the simulated output model response (in solid line), using the pa-
rameter estimates updated by the EKF algorithm, for case number 25
in the real database.

The EKF simulated output signal ŷm(t) (t = kh; k = 1, . . . , N ;
N being the number of recorded samples in each real case) and the



real measured NMB output signal y(t) for case number 25 in the real
database are illustrated in Fig. 4. The results show that the simulated
signal follows the real output throughout time, catching the behavior
of the measured signal in the initial bolus response (0 ≤ t < 10min),
recovery (10 ≤ t < t∗)), transient (t∗ ≤ t < 75min) and steady-state
(t ≥ 75min) phases, where t∗ is the time where the recovery after the
initial bolus is assumed to start. The algorithm was able to discard the
noise e�ects present in the measured NMB signal, giving rise to a �ltered
signal able to follow the real signal time evolution. This behavior is due
to the parameter estimates update provided by the EKF algorithm. The
evolution in time of the updated parameters α̂ and γ̂ are illustrated in
Fig. 5 and 6, respectively. At the beginning of the simulation there is a
signi�cant change in the updates in every iteration. However, afterwards
no signi�cant changes occur in the parameter estimates. Despite the fact
that the initial estimates for both parameters are far from the �nal ones,
the algorithm proved to be able to adapt both α̂ and γ̂.
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Figure 5: The estimates of parameter α updated by the EKF algorithm
for the case represented in Fig. 4.

These results show that the proposed EKF algorithm is capable of
accurately identifying the newly proposed Wiener model structure (Sec-
tion 3), minimally parameterized, for the drug e�ect in the NMB case
study.

In order to access if there is a loss of accuracy by using a minimally
parameterized model instead of a standard model to describe the NMB
input-output relation, the same identi�cation methodology was devel-
oped for the standard model in (1) and (1). The dimensions of matrices
in the EKF (8) were changed accordingly and the tuning was performed
in a similar way as for the reduced model. After running both approaches
of the EKF for all sixty real cases in the database P, the normalized mean
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Figure 6: The estimates of parameter γ updated by the EKF algorithm
for the case represented in Fig. 4.

square errors (MSE) were calculated as

εAi =
1

N∗i

tf∑
t=t∗

(yi(t)− ŷi(t))2 , {i = 1, ..., 60} , (18)

εBi =
1

N∗i

tf∑
t=t∗

(yi(t)− ŷmi (t))2 , {i = 1, ..., 60} , (19)

where N∗i is the number of time points between t∗ and tf (end of drug
infusion), in each ith record. In (18) ŷi(t) is the simulated NMB signal for
the ith case in the database P using the standard model in (1) and (1) to
set up the EKF structure. In (19) ŷmi (t) is the simulated NMB signal for
the ith case in the database P using the minimally parameterized model
in (2) and (3) to set up the EKF structure, as described in Section 4.
The results of the errors calculations are summarized in Table 1 by the
use of the mean, median, �rst and third quartiles value of the errors as
measures of central tendency, and the standard deviation as a dispersion
measurement of the errors.

Table 1: Results for the descriptive statistics applied to the normalized mean
square errors εAi and εBi , {i = 1, . . . , 60}, after running the EKF on both the
standard model (A) and the minimally parameterized model (B) for the NMB.

mean std 1st quant. med 3rd quant

A 0.1021 0.1106 0.0408 0.0709 0.1023

B 0.1142 0.1521 0.0266 0.0589 0.1153

According to Table 1, the descriptive statistics of the normalized MSE



obtained after running the EKF on both the standard and minimally
parameterized models gives similar results. According to this statistics,
the EKF based on the new minimally parameterized model gives rise to
identi�cation results as accurate as the ones obtained when the EKF is
derived for the standard model.

As a natural consequence of these results, it was hypothesized that if
the identi�cation performances are almost the same, one of the poles and
the zero in the standard model should cancel out or, at least, have values
close to each other. Hence, the values for the zero and poles of the linear
transfer function in the standard model (blocks 1, 2 and 3 in Fig. 1) were
calculated using the average value of each parameter estimate obtained
after the initial bolus recovery. The pole-zero map for case number 25
in the real database is shown in the middle plot of Fig. 7. The pole and
the zero closest to each other for each ith case in P (the ones that lay
inside the boxes in Fig. 7) correspond to:

pi = − 1

N∗i

tf∑
t=t∗

λ̂(t) , (20)

zi = − 1

N∗i

tf∑
t=t∗

â1(t) λ̂2(t) + â2(t) λ̂1(t)

â1(t) + â2(t)
, (21)

respectively.
The distance ∆i = |pi − zi| between pole pi (20) and zero zi (21)

for all sixty cases in the database P was calculated. The position of the
poles and zero for the cases with the minimum and the maximum value
of ∆ are shown in the bottom and upper plot of Fig. 7, respectively.

The results present in Fig. 7 show that there is actually one zero and
one pole close to each other when the standard model (1) and (1) is used
to describe the NMB input-output relation in the real records. This fact
is a further indication that the minimally parameterized model structure
retains the main characteristics of the system, with the advantage of
using few number of independent parameters.

6 Conclusion

This paper presented a new strategy of modeling and identi�cation of
physiological nonlinear Wiener systems. The example of NeuroMuscular
Blockade (NMB) was used. The newly developed minimally parameteri-
zed Wiener model for the e�ect of the muscle relaxant atracurium proved
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Figure 7: Pole-zero map for three cases in the database: case with
∆max = maxi=1,...,60 ∆i (upper plot), case number 25 in the database
(quantile 65 %) (middle plot) and case with ∆min = mini=1,...,60 ∆i (bot-
tom plot).

to satisfactorily describe the output signal behavior of the system, meet-
ing the parsimony principle of system identi�cation theory. An adaptive
system identi�cation strategy was also developed for the new proposed
model.

The most commonly used SISO model describing the e�ect of the
muscle relaxant atracurium for the control of the NMB relies on eight
parameters to be identi�ed. The typical atracurium administration pro-
�le (considered as the system input signal) as well as the limited amount
of experimental data in each case makes the identi�cation of the standard
model di�cult, as indicated by the parsimony principle of system identi�-
cation. As a consequence, and in order to avoid possible future problems
while developing control strategies for this application, a new minimally
parameterized third-order Wiener model was proposed with only two pa-
rameters to be identi�ed. An Extended Kalman Filter (EKF) was also
derived, aiming for the development of online system identi�cation rou-
tines to be implemented in control devices. The obtained identi�cation
results are good regarding parameter adaptation and measured signal
tracking, proving that the two parameters are su�cient to describe the
patients' inter- and intra-variability of nonlinear behaviors. Thus, the
newly proposed method proved to be adequate for the description of the
true system, even for the input signal present in this case study.

These results point to the possibility of further work on system iden-



ti�cation techniques for minimally parameterized models in anesthesia,
namely the adaptation of these algorithms to the Depth of Anesthesia
(DoA) case, using the Bispectral Index (BIS) signal. Further studies on
initialization algorithms as well as on the convergence properties of the
developed methods are also recommended to ensure a safe incorporation
of such system identi�cation strategies in anesthesia integrated control
platforms.

Acknowledgments

The authors would like to thank Fundação para a Ciência e Tecnolo-
gia who partially funded the research present on this paper through
the project IDeA (ref. PTDC/EEA-ACR/69288/2006) and the project
Galeno (ref. PTDC/SAU-BEB/103667/2008), and the Bernt Järmarks
foundation for the scienti�c research stipend. The research leading to
these results has also received funding from the European Research
Council under the European Community's Seventh Framework Programme
(FP7/2007-2013) / ERC grant agreement n. 247035.

References

[1] G. Widman, T. Schreiber, B. Redhberg, A. Hoeft, and C. E. Elger,
�Quanti�cation of depth of anesthesia by nonlinear time series anal-
ysis of brain electrical activity,� Physical Review, vol. 62, no. 4, pp.
4898�4903, 2000.

[2] M. M. R. F. Struys, E. W. Jensen, W. Smith, N. T. Smith, I. Rampil,
F. J. E. Dumortier, C. Mestach, and E. P. Mortier, �Performance of
the ARX-derived auditory evoked potential index as an indicator of
anesthetic depth: A comparison with Bispectral Index and hemo-
dynamic measures during propofol administration,� Anesthesiology,
vol. 96, pp. 803�816, 2002.

[3] J. Bruhn, H. Röpcke, and A. Hoeft, �Approximate entropy as an
electroencephalographic measure of anesthetic drug e�ect during
des�urane anesthesia,� Anesthesiology, vol. 92, pp. 715�726, 2000.

[4] P. S. Glass, M. Bloom, L. Kearse, C. Rosow, P. Sebel, and P. Man-
berg, �Bispectral analysis measures sedation and memory e�ects of



propofol, midazolam, iso�urane, and alfentanil in healthy volun-
teers,� Anesthesiology, vol. 86, pp. 836�847, 1997.

[5] S. Schraag, �Theoretical basis of target controlled anaesthesia: his-
tory, concept and clinical perspectives,� Best Practice and Research

Clinical Anaesthesiology, vol. 15, no. 1, pp. 1�17, 2001.

[6] T. Wigren, �Recursive prediction error identi�cation method using
the nonlinear Wiener model,� Automatica, vol. 29, no. 4, pp. 1011�
1025, 1993.

[7] H.-H. Lin, C. L. Beck, and M. J. Bloom, �On the use of multi-
variable piecewise-linear models for predicting human response to
anesthesia,� IEEE Trans. Biomed. Eng., pp. 1876�1887, Nov. 2004.

[8] H. Alonso, T. Mendonça, J. M. Lemos, and T. Wigren, �A sim-
ple model for the identi�cation of drug e�ects,� in Proc. IEEE In-

ternational symposium on Intelligent Signal Processing (WISP'09),
Budapest, Hungary, 2009, pp. 269�273.

[9] H. Alonso, T. Mendonça, and P. Rocha, �A hybrid method for para-
meter estimation and its application to biomedical systems,� Com-

puter Methods and Programs in Biomedicine, vol. 89, pp. 112�122,
2008.

[10] T. Wigren, MATLAB software for Recursive Identi�cation of

Wiener Systems - Revision 2. Uppsala, Sweden: Uppsala Uni-
versity, 2007.

[11] T. Söderström and P. Stoica, System Identi�cation. Hemel Hemp-
stead, UK: Prentice-Hall, 1989.

[12] Diprifusor: Target Controlled Infusion (TCI) in anaesthetic prac-

tice, AstraZeneca, Alderley House, Alderley Park, Maccles�eld,
Cheshire, UK, 1999.

[13] M. M. Silva, H. Alonso, J. M. Lemos, and T. Mendonça, �An adap-
tive approach to target controlled infusion,� in Proc. European Con-

trol Conference (ECC'09), Budapest, Hungary, 2009, pp. 418�423.

[14] T. Mendonça, J. M. Lemos, H. Magalhães, P. Rocha, and S. Esteves,
�Drug delivery for neuromuscular blockade with Supervised Multi-
model Adaptive Control,� IEEE Trans. Control Syst. Technol., pp.
1237�1244, Nov. 2009.



[15] K. Godfrey, Compartmental models and their application. Academic
Press, 1983.

[16] T. Mendonça and P. Lago, �PID control strategies for the automatic
control of neuromuscular blockade,� Control Engineering Practice,
vol. 6, no. 10, pp. 1225�1231, 1998.

[17] B. Weatherley, S. Williams, and E. Neill, �Pharmacokinetics, phar-
macodynamics and dose-response relationships of atracurium ad-
ministered i. v.� Br. J. Anaesth., vol. 55, pp. 39s�45s, 1983.

[18] P. Lago, T. Mendonça, and L. Gonçalves, �On-line autocalibration
of a PID controller of neuromuscular blockade,� in Proc. of the 1998

IEEE International Conference on Control Applications, Trieste,
Italy, 1998, pp. 363�367.

[19] M. M. Silva, T. Mendonça, and S. Esteves, �Personalized neuromus-
cular blockade through control: clinical and technical evaluation,�
in Proc. of the 30th Annual International Conference of the IEEE

Engineering in Medicine and Biology Society, Vancouver, Canada,
2008, pp. 5826�5829.

[20] K. J. Åström and B. Wittenmark, Computer-Controlled Systems.
Englewood Cli�s, NJ: Prentice Hall, 1984.

[21] M. M. Silva, T. Wigren, and T. Mendonça, �Nonlinear
identi�cation of a minimal neuromuscular blockade model
in anaesthesia,� Dept. Information Technology, Uppsala Uni-
versity, Uppsala, Sweden, Tech. Rep. 2009-023, Available:
http://www.it.uu.se/research/publications/reports/, Sept. 2009.

[22] B. Wahlberg, �System identi�cation using Laguerre models,� IEEE
Trans. Autom. Control, pp. 551�562, Jan. 1991.

[23] K. J. Åström and B. Wittenmark, Adaptive Control. Reading, MA:
Addison-Wesley, 1989.

[24] T. Söderström, Discrete-time Stochastic Systems. London, UK:
Springer-Verlag, 2002.





Paper II





Online nonlinear identi�cation of the

e�ect of drugs in anaesthesia using a
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Abstract

This paper addresses the problem of modeling and identi�ca-
tion of the Depth of Anaesthesia (DoA). It presents a new MISO
Wiener model for the pharmacokinetics and pharmacodynamics
of propofol and remifentanil, when jointly administered to pa-
tients undergoing surgery. The models most commonly used to
describe the e�ect of drugs in the human body are overparameter-
ized Wiener models. In particular, in an anaesthesia environment,
the high number of patient-dependent parameters coupled with the
insu�cient excitatory pattern of the input signals (drug dose pro-
�les) and the presence of noise make robust identi�cation strategies
di�cult to �nd. In fact, in such clinical application the user cannot
freely choose the input signals to enable accurate parameter iden-
ti�cation. A new MISO Wiener model with only four parameters
is hence proposed to model the e�ect of the joint administration
of the hypnotic propofol and the analgesic remifentanil. An Ex-
tended Kalman Filter (EKF) algorithm was used to perform the
nonlinear online identi�cation of the system parameters. The re-
sults show that both the new model and the identi�cation strategy
outperform the currently used tools to infer individual patient res-
ponse. The proposed DoA identi�cation scheme was evaluated in
a real patient database, where the DoA is quanti�ed by the Bis-
pectral Index Scale (BIS) measurements. The results obtained so
far indicate that the developed approach will be a powerful tool for
modeling and identi�cation of anaesthetic drug dynamics during
surgical procedures.



1 Introduction

The starting point for the mathematical modeling of physiological sys-
tems is usually the background knowledge of the chemical or physi-
cal laws present in such systems. In this sense, the deduced model
variables are meaningful and can easily be interpreted as masses, vol-
umes or even temperatures. The human response to the administration
of drugs in anaesthesia is a good example of this. In what concerns
depth of anaesthesia (DoA), the response for the administration of hyp-
notics and analgesics is commonly modeled as an high order pharmacoki-
netic/pharmacodynamic (PK/PD) Wiener model [1]. Here the parame-
ters to be identi�ed are compartment volumes, micro-constant rates for
mass transfers between compartments and drug clearances in the human
body.

System identi�cation theory states that the identi�ed model is a com-
promise between the richness of the data and the identi�ability of the
parameters [2]. The application of system identi�cation strategies to
identify each patient response to drug administration in anaesthesia is
a particularly complex issue. This is because a common feature of such
systems is the poor excitation, meaning that the input signals (admin-
istered drug doses) are not rich enough in frequency and amplitude to
excite all modes of the system [3], as it is usually modeled. This is so
since the data is obtained from the surgery room, where patient safety is
the prime concern. The tradeo� between complexity and identi�ability
is therefore addressed with minimal modeling in the present paper.

The e�ect of drugs in the human body can often be modeled by
a linear mixing dynamics, in cascade with a static nonlinear function
that describes the e�ect of the drug. As a consequence of this Wiener
structure (a linear block in series with a static nonlinearity [4]), the
prediction of human response to drugs cannot be accurately performed
by linear models [5, 6]. Moreover, and in order to address the problem
of having to deal with a model with many parameters, [7] presents a
simpli�cation of the model structure. In [7] it is also pointed out that
to obtain a good modeling of the response, a good estimation of the PK
model is needed. This fact gives rise to the problem of selecting the best
structure to model the real cases. This idea was further developed in [8],
where excellent results were obtained by nonlinear recursive identi�cation
of the neuromuscular blockade level using a two parameter model.

The contribution of this paper is to present a new method for non-
linear identi�cation of the e�ect of drugs in anaesthesia, by the use of



a new minimally parameterized Multiple-Input-Single-Output (MISO)
Wiener model. As expected, this approach leads to a model whose pa-
rameters have a reduced physiological meaning. However, even from the
clinical point of view, this is not a crucial issue since improved results
are achieved in what concerns parameter adaptation and output signal
tracking. Furthermore, continuous time parameters are estimated, a fact
that facilitates physiological interpretation.

The input signals consist of the dosage of propofol and remifen-
tanil. The human e�ect output signal used in the paper is the clinically-
validated electroencephalogram-derived Bispectral Index Scale (BIS) [9].
It can be noted that the BIS is at the focal point of anaesthesia research
today. Ranging from 100% (completely �awake� clinical state) to 0%
(isoelectric EEG) the BIS is widely used as an indicator of the DoA. In a
general surgery environment, the BIS should be kept between 40% and
60% to enable a faster emergence from anaesthesia [10] and a lower ad-
ministered drug dosage [11]. The combined administration of hypnotics
and analgesics for induction and maintenance of DoA is a common prac-
tice. The hypnotic is targeted to the loss of consciousness and prevents
awareness, while the analgesic is given to supress pain. Indeed, the clin-
ical advantage of this combined procedure is the synergistic increase in
the expected e�ects of both drugs based on the nonlinear concentration-
e�ect relationships of the individual agents [12]. This evidence is modeled
by a nonlinear interaction function between the two drugs.

The present paper is structured as follows. Section 2 describes the
state of the art of DoA modeling, while Section 3 presents both the
linear and nonlinear parts of the new minimally parameterized model
for the BIS response. In Section 4 the algorithm is derived, followed by
the presentation of results when applied to patient data in Section 5.
Conclusions follow in Section 6.

2 DoA: State of the art models

The most commonly used models in the literature to describe the PK and
PD of the propofol (hypnotic) and remifentanil (analgesic) e�ects in the
human body are described in this section. It should be stressed that these
models will not be the ones used for the development of the identi�cation
methodologies of this study. These models are discussed here to point
out the need for the development of new minimally parameterized models
to match the parsimony principle of system identi�cation [2].
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Figure 1: Mamillary model for both propofol and remifentanil PK

2.1 Linear part

The PK models describe mixing dynamics of the drugs in the di�erent
theoretical compartments of the human body [13]. Both for propofol
and remifentanil, a 3-compartment mammilary model is normally used
[14, 15]. As illustrated in Fig. 1, the drug (considered as the system
input) is intravenously administrated, entering in the main compartment
with infusion rate r(t) [mgml−1min−1]. The clearance of the drug,
modeled by an outer �ow of the main compartment k10 [min−1], and
the transfer coe�cients kij [min−1] from compartment i to j are patient
dependent parameters.

By direct deduction from mass balances between compartments, and
assuming that for each compartment i, a concentration xi(t) [mgml−1]
of drug is present, the state space representation that is commonly used
becomes

ẋ(t) =

ẋ1(t)ẋ2(t)
ẋ3(t)

 (1)

=

−(k10 + k12 + k13) k21
V2
V1

k31
V3
V1

k12
V1
V2

−k21 0

k13
V1
V3

0 −k31

x(t) +

1
0
0

 r(t),



where Vi [ml] represents the volume of compartment i.
The PD nonlinearity relates the drug concentration with the e�ect,

DoA, and has a �rst linear dynamic part approximated by a �rst order
di�erential equation [16]

ẋe(t) = ke0(x1(t)− xe(t)) , (2)

where ke0 is the inverse of the equilibrium time between the central com-
partment (compartment 1 in Fig. 1) and the e�ect compartment, and
xe(t) [mgml−1] is the e�ect compartment concentration (which cannot
be measured).

In clinical practice, population models are applied to infer the res-
ponse of each patient to a certain drug administration pro�le. For propo-
fol, the parameters from Marsh [17] or from Schnider [18] are usually
used, whereas for remifentanil, the parameters from Minto [15] are com-
monly applied.

2.2 Nonlinear interaction

This section describes the widely accepted nonlinear model for the in-
teraction between propofol and remifentanil [19]. It relates the e�ect
concentration of both drugs with the electroencephalographic parameter
values e.g. BIS. Both e�ect concentrations xprope (t) and xremie (t) are �rst
normalized with respect to their concentration at half the maximal e�ect
(ECprop50 and ECremi50 , respectively), i.e.

Uprop(t) = xprope (t)
ECprop

50
, Uremi(t) = xremi

e (t)

ECremi
50

. (3)

As mentioned before, since the interaction of propofol and remifen-
tanil is not purely additive, the potency of the drug mixture is modeled
as follows

φ =
Uprop(t)

Uprop(t) + Uremi(t)
, (4)

where, by de�nition, φ ranges from 0 (remifentanil only) and 1 (propofol
only). The nonlinear concentration-response relationship for any ratio
of the two drugs can then be described by a generalized Hill equation as

y(t) = y0

1−

(
Uprop(t)+Uremi(t)

U50(φ)

)γ
1 +

(
Uprop(t)+Uremi(t)

U50(φ)

)γ
 , (5)



where y0 is the e�ect at zero concentration, γ controls the steepness of
the nonlinear concentration-response relation, and U50(φ) is the number
of units associated with 50% of the maximum e�ect of both drugs at
ratio φ. In [19] a quadratic polynomial was proposed for the expression
of U50(φ) :

U50(φ) = 1− βφ+ βφ2 . (6)

In common clinical practice, the parameters γ, β, ECprop50 and ECremi50

and the linear parameters kij and ke0 of (1) and (2) are usually guessed
based on population model distributions and on the clinicians' expertise.
The result is a model depending on many continuous time parameters.

3 Minimally parameterized model

A new MISO Wiener model with a minimal number of parameters de-
scribing the joint e�ect of propofol and remifentanil in the human body
is presented in this section. Models are �rst built using a continuous-
time description and then sampled with a zero-order hold strategy. This
makes it possible to derive algorithms that estimate the underlying con-
tinuous time parameters, exploiting the intrinsic feature of having a min-
imal number of parameters.

3.1 Linear block

By inspection of the model structure, the plasmatic concentration (in
compartment 1 of Fig. 1) and the e�ect concentration coming from
population studies for both propofol [18] and remifentanil [15], a third-
order continuous time model is proposed for the linear dynamics of each
drug. It can be noted that this approach was also very successful in [8].

Propofol linear dynamics is hence modeled by

X̂prop
e (s, α) =

k1 k2 k3 α
3

(s+ k1 α) (s+ k2 α) (s+ k3 α)
Rprop(s), (7)

where X̂prop
e (s, α) is the Laplace transform of the output from the model

linear dynamic part for propofol x̂prope (t, α) and Rprop(s) is the Laplace
transform of the input signal rprop(t). The pole location α is selected as
the parameter to be identi�ed.

Remifentanil linear dynamics is similarly modeled by



X̂remi
e (s, η) =

l1 l2 l3 η
3

(s+ l1 η) (s+ l2 η) (s+ l3 η)
Rremi(s), (8)

where X̂remi
e (s, η) is the Laplace transform of the output from the model

for remifentanil x̂remie (t, η) and Rremi(s) is the Laplace transform of the
input signal rremi(t). The pole location η is selected as the parameter
to be identi�ed.

3.2 Nonlinear block

Using the model in (5) as starting point, a new formulation for the
nonlinearity is now proposed. According to (6),

Ûprop(t, α) + Ûremi(t, η)

U50(φ)
=
Ûprop(t, α) + Ûremi(t, η)

1− βφ+ βφ2
. (9)

Hence, to motivate the new model, consider |r| = |βφ − βφ2| to be
less than 1 and exploit the Taylor series expansion

1

1− r
= 1 + r + r2 + r3 + . . . (10)

Then, neglecting the high-order terms, and substituting φ according
to (4), it follows

Ûprop(t, α) + Ûremi(t, η)

U50(φ)
(11)

≈
(
Ûprop(t, α) + Ûremi(t, η)

)(
1 + β

Ûprop(t,α)

Ûprop(t,α)+Ûremi(t,η)

)
= Ûremi(t, η) + (1 + β) Ûprop(t, α)

= Ûremi(t, η) +mÛprop(t, α).

Here m = 1 + β is selected as one of the parameters to be identi�ed.
Furthermore, following (3),

Ûprop(t, α) = x̂prope (t,α)
ECprop

50
, Ûremi(t, η) = x̂remi

e (t,η)

ECremi
50

. (12)

Hence, (5) is substituted by the new formulation:

ŷ(t) =
y0

1 +
(
Ûremi(t, η) +mÛprop(t, α)

)γ . (13)



3.3 Total model

For the new proposed model several quantities are �xed or determined
o�ine. Similarly as in [8], the parameters ki and li, i = 1, . . . , 3 are
determined by the use of batch identi�cation over a large database of
patient data. The batch identi�cation is beyond the scope of this paper,
see [20] for details. Note that k1 = l1 = 1 needs to hold to get a unique
parameterization. The normalizing constants ECprop50 and ECremi50 are
also �xed (similarly to the work in [21]). When using BIS as the param-
eter to infer the DoA, y0 in the nonlinear block is equal to 97.7 due to
monitor restrictions.

The linear part of the system is then parameterized in the frequency
domain as (7) and (8) with the systems inputs being the propofol rate
rprop(t) and remifentanil rate rremi(t), respectively. After normalizing
the outputs of the linear part x̂prope (t, α) and x̂remie (t, η) with respect to
ECprop50 and ECremi50 (according to (12)), the model output ŷ(t) is ob-
tained through the nonlinear function (13). The total parameter vector
to be identi�ed is then

θ = (α η m γ) T . (14)

4 Recursive identi�cation algorithm: Extended

Kalman Filter

4.1 State-space model for EKF

Aiming to implement the proposed model structure in the Extended
Kalman Filter (EKF) algorithm, the discrete-time representation must
be written in state-space form. As an intermediate step, the representa-
tions (7) and (8) are transformed into a joint continuous time state-space
form (16) describing the linear dynamics of each drug.

Due to the fact that the synergistic interaction between propofol and
remifentanil of (12) is no more nonlinear, the linear state-space output
ẑ(t) will be the result from the linear weighted sum in (12)

ẑ(t) = Ûremi(t, η) +mÛprop(t, α). (15)

Hence, the continuous-time representation becomes

˙̂x(t) = A(α, η) x̂(t) +B r(t)
ẑ(t) = C(θ) x̂(t)

, (16)



with

A(α, η) =

(
Ap(α) 0 (3×3)

0 (3×3) Ar(η)

)
, (17)

where Ap(α) ∈ R3×3 is the system matrix for propofol (deduced from
(7)) and Ar(η) ∈ R3×3 is the system matrix for remifentanil (deduced
from (8)). In (16), B, r(t) and C(θ) are as following

B =

(
1 0 0 0 0 0
0 0 0 1 0 0

)T
, (18)

r(t) =
(
rprop(t) rremi(t)

)T
, (19)

C(θ) =
(

0 0 m k1k2k3α3

ECprop
50

0 0 l1l2l3η3

ECremi
50

)
. (20)

Finally, the nonlinear output is obtained from (13) as

ŷ(t) =
y0

1 + (ẑ(t))γ
. (21)

The main reason for the use of the EKF is the possibility to obtain
the parameter estimates along with system state estimates online. In
comparison with other recursive identi�cation techniques, it enables the
independent tuning using the covariance matrix of both the process and
measurement noise, thereby giving rise to an independent tuning of the
convergence speed for each parameter. To describe the EKF the general
discrete time nonlinear model

x̂(k + 1) = f(k, x̂(k), r(k)) + g(k, x̂(k)) v(k)

ŷ(k) = h(k, x̂(k)) + e(k) , (22)

is used, where v(k) and e(k) are mutually independent Gaussian white
noise sequences with zero mean and covariances given by R1(k) and
R2(k), respectively. The EKF algorithm can then be summarized as
follows [22]:



H(k) =
∂h(k, x)

∂x

∣∣∣∣
x=x̂(k|k−1)

K(k) = P (k|k − 1)HT (k)× [H(k)P (k|k − 1)HT (k) +R2(k)]−1

x̂(k|k) = x̂(k|k − 1) +K(k)[y(k)− h(k, x̂(k|k − 1))]

P (k|k) = P (k|k − 1)−K(k)H(k)P (k|k − 1)

x̂(k + 1|k) = f(k, x̂(k|k), r(k))

F (k) =
∂f(k, x)

∂x

∣∣∣∣
x=x̂(k|k)

(23)

G(k) = g(k, x)
∣∣
x=x̂(k|k)

P (k + 1|k) = F (k)P (k|k)FT (k) +G(k)R1(k)GT (k)

4.2 Discrete time model structural aspects

In order to implement the proposed EKF algorithm, the continuous-time
representation in (16) must be sampled. The zero-order hold method
[23] was used with sampling instant tk = kh. For BIS, h is usually
equal to 5 seconds. This value is dependent on the sampling rate of the
measurement devices. The discrete time model becomes

x̂(kh+ h) = Φ(α, η) x̂(kh) + Γ(α, η) r(kh)

ẑ(kh) = C(θ) x̂(kh)

ŷ(kh) =
y0

1 + (ẑ(kh))γ
(24)

Φ(α, η) = eA(α,η)h

Γ(α, η) =
∫ h
0 e

A(α,η)s dsB
. (25)

Here, r(kh) ∈ R2×1 is the input (piecewise constant drug dose infu-
sion for both propofol and remifentanil, according to (19)), x̂(kh) ∈ R6×1

the discrete model state-vector, ẑ(kh) ∈ R is the linear output (joint ef-
fect resulting from the interaction between the two drugs), Φ(α, η) ∈
R6×6 and Γ ∈ R6×1, being the sampled system matrices. The model
output is given by ŷ(kh).

A common strategy to enable the estimation of model parameters
with the EKF is the introduction of an augmented state [2]. Hence, the
model for the EKF estimation brings together the sampled model (24)
and a random walk model for the parameter estimates [2]. Using (14),



the augmented state vector becomes

x̂(kh+ h) =



x̂1(kh+ h)
...

x̂6(kh+ h)

x̂7(kh+ h)
...

x̂10(kh+ h)


=



x̂1(kh+ h)
...

x̂6(kh+ h)
α̂(kh+ h)

...
γ̂(kh+ h)


.

(26)

Hence, the augmented state-space model becomes

x̂(kh+ h) =

(
Φ(α, η) 0 (6×4)

0 (4×6) I

)(
x̂(kh)

θ̂(kh)

)
+

(
Γ(α, η)
0 (4×1)

)
r(kh) + w(kh)

≡


f1(kh, x̂(kh), r(kh))

f2(kh, x̂(kh), r(kh))
...

f10(kh, x̂(kh), r(kh))

+ w(kh)

≡ f(kh, x̂(kh), r(kh)) + w(kh) . (27)

ŷ(kh) =
y0

1 +
(
C(θ)x̂(kh)

)x̂10(kh)
≡ h(kh, x̂(kh)) + e(kh) , (28)

C(θ) = (C(θ) 0 0 0 0) . (29)

4.3 Linearization and Initialization

In the EKF algorithm structure (23), it is necessary to linearize both
f(k, x) and h(k, x). Both linearizations were performed analytically.
The formulas for F (kh) and H(kh) are not shown here due to their
complexity.

After having formulated all the quantities needed to set up the EKF,
the initial values for the variables must be speci�ed. The initial values



for the states were

x̂(0| − 1) =
(
0.0 0.0 0.0 0.0 0.0 0.0

0.2 0.2 0.6 1.0
)T (30)

Using simulations performed on the available database, it was found
that the diagonal matrix P (t|t− 1) could be initialized as

P (0| − 1) = diag
(
1002 102 12 1002 102 1

10 10 10 10
)

(31)

Performing a similar empirical analysis on the simulated signals, the
values for the diagonal covariance matrix R1 and the covariance matrix
R2 were set to

R1 = diag
(
10002 1002 102 10002 1002 102

102 102 102 102
)

(32)

R2 = 1010 (33)

5 Recursive signal tracking results

This section presents examples of the EKF performance applied to the
new minimally parameterized model in Section 3. Simulations were
performed using the real BIS measurements from patients undergoing
surgery. In these real cases in the database, the BIS signal was main-
tained around the level of 40. This was achieved by the action of the
anesthetist who changed the infusion rates of both drugs according to
the clinical goal.

The real measured BIS signal y(t) and the EKF simulated BIS signal
ŷ(t) are illustrated in Fig. 2. The results show that the EKF simulated
BIS signal tracks the real measured BIS signal excellently during the
total time-window of this case study. More importantly, when the real
BIS signal changes its behaviour, as at around minute 60, the estimated
model signal also tracks that behaviour. Sudden changes are also tracked
by the simulated signal, e.g. the rapid drop in the signal the occurs right
after this increase around minute 60. Furthermore, the algorithm is able
to discard the noise e�ects present in the measured BIS, giving rise to
a �ltered signal able to catch the main trends of the real signal. This
capability is obtained via the parameter estimates provided by the EKF



Figure 2: The real measured BIS data (dashed line) plotted together with
the simulated output model response (solid line), using the parameter
estimates of the EKF.

Figure 3: The estimates of parameters α (solid line), η (dashed line), m
(dotted line), and γ (in dashe-dotted line) updated by the EKF for the
identi�ed real case in Fig. 2.

algorithm. The time evolution of the parameter estimates (α̂, γ̂, m̂ and
γ̂) for this example are shown in Fig. 3. The input signals, propofol
and remifentanil rates, that were present in this real case are the ones
illustrated in Fig. 4.

It can be concluded from the plots that the new minimally paramete-
rized Wiener model (27), (28) accurately describes the nonlinear system
dynamics. By the use of the EKF strategy, model parameters can be
extracted from the real BIS measurements. The tracking performance is
excellent combining accurate modeling with very good noise suppression.



Figure 4: The propofol rate (dashed line) and remifentanil rate (solid
line) given to the patient with the measured BIS represented in Fig. 2.

6 Conclusions and future work

In this work, a new minimally parameterized MISO model for the hu-
man response to anaesthesia is designed. Furthermore, an online non-
linear identi�cation strategy of that response using real measurements
is proposed. The system inputs are the propofol (hypnotic drug) and
remifentanil (analgesic drug) infusion rates, and the output is the Depth
of Anaesthesia (DoA) quantitative measurement Bispectal Index Scale
(BIS). The new model satisfactory describes the input-output system be-
haviour, having its parameters updated by the Extended Kalman Filter
(EKF) identi�cation algorithm that was derived from the new model.

The new model and algorithm address the poor excitation, the few
output datapoints, and the high level of noise in the output signal. In
addition to the very good BIS tracking and noise �ltering achieved by
the proposed identi�cation algorithm, it can be noted that the parameter
estimates are quite stationary. This is a very strong indication that the
proposed minimal parameterization is in fact su�cient to describe the
dynamics of the system, using a system identi�cation perspective. This
also indicates that di�culties can be expected when the standard models
with many more parameters are used for identi�cation purposes, a fact
that has been reported in the literature. One other consequence of this
is that the obtained parameter estimates can be expected to be very
useful for controller design purposes, this being the ultimate goal for
this research.
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Prediction error identi�cation of

minimally parameterized Wiener models

in anesthesia

Margarida M. Silva

Abstract

Patient modeling is a necessary step towards the achievement of
successful control strategies that guarantee adequate drug dosing
in patients subject to anesthesia. In this paper, Prediction Error
Method algorithms for the identi�cation of Wiener models descri-
bing the e�ect of drugs in those patients are derived. The proposed
methods are general for cases where the e�ect of drugs in the
human body is modeled by pharmacokinetic/pharmacodynamic
models. In order to exemplify the performance of the proposed
Prediction Error Method algorithms a database with real records
collected from patients undergoing general anesthesia is used. The
two parameters of a SISO Wiener model describing the e�ect of
the muscle relaxant atracurium in the NeuroMuscular Blockade
are identi�ed. Regarding the Depth of Anesthesia, the four pa-
rameters of a MISO Wiener model describing the joint e�ect of
the hypnotic propofol and the opioid remifentanil in the Bispectral
Index are also identi�ed. The results show that the identi�ed pa-
rameters give rise to predicted output signals that follow the main
trends of the real signals, discarding the noise that highly corrupts
the measurements. This fact supports the use of these minimally
parameterized models to model the aforementioned systems since
they correctly describe the real dynamics of the systems.

1 Introduction

This paper presents Prediction Error Method (PEM) algorithms for
the identi�cation of minimally parameterized Wiener models in anes-
thesia. The proposed algorithms are general for cases where the re-
lationship between the amount of drug that is given to a certain pa-
tient and the observed e�ect is modeled by a Wiener structure, [1]: a
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linear mixing dynamics of the drug followed by a static nonlinearity
describing the measured e�ect. This is the case of most Pharmacoki-
netic/Pharmacodynamic (PK/PD) cascaded models, [2].

The choice of the model to describe the PK/PD e�ect of drugs in the
human body may strongly in�uence the performance of control strategies
for automatic drug administration, specially the ones that are intrinsi-
cally model-based. This idea goes in line with the parsimony principle
of system identi�cation theory and is strongly correlated with the new
models and identi�cation strategies proposed in this paper.

During general anesthesia, two variables that must be controlled,
among others, and that are usually described as Wiener models are the
NeuroMuscular Blockade (NMB) and the Depth of Anesthesia (DoA).
While the NMB quanti�es the level of muscle paralysis as consequence
of the administration of muscle relaxants, the DoA is related with the
loss of consciousness due to hypnotics and opioids administration. In
the clinical practice, the NMB is usually quanti�ed from one evoked
electromyogram (EMG) at the hand of the patient, [3], and ranges from
100% (�normal� state) to 0% (complete paralysis). For the DoA assess-
ment, the most widely accepted index in the focal point of anesthesia
research nowadays is the electroencephalogram(EEG)-derived Bispectral
Index (BIS), [4], scaled from 97.7 (awake EEG) to 0 (electrical silence),
[5].

The �rst contribution of this paper is hence to present PEM identi-
�cation algorithms for minimally parameterized Wiener models for the
NMB and the BIS. It should be stressed that the use of minimally para-
meterized models, [6, 7], is in the core of the developed PEM identi�ca-
tion strategies. The second contribution is to analyze the performance of
the proposed PEM algorithms in two databases of real records collected
in the surgery room.

The paper is organized as follows. Section 2 presents the minimally
parameterized models and the prediction error algorithms for both the
NMB (in section 2.1) and the BIS (in section 2.2). Section 3 shows the
identi�cation results obtained after running the prediction error algo-
rithms in NMB and BIS records collected in patients undergoing general
anesthesia. Section 4 draws the conclusions.
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Figure 1: Block diagram of the NMB SISO Wiener model. The signal
ya is not available for measurement.

2 The minimally parameterized models and the

PEM algorithms

This section presents the minimally parameterized Wiener models that
are used in this paper: a Single Input Single Output (SISO) model for
the NMB and a Multiple Input Single Output (MISO) model for the
BIS. Due to the cascade structure of the Wiener models it is generally
not possible to identify the linear dynamics independently of the static
nonlinearity, [1]. This is so because, from an input-output perspective,
only the product of the static gains of the two cascaded blocks is im-
portant. Hence, since independent parameterizations of the two blocks
are used, in order to reach a unique system parameterization, the static
gain must be �xed in one of the blocks. The linear dynamic block is
chosen for this purpose. The di�erential static gain is then estimated
by the parameters to be adapted in the nonlinear block. The param-
eter vector θ is hence partitioned as θ =

[
θTl θTn

]T where θl accounts
for the parameters to be identi�ed in the linear block and θn accounts
for the parameters to be identi�ed in the nonlinear block of the Wiener
model. The PEM algorithms for simultaneous identi�cation of the linear
dynamics and static nonlinearity are derived at the end of each one of
the following two subsections for both the NMB and the BIS.

2.1 The NeuroMuscular Blockade

The minimally parameterized model: The SISO Wiener model describing
the e�ect of the muscle relaxant atra-curium in the NMB (Fig. 1), [6],
is here characterized.

In frequency domain, the linear dynamics is modeled in continuous-
time by

Ŷ c
a (s, θl) =

k1 k2 k3 α
3

(s+ k1 α)(s+ k2 α)(s+ k3 α),
Ua(s), (1)

where Ŷ c
a (s, θl) is the Laplace transform of the continuous-time output
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ŷca(t, θl) of the linear dynamic block of the model; and Ua(s) is the
Laplace transform of the input signal ua(t) (atracurium infusion rate).
Here the parameter θl = α to be identi�ed describes the variability of
inter-patients' dynamics. Aiming for the best modeling, the constants
ki, {i = 1, 2, 3} are chosen as 1, 4, and 10, respectively, as in [6].

In order to implement the proposed NMBmodel structure in the iden-
ti�cation algorithm, the continuous-time representation (1) was sampled
using the zero-order hold method, [8], with frequency equal to 1/3 min−1.
This choice is due to the fact that, in the surgery environment, data from
NMB is acquired every 20 seconds. The corresponding discrete-time
model then becomes

ŷa(t, θl) =
B(q−1, θl)

A(q−1, θl)
ua(t), (2)

where ŷa(t, θl) is the output of the linear dynamic block of the model;
ua(t) is the piecewise-constant input signal; and q−1 denotes the back-
ward shift operator.

The static nonlinearity is mathematically represented by the Hill
equation, [9], as

ŷ(θn, ŷa(t, θl)) =
100Cγ50

Cγ50 + (ŷa(t, θl))γ
. (3)

Here the parameter θn = γ to be identi�ed adapts the shape or static dif-
ferential gain of (3); ŷ(θn, ŷa(t, θl)) is the output of the nonlinearity; and
C50 is a normalizing constant that is kept constant during simulations,
as in [6].

The PEM algorithm: The PEM determines

θ =
[
θTl θTn

]T
= [α γ]T (4)

so that the prediction error

ε(t, θ) = y(t)− ŷ(θn, ŷa(t, θl)) (5)

becomes as small as possible. Note that y(t) is the measured output
(NMB) and ŷ(θn, ŷa(t, θl)) is the predicted output based on the param-
eter vector θ.

The negative gradient ψ(t, θ) of the prediction error ε(t, θ) with re-
spect to the parameter vector that is needed to the PEM algorithms is
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given by

ψ(t, θ) = −
[
∂ε(t, θ)

∂θ

]T
=

[
∂ŷ(θn, ŷa(t, θl))

∂θ

]T
(6)

=

[
∂ŷ(θn, ŷa(t, θl))

∂ŷa(t, θl)

∂ŷa(t, θl)

∂α

∂ŷ(θn, ŷa(t, θl))

∂γ

]T
.

The criterion to be minimized in the search, [10], is

V (θ) =
1

N

N∑
t=1

ε2(t, θ), (7)

where N is the total number of data points.
The minimization of (7) is performed using the numerical Newton-

Raphson algorithm, [10],

θ̂(k+1) = θ̂(k) − β
(
V ′′(θ̂(k))

)−1
V ′(θ̂(k))T , (8)

where θ̂(k) denotes the kth iteration in the search and β is a diagonal
matrix used to control the step length. The derivatives of V (θ) can be
found as:

V ′(θ) = − 2

N

N∑
t=1

εT (t, θ)ψT (t, θ) , (9)

V ′′(θ) =
2

N

N∑
t=1

ψ(t, θ) ψT (t, θ)− 2

N

N∑
t=1

εT (t, θ)
∂

∂θ
ψT (t, θ)

≈ 2

N

N∑
t=1

ψ(t, θ)ψT (t, θ) . (10)

The approximation in (10) is justi�ed in [10] and is supported by the
fact that, at the global minimum point, ε(t, θ) becomes asymptotically
white noise which is independent of ψ(t, θ).

Regarding the linear block of the Wiener model, a projection al-
gorithm is needed to keep the model asymptotically stable. For this
purpose, the poles of the transfer function (1) are monitored at every
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iteration step by the use of the following projection algorithm for the
parameter α:

α(k+1) =

{
α(k+1), if α(k+1) > δ > 0

α(k), if α(k+1) ≤ δ
(11)

For the nonlinear block (3), it is necessary to assure that γ does not
reach negative values. The following projection algorithm was used for
the parameter γ:

γ(k+1) =

{
γ(k+1), if γ(k+1) > δ > 0

γ(k), if γ(k+1) ≤ δ
(12)

Both updates are hence stopped if the new parameter estimates are out-
side the feasible region.

The PEM for the identi�cation of the NMB can be summarized using
the formulas de�ned above:
for k = 0 to K

θ̂ = θ̂(k) ⇔
[
θ̂Tl θ̂Tn

]T
=
[
θ̂

(k)
l

T θ̂(k)
n

T
]T

ŷa(t, θ̂l) =
B(q−1, θ̂l)

A(q−1, θ̂l)
ua(t)

ŷ(θ̂n, ŷa(t, θ̂l)) =
100C γ̂50

C γ̂50 + (ŷa(t, θ̂l))γ̂

ε(t, θ̂) = y(t)− ŷ(θ̂n, ŷa(t, θ̂l))

∂ŷ(θ̂n, ŷa(t, θ̂l))

∂ŷa(t, θ̂l)
= −100C γ̂50 γ̂ ŷa(t, θ̂l)

γ̂−1

(C γ̂50 + ŷa(t, θ̂l)γ̂)
2

∂ŷa(t, θ̂l)

∂α̂
=
ŷa(t, θ̂l)

∣∣
α̂=α̂+∆α̂

− ŷa(t, θ̂l)
∆α̂

∂ŷ(θ̂n, ŷa(t, θ̂l))

∂γ̂
=

100C γ̂50 log(C50)

C γ̂50 + ŷa(t, θ̂l)γ̂
− 100C γ̂50

(C γ̂50 + ŷa(t, θ̂l)γ̂)
2

×
(

log(C50)C γ̂50 + log(ŷa(t, θ̂l)) ŷa(t, θ̂l)
γ̂
)

6



Figure 2: Block diagram of the BIS MISO Wiener model. The signals
yp and yr are not available for measurement.

ψ(t, θ̂) =

[
∂ŷ(θ̂n, ŷa(t, θ̂l))

∂ŷa(t, θ̂l)

∂ŷa(t, θ̂l)

∂α̂

∂ŷ(θ̂n, ŷa(t, θ̂l))

∂γ̂

]T

V ′(θ̂) = − 2

N

N∑
t=1

εT (t, θ̂)ψT (t, θ̂)

V ′′(θ̂) ≈ 2

N

N∑
t=1

ψ(t, θ̂)ψT (t, θ̂)

θ̂(k+1) = θ̂(k) − β
(
V ′′(θ̂(k))

)−1
V ′(θ̂(k))T

end
Note that a numerical di�erentiation is used because the mathemat-

ical expression for the derivatives of (2) with respect to α becomes very
complicated. The step ∆α̂ used for the di�erentiation is selected to be
su�ciently small.

2.2 The Bispectral Index

The minimally parameterized model: The MISO Wiener model descri-
bing the joint e�ect of the hypnotic propofol and the opioid remifentanil
in the BIS (Fig. 2), [7], is characterized here.

As explained in [7], a third-order continuous-time model is proposed
for the linear dynamics of both propofol and remifentanil.

Propofol linear dynamics is hence modeled in continuous-time by

Ŷ c
p (s, θl) =

d1 d2 d3 χ
3

(s+ d1 χ) (s+ d2 χ) (s+ d3 χ)
Up(s), (13)

7



where Ŷ c
p (s, θl) is the Laplace transform of the continuous-time output

ŷcp(s, θl) of the linear dynamic block of the model for propofol and Up(s)
is the Laplace transform of the input signal up(t) (propofol infusion rate).
The pole location χ is selected as the parameter to be identi�ed in (13).

Remifentanil linear dynamics is similarly modeled in continuous-time
by

Ŷ c
r (s, θl) =

l1 l2 l3 η
3

(s+ l1 η) (s+ l2 η) (s+ l3 η)
Ur(s), (14)

where Ŷ c
r (s, θl) is the Laplace transform of the continuous-time output

ŷcr(t, θl) of the linear dynamic block of the model for remifentanil and
Ur(s) is the Laplace transform of the input signal ur(t) (remifentanil
infusion rate). The pole location η is selected as the parameter to be
identi�ed in (14).

The constants di and li, {i = 1, 2, 3} were chosen as {d1 = 1, d2 =
9, d3 = 10} and {l1 = 1, l2 = 2, l3 = 3}, having been determined by the
use of batch identi�cation over a di�erent database of real BIS data, [11].
Consequently, the parameter vector θl becomes θl = [χ η]T .

In order to implement the proposed model structure in the PEM
algorithm, the continuous-time representations of (13) and (14) were
sampled using the zero-order hold method, [8], with frequency of 1/12
min−1. This value is dependent on the sampling rate of the measurement
devices of BIS. Consequently, the discrete-time outputs of the linear
dynamic blocks for propofol and remifentanil are, respectively,

ŷp(t, θl) =
D(q−1, θl)

C(q−1, θl)
up(t) , (15)

ŷr(t, θl) =
G(q−1, θl)

F (q−1, θl)
ur(t) . (16)

Using as starting point the standard model of [12] that describes the
e�ect of the interaction between propofol and remifentanil in the BIS, a
new formulation for the nonlinearity was proposed in [7]:

ŷ(θn, ŷp(t, θl), ŷr(t, θl)) =
y0

1 +
(
ŷr(t,θl)
EC50r

+m
ŷp(t,θl)
EC50p

)ζ . (17)

Here θn = [m ζ]T ; m and ζ are the parameters to be identi�ed in
the nonlinearity; EC50p and EC50r are propofol and remifentanil nor-
malizing constants, respectively, that were chosen in [7]; and y0 = 97.7
is the baseline value for BIS.
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The PEM algorithm: The PEM determines θ so that the prediction
error

ε(t, θ) = y(t)− ŷ(θn, ŷp(t, θl), ŷr(t, θl)) (18)

becomes as small as possible. Note that y(t) is the measured output
(BIS) and ŷ(θn, ŷp(t, θl), ŷr(t, θl)) is the predicted output based on the
parameter vector θ.

The gradient of the prediction error ε(t, θ) is given by

ψ(t, θ) = −
[
∂ε(t, θ)

∂θ

]T

=



∂ŷ(θn,ŷp(t,θl),ŷr(t,θl))
∂ŷp(t,θl)

∂ŷp(t,θl)
∂χ

∂ŷ(θn,ŷp(t,θl),ŷr(t,θl))
∂ŷr(t,θl)

∂ŷr(t,θl)
∂η

∂ŷ(θn,ŷp(t,θl),ŷr(t,θl))
∂m

∂ŷ(θn,ŷp(t,θl),ŷr(t,θl))
∂ζ


. (19)

The quadratic criterion (7) is used, being minimized by the Newton-
Raphson algorithm (8). The derivatives of V (θ) are calculated using (9)
and (10).

The restriction on the update of the estimates of χ and η are the same
as to α for the NMB in (11). The argument supporting this choice is the
same as before. Similarly, m and ζ follow the same projection algorithm
of γ in (12). According to [12], the interaction between propofol and
remifentanil is supradditive. As consequence, it is assumed that m in
(17) is lower bounded by zero. For ζ the argument is the same as for γ
in (12). Both updates are hence stopped if the new parameter updates
are outside the feasible region.

The PEM for the identi�cation of BIS can be summarized using the
formulas de�ned above:
for k = 0 to K

θ̂ = θ̂(k) ⇔
[
θ̂Tl θ̂Tn

]T
=
[
θ̂

(k)
l

T θ̂(k)
n

T
]T

ŷp(t, θ̂l) =
D(q−1, θ̂l)

C(q−1, θ̂l)
up(t)

9



ŷr(t, θ̂l) =
G(q−1, θ̂l)

F (q−1, θ̂l)
ur(t)

ŷ(θ̂n, ŷp(t, θ̂l), ŷr(t, θ̂l)) =
y0

1 +
(
ŷr(t,θ̂l)
EC50p

+ m̂
ŷp(t,θ̂l)
EC50r

)ζ̂
ε(t, θ̂) = y(t)− ŷ(θ̂n, ŷp(t, θ̂l), ŷr(t, θ̂l))

∂ŷp(t, θ̂l)

∂χ̂
=
ŷp(t, θ̂l)

∣∣
χ̂=χ̂+∆χ̂

− ŷp(t, θ̂l)
∆χ̂

∂ŷr(t, θ̂l)

∂η̂
=
ŷr(t, θ̂l)

∣∣
η̂=η̂+∆η̂

− ŷr(t, θ̂l)
∆η̂

ψ(t, θ̂) =



−y0 m̂ ζ̂

(
ŷr(t,θ̂l)

EC50p
+m̂

ŷp(t,θ̂l)

EC50r

)ζ̂−1

(
1+

(
ŷr(t,θ̂l)

EC50p
+m̂

ŷp(t,θ̂l)

EC50r

)ζ̂)2
∂ŷp(t,θ̂l)
∂χ̂

−y0 ζ̂
(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)ζ̂−1

(
1+

(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)ζ̂)2
∂ŷr(t,θ̂l)

∂η̂

−y0
ŷp(t,θ̂l)

EC50p
ζ̂

(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)ζ̂−1

(
1+

(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)ζ̂)2

−y0 log

(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)ζ̂
(

1+

(
ŷr(t,θ̂l)

EC50r
+m̂

ŷp(t,θ̂l)

EC50p

)ζ̂)2



V ′(θ̂) = − 2

N

N∑
t=1

εT (t, θ̂)ψT (t, θ̂)

V ′′(θ̂) ≈ 2

N

N∑
t=1

ψ(t, θ̂)ψT (t, θ̂)
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θ̂(k+1) = θ̂(k) − β
(
V ′′(θ̂(k))

)−1
V ′(θ̂(k))T

end
Note that a numerical di�erentiation is used because the mathemat-

ical expressions for the derivatives of (15) and (16) with respect to χ
and η become very complicated. The steps ∆χ̂ and ∆η̂ used for the
di�erentiation are selected to be su�ciently small.

3 Results

In order to evaluate the performance of the developed identi�cation
methods, the PEM algorithms were applied to all real records in the
NMB and BIS databases.

3.1 Real databases: clinical data

The NMB database has 60 records of patients subjected to general anes-
thesia during abdominal interventions where the NMB was controlled
in closed-loop, [13]. The muscle relaxant atracurium was intravenously
administered to the patients to keep the NMB around 10% after the
induction phase. For the induction a bolus of 500 µg.kg−1 was used.
Patients were 32 male, 28 female, 60±16 years, 67.9± 11.8 kg.

The BIS database has 25 records of patients subjected to general
anesthesia during abdominal interventions. During surgery the DoA was
manually controlled by the anesthetist by the administration of propofol
and remifentanil and having as target a BIS between 40 and 65 during
maintenance. Patients were 10 male, 15 female, 61± 16 years.

3.2 Identi�cation results

For the NMB records, K = 20000, β has 0.1 and 1 as the diagonal
elements (to allow di�erent convergence rates to α and γ in the parameter
vector θ) and θ̂(0) = [0.5 2.0]T . It should be noted that for both the
NMB and BIS cases, the number of iterations K was chosen to ensure
convergence of the parameter estimates.

A representative example of the obtained results after applying the
PEM algorithm described in section 2.1 to the NMB records is shown
in Fig. 3. It is clear from the upper plot that the predicted signal
ŷ(θ̂n, ŷa(t, θ̂l)) captures the main trends of the real signal y(t), discarding
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Figure 3: Identi�cation results for record number 25 in the NMB
database. Upper plot: the real measured NMB y (dashed line) and the
predicted output model response ŷ (solid line); lower plot: administered
atracurium dose (note that the scale in the yy-axis is split).
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Figure 4: Parameter estimates generated by the PEM algorithm for
record number 25 in the NMB database (note that the parameter es-
timates converge before 2000 iterations and the remaining iterations are
not shown).

the noise and the outliers present in the measurements. The predicted
signal is obtained by simulating the system with the parameter estimates
obtained in the last iteration of the PEM: θ̂(K) = [0.0439 2.53]. The
parameter estimates update until convergence is shown in Fig. 4.

For the BIS records, K = 200000, β has 0.01, 0.01, 0.5 and 0.3
as the diagonal elements and θ̂(0) = [0.4 0.8 1.5 1.0]T . The identi-
�cation results obtained after applying the PEM described in 2.2 to
record number 9 in the BIS database are present in Figs. 5-7. Fig. 6
shows the input signals (administered propofol and remifentanil doses)
of this real record and Fig. 7 shows the parameter estimates generated
by the PEM algorithm. As it is clear in Fig. 5, the parameter estimates
θ̂(K) = [0.0594 0.4488 0.1626 6.131]T obtained at the end of the simu-
lations give rise to a predicted BIS that follows the global behavior of the
real BIS. Here the presence of noise corrupting the real measurements
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Figure 5: Identi�cation results for record number 9 in the BIS database:
the real measured BIS y (dashed line) and the predicted output model
response ŷ (solid line).
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Figure 6: Administered propofol (upper plot) and remifentanil (lower
plot) doses to patient of record number 9 in the BIS database (note that
the scales in the yy-axis are split).

is highly visible. This supports the need of using a good model of the
system able to describe the main characteristics of the real input-output
relationship in a system identi�cation perspective. These results show
that the proposed minimally parameterized MISO model for the BIS
and the developed PEM identi�cation algorithm characterize well the
nonlinear dynamics of the real system.

4 Conclusions

This paper presents Prediction Error Method (PEM) algorithms for the
identi�cation of minimally parameterized Wiener models in anesthesia,
namely for the NeuroMuscular Blockade (NMB) and the Bispectral In-
dex (BIS). Records collected from patients undergoing general surgery
are used to exemplify the performance of the proposed algorithms. The
results show that the predicted signals, using the parameter estimates
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Figure 7: Parameter estimates generated by the PEM algorithm for
record number 9 in the BIS database (note that the parameter esti-
mates converge before 2000 iterations and the remaining iterations are
not shown).

given by the PEM, capture the main behavior of the real signals, discard-
ing the noise present in the real measurements, as desired. This indicates
that the minimally parameterized Wiener models successfully describe
the input-output relationship of the real systems. Moreover, the good
results indicate that the developed PEM algorithms may be considered
useful tools to identify the parameters present in these Wiener models.

The minimally parameterized models are hence expected to provide
even better predictions of the system when used in recursive identi�ca-
tion algorithms. The knowledge of the models structures and parameters
taken from these o�ine experiments will be very useful to the develop-
ment of those recursive algorithms, suitable to be incorporated in real-
time control platforms for automatic drug dosing in patients undergoing
anesthesia.
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Nonlinear adaptive control of the

NeuroMuscular Blockade in anesthesia

Margarida M. Silva, Teresa Mendonça and Torbjörn Wigren

Abstract

This paper presents a nonlinear adaptive control strategy based
on the Wiener model for control of the NeuroMuscular Blockade
in anesthesia. The structure combines the inversion of the static
nonlinearity present in the Wiener model with a pole-placement
controller for the linearized system. The overall strategy exploits
identi�cation of a minimally parameterized model for the descrip-
tion of the e�ect of the muscle relaxant atracurium in the Neu-
roMuscular Blockade. An Extended Kalman Filter was developed
for that purpose, providing estimates of the model parameters for
both the linear controller and the blocks where the inversion of the
static linearity is performed. Simulations were run in a database
of 100 patients simulated with the standard physiologically-based
pharmacokinetic/pharmacodynamic model for the NeuroMuscular
Blockade. The results show that the nonlinear adaptive controller
performs well regarding reference following and tackles changes in
the patient's dynamics. Noisy scenarios were also simulated to test
the robustness of the proposed strategy.

1 Introduction

Regardless of the �eld of application, the development of any control
strategy comprises several main tasks, namely, system modeling, design
of a control law, implementation and validation. Having a good mathe-
matical model of the system becomes more and more important as the
complexity of the system to be controlled increases. In biomedical appli-
cations, due to the strong parameter variability from patient to patient
this requirement is particularly demanding. Moreover, since the patient
dynamics may change during the time-course of the control action, an
adaptive control strategy is a natural choice when dealing with control
of a particular human response to external or internal excitation.



This paper presents a nonlinear adaptive control strategy, based on
the Wiener model, for control of the NeuroMuscular Blockade (NMB)
in anesthesia. The Wiener model consists of linear dynamics in cascade
with a static nonlinear function [1]. In the anesthesia �eld this structure
is frequently present when modeling the e�ect of drug administration in
the human body e.g. for the NMB or the Bispectral Index (BIS). Accor-
ding to this structure an initial dynamic mixing of the administered drug
is present in the di�erent theoretical compartments of the human body
[2], being followed by a static transduction from the concentration of the
drug in the e�ect site to the observed clinical e�ect [3]. Even though
nonlinear, some advantages result from the fact that the nonlinearity is
static. In particular, in controllers for Wiener type models a common
strategy is to apply the inverse of the nonlinearity to the reference signal
and to the measured output signal, and to design linear controllers for
the obtained signals afterwards [4]. The main contribution of this paper
presents a combination of this structure with adaptivity. The overall
strategy also exploits the recursive identi�cation of a new minimally pa-
rameterized model for the e�ect of the muscle relaxant atracurium in
the NMB [5, 6]. This is of central importance since the excitation prop-
erties of the input (atracurium dose pro�le) are known to be poor and
the number of output datapoints (NMB measurements) is small. Good
results are expected to be achieved with this strategy since the main
drawback of identifying and controlling an overparameterized model is
not present.

Section 2 describes the NMB minimally parameterized model used
for the system modeling and the identi�cation strategy, an Extended
Kalman Filter (EKF). Section 3 presents the main features of the adap-
tive control strategy while section 4 shows the results of running the
proposed strategy in a database of 100 simulated patients. Section 5
draws the conclusions.

2 The model and the identi�cation algorithm

2.1 The minimally parameterized model for the NMB

A Single Input Single Output (SISO) nonlinear Wiener model (Fig. 1)
describing the e�ect of the muscle relaxant atracurium in the NMB is
presented here. It should be emphasized that the choice of this model
with a minimal number of parameters to model the relationship between
the drug and the measured e�ect is crucial for the success of the present



Figure 1: The nonlinear Wiener model. The signal yml is not available
for measurement.

adaptive control strategy [5, 6]. Moreover the units of the input and
output in this minimally parameterized model comply with the standard
clinical units [7].

The linear dynamic part of the model was �rst constructed in continuous-
time and then sampled with a zero-order hold strategy [8] which en-
ables the derivation of an EKF algorithm to estimate the underlying
continuous-time parameters to be used by the adaptive controller.

In the frequency domain, the linear part of the model may be sum-
marized by the transfer function

Y m
l (s, α) =

k1 k2 k3 α
3

(s+ k1 α)(s+ k2 α)(s+ k3 α)
U(s), (1)

where Y m
l (s, α) is the Laplace transform of the continuous-time output

yml (t, α) of the linear dynamic part of the model and U(s) is the Laplace
transform of the input signal u(t) in Fig. 1. Here the parameter α to
be identi�ed describes the inter-patients' dynamics variability. Aiming
for the best modeling, the parameters ki, {i = 1, 2, 3} must be chosen,
noting that k1 = 1 needs to hold to get a unique parameterization. A
brute force search on the available real database was performed in [9].
The combination k2 = 4 and k3 = 10 was the one that minimized the
normalized error between the real and the simulated NMB signals for all
cases in the real database. The constants k2 and k3 are �xed to 4 and 10,
respectively, in all simulations that give rise to the results of this paper.

The static nonlinearity is modeled by the Hill equation [7]

r : (γ, yml (t, α)) ∈ ]0,+∞[× [0,+∞[

7−→ ym(t) = r(γ, yml (t, α)) ∈ ]0, 100] ,

where

r(γ, yml (t, α)) =
100Cγ50

Cγ50 + (yml (t, α))γ
. (2)



Here γ is the parameter to be identi�ed; r(·, ·) is a known static
nonlinear function; ym(t) is the output of the nonlinearity; yml (t, α) is the
continuous-time output of the linear dynamic part of the model (1); and
C50 is a normalizing constant that is kept constant during simulations,
similarly to [5].

Due to the Wiener model cascade structure, and as stressed in [1],
only the product of the small signal static gains of the two cascaded
blocks is important from an input-output point of view. Noting that
the linear part (1) contributes with a unity gain for the whole system,
the di�erential static gain must be estimated by the parameter γ to be
adapted in the nonlinear part (2). At the same time, γ adapts the shape
or nonlinear static di�erential gain of (2). The parameter vector to be
identi�ed in the EKF structure is then selected as θ = [α γ] T . Hence
only two parameters are estimated.

2.2 Identi�cation: the EKF algorithm

In order to implement the model structure (1), (2) in the EKF algorithm,
the continuous-time representation (1) was sampled using a zero-order
hold method [8].

The discrete-time model becomes{
x(kh+ h) = Φ(α)x(kh) + Γ(α)u(kh)
yml (kh, α) = C(α)x(kh)

, (3)

where
Φ(α) = eA(α)h

Γ(α) =
∫ h
0 e

A(α)s dsB(α)
. (4)

Here, u(kh) ∈ R is the input (piecewise constant atracurium dose),
x(kh) ∈ R3×1 is the discrete-time state-vector, yml (kh, α) ∈ R is the
discrete-time output of the linear block, Φ(α) ∈ R3×3 and Γ(α) ∈ R3×1

are the sampled system matrices, and A(α) ∈ R3×3 and B(α) ∈ R3×1 are
the continuous-time system matrices. Note that the k′is, {i = 1, 2, 3} are
not shown explicitly in (3) since they are �xed in the simulations, prior
to (2). Due to the fact that in the surgery environment, data from NMB
is monitored and acquired every 20 seconds to ensure that all the nerve
�bers are recruited every time a electrical stimulation is performed, the
zero-order hold method is applied using h = 1/3 min−1.

The sampling does not a�ect the nonlinear block, hence (2) can be



used as it is. The model output is then given by:

ym(kh) = r(γ, yml (kh, α)) =
100Cγ50

Cγ50 + (yml (kh, α))γ
. (5)

To describe the EKF, the underlying general discrete-time nonlinear
model is assumed to be

x̂(t+ 1) = f(t, x̂(t), u(t)) + g(t, x̂(t)) v(t)

ŷ(t) = h(t, x̂(t)) + e(t) , (6)

where v(t) and e(t) are mutually independent Gaussian white noise se-
quences with zero means and covariances R1(t) and R2(t), respectively.
The EKF algorithm can then be summarized as follows (cf. e.g. [10]):

H(t) =
∂h(t, x)

∂x

∣∣∣∣
x=x̂(t|t−1)

K(t) = P (t|t− 1)HT (t)

× [H(t)P (t|t− 1)HT (t) +R2(t)]
−1

x̂(t|t) = x̂(t|t− 1) +K(t)[y(t)− h(t, x̂(t|t− 1))]

P (t|t) = P (t|t− 1)−K(t)H(t)P (t|t− 1)

x̂(t+ 1|t) = f(t, x̂(t|t), u(t))

F (t) =
∂f(t, x)

∂x

∣∣∣∣
x=x̂(t|t)

(7)

G(t) = g(t, x)
∣∣
x=x̂(t|t)

P (t+ 1|t) = F (t)P (t|t)F T (t) +G(t)R1(t)G
T (t)

To enable the estimation of the model parameters with the EKF, a
coupled identi�cation model is de�ned. The model merges the sampled
model (3) and a random walk model for the parameter estimates [11].
The resulting augmented state vector (denoted by x) becomes

x(kh) = [x1(kh) x2(kh) x3(kh) α(kh) γ(kh)]T . (8)

Using (8), the extended state-space model is the following:

x̂(kh+ h) =

[
Φ(α̂(kh)) 03×2

02×3 I

]x̂(kh)
α̂(kh)
γ̂(kh)

+

+

[
Γ(α̂(kh))

02×1

]
u(kh) +

vx(kh)
vα(kh)
vγ(kh)





≡

f1(kh, x̂(kh), u(kh))
...

f5(kh, x̂(kh), u(kh))

+ v(kh)

≡ f(kh, x̂(kh), u(kh)) + v(kh) , (9)

ŷm(kh) =
100C

γ̂(kh)
50

C
γ̂(kh)
50 + (C(α̂(kh))x̂(kh))γ̂(kh)

+ e(kh)

≡ h(kh, x̂(kh)) + e(kh) , (10)

C(·) = [C(·) 0 0] . (11)

In the EKF algorithm structure (7) it is necessary to linearize both f(t, x)
and h(t, x). The linearization of f(kh, x̂(kh), u(kh)) in (9) was performed
analytically. The formula for F (kh) is not shown here due to its complex-
ity. The linearization of h(kh, x̂(kh)) in (10) was performed numerically
in order to reduce the computational complexity of the calculations:

H(kh) =
h(kh, x̂(kh) + ∆x̂(kh))− h(kh, x̂(kh))

∆x̂(kh)
,

where ∆x̂(kh) is the step for the di�erentiation and is chosen to be small.

3 The adaptive controller

3.1 Structure

The structure of the adaptive controller proposed in this paper is shown
in Fig. 2 and comprises three main tasks that are performed by order at
each time step: online identi�cation of the model parameters by the EKF,
inversion of the nonlinearity using the current estimate of the nonlinear
parameter and linear adaptive control. The use of the online identi�ed
model parameters to linearize the Wiener model and to calculate the
linear control law determines the adaptivity nature of this controller.

3.2 Inversion

Both the measured NMB from the patient (output y) and the reference
value yref are �rst inverted through r−1(·, ·) [4] using the current esti-
mate of γ provided by the EKF identi�cation block. It should be stressed



Figure 2: Adaptive controller for the NMB minimally parameterized
Wiener model.

that r(·, ·) is a bijective function and both y and yref in Fig. 2 lay in-
side [0, 100] as consequence of monitoring restrictions of the NMB in the
clinical practice. Moreover, as a result of a projection algorithm in the
EKF structure [5], γ̂ is also lower-bounded. Due to this, and consider-
ing the domains a�ecting r(·, ·) (2), no problems arise in this inversion.
Ideally, when γ is accurately estimated and no disturbances are present,
r(γ̂, ·) is a perfect model of the static nonlinearity and the loop becomes
linear. The static nonlinearity of the system is then canceled exactly by
r−1(γ̂, ·) which means that the output of the linear block of the Wiener
system appears directly as input for the linear controller. The linear part
of the controller is therefore designed to control the output of the linear
dynamic part of the Wiener type system as if there was no static nonli-
nearity. For the linear control a continuous-time pole placement strategy
with integral action is used [4]. This allows the linearized control error
to be regulated away. This then also regulates away di�erences between
the reference yref and the output y since the same inverting function is
applied to both these signals.

3.3 Linear Control Design

According to (1), and following the notation in [4], pp. 93, the patient
continuous-time linear dynamics is given by

A(s) ŷml (t) = B(s)u(t) + w(t) , (12)

where A(s) = (s + k1 α)(s + k2 α)(s + k3 α), B(s) = k1 k2 k3 α
3, and

w(t) is a disturbance. The idea is to require that the response from
the command signal ŷrefl (t) (here being the linear reference signal to be



followed) to the output ŷml (t) be described by the dynamics

Am(s) ŷml (t) = Bm(s) ŷrefl (t) . (13)

with Am(s) = (s + pm1)(s + pm2)(s + pm3) and Bm(s) = bm0 since deg
Am(s) = deg A(s) and deg Bm(s) = deg B(s).

The admissible control laws enabling the achievement of such require-
ments are given by [4], pp. 93,

R(s)u(t) = T (s) ŷrefl (t)− S(s) ŷml (t) . (14)

In order to design such a causal control law, a factorization of B(s)
must be performed as B(s) = B+(s)B−(s), where B+(s) is a monic
polynomial whose zeros are stable and B−(s) corresponds to unstable
or poorly damped factor that cannot be canceled. Due to the fact
that there are no process zeros to be canceled in (12), B+(s) = 1 and
B−(s) = B(s). Since deg B(s) = deg Bm(s) = 0, Bm(s) = β B(s)
where β = Am(0)/B(0). The closed-loop characteristic polynomial is
Ac(s) = Ao(s)Am(s) with Ao(s) = (s+ po1)(s+ po2), and the Diophan-
tine equation to be solved with respect to the unknowns R(s) and S(s)
becomes [4], pp. 94,

A(s)R(s) +B(s)S(s) = Ac(s) = Ao(s)Am(s) . (15)

As in [12], and since the adaptive controller applies the same invert-
ing transformation to the measured output y and to the reference value
yref , the controlled output will approach any constant reference setpoint
provided that the controller has integral action, and that the closed loop
remains stable. To enforce stability in practice, the closed-loop poles are
kept in the stable region by a parameter projection into the set of stable
models, cf. e.g. [1]. The condition of having integral action in the con-
troller aims to regulate away any static error that may be present in the
controlled signal ŷml (t). This static error regulation is captured by assum-
ing that the disturbance w(t) in (12) is generated by Ad(s)w(t) = e(t),
where e(t) is continuous-time white noise and Ad(s) = s. In terms of
pole placement controller design this means that an additional stable
closed-loop pole X(s) = s + x0 has to be added to the adaptive con-
troller structure [4], pp. 124. The new polynomial R0(s) will be given
by R0(s) = Ad(s)R

0′(s). Hence, if R(s) and S(s) are solutions to (15),

R0(s) = X(s)R(s) + Y (s)B(s) (16)

S0(s) = X(s)S(s)− Y (s)A(s) (17)



will satisfy [4], pp. 123,

A(s)R0(s) +B(s)S0(s) = X(s)Ac(s) . (18)

From (16) it follows that

R0(s) = sR0′(s) = (s+ x0)R(s) + y0B(s) , (19)

with x0 to be chosen and Y (s) = y0 obtained by making s = 0 in (19):

y0 = −x0R(0)

B(0)
. (20)

Inserting X(s) and y0 into (16) and (17) the new controller is found.
The complete control law is then given by

R0(s)u(t) = T (s) ŷrefl (t)− S0(s) ŷml (t) , (21)

resulting in a closed-loop system of order 6.

3.4 Anti-windup

Due to the nature of the problem to be solved, u(t) must be nonnega-
tive and below a prede�ned maximum umax. Moreover, knowing that
controllers with integral action may perform poorly in the presence of
actuators that saturate [4], pp. 128, the control law (21) was further
augmented with an anti-windup strategy (depicted in Fig. 2). Rewrit-
ing (21) in the observer form and describing the saturation in the input
as

ū(t) =


0, if u(t) < 0

u(t), if 0 ≤ u(t) ≤ umax ,
umax, if u(t) > umax

(22)

the control law avoiding windup is then given by [4], pp. 456,

A0(s)u(t) = T (s) ŷrefl (t)− S0(s) ŷml (t) (23)

+(A0(s)−R0(s))ū(t) .

The control law (23) was discretized using the zero-order hold method
in [8] to obtain the drug dose to be given to the simulated patient in each
time instant.



4 Simulation results

A number of simulations were carried out to test the performance of
the proposed nonlinear adaptive controller. Each simulated patient was
chosen from a bank of 100 models that was randomly generated in [13] as-
suming a lognormal probability distribution for the 8 parameters present
in the standard physiologically-based Pharmacokinetic/Pharmacodynamic
(PK/PD) model. Following clinical procedures, a bolus of atracurium
(500µg kg−1) was assumed to be given to each simulated patient at t = 0
min, making the NMB to drop from its initial value of 100% to a value
around 0% in less than 10 minutes after administration.

The design of the adaptive strategy is such that the controller is only
turned on at the beginning of the recovery from the initial bolus (t ≈ 30
min [14]). This patient-dependent time instant is calculated online by
the OnLine tuned Algorithm for Recovery Detection [15] that is coupled
to the adaptive controller structure (not shown in Fig. 2).

For simulation purposes, the EKF is initialized as in [6] with

x̂(0| − 1) = [0 0 0 0.03 1]T . (24)

The value of R2 is chosen as di�erent from [6] and varies depending
on the scenario for simulation, among the three that were tested.

Example 1: The �rst scenario assesses the nonlinear adaptive con-
troller performance in a noiseless situation. Here R2 = 103. The refer-
ence pro�le yref (t) to be followed is a square wave of amplitude 0.5%
around the setpoint of 10% with period equal to 60π. Some simulation
results for case number 98 in the database for this �rst scenario are pre-
sented in Fig. 3. The roots of polynomials Am(s), Ao(s) and X(s) are
chosen such that the output signal of all cases in the database behave
similarly and are −0.7, −0.6, −0.3, −0.8, −0.4, and −0.8, respectively.
In Fig. 3(a) and 3(b) it is clear that the output signal y(t) follows the
reference yref (t). The static error present at the beginning of the sim-
ulation is regulated away with time, as expected due to the presence
of integral action in the controller. This reference tracking is possible
due to the control signal shown in Fig. 3(c). The peaks of dose exist
whenever the reference changes, being in the admissible range of drug
administration for atracurium. The parameter estimates for this case,
calculated by the EKF are shown in Fig. 3(d) and 3(e).

Example 2: The adaptive capability of the designed adaptive con-
troller is evaluated in the second simulation scenario. The parameters
of the standard physiologically-based PK/PD model of case number 98
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Figure 3: Results for case number 98 in the database using the nonlinear
adaptive controller with pm1 = 0.7, pm2 = 0.6, pm3 = 0.3, po1 = 0.8,
po2 = 0.4, and x0 = 0.8. The star mark in the x -axis indicates the time
instant when the controller started.



in the model bank are used to simulate the patient until t = 333 min.
After that, the parameters of the simulated patient model are changed
of 20%. It is expected that the controller tackles this change in the
model parameters, still following the reference signal yref (t) (constant
in a level of 10%). The pole locations of the controller are the same as in
Example 1. As it is clear in Fig. 4(a) the output signal y(t) tracks the
reference yref (t) after the controller is turned on. The adaptation of the
controller to the new patient parameters is shown in Fig. 4(b) through
one instantaneous change in the control action around minute 333. This
is consequence of the signi�cative change in the parameters estimates
provided by the EKF as adaptation to the new conditions (Fig. 4(c) and
4(d)).

Example 3: The third scenario aims to access the performance of the
nonlinear adaptive controller in the presence of noise. At this stage, a
NMB record from a typical real patient was chosen from a database of
cases previously collected in the surgery room [5, 9]. The EKF algorithm
described in [6] was applied to this case and the residuals obtained after
this identi�cation step are used as the noise vector to be added to the
output signal in simulation. Due to the presence of noise, the value of R2

associated with the error in the output signal is chosen as 2×103. In the
simulations whose results are shown in Fig. 4 the roots of polynomials
Am(s), Ao(s) and X(s) are −0.7, −0.6, −0.05, −0.8, −0.4, and −0.1,
respectively; x0 takes the value of 0.1 in order to smooth the control
action. In Fig. 5(a) it is clear that the output signal y(t) follows the
reference signal yref (t), constant in 10%. The oscilation in the output
signal after the controller is turned on (with maximum value of 12% and
minimum of 7%) is clinically accepted. The control signal u(t) in this
example is displayed in Fig. 5(b) and the parameter estimates obtained
by the EKF in Fig. 5(c) and 5(d).

These results show the ability of the developed nonlinear adaptive
controller in steering the NMB (output signal) to a desired reference,
tracking a certain constant or varying pro�le. The proposed controller
structure, taking advantage of the identi�cation of the minimally para-
meterized model for the NMB [6], is also able to deal with parameter-
varying systems, as Fig. 4 indicates. Equally important is the good
performance of the nonlinear adaptive controller in the presence of mea-
surement noise, which is crucial when testing this structure in real envi-
ronments.
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Figure 4: Results for case number 98 in the database using the nonlinear
adaptive controller with pm1 = 0.7, pm2 = 0.6, pm3 = 0.3, po1 = 0.8,
po2 = 0.4, and x0 = 0.8. The star mark in the x -axis indicates the time
instant when the controller started and the square mark indicates the
time where the patient parameters were changed.
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y(t).

0 50 100 150 200 250 300
0

2.5

5

7.5

10

Time [min]

u
(t
)[
µ
g
k
g
−
1
m
in

−
1
]
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Figure 5: Results for case number 98 in the database using the nonlinear
adaptive controller with pm1 = 0.7, pm2 = 0.6, pm3 = 0.05, po1 = 0.8,
po2 = 0.4, and x0 = 0.1, and with the addition of noise. The star mark
in the x -axis indicates the time instant when the controller started.



5 Conclusions and future work

Even though many di�erent strategies for the control of the NeuroMus-
cular Blockade have been developed, analyzed and implemented both in
simulation and in real clinical situations during the past years e.g. [13],
[16], [17], the features of the problem mainly the high inter- and intra-
patient variability and the restrictions imposed by the clinical practice
suggest the development of di�erent approaches.

The novelty of the strategy proposed in this paper is the use of a min-
imally parameterized model for the description of the e�ect of the muscle
relaxant atracurium in the NeuroMuscular Blockade [6] and the incorpo-
ration of an online identi�cation strategy (an Extended Kalman Filter)
in the controller structure, providing adaptivity to the nonlinear con-
troller. As a consequence the variability of the patient parameters does
not interfere with the performance of the controller. Moreover, this new
strategy constitutes one reliable alternative to the use of a �nite num-
ber of patient models to switch from [17]. Since stability conditions are
monitored by the Extended Kalman Filter, the controller is hence able to
cover a continuous-range of patient nonlinear behaviors. It should also
be stressed that the proposed adaptive controller addresses the control
of the NeuroMuscular Blockade in a highly realistic scenario, exempli�ed
by the third scenario of simulation where noise present in a real record
collected in the surgery room is added to the output signal. The good
results obtained in simulation are strong indications that the proposed
nonlinear adaptive controller will behave well when implemented in a
real control situation.

In order to guarantee total patient safety and before implementing
this adaptive control strategy in real control platform, further work has
to be developed to screen convergence and stability properties of the
proposed closed-loop structure. This nonlinear adaptive controller is also
highly promising when extended to other nonlinear Wiener responses in
anesthesia, namely the Bispectral Index.
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propofol and remifentanil using a reduced

Wiener model for the depth of anesthesia
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Abstract

A closed-loop adaptive controller for propofol and remifentanil

administration using BIS measurements is proposed in this paper.

The controller design relies on a reduced MISO Wiener model for

the depth of anesthesia. The exact linearization of this minimal

Wiener structure using the model continuous-time parameter es-

timates calculated online by an extended Kalman �lter is a key

point in the design. A linear quadratic gaussian controller is devel-

oped for the exactly linearized system. Good results were obtained

when the robustness of the proposed controller was assessed with

respect to inter and intrapatient variability through Monte Carlo

simulations on a database of 500 patients.

1 Introduction

This paper presents an exactly linearizing adaptive controller for the
depth of anesthesia (DoA) based on the reduced Wiener model proposed
in [1]. The controlled inputs are propofol and remifentanil doses, and
the controlled output is the bispectral index (BIS) [2].

The major bottleneck for the success of automatic controllers for drug
administration in anesthesia is the inter and intrapatient variability in
what concerns drug distribution and its e�ect in the human body. This is
usually modeled by aWiener model: a linear dynamics modeling the drug
distribution (representing the pharmacokinetics - PK - and the linear
pharmacodynamic - PD - part) in series with a static PD nonlinearity,
modeling the drug e�ect [3]. Regarding hypnotics and analgesics, several
attempts have been made to obtain such individual characterization from
quantities that are a priori known (i.e. before any drug administration
has taken place), like the patient's weight, height, gender or age [4,



5]. Eventhough based on population studies, these models have limited
predictive accuracy [6] and have only been developed for the linear PK.
Consequently, and due to the lack of any covariate-based model for the
PD part, the nonlinear e�ect of the drug when administered to a speci�c
patient cannot be estimated before induction of anesthesia. This means
that the uncertainty in the system is high when the surgery starts.

The Target Controlled Infusion (TCI)-based strategies [7] were the
�rst attempts to use the prediction capabilities of these PK models
to semi-automatically administrate drugs to patients under anesthesia.
Since they work in open-loop, the mismatch between the measured DoA
and the target value has to be corrected by the anesthetist by repro-
gramming the TCI syringe pumps towards a changed e�ect concentra-
tion reference value. The work of [8] and [9] improved these strategies
by coupling automatic corrective mechanisms to the TCI syringe pumps.
While in [8] only propofol was used, [9] applies the same idea to both
propofol and remifentanil. Eventhough being considered a signi�cant
improvement over the published strategies, the closed-loop controller in
[9] still uses �xed empirical dependencies between the two drug concen-
trations in the corrections, together with �xed PID gains. These choices
might lead to poor control for patients with parameter values far from
the average values used.

The natural consequence of what was stated above is the develop-
ment of adaptive controllers able to cope with uncertainties in the patient
modeling. In this paper, the characterization of each individual patient's
response to the administration of such drugs is tackled by the online iden-
ti�cation of the model parameters. To enable that, and considering the
usual poor excitation properties of the administered drug doses in this
clinical application, identi�cation of the continuous-time parameters in a
reduced Wiener model for the DoA is performed [1]. The use of the cur-
rent parameter estimates to update the control law and to estimate both
propofol and remifentanil e�ect concentrations determines the adaptiv-
ity of the proposed controller. Good results are expected to be achieved
with this controller structure since the main drawback of identifying and
controlling an overparameterized model is not present.

The remainder of this paper is organized as follows. Section 2 de-
scribes the reduced model for DoA used for the system modeling and
controller design. Section 3 presents the main features of the adaptive
controller while section 4 describes how the system is simulated in the
Monte Carlo simulations and some user choices that were made on the



controller structure. Section 5 shows the results of running the proposed
adaptive controller on a database of �ve hundred simulated patients.
Section 6 presents the conclusions.

2 The reduced Wiener model for the DoA

This section presents the reduced MISO Wiener model [1] describing the
joint e�ect of propofol and remifentanil in the DoA (Fig. 1), which is
used for the controller design.

Figure 1: The reduced MISO Wiener model for the DoA.

A third-order continuous-time model is used for the independent lin-
ear dynamics of both propofol and remifentanil.

In the frequency domain, the propofol linear dynamics is modeled by

Yp(s) =
χ

(s+ χ)

d1 χ

(s+ d1χ)

d2 χ

(s+ d2χ)
Up(s) , (1)

where Yp(s) is the Laplace transform of the output yp(t) from the linear
dynamic block of the model for propofol; Up(s) is the Laplace transform
of the propofol infusion rate up(t) (input signal); di, {i = 1, 2} are equal
to 9 and 10, respectively, as determined by o�ine identi�cation over a
database of real cases [10]; and χ is the parameter to be identi�ed online.

Similarly, the remifentanil linear dynamics is modeled by

Yr(s) =
η

(s+ η)

l1 η

(s+ l1η)

l2 η

(s+ l2η)
Ur(s) , (2)

where Yr(s) is the Laplace transform of the output yr(t) of the linear
dynamic block of the model for remifentanil; Ur(s) is the Laplace trans-
form of the remifentanil infusion rate ur(t) (input signal); li, {i = 1, 2}
are equal to 2 and 3, respectively, as determined by o�ine identi�cation
over a database of real cases [10]; and η is the parameter to be identi�ed
online.



The static nonlinearity is as follows [1]:

F : (c(t), ζ) ∈ [0,+∞[× ]0,+∞[ 7−→ y(t) = F(c(t), ζ) ∈ ]0, y0] ,

where

F(c(t), ζ) =
y0

1 + (c(t))ζ
, (3)

c(t) = m
yp(t)

C50p
+
yr(t)

C50r
, (4)

and y(t) is the output of the MISO Wiener model; F is a static Hill func-
tion; y0 is the baseline for the system output (zero drug e�ect); C50p and
C50r are propofol and remifentanil normalizing constants, respectively,
as determined by o�ine identi�cation over a database of real cases [10];
and m and ζ are the parameters to be identi�ed in the nonlinearity.

The total number of patient-dependent parameters in the reduced
model is hence four and the parameter vector becomes

θ = [χ η m ζ] T . (5)

3 The adaptive controller

3.1 Structure

The structure of the exactly linearizing adaptive controller proposed in
this paper is shown in Fig. 2. At each time step four main tasks are
sequentially performed: identi�cation of the model parameters in the
reduced MISO Wiener model by an extended Kalman �lter (EKF); ex-
act linearization of the system using the current parameter estimates;
estimation of the output of each linear block in the Wiener structure
and of the linearized reference value by two Kalman �lters (KF); and
calculation of the control action by a linear quadratic gaussian (LQG)
controller using the estimates of the parameters in the linear blocks of
the Wiener model, after linearization [11, 12, 13].

3.2 Model parameters recursive identi�cation

At each time step the EKF block in Fig. 2 uses the measured BIS y and
the drug doses u to estimate the parameters in (5). For this, a state-space
representation of the system has to be formulated in continuous-time,



Figure 2: Adaptive controller for the DoA based on the reduced MISO
Wiener model.

sampled and manipulated, as in [1]. De�ning the model in continuous-
time is the key to obtain a low number of parameters.

In state-space form, the joint representation of (1) and (2) becomes

ż(t) = A(χ, η) z(t) +B u(t) , (6)

A(χ, η) =

[
Ap(χ) 0

0 Ar(η)

]
, (7)

where Ap(χ) ∈ R3×3 is the system matrix for propofol and Ar(η) ∈
R3×3 is the system matrix for remifentanil. Choosing to write (6) in the
controllable canonical form [14], B and u(t) become

B =

[
1 0 0 0 0 0
0 0 0 1 0 0

]T
, (8)

u(t) =
[
up(t) ur(t)

]T
. (9)

The outputs of the linear blocks are subsequently given by

yp(t) = d1 d2 χ
3 z3(t) ,

yr(t) = l1 l2 η
3 z6(t) ,

(10)

where zi(t) = eTi z(t) represents the ith component of the state-space
vector z(t) in (6); and eTi is the ith natural base vector.



Using zero-order hold [14] with sampling period h (for BIS monitor-
ing, h is usually equal to 5 seconds), the discrete-time model becomes

x(kh+ h) = Φ(χ, η)x(kh) + Γ(χ, η)u(kh) , (11)

yl(kh) = C x(kh) , (12)

c(kh) =
[

m
C50p

1
C50r

]
yl(kh) , (13)

y(kh) = F(c(kh), ζ) =
y0

1 + (c(kh))ζ
, (14)

where

Φ(χ, η) = eA(χ,η)h ,

Γ(χ, η) =

∫ h

0
eA(χ,η)s dsB , (15)

C =

[
0 0 d1 d2 χ

3 0 0 0
0 0 0 0 0 l1 l2 η

3

]
, (16)

and u(kh) ∈ R2×1 is the input (piecewise constant drug dose infusions);
x(kh) ∈ R6×1 is the discrete-time state-space vector; Φ(χ, η) ∈ R6×6 and
Γ(χ, η) ∈ R6×1 are the sampled system matrices; and

yl(kh) = [yp(kh) yr(kh)]T . (17)

The model output is given by y(kh) ∈ R.
To recursively identify the model parameters, an augmented state

[15, pp. 422] is introduced in the EKF structure. The model for the
EKF estimation brings together the sampled model (11) and (12) and
a random walk model for the parameter estimates. Using (5), the aug-
mented state vector becomes

x =
[
x1 . . . x6 x7 x8 x9 x10

]T
=

[
x1 . . . x6 χ η m ζ

]T , (18)



and the augmented state-space model becomes

x(kh+ h) =

[
Φ(χ, η) 0

0 I

] [
x(kh)
θ(kh)

]
+

+

[
Γ(χ, η)

0

]
u(kh) + w(kh)

≡

 f1(kh, x(kh), u(kh))
...

f10(kh, x(kh), u(kh))

+ w(kh)

≡ f(kh, x(kh), u(kh)) + w(kh) , (19)

y(kh) =
y0

1 +
(
x9

d1 d2 x37 x3
C50p

+
l1 l2 x38 x6
C50r

)x10 + e(kh)

≡ h(kh, x(kh)) + e(kh) , (20)

The time dependency of the augmented state vector components
xi(kh), {i = 3, 6, 7, 8, 9, 10} in (20) was omitted due to space limitations.

As in [1], the linearization of f(kh, x(kh), u(kh)) and h(kh, x(kh))
needed for the EKF (see [16, pp. 247]) was performed analytically.

3.3 Exact linearization

Both the measured BIS from the patient (output y) and the BIS reference
value yref in Fig. 2 are �rst inverted through F−1 [11, 12, 13] using
the current estimate of ζ given by the EKF identi�cation block. This
provides estimates for the mixture concentrations

c(kh) = F−1(y(kh), ζ̂) , and

cref (kh) = F−1(yref (kh), ζ̂) . (21)

It should be stressed that F(·, ·) is a bijective function and both y and
yref in Fig. 2 lay within ]0, y0] as consequence of monitoring restrictions
of the BIS in the clinical practice. Moreover, as a result of a projection
algorithm in the EKF structure [10], ζ̂ is also lower-bounded. Due to this,
and considering the domains a�ecting F(·, ·) (3), no problems arise in this
inversion. Ideally, when ζ is accurately estimated and no disturbances are
present, F(·, ζ̂) is a perfect model of the static nonlinearity and the loop



becomes linear. However, the contribution of propofol and remifentanil
to the mixture concentrations c and cref is still unknown. Consequently,
yl and y

ref
l in (17) are estimated by the KF blocks to provide the inputs

for the linear controller. This means that the output of the linear blocks
of the Wiener system appears directly as input for the linear controller.
The LQG controller is therefore designed to control the outputs of the
linear dynamic part of the MISO Wiener type system as if there was no
static nonlinearity.

Unlikely the SISO neuromuscular blockade case, to which an adap-
tive controller was proposed in [13], the linear dynamics in the Wiener
model is MIMO in the DoA case, as shown in Fig. 1. Hence, a linear
controller able to cope with that structure has to be chosen. Due to its
structure, which enables the independent tuning of the contribution of
each input to the cost function, a LQG controller was designed for the
exactly linearized plant.

3.4 Linear quadratic gaussian controller design

After exact linearization of the Wiener model, an optimal regulator for
the system (11) and (12) can be designed. The feedback is given by

u(kh) = −L(kh) x̂(kh|kh− h) , (22)

where x̂(kh|kh− h) is the estimated state-space vector (11); and L(kh)
is the solution of the discrete-time Ricatti equation [16].

The corresponding loss function is

l(x, u) = xT (Nh)Q0 x(Nh) + (23)

+

N−1∑
n=0

[
xT (nh) uT (nh)

] [Q1 Q12

Q21 Q2

] [
x(nh)
u(nh)

]
,

where the symmetric weighting matrices satisfy [16, pp. 319],

Q0 ≥ 0 , Q2 > 0 and
[
Q1 Q12

Q21 Q2

]
≥ 0.

Furthermore, when the model states have to be estimated from data
and a reference signal (ŷrefl in this case) should be followed without any
static error, an integral action is added to the control law (22). The
reason is as usual that the modeling errors need to be regulated away by



a slow integral action. The control law then becomes

u(kh) = −L x̂(kh|kh− h) (24)

= −L1(kh) x̂(kh|kh− h) (25)

− L2(kh)

N∑
n=0

(ŷl(nh|nh− h)− ŷrefl (nh|nh− h)) ,

where

L(kh) =

[
L1(kh) 0

0 L2(kh)

]
. (26)

is obtained by solving the Ricatti equation for the augmented state model

x(kh+ h) =

[
Φ(χ̂, η̂) 0
C I

]
x(kh) + (27)

+

[
Γ(χ̂, η̂)

0

]
u(kh) +

[
0
−I

]
ŷrefl (kh|kh− h),

with x(kh) =
[
xT (kh) wT (kh)

]
. The additional state

w(kh) =

N∑
n=0

(ŷl(nh|nh− h)− ŷrefl (nh|nh− h)) (28)

corresponds to the integral of the error ŷl − ŷrefl in the linear loop.
The weighting matrices for the LQG criterion function areQ2 ∈ R2×2

and

Q1 =

[
Q1 0
0 Q3

]
, (29)

with Q1 ∈ R6×6, and Q3 ∈ R2×2.
To obtain a even faster servo response with respect to changes of the

reference signal, the feedback is further modi�ed to include a direct term
from ŷrefl , giving

u(kh) =−L1(kh) x̂(kh|kh− h) +M ŷrefl (kh|kh− h) (30)

− L2(kh)
N∑
n=0

(ŷl(nh|nh− h)− ŷrefl (nh|nh− h)) ,

with
M =

(
C(I − Φ(χ̂, η̂) + Γ(χ̂, η̂)L1(kh))−1Γ(χ̂, η̂)

)−1
(31)

to enforce unity static gain of the linear loop.



4 Methods

4.1 Simulated system: Monte Carlo models

Previous studies on the reduced model [1] show that the minimal de-
sign describes the input-output relationship between the administered
propofol and remifentanil doses and the measured DoA in an accurate
way. It should nevertheless be kept in mind that this minimal model
was developed based on the standard physiology-based PK/PD model,
mainly to overcome identi�ability issues due to the poor excitation prop-
erties of the input signals. Hence, and in order to assess the performance
of the controller in conditions that are as realistic as possible, the real
patient in Fig. 2 was simulated using the standard PK/PD models for
propofol and remifentanil. A database of 500 cases was hence generated
considering the synergistic nonlinear interaction between propofol and
remifentanil in the DoA (Table 1).

Table 1: Database of 500 simulated patients.

Propofol PK Remifentanil
PK

PD interaction

125 female
Marsh model [17] Minto model [5] log-normal distrib.

125 male
125 female

Schnider model [4]
(mean & variances

125 male from [18])

Weight, height and age covariates needed to calculate the parameters
in the PK models were randomly generated following a uniform distri-
bution, considering weight ∈ [60, 80] kg, height ∈ [160, 180] cm, and age
∈ [18, 70] years.

4.2 User choices

The BIS target after induction was set inside [40,60], as recommended
by the BIS monitor manufacturer for general anesthesia cases.

Taking into account the magnitude of the propofol and remifentanil
infusion rates administered in the clinical practice, the LQG diagonal



weighting matrices were chosen as

Q1 = diag ([1 0.1 0.01 10 1 0.1]) ,

Q2 = diag ([0.1 100]) ,

Q3 = diag ([0.0001 0.1]) ,

5 Results and discussion

This section presents simulation results on the performance of the pro-
posed exactly linearizing adaptive controller for the DoA, using BIS mea-
surements.

Figure 3 shows the results that were obtained when the PK param-
eters from a 50 years old, 170 cm height and 70 kg male patient were
used to simulate the propofol and remifentanil PK. For the nonlinear
drugs interaction, the mean parameters in [18] were used. Zero-mean
noise with variance 2 was added to the output y. After induction, the
BIS reference is a square wave of amplitude 2.5 around the setpoint of
50.

As it is clear in Fig. 3(a) the BIS output y follows the reference
pro�le with no static error. This is the result from the integral action
that was added to the standard LQG formulation. This good tracking
performance is a consequence of the use of the online parameter estimates
in Fig. 3(b) that are provided by the EKF. The administered propofol
and remifentanil doses enabling such tracking behavior are shown in Fig.
3(c).

In order to numerically evaluate the robustness of the controller with
respect to inter and intrapatient variability, the same adaptive structure
was applied to all 500 Monte Carlo models in the database. After induc-
tion, the BIS reference was set constant on a value of 50 and zero mean
noise with variance 2 was added as measurement noise. Results for 487
cases are shown in Fig. 4. The remaining 13 cases, with a median abso-
lute performance error (MAPE) greater than 10%, were excluded from
the analysis. The mean values for the controlled BIS, parameter esti-
mates, and propofol and remifentanil calculated rates for the 487 cases
are shown in solid line in Fig. 4. The mean plus, and minus standard
deviations are plotted in dashed and dotted lines, respectively.

Fig. 4(a) clearly shows that the controlled BIS is regulated to the
target level of 50. The small di�erence between the mean, the mean plus
and the mean minus the standard deviation indicates that this behavior
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Figure 3: Simulation results for a 50 years old, 170 cm height and 70
kg male patient with the mean parameters from [18] to simulate the
nonlinear PD. Zero-mean noise with variance 2 was added to the output
y. Step changes in the reference pro�le occur around minute 60 and
minute 105.
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Figure 4: Simulation results for 487 cases in the database: mean val-
ues (solid blue lines), mean+standard deviation (dashed blue lines) and
mean-standard deviation (dotted blue lines). Zero-mean noise with vari-
ance 2 was added to the outputs y.



is consistent in all 487 simulated cases. The estimated parameters are
shown in Fig. 4(b). Aiming for a short induction time, the initial co-
variance matrices related to the parameter estimates were chosen to be
high, which resulted in a fast update of the parameter estimates during
the initial minutes.

Using the mean and standard deviations obtained from these simula-
tions, the coe�cient of variation (cv) of the parameters can be obtained:
cvχ = 4.49%, cvη = 6.99%, cvm = 39.2%, and cvξ = 10.3%. The fact
that the coe�cients of variation for the estimated parameters are high
is a further motivation for the use of the EKF to recursively identify the
model parameters in the controller structure.

Fig. 4(c) shows the calculated control inputs (propofol and reminfen-
tanil rates). These values are in accordance with the dosage guidelines
for maintenance of general anesthesia when a combination of propofol
and remifentanil is intravenously administrated. For propofol, the rec-
ommended dosage for adult patients (less than 55 years of age) is 6 to 12
mg/kg/h; for elderly, debilitated and/or adult ASA III or IV patients,
it is 3 to 6 mg/kg/h [19]. These values should reduce by up to 75%
when propofol is administered together with remifentanil. At time 160,
up = 3.89 mg/kg/h and σp = 2.61 mg/kg/h. For remifentanil, when used
with propofol, the recommended maintenance dosage ranges from 0.003
to 0.12 mg/kg/h [20]. At time 160, ur = 0.006 mg/kg/h and σr = 0.006
mg/kg/h.

6 Conclusions

This paper presented an exactly linearizing adaptive controller for propo-
fol and remifentanil administration in general anesthesia cases. The con-
trolled output is the depth of anesthesia bispectral index (BIS). For the
controller design, a reduced MISO Wiener model [1] is used, being its
continuous-time parameters estimated online by an extended Kalman
�lter (EKF). By using the nonlinear parameter estimates, the Wiener
model is exactly linearized at each time step and a linear quadratic gaus-
sian (LQG) controller using the parameter estimates from the linear part
of the Wiener model was designed to control the linearized plant.

With this setup, the main drawback of identifying and controlling an
overparameterized under-excited model is no more present, as it would
be if the standard models describing the pharmacokinetics and phar-
macodynamics of propofol and remifentanil were used for the controller



design.
The performance and robustness of the controller was assessed by

running Monte Carlo simulations on a database of 500 models. Good
tracking results were obtained on 97% of the cases. In order to reduce
the remaining 3% of cases where the controlled BIS lied outside the
admissible range of [40,60], additional safety nets and constraints on the
estimates are needed. This stands as future work for this research line.

Stability and convergence properties of the controller is also a topic
for further research.
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