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Abstract

This study examines the block lower-triangular preconditioner
with element-wise Schur complement as the lower diagonal block
applied on matrices arising from an application in geophysics.
The element-wise Schur complement is a special approximation
of the exact Schur complement that can be constructed in the
finite element framework. The preconditioner, the exact Schur
complement and the element-wise Schur complement are ana-
lyzed mathematically and experimentally.

The preconditioner is developed specifically for the glacial iso-
static adjustment (GIA) model in its simplified flat Earth vari-
ant, but it is applicable to linear system of equations with matrices
of saddle point form.

In this work we investigate the quality of the element-wise Schur
complement for symmetric indefinite matrices with positive def-
inite pivot block and show spectral bounds that are independent
of the problem size. For non-symmetric matrices we use gen-
eralized locally Toeplitz (GLT) sequences to construct a func-
tion that asymptotically describes the spectrum of the involved
matrices.

The theoretical results are verified by numerical experiments for
the GIA model. The results show that the so-obtained precon-
ditioned iterative method converges to the solution in constant
number of iterations regardless of the problem size or paramet-
ers.
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CHAPTER 1

Introduction

Understanding the world has always driven us towards experimentation.
Whether we want to better utilize the natural resources, solve the mysteries
or simply please our curiosity, we are always drawn to puzzles of life. We
conduct experiments in hope of recreating an event to understand its dy-
namics in a better way. As we learn about the problems, the complexity of
the underlying processes becomes more evident to the extent that for many
problems, we can’t easily conduct experiments anymore. These complexities
could be due to the nature of the process, the time it takes to complete an
experiment (longer than lifespan), the manpower needed to perform them,
safety reasons or financial obstacles. In this situation we would rather want
to simulate the experiment than perform it.

Most of the phenomena arising in physics are described as partial differ-
ential equations (PDE). Solving these equations should produce the same
results as conducting the corresponding experiments. Additionally, the in-
sight gained by correct simulation is very valuable. On the other hand,
the arising PDE often does not have any analytical solution or the solution
cannot be found easily. In these cases we estimate the solution of discrete
PDE with numerical techniques. Different numerical methods such as finite
difference methods (FDM), finite element methods (FEM) and finite volume
methods (FVM) are employed to discretized the continuous PDE. The res-
ult of these methods is often a linear system of equations Ax = b, where
A ∈ CN×N is a nonsingular matrix and x and b are vectors of proper size.
The system matrix A is usually, but not always, sparse and large.

For dense A, traditionally, a linear system of equations is solved using a
direct solution method. Direct solvers require close to O(N3) operations to
find the solution. As a result, direct solvers require large amount of memory
and time as N grows. While for small systems, direct solution methods are
the better fit, larger systems require other techniques such as preconditioned
iterative solution methods. An iterative solver is called robust if it converges
to the desired solution independent of problem parameters. Moreover, we
wish for the solution method to be independent of problem size. To ensure
the robustness and accelerate the convergence rate of an iterative solver, a
preconditioner (accelerator) can be applied to the system of equations.

An example of a complex model that needs special numerical methods
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4 Chapter 1. Introduction

for its computer simulations is glacial isostatic adjustment (GIA). GIA de-
scribes the response of the Earth to the application of load on the surface.
The GIA phenomenon has been studied for many years experimentally and
mathematically. It is important in understanding many physical phenomena
such as the changes in the sea level or the land uplift (for instance, Uppsala
is rising by a small amount each year), etc. The extent of the GIA model
is very large in time and space which makes the classical experiments very
hard and expensive. Additionally, the mathematical model itself is of high
complexity, which makes even the computer experiments very difficult.

Still, numerical simulations of the GIA processes are the most viable
alternative, enabling us to approximate the solution in a number of discrete
points in space and time. In many cases, when discretizing, we obtain
linear systems of equations with block matrices. The block structure of
the matrices may be due to the number of equations in the mathematical
model, the method of discretization or other techniques. The derivation
of an effective and cheap preconditioner for these systems is the subject of
many research studies.

In the papers included in this thesis, we use mostly the block lower-
triangular preconditioner which requires an approximation of the Schur com-
plement. To this end we use the so-called element-wise Schur complement
approximation, that is constructed within the finite element framework and
utilizes exact Schur complement matrices, computed elementwise.

The outline of the thesis is as follows. Chapter 2 describes the numerical
solution techniques regarding the construction and analysis of the exact and
element-wise Schur complement preconditioner. Chapter 3 is devoted to
explaining the GIA model as well as simplifying it and deriving its finite
element discretization. In Chapter 4 we provide the numerical simulations
used both for confirming the theoretical studies and producing a scalable,
open source and general implementation of the GIA model. We conclude
the thesis in Chapter 5.



CHAPTER 2

Numerical Solution Methods

2.1 Background

The mathematical representation of many practical problems translates to
a linear system of algebraic equations written in matrix-vector form as

Ax = b , (2.1)

where A is an N -by-N matrix and b and x are vectors of size N . A first
approach to solve (2.1) is to use a direct solution method such as an LU-
factorization or Gaussian Elimination. The computed solution is exact in
the absence of rounding errors. However, these methods pose very high
demands, in terms of computer resources, when N is large. Alternatively,
in particular when dealing with large and sparse matrices, iterative solution
methods can be used to approximate the solution of (2.1). An iterative
solver (henceforth simply called the “solver”) is a computational procedure
that approximates the solution, progressively improving its accuracy until a
termination criterion is reached. For most iterative methods, one iteration
requires a multiplication with A, which in this work is sparse, some vector
updates and scalar products, thus, its cost is optimal (linearly proportional
to the number of degrees of freedom) in terms of computation and memory
complexity.

The simple iteration methods, which are rarely used as solvers alone, are
based on correcting the initial approximated solution, one or a few compon-
ents at each step. The Jacobi, Gauss-Seidel and Successive Over Relaxation
methods are instances of such solvers.

A more robust set of iterative methods are the Krylov subspace methods.
The Conjugate Gradient (CG) is the Krylov method of choice for symmetric
positive definite matrices.

In case of non-symmetric matrices, there are several well-known Krylov
solvers such as (Flexible) Generalized minimal residual ((F)GMRES, cf.
[54, 56]), Stabilized Biconjugate Gradient Method (BiCG(stab)), Gener-
alized Conjugate Gradient (GCG, [2]) and Generalized Conjugate Residual
(GCR, [25]). Despite their computational efficiency per iteration, if ap-
plied straightforwardly, the iterative method may converge very slowly to
the solution or even fail. A remedy to this issue is to apply a preconditioner
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6 Chapter 2. Numerical Solution Methods

(accelerator) to (2.1). The most common way to define a preconditioner is
to use a matrix D which transforms (2.1) into a new system

D−1Ax = D−1b . (2.2)

For D to be a good preconditioner, several requirements should be satisfied:

• The preconditioner should reduce the condition number of the precon-
ditioned matrix.

• It should be robust, meaning that the iterative solver should converge
independently of the problem parameters.

• It should be cheap to construct.

• It should be much easier to solve systems with D than with A, desir-
ably in a number of arithmetic operations, linearly proportional to the
number of degrees of freedom.

• The preonditioner should be easily parallelizable.

A preconditioner is optimal if the iterative solver converges in constant num-
ber of iterations. In general, for Krylov subspace methods, the number of
iterations required for convergence is related to the condition number of the
system matrix. For symmetric positive definite matrices, the convergence
of the CG method is related to the so-called spectral condition number, be-
ing the ratio of the largest to the smallest eigenvalue, κ(A) = λmax(A)

λmin(A) . For

many matrices, originating from discrete PDEs, κ(A) = O(h−α) with α > 1,
where h is the characteristic mesh size parameter. Thus, when h→ 0,κ(A)
grows and the iterations increase correspondingly. A good preconditioner
is expected to reduce the condition number of the preconditioned matrix
D−1A, resulting possibly in κ(D−1A) = O(1), meaning that the iterations
will be independent on h. For instance, if D−1A resembles the identity mat-
rix, all eigenvalues will be clustered at 1, requiring 1-2 iterations. In general,
the eigenvalues could be clustered in several clusters, well separated from
zero and then the iterations required for the CG method to converge would
be close to the number of the clusters. Similar behavior could be observed
also for GMRES, however there the required iterations are not determined
by the spectrum of D−1A alone but also of the corresponding eigenvectors
(cf. [55][Chapter 6]).

There are many choices of preconditioning techniques, depending on the
problem type. We refer to [3, 13] for a comprehensive survey on existing
preconditioners. The preconditioner D does not have to be available expli-
citly in matrix form but can be a procedure that performs its action or the
action of D−1 on a vector.



2.2. Preconditioners for block matrices 7

A system of equations such as (2.1) arises, among different problem
types, from discrete approximations of differential equations. Further, cer-
tain problem properties (for instance, the number of differential equations)
or the discretization procedure (such as, using hierarchical mesh) impose a
block structure on A which means that A is partitioned into sub-matrices
(blocks).

Let A be a two-by-two block matrix arising from a finite element (FE)
discretization of a problem,

A =

[
A11 A12

A21 A22,

]
Aij ∈ RNi×Nj , i, j = 1, 2 , (2.3)

where A11 is generally non-symmetric, large, sparse and A22 is positive semi-
definite. We are interested in solving (2.2) where A is as in (2.3). In the
rest of this chapter we focus on constructing a suitable, efficient and cheap
preconditioner D for A. To this end, we present a classical high quality
preconditioner D which is defined based on exploiting the available block
structure of the matrix A. Constructing this preconditioner is shown to be
computationally cheap and the numerical quality of it is proven for some
cases (see [4, 35] for details).

2.2 Preconditioners for matrices of two-by-two block
form

Let A be a two-by-two block matrix as in (2.3). As is well-known, A is
factorized exactly as

A =

[
A11 0
A21 SA

] [
I1 A−1

11 A12

0 I2

]
, (2.4)

A =

[
I1 0

A21A
−1
11 I2

] [
A11 0
0 SA

] [
I1 A−1

11 A12

0 I2

]
, (2.5)

SA = A22 −A21A
−1
11 A12 , (2.6)

where Ii, i = 1, 2 are the identity matrices and 0 is a zero matrix of relevant
sizes. SA is known as the Schur complement of A. Equations (2.4) and (2.5)
present two ways to decompose the matrix A. The block lower triangular
matrix in (2.4) and the block diagonal matrix in (2.5) are often used as
preconditioners. In our case, the preconditioner D is chosen as

D =

[
A11 0
A21 SA

]
. (2.7)
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The block-triangular matrix (2.7) is known as the ideal preconditioner (see
[26] and the references therein). Using (2.7) a solver such as GMRES con-
verges in one or two iterations since the spectrum of D−1A is clustered
around {−1, 1}. However, D is computationally expensive as it requires to
solve systems with A11 exactly and to compute explicitly SA, which involves
A−1

11 . As a workaround the pivot blocks A11 and SA of D are replaced with

some approximations Ã11 and S̃A

D =

[
Ã11 0

A21 S̃A

]
. (2.8)

Clearly, Ã11 and S̃A must be cheaper to construct. However, by using
(2.8), the solver will perform more iterations to find the solution. To better
understand the effect of approximating the blocks, we include a brief analysis
of the eigenvalues of the preconditioned matrix D−1A. To assess the quality
of (2.8) we analyze the spectrum of D−1A via the generalized eigenvalue
problem Av = λDv. It is rewritten as

(A−D)v = (λ− 1)Dv,[
A11 − Ã11 A12

0 A22 − S̃A

] [
v1

v2

]
= (λ− 1)

[
Ã11 0

A21 S̃A

] [
v1

v2

]
. (2.9)

Multiplying both sides by D−1 the left hand side of the equation becomes[
Ã11 0

A21 S̃A

]−1 [
A11 − Ã11 A12

0 A22 − S̃A

]
=[

Ã−1
11 0

−S̃−1
A A21Ã

−1
11 S̃−1

A

][
A11 − Ã11 A12

0 A22 − S̃A

]
=[

Ã−1
11 A11 − I1 Ã−1

11 A12

−S̃−1
A A12(Ã−1

11 A11 − I1) S̃−1
A A21Ã

−1
11 A12 + S−1

A A22 − S−1
A S̃A

]
. (2.10)

We analyze the effect of each approximation separately. First, we see that
if Ã11 = A11 and S̃A = SA we obtain[

0 A−1
11 A12

0 0

] [
v1

v2

]
= (λ− 1)

[
v1

v2

]
, (2.11)

thus, λ = 1 and indeed GMRES will converge in one or two iterations. Next,
assume that the Schur complement approximation S̃A is replaced with the
exact Schur complement SA. Equation (2.10) becomes[

Ã−1
11 A11 − I1 Ã−1

11 A12

−S−1
A A12(Ã−1

11 A11 − I1) S−1
A A21(Ã−1

11 A11 − I1)A−1
11 A12

]
. (2.12)
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We observe that even if S̃A = SA, the error from Ã11 pollutes the pre-
conditioned system. Moreover, the error from Ã11 is propagating through
the whole preconditioned matrix. Therefore, Ã11 must be a good approxi-
mation of A11. Next, in order to see the effect of approximating the Schur
complement, we let Ã11 = A11. Equation (2.10) simplifies to[

0 A−1
11 A12

0 S̃−1
A SA − I2

]
. (2.13)

We see that the effect of the Schur complement approximation is isolated to
and only polluting the second diagonal block of the preconditioned matrix.

We conclude that a block lower triangular preconditioner of type (2.8), is
a good preconditioner, provided that Ã11 approximates A11 very well and S̃A
is a good approximation of SA (we refer to e.g. [49] and the reference therein
for an in depth analysis and relevant arguments). In our work, we choose
Ã11 ≡ A11 to minimize the error dispersed to all blocks. In the coming
section, we proceed with approximating the Schur complement block. Thus,
the preconditioner is

D =

[
A11 0

A21 S̃A

]
. (2.14)

Applying D−1 to a vector [v2 v2]T we have

A−1
11 v1 = w1 ⇒ A11w1 = v1 ,

S̃−1
A A21A

−1
11 v1 + S̃−1

A v2 = w2 ⇒ S̃Aw2 = A21w1 + v2 .

Thus, in effect, we replace A11 and S̃A with inner solvers. We have

D =

[
[A11] 0

A21 [S̃A]

]
, (2.15)

where [.] denotes an inner solver. Using this method we are able to balance
the quality of the blocks with the cost of the preconditioner by setting a
reasonable tolerance for the inner solvers.

Since we replace the pivot blocks of D in (2.14) with inner solvers, it is
intuitive to accelerate these inner solvers with appropriate preconditioners.
As such, we may choose any of the well-known preconditioners suitable for
the particular blocks at hand. In the papers presented here, we use off-the-
shelf algebraic multigrid (AMG) as an inner preconditioner.

2.2.1 Element-wise Schur complement approximation

In this section we describe a method for approximating the Schur comple-
ment of two-by-two block matrices arising in finite element discretizations,
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namely the element-wise Schur complement (EWSC) also known as the ad-
ditive Schur complement (cf. [34, 35] and the references therein) or element-
by-element Schur complement (cf. [4, 42, 44, 43]). Finally, we analyze the
quality of EWSC using two techniques described in the subsequent sections.

We consider matrices A constructed from finite element discretization of
a system of differential equations where a local element matrix is assembled
on each mesh cell and mapped to the global matrix. We denote the element
matrix of cell i as Aei . The system matrix A is assembled by mapping the
element matrices to the global matrix

A =
L∑
i=1

W T
i A

e
iWi . (2.16)

Here, Wi are the Boolean transformation matrices that map the local degrees
of freedom (DOFs) to their position in the global matrix and L is the number
of cells. Assume that a two-by-two block structure is imposed on the element
matrix, that is, Aei is also of two-by-two block form

Aei =

[
Aei:11 Aei:12

Aei:21 Aei:22

]
. (2.17)

Next, we compute explicitly the exact Schur complement of the element
matrix Aei as

Sei = Aei:22 −Aei:21(Aei:11 + h2
i I
e)−1Aei:12, i = {1, · · · , L} , (2.18)

where hi is the cell diameter. The first block in (2.18) is perturbed, whenever
needed, by a factor h2

i in order to ensure that it is invertible. The EWSC is
constructed from (2.18) using the standard FEM assembly procedure, the
elements-wise Schur complement becomes

S̃A =

m∑
i=1

W T
i:2S

e
iWi:2 . (2.19)

The construction of EWSC is highly parallelizable, cheap and easy to im-
plement which makes S̃A a good candidate to use on distributed memory
machines.

2.2.2 Problem setting

In the sequel, we consider the system matrix arising from a mixed finite
elements (FE) discretization with the following description. Let V and Q
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be some Hilbert spaces with the corresponding norms and scalar products.
Find (u, p) ∈ V ×Q, such that

a(u, v) + b(p, v) = 〈f, v〉V for all v ∈ V
b(v, q)− c(p, q) = 〈g, q〉Q for all q ∈ Q (2.20)

Here, we assume that the necessary and sufficient conditions are met so that
(2.20) has a unique solution (cf. [28]). Moreover, a(u, v), b(v, q) and c(p, q)
are assumed to be bounded.

The matrix obtained from (2.20) is of the form

A =

[
K BT

B −M

]
. (2.21)

We assume also that the block K can be a d-by-d block matrix itself if u
is vector valued and its components are ordered separately (for more de-
tails see [2]). Some problems, where the FE discretization leads to the
form (2.20), are the incompressible Stokes, Oseen problems (M ≡ 0), Cahn-
Hillard equations, elasticity, viscoelasticity, etc. In the case of (2.21) we
consider the negative Schur complement

SA = M +BK−1BT (2.22)

and the corresponding negative EWSC.

2.3 Spectral analysis of EWSC using linear algebra
instruments

We analyze the spectral properties of S−1
A S̃A for certain classes of matrices,

using the linear algebra framework. For symmetric positive definite (spd)
matrices arising from elliptic problems it has been shown that S̃A is spec-
trally equivalent to the exact Schur complement,

αSA ≤ S̃A ≤ βSA , (2.23)

where α and β are constants which do not depend on the problem size and
coefficients (see for instance [4, 33, 42] for more details).

The detailed analysis of (2.23) when A is a spd matrix is given in [4, 33]
where the coefficients are shown to be α = 1 − γ2, β = 1. Here γ is the
so-called Cauchy-Buyakowski-Schwarz (CBS) constant (cf. [24]) and has a
non-negative real value less than one, 0 ≤ γ < 1. Note that γ is independent
of discretization parameters and discontinuities of the problem coefficient
making EWSC a high quality approximation of the exact Schur complement
(for more detail see [4, 33, 34, 35] ).
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The analysis of the quality of EWSC for symmetric indefinite matrices
with positive semi-definite pivot blocks is done in Paper II. Here we include
the main theoretical result and some more detailed numerical illustrations.
For theoretical purposes, we define the matrix

Ã =



K1 BT
1 W1:2

K2 BT
2 W2:2

. . .
...

KL BT
LWL:2

W T
1:2B1 W T

2:2B2 −
L∑̀
=1

W T
`:2M`W`:2


. (2.24)

The definition of Ã is first given in [42, 44]. We rewrite Ã in a more compact
form as

Ã =

[
K̃ B̃T

B̃ −M

]
and identify thatA is a transformation of Ã using the matrix C = diag(C1, I)

A = CT ÃC =

[
CT1 K̃C1 CT1 B̃

T

B̃C1 −M

]
.

Here the block C1 = [W T
1:1W

T
2:1 · · ·W T

L:1]T has full rank. By construction,

the exact Schur complement of Ã is equal to EWSC of A, SÃ = S̃A. First,
we include a useful lemma.

Lemma 2.3.1. For any spd matrix A(n, n) and any rectangular matrix
X(n,m) of full rank where n ≥ m, it holds that X (X∗AX)−1X∗ ≤ A−1 in
positive semi-definite sense. Here X∗ denotes the complex conjugate of X.

Proof. Consider the matrix

Â =

[
A−1 X
X∗ X∗AX

]
.

From the assumptions we have that A, A−1 and X∗AX are positive
definite. The matrix Â is positive semi-definite by construction. It fol-
lows that its Schur complement is also positive semi-definite. Thus, A−1 −
X (X∗AX)−1X∗ ≥ 0 and the result A−1 ≥ X (X∗AX)−1X∗ follows dir-
ectly.

Next, let X ≡ C1 and A ≡ K̃. Applying Lemma 2.3.1 we obtain

C1

(
CT1 K̃C1

)−1
CT1 ≤ K̃−1 . (2.25)
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Now we compute the difference between the exact Schur complement SA
and its approximation S̃A.

SA − S̃A = SA − SÃ (2.26)

= M +BK−1BT −M − B̃K̃−1B̃

= B̃C1

(
CT1 K̃C1

)−1
CT1 B̃ − B̃K̃−1B̃

≤ B̃
[
K̃−1 − K̃−1

]
B̃T = 0 .

Equation (2.26) shows that EWSC S̃A is bounded from below by αSA with
α = 1. The inequality in (2.26) follows directly from (2.25). Next we show
the upper bound for EWSC in a theorem.

Theorem 2.3.2. Let K(n, n) and M(m,m) be square finite element matrices,
where K is symmetric, positive and invertible and M is positive definite. Let
B(n,m) be a rectangular matrix of full rank. Additionally, assume that there
exists constants 0 ≤ β1 ≤ β2 where

β1 ≤
pTBK−1BT p

pTM p
≤ β2 . (2.27)

Then, it holds that

S̃A ≤ d
β̃2

β1
SA , (2.28)

where d is the number of neighboring mesh elements and β̃2 and β1 are
constants.

Proof. Relation (2.27) also holds true for each element matrices (2.17),
thus

(W2:` pm)TB`K
−1
` (B`)

TW2:` pm
(W2:` pm)TM`W2:` pm

≤ β2:` ≤ β̃2 , (2.29)

where β̃2 =
L

max
i=1
{β2:`}. Summing (2.29) over all elements we have

N∑
`=1

(W2:` pm)TB`K
−1
` BT

` (W2:` pm) ≤β̃2

N∑
`=1

(W2:` pm)TM`(W2:` pm)

≤d β̃2p
TMp ≤ d β̃2

β1
pTBK−1BT p .

The last inequality is deducted from (2.27). Thus we have

N∑
`=1

(W2:`)
TB`K

−1
` BT

` W2:` ≤ d
β̃2

β1
BK−1BT . (2.30)
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From (2.30) we have

S̃A ≤ d
β̃2

β1
SA . (2.31)

Inequality (2.27) is true for all stable FEM discretizations of (2.20), for
which the discrete Ladyshenskaya-Babus̆ka-Brezzi (LBB, cf. [28]) condition
holds. However, the LBB constant β1 varies for different problems and can
be very small in some cases which makes the bound (2.30) very large. Hence,
S̃A may not always approximate SA in a good way. Details on the values
of the LBB constant are provided in [17] and the references therein. The
dependence of the LBB constant on the domain geometry is analyzed in
[16].

EWSC is shown to be a high quality preconditioner for the linear elasti-
city problem (cf. [43, 11]) and the incompressible Stokes problem (cf.
[44, 42]). However, numerical evidence indicates that EWSC is not that
robust for Oseen problems and Cahn-Hillard equations. Discussions regard-
ing the sharpness of the bound in (2.31) is given in Paper II.

The bounds derived in Theorem 2.3.2 are also experimentally confirmed
in Paper II. Here, we include them for completeness and add some more
experiments as well. The matrices used to show correctness of the bounds
originate from the elastic glacial isostatic adjustment model, described in
Chapter 3.

We illustrate the quality of EWSC by solving the generalized eigenvalue
problems

Ax = λDx, S̃Ax = λSAx ,

where A can be symmetric or non-symmetric. Furthermore, the quality of
EWSC is tested on a regular domain and distorted domains with a corner
that has angles 45◦ or 22◦ (the domains are shown in Figure 2.1). Figure 2.2

45◦ 22◦

Figure 2.1: Test domain

shows the quality of the preconditioner D and the quality of EWSC when A
is symmetric. Figures 2.2b, 2.2d and 2.2f show the bounds of EWSC as α = 1
and β ≤ 1.4. Additionally, D is clearly a high quality preconditioner for A
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since the eigenvalues of D−1A are clustered around one. The same results
are confirmed via the iteration counts which are presented in Chapter 4.
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Figure 2.2: Generalized eigenvalue problem; Symmetric matrix A

On the other hand, when A is non-symmetric, we may expect that the
lower bound would not hold true any longer. This is confirmed in Figure 2.3
which shows the spectrum for a non-symmetric matrix A. We see from
Figures 2.3b, 2.3d and 2.3f that the lower bound is less than one. However,
it is seen from Figures 2.3a, 2.3c and 2.3e that D is still of high quality.
When the eigenvalues of D−1A are complex, they have real parts close to
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one and the imaginary parts are of small magnitude.

0.7 0.8 0.9 1 1.1
−4

−3

−2

−1

0

1

2

3

4
x 10

−3

(a) eig(D−1A), 90◦
0.9 1 1.1 1.2 1.3 1.4

−0.02

−0.015

−0.01

−0.005

0

0.005

0.01

0.015

0.02

(b) eig(S−1
A S̃A), 90

◦

0.7 0.8 0.9 1 1.1
−3

−2

−1

0

1

2

3
x 10

−3

ℜ(λ)

ℑ
(λ

)

(c) eig(D−1A), 45◦

0.9 1 1.1 1.2 1.3 1.4
−0.01

−0.005

0

0.005

0.01

ℜ(λ)

ℑ
(λ

)

(d) eig(S−1
A S̃A), 45

◦

0.7 0.8 0.9 1 1.1
−1

−0.5

0

0.5

1
x 10

−3

ℜ(λ)

ℑ
(λ

)

(e) eig(D−1A), 22◦

0.9 1 1.1 1.2 1.3 1.4
−5

0

5
x 10

−3

ℜ(λ)

ℑ
(λ

)

(f) eig(S−1
A S̃A), 22

◦

Figure 2.3: Generalized eigenvalue problem; Non-symmetric matrix A
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2.4 GLT analysis of discrete systems of PDEs and
their Schur complements

Figures 2.2 and 2.3 and the results in Paper II demonstrate numerically
the quality of EWSC matrices. This is done by computing the spectrum
of the generalized eigenvalue problem of the exact and approximate Schur
complement and also confirmed by the very few iterations when solving A,
preconditioned by D. Similar results are observed in [10, 43]. However, to
our knowledge, properties of Schur complements of non-symmetric matrices
cannot be analysed using the available linear algebra theory. In this section,
we employ the Generalized Locally Toeplitz (GLT) theory. We introduce
GLT sequences and other relative notions. We also include a simple aca-
demic example to clarify the usefulness of GLT sequences. We analyze the
eigenvalues of the exact and approximate Schur complement from the finite
element discretization of a linear elasticity model using GLT sequences. The
GLT sequences and the related theory are presented in detail in Paper III.
Here we provide some of the theory and an illustrative example.

2.4.1 Theory

Definition 2.4.1 ((Block) Toeplitz matrix). An infinite-dimensional Toep-
litz matrix is a square matrix that has constant blocks or elements along each
descending diagonal from left to right, that is,

T =


A0 A−1 A−2 · · ·
A1 A0 A−1 · · ·

A2 A1
. . .

...
...

. . .
. . .

. . .

 , (2.32)

where Ai is a square block of size k ∈ N+. A finite-dimensional Toeplitz Tn
matrix is a matrix XN with N = k × n and

XN = Tn =



A0 A−1 A−2 · · · A−n+1

A1 A0 A−1
. . .

...

A2 A1
. . .

. . .
...

...
. . .

. . .
. . . A−1

An−1 · · · · · · A1 A0


. (2.33)

Here, Tn is a Toeplitz matrix if k = 1 and block-Toeplitz matrix otherwise.

Remark 2.4.2. In Definition 2.4.1, the blocks Ai may also be Toeplitz them-
selves. This type of Toeplitz is known as multilevel Toeplitz. The standard
Toeplitz is also known as unilevel Toeplitz.
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Remark 2.4.3. The unilevel Toeplitz matrix XN = TN may also be seen
as a block-Toeplitz with blocks of size k where N = nk and XN = Tn. For
instance, assume XN is of the form

XN = TN =


2 −1
−1 2 −1

. . .
. . .

. . .
. . .

. . . −1
−1 2

 .

We may also view XN as a block matrix,

XN = TN
2

=



A0 A−1 0 · · · 0

A1 A0 A−1
. . .

...

0 A1
. . .

. . .
...

...
. . .

. . .
. . . A−1

0 · · · · · · A1 A0


,

where

A0 =

[
2 −1
−1 2

]
, A1 = AT−1 =

[
0 −1
0 0

]
.

Next, we define the symbol of a (block) Toeplitz matrix XN = Tn called
f . We show the relation between f and Tn using the notation XN = Tn(f [k]).
Note that the superscript [k] emphasizes the block size in the Toeplitz matrix
Tn. If k = 1, the superscript is removed and the notation becomes Tn(f).

Definition 2.4.4. [Toeplitz sequences (generating function of)] Let XN =
Tn be a Toeplitz matrix. Tn is presented by its non-zero diagonals as

Tn = {fk−`}nk,`=e ∈ CN (n)×N (n) ,

where e = [1, 1, · · · , 1]T ∈ Nd, N (n) = n1 · · ·nd. Following the notation
of [71], a d-variate complex valued function f(θ1, · · · , θd) is denoted as the
symbol (generating function) of Tn, if fk is the Fourier coefficient of f , that
is

fk =
1

m{Qd}

∫
Qd

f(θ)e−i (k,θ) dθ, k = (k1, · · · , kd) ∈ Zd, i2 = −1 .

Here, f(θ1, · · · , θd) is defined over the domain Qd = [−π, π]d, d ≥ 1.
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Remark 2.4.5. Given the symbol of a Toeplitz matrix XN = Tn(f [k]), a pre-
conditioner Cn may be constructed for Tn. Cn is another type of structured
matrices known as Circulants. See [20] for a detailed account on Circulants.
Circulant preconditioners are described in [69, 71].

In [14, 63] it is described that if Tn is Hermitian for large enough n, its ei-
genvalues are described by equispaced evaluations of the function f(θ1, · · · , θd).
If the symbol f is an s-by-s matrix, the eigenvalues of Tn are described by
the eigenvalues of n/s equispaced evaluations of f . If Tn is non-Hermitian,
the same holds regarding the singular values of Tn.

In the FE setting, a d-dimensional problem with constant coefficients,
discretized on quadrilateral FEs of degree p is a d level block valued Toeplitz
with blocks of size, s = pd (see [29] for instance).

All definitions and theoretical results cited so far are for uniform grids
and constant coefficients, which in the FE setting is very restrictive. Steps
towards removing these barriers are taken in [70, 63, 64] where the notion
of Generalized Locally Toeplitz sequences is introduced. The matrix XN is
then seen as a collection of submatrices that are Toeplitz. The main features
of GLT sequences are

• Each GLT sequence has a symbol (f).

• Algebraic manipulation of GLT sequences result in a GLT sequence.
The symbol of the resulting sequence is obtained by performing the
same algebraic manipulations on the symbols of the starting GLT se-
quences.

• Every Toeplitz sequence is also a GLT sequence if it is generated by
an L1 function.

• A variable coefficient PDE discretization leads to a GLT sequence. (cf.
[12, 29]).

• The symbol of a GLT sequence carries information about the domain,
the discretization schemes and the coefficients. For discussions on the
subject see [51, 70, 65, 59] and [61, 60, 66, 63, 64, 12, 21, 22, 29] for
one and multi-dimensional models.

• If a GLT sequence is the result of a tensor product of two GLT se-
quences Tn(f) = T̃ (f̃)⊗ T̂ (f̂) then the symbol f is a two level symbol
f(θ1, θ2) = f̃(θ1)⊗ f̂(θ2).

In the PDE setting, the arising system matrix, say XN , is “almost”
Toeplitz up to a low rank perturbation, that is, XN = Tn(f) + EN . The
perturbation matrix EN incorporates the effect of imposing the boundary
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conditions. The matrix EN is a sequence with symbol equal to zero and this
kind of sequences occurs as well when treating variable coefficient PDEs.
Thus, XN is a Toeplitz, since it is the result of adding two GLT sequences Tn
and EN , with the same symbol as Tn. The effect of EN is that the generated
uniform sampling of the symbol of Tn is different by a small margin from
the eigenvalues of XN . Also, there may be very few outliers which are not
covered by the symbol of Tn. In the studies, presented here, we neglect the
low rank matrix EN and treat XN and Tn as one and the same. We present
a simple example that demonstrates the points above and clarifies the GLT
definition.

Example 2.4.6. Consider the coupled system of one-dimensional scalar
equations {

−(κ(x)u′)′ + v′ = g1(x),
u′ − ρv = g2(x),

(2.34)

with Dirichlet boundary conditions. Here ρ > 0 and the function κ(x) is
positive and continuous on the domain Ω = [0, 1].

Discretizing the problem using standard piece-wise linear FEM with
stepsize h leads to a matrix of the form

A =

[
K BT

B −ρM

]
,

where

K =


κ0 + κ1 −κ1

−κ1 κ1 + κ2 −κ2

κ2
. . .

. . .
. . .

. . . −κn
−κn κn + κn+1

+ EN , κi = κ(xi) ,

(2.35)

M =
h2

6


4 1
1 4 1

1
. . .

. . .
. . .

. . . 1
1 4

 , B = h


1
−1 1

−1
. . .
. . .

. . .

−1 1

 . (2.36)

If κ(x) = κ0 is constant, then we see from (2.35) and (2.36) that the matrices
K,M and B are unilevel Toeplitz matrices. From Definition 2.4.4 we find
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the symbols of the matrices as follows:

fK(θ) = 2− 1eîθ − 1e−îθ = 2− 2 cos(θ) (2.37)

fM (θ) = 4 + 1eîθ + 1e−îθ = 4 + 2 cos(θ) (2.38)

K = κ0Tn
(
fK(θ)

)
, M =

h2

3
Tn
(
fM (θ)

)
(2.39)

BT = hTn
(
1− e−îθ

)
, B = hTn

(
1− eîθ

)
. (2.40)

Although K is not a Toeplitz matrix when κ(x) is non constant, for large
enough n we can assume that κ(x) is locally constant. Beckerman and
Serra has shown in [12] that the sequence {K} is a GLT sequence and has
the symbol K = κ(x)Tn

(
2− 2 cos(θ)

)
.

As the (negative) Schur complement is of the form SA = ρM+BK−1BT ,
using the fact that any algebraic manipulation of a GLT is also a GLT, we
see that the negative Schur complement has the symbol

fS(x, θ) =
ρ

3

(
2 + cos(θ)

)
+
(
1− e−îθ

) 1

κ(x)
(
2− 2 cos(θ)

)(1− eîθ
)

=
ρ

3

(
2 + cos(θ)

)
+

1

κ(x)
.

Note that, when κ(x) is constant, fS is no longer a function of x. Figure 2.4
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Figure 2.4: Spectrum of S vs equispaced sampling of its symbol fS

shows that the equispaced sampling of fS correctly presents the spectrum
of the negative Schur complement for different values of ρ in both cases with
constant and variable κ(x).
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2.4.2 Symbols for a discrete system of PDEs and its Schur
complement

The detailed analysis of the symbol of the Toeplitz matrices arising from
the elastic GIA model, described in chapter 3, are presented in Paper III.
Here, we include the final results regarding the Schur complement and its
approximation. We consider two sets of stable FE discretizations, the modi-
fied Taylor-Hood (Q1Q1) and the Taylor-Hood (Q2Q1) elements. In Q1Q1,
the spaces V andQ from (2.20) are bilinear piecewise linear functions defined
on two consecutive mesh refinements while in Q2Q1, V and Q are piecewise
quadratic and bilinear function spaces respectively which reside on the same
mesh. The bilinear forms for the elastic GIA model are

a(u, v) =

∫
Ω

(
2µε(u) : ε(v)−∇(b · u) · v + (∇ · u)c · v

)
dΩ , (2.41a)

b(v, p) =

∫
Ω

µp∇ · vdΩ, Ω ⊂ R3 , (2.41b)

c(p, q) =

∫
Ω

ρ p q dΩ , (2.41c)

where σ is the stress tensor, ε(u) is the strain tensor, u and p are the
displacement and pressure respectively, µ and λ are the Lamé coefficients,

b and c are constants and ρ = µ2

λ . The coefficient ρ is zero if λ = ∞
(fully incompressible material in the GIA model) and is nonzero otherwise
(compressible material). The resulting system matrix is of the same form
as in Example 2.4.6. Now M is the pressure mass matrix corresponding
to the bilinear form c(p, q). The block K represents the form a(u, v) and
is symmetric when b = c = 0 or non-symmetric otherwise. The blocks
B and BT are constructed from b(v, p). Additionally, we assume separate
displacement ordering of the vector-valued variable u, where we order first
the displacements in x-direction and then the displacements in y-direction.
This induces a two-by-two block structure on the blocks K and B. The
system matrix A becomes

A =

K11 K12 BT
1

K21 K22 BT
2

B1 B2 −ρM

 } displacements in x
} displacements in y
} pressure unknowns

. (2.42)

We derive the symbols of the blocks of A, the symbol of A itself and that
of SA for K being symmetric positive definite in the case Q2Q1 and in the
case Q1Q1. Also for Q1Q1 the symbol of S̃A and SA are constructed in the
cases where K is symmetric and non-symmetric. Note that B1 and B2 are
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rectangular matrices. We utilize the structure of K and the factorization
(2.5) to express the exact Schur complement

SA = M +
[
B1 B2

]
K−1

[
BT

1

BT
2

]
= M +B1K

−1
11 B

T
1 +

(
B2 −B1K

−1
11 K12

)
S−1
K

(
B2 −B1K

−1
11 K12

)T
,

(2.43)

SK = K22 −K21K
−1
11 K12 . (2.44)

As stated before, computing the exact inverse of K is not a feasible op-
tion. Therefore, we construct the symbol of the exact Schur complement
by algebraic manipulation of the symbols of its parts. However, for EWSC,
we directly use the constructed matrix to derive its symbol. We point out
that the matrix A here does not possess a Toeplitz structure as in Defini-
tion 2.4.1. However, it is shown in [53] that a permuted matrix has the same
symbol as the original matrix. Let X be a Toeplitz matrix with the symbol
fX and Π a permutation matrix then

ΠXΠT = T (fX) .

In this work we proceed as follows. All the matrices are first assembled and
the ordering of the nodes is determined by some mesh generator. Then, we
use the fact that the problem domain is rectangular and the mesh is regular,
and reorder the nodes (respectively permute the matrices) in lexicographical
ordering. We apply the GLT analysis to the permuted matrices.

Remark 2.4.7. For both discretizations, Q2Q1 and Q1Q1, B is a rectan-
gular matrix which means that we cannot relate a symbol to it. However, we
can view B as the result of a downsampling of some square matrix B̃ using
a restriction matrix H (to be explained later) such that,

B = HT B̃ .

Using this technique we can employ the matrix B̃ in constructing the symbol
of the exact Schur complement as

SA = ρM +HT B̃K−1B̃TH .

In order to construct the symbol of SA we consider the effect, that the mul-
tiplication by the H and HT has on the symbol of B̃K−1B̃T and the way it
affects the sampling of the symbol of SA. This technique has been used in
various other contexts such as wavelet and subdivision schemes [18, 23, 45]
and multigrid methods [27, 62, 67].
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Example 2.4.8. As mentioned in Remark 2.4.7, we can view a rectangular
matrix as the result of downsampling of a square matrix. If the square matrix
is a GLT sequence, we can then find a symbol for it. To illustrate the idea,
consider the following Toeplitz matrix of size seven-by-seven

Ã =



1 2
3 1 2

3 1 2
3 1 2

3 1 2
3 1 2

3 1


.

By deleting every second column, we obtain the matrix

A =



1
3 2

1
3 2

1
3 2

1


,

which is the downsampled matrix of size seven-by-four. A can be seen as
obtained by multiplying Ã from the right by the matrix

H =



1 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 1


,

refered to as the restriction matrix. Thus, A = ÃH.

2.4.3 The symbol of the exact Schur complement SA

The symbol of the exact Schur complement is derived in Paper III in detail.
We include some of the symbols in Q2Q1 and Q1Q1 settings and present the
sampling in each case. The symbol of the Schur complement is constructed
by a series of algebraic manipulations followed by a downsampling from the
matrix H.
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In the Q2Q1 setting we have to address two issues. First, the symbol of
B̃i, i ∈ {1, 2} is scalar while the symbol of Kij , i, j ∈ {1, 2} is matrix-valued

(Refer to Paper III for details). To address this issue, Xn = Tn(f B̃i) is

viewed as a block Toeplitz matrix Xn = Tn
2
(f [2]B̃i). Next, following (2.43)

and (2.44), we derive the symbol of the Schur complement:

fSA(θ1, θ2) = fM (θ1, θ2) +G11(θ1, θ2), (2.45)

G(θ1, θ2) =
[
f [2]B̃1 [fK11 ]−1f [2]B̃T

1 + fR[fSK ]−1[fR]T
]

(θ1, θ2), (2.46)

fR(θ1, θ2) =
[
f [2]B̃2 − f [2]B̃1 [fK11 ]−1fK12

]
(θ1, θ2),

fSK (θ1, θ2) =
[
fK22 − fK21 [fK11 ]−1fK12

]
(θ1, θ2) .

The effect of the matrix H on (2.46) is expressed in accepting only the first
element of each sample (See Appendix A of Paper III). This is explicitly
shown in (2.45) by adding the subscript 11 to G. Figure 2.5c illustrates the
sampling of fSA according to (2.45) compared to the eigenvalues of SA.

The derivation of the symbol of the exact Schur complement for the
symmetric and non-symmetric matrix (2.42) in the Q1Q1 setting is the
same as in Q2Q1. In the case where K is non-symmetric, it can be viewed
as the sum of a symmetric matrix K̃ and a non-symmetric matrix K̂,

K = K̃ + K̂ .

Thus, the symbols of K̃ and K̂ are computed separately and added together
to build the symbol of K (for more details see Paper III).

In the Q1Q1 setting, having computed the symbol of K, B̃1 and B̃2, we
compute first the symbol of B̃K−1B̃T ,

G(θ1, θ2) =

[f B̃1 f B̃2

] [
fK
]−1

[
f B̃

T
1

f B̃
T
2

] (θ1, θ2) . (2.47)

The effect of the restriction matrix H on (2.47) is captured, using the theory
in [67, 62], by a permutation in the sampling process. The symbol of the
symmetric Schur complement SA = ρM + BK−1BT in Q1Q1 setting is
computed as

fSA(θ1, θ2) = fM (θ1, θ2) +
1

4

(
1∑
l=0

1∑
m=0

G

(
θ1

2
+ lπ,

θ2

2
+mπ

))
. (2.48)

The same procedure is employed to compute the symbol of the Schur comple-
ment in the non-symmetric case where K = K̃+K̂. Figures 2.5a and 2.5b il-
lustrate the agreement between the uniform sampling of (2.48) and the eigen-
values of the Schur complement in both symmetric and non-symmetric cases.
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Figure 2.5: The eigenvalues vs the sampling of the symbol of exact Schur
complement

Note that the symbol of K̂ is computed using the constants (b1, b2) = (1, 1)
and (c1, c2) = (0, 0). However, since the derivation of the symbol is done for
any value of the constants, the generality of the theory is not affected.

The symbol of the element-wise Schur complement S̃A

As described in Paper IV, the symbol of EWSC is constructed directly from
the matrix S̃A. This is possible since we construct S̃A explicitly. From
(2.18) and (2.19) we observe that by construction, EWSC is dependent on
h. As a result we have to choose a small enough h to be able to construct an
accurate symbol. To this end, we choose h = 0.0002. The symbol of EWSC
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for symmetric S̃sA and non-symmetric S̃nA case is as follows,

f S̃
s
A(θ1, θ2) =

(
0.7145 + 0.3766 cos(θ1)

)
(2.49)

+ 2 cos(θ2)
(
0.1883 + 0.0996 cos(θ1)

)
, (2.50)

f S̃
n
A(θ1, θ2) =

(
0.7145 + 0.3765 cos(θ1) + 0.0001̂i sin(θ1)

)
(2.51)

+
(
0.1882 + 0.0996 cos(θ1)

)
eî θ2

+
(
0.7145 + 0.0995 cos(θ1)− i0.0001 sin(θ1)

)
e−î θ2 .

Figure 2.6 (left) presents the comparison between the eigenvalues and the
symbol of the EWSC. We see that the eigenvalues of EWSC are covered by
its symbol. However, the symbol of EWSC predicts that the eigenvalues be
complex values which is observably not the case. Figure 2.6 (right) shows
the symbol of the exact Schur complement and EWSC. We see that the
symbols agree very well with each other.
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Figure 2.6: Comparison for the non-symmetric Schur complement

Remark 2.4.9. From the analysis presented above, it is seen that as h →
0, S̃A becomes symmetric. The increasing symmetricity could explain why
EWSC doesn’t work well with some problems while it has high quality for
other problems (in this case, elasticity, see Chapter 3).





CHAPTER 3

Glacial Isostatic Adjustment (GIA)

3.1 Background

Due to climate change, the amount of ice on the surface of the Earth changes
periodically. Cold periods cause ice to build up and oceans to retreat (glaci-
ation) while warmer periods trigger the deglaciation process. Glacial cycles
typically last from 40,000 to 100,000 years and often consist of a number of
ice advances and retreats. The last glacial maximum has happened around
22,000 years ago where around 6% of the Earth’s water was bound in ice
(in contrast to 2% at present). During glaciation, when the ice builds up,
as the weight of the ice becomes greater, the Earth’s surface subsides into
the mantel. After the surface is pressed several hundred meters down, the
stresses caused by the ice weight are balanced with the force exerted from
the Earth and the crust stops sinking. Moreover, the water is reduced from
the ocean and minor rise at the bottom of the ocean occurs. The reverse
process occurs during deglaciation. When the ice melts, oceans expand, the
Earth’s surface rebounds and since the ocean water increases, the oceans’
bottom subsides. Figure 3.1 illustrates the ice building phase.

Figure 3.1: The GIA process during the ice build-up

The stress changes that occur during GIA are known to affect volcanic

29
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activities. Also, the energy stored in the lithosphere due to the strain caused
by the ice load may be released during deglaciation phase which might lead
to giant earthquakes. Thus, model of GIA can be important in predicting
volcanic activities and earthquakes (cf. [39, 58]). Another crucial application
of the GIA model is in the safety assessment of radioactive waste which
must reside underground for over 150,000 years before it looses most of its
toxicity. Further, the ice history is used as a boundary condition in climate
change simulations. Some other applications deal with sea-level changes,
environmental studies such as the extent of water resources available in the
future and gravity changes and more.

GIA studies have been performed for many years (as early as 18th cen-
tury). The uplift of the Earth is analyzed by geophysicists using the data
collected from many different sources (see for instance [31, 19, 68]). In
parallel, a mathematical model for GIA has been developed that describes
the response of the Earth to loading. In the timespan relevant to a GIA
model (usually 100, 000 years), the response of the Earth may be seen as of
a viscoelastic material. That is, the Earth responds to load instantaneously
behaving as an elastic material while in a longer period of time the behavior
resembles that of a viscous fluid. The description of the viscoelastic GIA
model is given in, for instance, [52, 72] where the time dependence is treated
using Laplace transform. Further discussion on why the Earth is treated as
a viscoelastic material rather than a highly viscous fluid is given in [74].

Next we describe the mathematical GIA model in more detail. We de-
rive part of the formulation related to viscoelastic material and discuss the
additional terms necessary for the GIA model. We present then a simplified
viscoelastic model and derive a discrete formulation using FEM.

3.2 Formulation

The mathematical formulation of the GIA model describes the relation
between stress, displacements and strain on a spherical self-gravitating Earth.
The governing equations are

∇ · σ(x, t)−∇(ρ0u(x, t) · ∇Φ0)− ρ1∇Φ0 − ρ0∇Φ1 = 0, in Ω ⊂ R3 (3.1a)

∇ · ∇Φ1 − 4πGρ1 = 0, in Ω (3.1b)

ρ1 + ρ0∇ · u + u · ∂ρ0

∂r
= 0, in Ω , (3.1c)

where σ is the stress tensor, u is the displacement vector, Φ0 and Φ1

are the initial and the perturbed gravitational potential correspondingly,
G = 6.673×10−11(N m2

kg2
) is the gravitational constant and ρ0 and ρ1 are the

initial and perturbed densities respectively. Equation (3.1a) describes the
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equilibrium state using the conservation of momentum law. The first term
is the spatial gradients of stress. Pre-stress advection is described by the
second term, the third term is the effect of buoyancy and the fourth term
is the self-gravitation effect. Equation (3.1b) expresses the gravitational
change due to changes in density and Equation (3.1c) is the continuity rela-
tion which determines the density perturbation ρ1. Note that the pre-stress
advection is particularly important to be included even when (3.1) is sim-
plified (cf. [74]).

The connection between σ and u in (3.1a) is given by the constitutive re-
lations, in our case, viscoelastic rheology which we describe next. According

ε

tt0 t1

ε0

(a) Strain

σ

t

Relaxation

Recovery

t0 t1

σ0

(b) Stress

Figure 3.2: Left: step functions (dotted and dashed lines) of strain ε and
their summation (normal line). Right: relaxation (dotted line) and recovery
(dashed line) of stress σ and their summation (normal line).

to viscoelastic rheology, a constant strain applied to a point in a viscoelastic
material creates an initial instantaneous stress followed by stress relaxation
in time. When the strain is removed, the viscoelastic material enters the
recovery state. This process is visualized in Figure 3.2. The lines present
constant strain and the created stress respectively. At time t1 the strain is
removed which may be seen as the positive strain being canceled by a neg-
ative strain with the same absolute value. The total stress can be computed
as the sum of stresses related to each strain. The formal expression for the
strain is

ε(t) = ε0[H(t− t0)−H(t− t1)],

where H(t) is the step function. The corresponding stress in Figure 3.2 is

σ(t) = ε0[C(t− t0)− C(t− t1)]. (3.2)

Here C(t) is the relaxation modulus. Note that (3.2) and correspondingly
Figure 3.2 are correct only if the material is non-aging which means that a
strain applied at time t0 has the same effect as the same strain applied at
t1. Next, assume a non-constant strain applied to a viscoelastic point. The
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stress at time t can be described as the sum of stress increments caused by
a strain change in the small time intervals (t− τ, t− τ + ∆τ),

dσ(t) = ε(τ)[C(t− τ)− C(t− τ + ∆τ)] . (3.3)

Note that (3.3) corresponds to (3.2) where t0 = τ and t1 = τ −∆τ . If the
length of the time interval tends to zero (∆τ → 0) we can rewrite (3.3) as

dσ(t) = lim
∆τ→0

ε(τ)
C(t− τ)− C(t− τ + ∆τ)

∆τ
(3.4)

= −ε(τ)
dC(t− τ)

d τ
d τ . (3.5)

Integrating (3.5), the stress history for a point in space takes the form

σ(t) = C(0)ε(t)−
t∫

0

ε(τ)
dC(t− τ)

d τ
d τ . (3.6)

In (3.6), the first term in the right hand side is added since the stress at
time zero could be non-zero which must be taken into the total stress history.
Using integration by parts we obtain

σ(t) = C(0)ε(0)−
t∫

0

d ε(τ)

d τ
C(t− τ)d τ . (3.7)

In a d dimensional domain Ω, (3.7) becomes

σ(x, t) = C(x, 0)ε(u(x, 0))−
t∫

0

∂ε(u(x, τ))

∂τ
C(x, t− τ)∂τ, x ∈ Ω ⊂ Rd .

(3.8)
Here the first term in the right hand side is the elastic response and the
integrand in the second term is referred to as Hook’s law with memory
(hinting that the integration over time makes it remember the whole strain
history). We denote the two terms as σE(x) and σI(x, t) respectively. In
the most general setting, the relaxation tensor C(x, t) is a large full mat-
rix. It is an 81-by-81 and 27-by-27 dense matrix in case of 3D and 2D
space respectively. However, assuming that the material is linear isotropic
and homogeneous (locally), where the time evolution is described via the
material coefficients, greatly simplifies C(x, t) to two parameters, the Lame
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coefficients. Thus, the stress-strain relation becomes

σ(x, t) = σE(x)−
t∫

0

σI(x, τ)d τ,

σE(x) = 2µE(x)ε(u(x, 0)) + λE(x)∇ · u(x, 0)I

σI(x, t) = 2∂tµ(x, t)ε(u(x, t)) + ∂tλ(x, t)∇ · u(x, t)I ,

(3.9)

where I is the identity matrix. Considering the size of the spherical domain,
being the whole Earth, the displacement is presumed to be small. For small
displacement the strain is of the form

ε(u(x, t)) =
1

2

(
∇u(x, t) + (∇u(x, t))T

)
. (3.10)

The coefficients µE and λE are the Lamé coefficients which are related to
Poisson ration ν and Young’s modulus E as follows,

µE(x) =
E(x)

2(1 + ν(x))
, ν ∈ [−1, 0.5] ,

λE(x) =
ν(x)E(x)

(1 + ν(x))(1− 2ν(x))
.

(3.11)

Poisson ratio is the compressibility quantity with ν = 0.5 describing fully
incompressible material and ν = −1 as full compressibility. In Earth simu-
lations, however, the value of ν is restricted ν(x) ∈ [0, 0.5]. Note that in the
case of full incompressibility, the Lamé coefficient λ(x) becomes unbounded,
which requires special care in numerical modeling. The Young’s modulus
(also known as the elastic modulus) is a stiffness measure for elastic ma-
terials. In Earth simulations Young’s modulus is usually close to E ≈ 1011

Pascals which describes a very rigid body.
The time dependent material coefficients µ(x, t) and λ(x, t) are described

by different models in which their behavior is characterized as a combination
of springs and dashpots. We use the Maxwell model which defines the
coefficients as a serial combination of a spring and a dashpot. The time
dependence is then described as an exponential function of time

µ(x, t) = µE(x)e−α0(t−τ), λ(x, t) = λE(x)e−α0(t−τ), α0 =
µE(x)

η
,

(3.12)
where η is the viscosity. In the Earth’s mantle the viscosity varies between
approximately 1018 to 1022 Pa s. The system (3.1) together with the con-
stitutive relations (3.9) and the coefficient relations (3.11) and (3.12) com-
pletes the mathematical GIA model. Next we describe the simplifications
and its spatial (FEM) and time discretization.
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3.2.1 A simplified (flat) GIA model

The GIA model presented in Section 3.2 is in its full complexity. However,
in an attempt to capture the significant parts of the dynamics of the system
while reducing the computational cost and complexity we study a simplified
model. To this end we treat the 3D spherical model as a flat 2D or 3D
viscoelastic model, excluding self gravitation. Moreover, to better under-
stand the numerical properties, computational settings and implementation
difficulties that may arise during the study of GIA, we further reduce the
mathematical presentation to only account for elasticity. This simplified
formulation and its implementation is useful since the elastic GIA model is
a building block for the viscoelastic GIA formulation. Thus, studies of the
elastic GIA model can provide us with valuable knowledge on how to treat
the more complex representation of the GIA processes. Here, we present the
flat viscoelastic GIA model and the steps that lead to this simple model. We
then derive the FE discretization and the time discretization for the GIA
model.

In order to simplify the GIA model, first we assume that the Earth
is a flat rigid body which is equivalent to choosing a small cut from the
spherical geometry. Thus, the gravity can also be seen as constant (g). In
effect, (3.1b) and the fourth term in (3.1a) are removed due to the uniform
gravity assumption. We further assume that the density is constant ρ0

which removes (3.1c). In addition, the third term in (3.1a) is replaced with
a simpler buoyancy force term which takes into account the constant density.
The simplified equation reads as

−∇·σ(x, t)−∇(u(x, t)·∇p)+ρged∇·u(x, t) = f(x, t), x ∈ Ω ⊂ Rd, d = 2, 3 ,
(3.13)

subject to the constitutive relations (3.9), (3.11) and (3.12). Here, p is the
hydrostatic pressure, ρ is the constant density, g is the gravity, f is the body
force and ed is a rank-one tensor of the standard basis pointing in the depth
direction. The first term in (3.13) is the stress gradients, the second term
is the pre-stress advection and the third term is the buoyancy. We replace
the constant values with generic values b(x) and c(x)

−∇·σ(x, t)−∇(u(x, t)·b(x))+c(x)∇·u(x, t) = f(x, t), x ∈ Ω ⊂ Rd, d = 2, 3 .
(3.14)

A final assumption, only to simplify the notation, is that the material is
homogeneous across the domain Ω. The implication is that the Lamé coef-
ficients (3.11) and (3.12), the Poisson’s ratio and the Young’s modulus are
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constant in space;

µE =
E

2(1 + ν)
, λE =

νE

(1 + ν)(1− 2ν)
, (3.15)

µ(t) = µEe
−α0(t−τ), λ(t) = λEe

−α0(t−τ), α0 =
µE
η

. (3.16)

We point out once again that this assumption does not introduce any sim-
plification in the model, rather, it eases the analysis and the FE formulation
of the discrete problem. In case of inhomogeneous material, the integrals in
the formulation can be written as a sum of integrals over subdomains where
the material is homogeneous. A 3D flat inhomogeneous geometry with two
layers is presented in Figure 3.3.

Ω1

Ω2

Figure 3.3: The geometry of a flat 3D GIA model

In the case when the Poisson’s ratio is equal to 0.5 (i.e. full incompress-
ibility), from (3.11) we see that λE becomes unbounded meaning that (3.13)
is not well-posed any longer. This is a mathematical phenomenon known
as “volumetric locking” (see for instance [15]). A common remedy to the
volumetric locking is to introduce an additional equation with the so-called
kinematic pressure p, defined as

p(x, t) =
λE
µE
∇ · u(x, t) . (3.17)

For brevity, we state the simplified elastic GIA model with incorporated
kinematic pressure,

−∇ ·
(
2µEε(u(x))

)
−∇

(
u(x) · b(x)

)
+
(
∇ · u(x)

)
c(x)− µE∇p(x) = f(x),

(3.18a)

µE∇ · u(x)−
µ2
E

λE
p(x) = 0 .

(3.18b)
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We note that when ν → 0.5, the second term in (3.18b) tends to zero. The
kinematic pressure can be integrated in the viscoelastic formulation in the
same way and is added into the formulation when deriving the weak form.

3.2.2 Scaling the GIA model

The domain of definition of the GIA model, both in time and space, is partic-
ularly large with timespan of several thousand years and spatial dimensions
of at least 10, 000× 4, 000 km.

Let L, S, U , V and T be the characteristic length, stress, displacement,
viscosity and time respectively. We introduce the scaled ũ, σ̃, x̃, η̃, t̃ and τ̃

u = Uũ (m), σ = S σ̃ (Pa), x = Lx̃ (m), η = V η̃ (
m2

s
),

∇ =
∇̃
L
, t = T t̃ (s), τ = T τ̃ (s) .

The coefficients b and c have the unit Newton since here they are equal to
ρ g h. Hence, we deduce their unit from the characteristic stress and length
as SL2. We have

b = S L2b̃ (N), c = S L2c̃ .

In addition, since the Lamé coefficients are in Pascals and the Poisson ratio
is dimensionless, we get

λE = Sλ̃E (Pa), µE = Sµ̃E (Pa),

λ(t) = Sλ̃Ee
− S

V
α̃0(t̃−τ̃), µ(t) = Sµ̃Ee

− S
V
α̃0(t̃−τ̃), α0 =

S

V

µ̃E
η̃

=
S

V
α̃0

Using the dimensionless (scaled) variables, we obtain

σ(u(x, t)) =
US

L
σ̃
(
ũ(x̃, t̃)

)
,

∇
(
u(x, t) · b

)
= ∇

(
u(x, t) · b

)
= S L2U

L
∇̃
(
ũ(x̃, t̃) · b̃

)
,

(∇ · u(x, t))c = S LU
(
∇̃ · ũ(x̃, t̃)

)
c̃,

f(x) = Lf(x̃)

By substituting the components in (3.18) we obtain the scaled problem.

−∇̃ ·
(

2µ̃E ε̃(ũ(x))
)
− L3∇̃

(
ũ(x̃, t̃) · b̃

)
+ L3

(
∇̃ · ũ(x̃, t̃)

)
c̃− L

U
µ̃E∇̃p(x) =

L2

SU
f(x) , (3.19a)

µ̃E∇̃ · ũ(x̃)−
µ̃2
E

λ̃E
p(x̃) = 0 . (3.19b)
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3.2.3 Finite Element discretization

Γ
N

x

ΓS

L 
Γ

ΓN

ΓD

y

Figure 3.4: The geometry of a flat 2D GIA model

Consider the viscoelastic GIA model (3.14) on a homogeneous bounded
flat rigid body Ω with the constitutive relations (3.15) and (3.16) in the time
interval t ∈ T = [0, T ] . The body Ω is subject to a body force f(x, t). In
2D the geometry is illustrated as in Figure 3.4 where the 2D space Ω is fixed
on the boundary ΓD. Movement along the y-axis is allowed on ΓS and ΓL
is subject to surface load `(x, t). The boundary conditions are summarized
as

[2µEε(u(x, t)) + µEp(x, t)I] · n = `(x, t) on ΓL ,

[2µEε(u(x, t)) + µEp(x, t)I] · n = 0 on ΓN ,

u = 0 on ΓD ,

u1 = 0, ∂xu2 = 0 on ΓS .

The weak form of (3.14) is rather standard. Let V = H2
0 (Ω)d, d = 2, 3 be a

Sobolev space with corresponding norms. For all v ∈ V , find u ∈ V(V, T )
such that

−
∫
Ω

∇·σ(t)·vdΩ−
∫
Ω

∇(b·u)·vdΩ+

∫
Ω

(∇·u)c·vdΩ =

∫
Ω

f(t)·vdΩ . (3.20)

Using integration by parts we obtain

∫
Ω

σ(t)·∇vdΩ−
∫
Ω

∇(b·u)·vdΩ+

∫
Ω

(∇·u)c·vdΩ =

∫
Ω

f(t)·vdΩ+

∫
Γ

n·σ(t)·vdΓ .

(3.21)
Assuming that there is no rotation in the domain we can remove the anti-
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symmetric part of ∇v

∫
Ω

σ(t) : ε(v)dΩ−
∫
Ω

∇(b · u) · vdΩ +

∫
Ω

(∇ · u)c · vdΩ

+

∫
Ω

t∫
0

σI(x, τ) : ε(v)dΩ =

∫
Ω

f(t) · vdΩ +

∫
Γ

n · σ(t) · vdΓ .

(3.22)
Next we insert the constitutive relation (3.9) in (3.22),

∫
Ω

(
σE : ε(v)−∇(b · u) · v + (∇ · u)c · v

)
dΩ

−
t∫

0

∫
Ω

σI(x, τ) : ε(v)d τdΩ =

∫
Ω

f(t) · vdΩ

+

∫
Γ

`(t) · vdΓ

−
t∫

0

∫
Γ

σI(x, τ) · n · vd τdΩ .

(3.23)

Note that, since the material is considered homogeneous, the time and space
integrals are interchangeable. For inhomogeneous materials, the domain can
be expressed as m homogeneous subdomains, the spatial integral can then
be written as the sum of m sub-integrals.

Next we introduce the kinematic pressure in (3.23). Let P = H1
0 (Ω) be

a Sobolev space and p ∈ P(P, T ). We pose the task to find u and p ∈ P
such that for all q ∈ P ,

a(u(t), v) + b(v, p(t))−
t∫

0

(
ã(u(τ), v) + b̃(v, p(τ))

)
d τ = g(v) +

t∫
0

˜̀(v) ,

b(u(t), q)− c(p(t), q)−
t∫

0

(
b̃(u(τ), q)− c̃(p(τ), q)

)
d τ = 0 ,

(3.24)
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where the bilinear forms are as follows

a(u(t), v) =

∫
Ω

(2µEε(u(t)) : ε(v)−∇(b · u(t)) · v + (∇ · u(t))c · v) dΩ ,

ã(u(τ), v) =

∫
Ω

2α0e
−α0(t−τ)µEε(u(τ)) : ε(v)dΩ ,

b(v, p(t)) =

∫
Ω

µEp(t)∇ · vdΩ ,

b̃(v, p(τ)) =

∫
Ω

α0e
−α0(t−τ)µEp(τ)∇ · vdΩ ,

c(p(t), q) =

∫
Ω

µ2
E

λE
p(t)qdΩ ,

c̃(p(τ), q) =

∫
Ω

α0e
−α0(t−τ)µ

2
E

λE
p(τ)qdΩ ,

g(v) =

∫
Ω

f(t) · vdΩ +

∫
Γ

`(t) · vdΓ ,

˜̀(v) =

∫
Γ

α0e
−α0(t−τ)`(τ) · vdΓ .

(3.25)
Next we discretized the problem in time. In general, one may use some
numerical quadrature where the time domain is discretized into n equidistant
points 0 = t0 < t1 < · · · < tn = T . Let ∆t represent the length of the time
intervals ∆t = tj − tj−1, j = 1, · · · , n. Any quadrature method needs the
history of the displacements in time which is memory consuming since we
have to keep n arrays for each variable. Additionally, the computation of the
integral itself requires a high number of floating point operations. Hence,
computing the integrals in each time step is not a suitable choice. We provide
a much cheaper approach which takes advantage of the particular form of
the Maxwell model (3.12).

Let Iji be any of the integrals in (3.25) from ti to tj which are of the
form

Iji =

tj∫
ti

e−α0(t−τ)χ(τ)d τ , (3.26)

where χ(τ) packs parts of the integral which is not influencing this deriva-
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tion. Recall the composite trapezoidal rule with n points

b∫
a

f(x)d x =
∆x

2
(f(x1) + 2f(x2) + 2f(x3) + · · ·+ 2f(xn−1) + f(xn)) .

Applying the trapezoidal rule to In0 we have

In0 =

tn∫
0

e−α0(tn−τ)χ(τ)d τ

=
∆t

2

(
e−α0(tn−t0)χ(t0) +

n−1∑
i=1

(
2e−α0(tn−ti)χ(ti)

))
︸ ︷︷ ︸

rn−1(I)

+
∆t

2
χ(tn) .

In time step tn−1, rn−2 is a known value and χ(tn−1) is unknown. In the
time step tn, the value χ(tn−1) in known. We construct rn−1(I) from rn−2(I)
in this way

rn−1(I) = e−α0∆trn−2(I) + 2e−α0∆tχ(tn−1) .

We see that the new rn is the correction of the time history results plus the
contribution of the previous time step. Thus, by applying this to (3.24), the
problem discretized in time reads as

a(u(tn), v) + b(v, p(tn))

− ∆t

2
ã(u(tn), v)

+
∆t

2
b̃(v, p(tn)) = g(v) +

∆t

2
˜̀(v, tn) + rn−1(ã)

+ rn−1(̃b) + rn−1(˜̀) , (3.27a)

b(u(tn), q)− c(p(tn), q)

− ∆t

2
b̃(u(tn), q)

− ∆t

2
c̃(p(tn), q) = rn−1(̃b)− rn−1(c̃) . (3.27b)

Finally, we perform a finite element space discretization of Ω, namely, con-
sider a discretized domain Ωh and some finite dimensional subspaces Vh ⊂ V
and Ph ⊂ P . To this end, we use mixed finite elements and a stable finite
element pair of spaces for the displacements and the pressure, in order to
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satisfy the LBB condition (c.f. [28]). Substituting the discrete subspaces,
(3.27) at time ti is represented by a system of equations

Ai
[
ui
pi

]
=

[
b1:i

b2:i

]
, Ai = A− ∆t

2
Ã , (3.28)

where

A =

[
K BT

B −C

]
, Ã =

[
K̃ B̃T

B̃ −C̃

]
. (3.29)

Here, K, K̃,B, B̃, C and C̃ correspond to the mixed forms a, ã, b, b̃, c and c̃
respectively.

Note that Ai is exactly the matrix which we analyzed in Chapter 2. To
solve systems with Ai as the coefficient matrix, we use an iterative solver
and the proposed D preconditioner with EWSC as an approximation of the
Schur complement. Details of the experiments are provided in the next
chapter.





CHAPTER 4

Numerical Experiments

Practical large-scale computer simulation of real world phenomena often
requires to simultaneously consider several factors and their mutual rela-
tionship, such as

• selecting a suitable computer resource;

• developing a viable algorithm for the selected resource;

• implementing a functional and flexible simulation program which often
requires knowledge of the governing physical process;

• familiarity with the mathematical analysis and the knowledge of the
computer architecture;

Moreover, implementing all the necessary tools requires excessive coding and
rigorous testing, not to mention the time needed for all this. In this scenario,
changing each core component of the application leads to rewriting most, if
not all, of the code.

A more practical approach is to develop and maintain modules which are
specialized for specific parts of the simulation (i.e. mesh generation). This
practice is the traditional approach in scientific computing going back several
decades. However, among the plethora of libraries developed for scientific
purposes, a handful are designed sufficiently general to be reusable by large
variety of other applications. These general libraries cover many algorithms

43
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and methods related to their field. Additionally, the enormous man-hour put
into optimizing and testing these libraries usually make them unbeatable by
any individually developed counterparts. Another advantage of using ready
libraries is that the attention of the researcher can be diverted from most
of the implementation process to the problem itself. If a simulation is not
performing as expected, the issue is localized to either the model or some
much smaller piece of code implemented by the research team.

For this purpose, several libraries, developed in C++ and Fortran, are
used to implement the GIA model. In all our experiments and implementa-
tions, Deal.II is the FE library used. The iterative solution method is taken
either from the interfaced package Trilinos or other libraries which are intro-
duced later. Additionally, we used the data structure of Trilinos provided by
Deal.II which equipped us with both serial and parallel capabilities required
for GIA simulation.

In previous studies, [9, 10, 43], the elastic GIA model was implemented
on homogeneous and inhomogeneous domains using modified Taylor-Hood
Q1Q1 with algebraic multilevel (AMLI, cf. [5, 6]) as the inner preconditioner
and D as the outer preconditioner (cf. [10, 11, 43]). Additionally, the
implemented methods were compared with Abaqus FEA later in a paper by
Bängtsson and Lund (cf. [9]).

In addition to the novel mathematical analysis of the preconditioner D,
in Papers I and II, we presented a new implementation with Taylor-Hood
elements Q2Q1 and AMG preconditioner for the inner solvers. The new
implementation of the GIA model is able to handle inhomogeneity. It also
provides the possibility to place multiple loads on the surface.

In the presented performance studies we use a simplistic elastic GIA
model with the advection of prestress and the kinematic pressure and ex-
cluding the buoyancy

−∇ · (2µEε(u(x)))−∇(u(x) · b(x))− µE∇p(x) = f(x) ,

µE∇ · u(x)−
µ2
E

λE
p(x) = 0 ,

with the boundary conditions

[2µEε(u(x, t)) + µEp(x, t)I] · n = `(x, t) on ΓL ,

[2µEε(u(x, t)) + µEp(x, t)I] · n = 0 on ΓN ,

u = 0 on ΓD ,

u1 = 0, ∂xu2 = 0 on ΓS .

The Earth is assumed to be a flat homogeneous 2D domain (as in Figure 3.4)
of size 10, 000 × 4, 000(km) with the density of 3, 300( kg

m3 ), gravity 9.8(m
s2

),
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Young’s modulus E = 4×1011(Pa) and Poisson’s ratio of ν = 0.2 or ν = 0.5.
The load on top of the Earth is an ice sheet with size 1000× 2(km) and the
density of 917( kg

m3 ). The equations are discretized using the Taylor-Hood
stable FE pair Q2Q1. The resulting system is of the form

A
[
u
p

]
=

[
b
0

]
, A =

[
K BT

B −M

]
.

The domain is initially meshed with 11 and 5 nodes along length and depth
respectively and further refined globaly with a number of refinements.

We use the preconditioner

D =

[
[A] 0

B [S̃A]

]
,

where S̃A is the element-wise Schur complement constructed in Chapter 2
and [.] denotes an inner solver. FGMRES is chosen as the inner and outer
(system) solver with tolerances 10−1 and 10−7 respectively. We choose such
a low tolerance for the inner solvers since the solution methods converge
rather fast and the achived accuracy suffices to ensure the good quality of
the outer preconditioner. Moreover, the inner solvers are preconditioned
using AMG.

In the presented tables, whenever relevant, we provide the iteration count
as a measure of convergence speed. The iteration count is given in the
format #o(#i,#s) where #o refers to the number of iterations the outer
solver performs, #i is the number of iterations of the inner solver to solve
systems with K and #s is the number of iterations of the inner solver that
solves systems with S̃A.

In the sequel, we introduce the libraries that has been employed to im-
plement the GIA model. For each library a short description is provided
as well as the advantages gained by using it. In order to ensure that the
experiments are reproducible, we also specify the settings that we use in our
model for each library.

4.1 Libraries used in the numerical experiments

4.1.1 Deal.II

Differential Equations Analysis Library (Deal.II) is an open source finite ele-
ment library which provides tools needed to solve partial differential equa-
tion systems. Deal.II (the successor of the DEAL library) uses the object
oriented programming (OOP) model in C++ to separate components of finite
element simulation into modules which enables developing large variety of
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application. This modular approach provides better control over the com-
ponents used in a program, easier maintenance of the code and localizes the
potential errors.

Deal.II is a self contained library which includes all components from
mesh generation, triangulation, handling degree of freedoms, matrix as-
sembly, numerical solution methods, adaptive refinement and other needed
tools. However, Deal.II also provides links to other robust scientific comput-
ing libraries such as Trilinos [30] and PETSc [7], graph partitioning library
Metis [32] and many others. In this way, the parallel capabilities of Deal.II
depends on those of the scientific libraries. See [8] for more information on
Deal.II.

Deal.II is written using generic templates which grants high flexibility to
alter the properties of the model. For instance, the problem dimension may
be changed with minimal effort through a template parameter. Additionally,
Deal.II provides a uniform interface to various components of all included
external packages through “wrappers”, hence, removing the learning process
necessary to use other libraries.

Remark 4.1.1. A rival library of Deal.II is the FEniCS project (c.f. [36,
37]) which aims to enable automated solution of PDEs. However, since the
solution procedures are generated automatically, the user does not posses
control over the routines. Every library needs to take into account the trade-
off between ease of implementation and the control over code components.
Deal.II and FEniCS are the two opposite sides of this trade-off which makes
both of the libraries attractive choices.

4.1.2 Trilinos

Trilinos is a collection of libraries with focus on scientific computing and
engineering needs. It is developed with the object oriented design philo-
sophy. Comprehensive documentation of the libraries are provided in [30].
In our implementation, several packages of Trilinos is accessed, configured
and used by Deal.II through the provided interface. Sparse matrix vector
operations, communication and storage on a distributed memory is handled
by the Epetra library. We use (F)GMRES provided by AZTEC packages
and precondition it using AMG from the ML package. The Teuchos para-
meter class is in charge of passing the configuration settings of AMG to ML.
Deal.II configures AMG with default values (listed in [8]) which can be par-
tially changed in our implementation. In the studies presented here, we use
Chebyshev smoother with two pre- and post-smoothing steps and perform
one Multigrid cycle. We set uncoupled aggregation with a certain threshold.

Remark 4.1.2. The best value for aggregation threshold is empirically found.
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In paper I we use the value of 0.02 in the serial and shared memory imple-
mentation. However, this value doesn’t work well in the distributed memory
implementation. A series of tests revealed that the optimum value for the
distributed memory implementation is 0.001 which we use in paper II.

4.1.3 AGMG

Aggregation based algebraic multigrid method (AGMG, see [46]) provides
a novel approach to construct the AMG preconditioner and solve linear
systems of equations. AGMG is expected to be efficient for large systems
arising from the discretization of scalar second order elliptic PDEs. The
method is however purely algebraic.

AGMG is written in Fortran 90 and implements the method described in
[47] as subroutines. The implementation is further improved using [41, 48].

The scalar solver in AGMG is parallelized and tested on up to 370000
cores. However, the design decisions of the library is to exclude OpenMp
implementation.

Remark 4.1.3. There is an implementation of AGMG which works for
vector valued variables and block matrices. However this version is not yet
implemented for distributed memory architecture. Therefore, in the studies
presented here we only use the serial block-AGMG and the serial scalar-
AGMG.

Remark 4.1.4. As the library is developed in Fortran 90, the matrices
and arrays must be copied and corrected to agree with Fortran numbering
standard (an array index starts from one). For small problems tested in
paper I, this is not an issue. Since there is no block-AGMG implemented
for MPI, we cannot comment on the impact of the memory copy on larger
problems.

The AGMG is configured as follows:

• The coarsening is by double pairwise aggregation (with quality control
as in [41, 48]), performed separately on the two components of the
displacement vector.

• One forward Gauss-Seidel sweep for pre-smoothing and one backward
Gauss-Seidel sweep for post-smoothing.

• K-cycle [50], i.e., two Krylov accelerated iterations at each intermedi-
ate level.

• The main iterative solver is the Generalized Conjugate Residual (GCR)
method, [25].
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4.1.4 PARALUTION

PARALUTION (short for Parallel Solution) is a sparse linear algebra library
with focus on exploring fine-grained parallelism, targeting modern processors
and accelerators including multi/many-core CPU and GPU platforms. The
goal of this project is to provide a portable library for iterative sparse meth-
ods on state-of-the-art hardware. PARALUTION is a middle-ware between
different parallel backends and application-specific packages.

PARALUTION follows the design philosophy to separate objects (data
or routine objects) from their actual hardware specification. The execution
mechanism is based on run-time type information (RTTI) that allows the
user to select where and how to perform the operations at run time. In
this way PARALUTION differs from most of the parallel sparse libraries
available. Another cornerstone of PARALUTION is the native support of
accelerators - the memory allocation, transfers and specific hardware func-
tions are handled internally in the library.

The library provides OpenMP (Host), OpenCL (NVIDIA, AMD GPUs),
CUDA (NVIDIA GPUs), OpenMP (Xeon Phi/MIC) and MPI backends. For
more details refer to [40].

PARALUTION provides build-in plug-in to Deal.II which exports and
imports data. The AMG in PARALUTION is configured to have the coarsest
grid size as 2000 with smooth aggregation as the coarsening method, coup-
ling strength is set to 0.001, the smoother is of multi-colored Gauss-Seidel
type with relaxation parameter set to 1.3, [38]. Additionally, one pre-
smoothing step, two post- smoothing steps and one multigrid cycle for pre-
conditioning are performed. The matrix formats are ELLPACK (ELL) and
compressed sparse row (CSR) for smoother and operator matrices respect-
ively. The AMG has to be constructed entirely on the CPU, while the
execution can be performed on the CPU or on the GPU without any code
modification.

Remark 4.1.5. PARALUTION’s MPI layer is only included in the com-
mercial license which avoids us from testing the performance of the library
on distributed memory machines.

4.1.5 Abaqus FEA

Abaqus FEA is a commercial finite element analysis software suit most used
to model computational fluid dynamics and structural responses. The suit
comes with various tools such as a simple input language to model problem
components, comprehensive analysis and data checking, pre-processing and
post-processing options and many finite element tools. Abaqus FEA is used
in different fields like geo-science, aerospace and automotive. Additionally,
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Abaqus FEA supports many different infrastructures such as shared and
distributed memory architectures and multi/many core devices. It is highly
optimized with many man-hour put into its development which makes it
suitable to be used as a reference both for the result and performance. For
further information we refer to [1].

We use Abaqus FEA as the test suit since it is the commercial software
which has been used widely in GIA publications. Additionally, we confirm
the correctness of our numerical results with the results from Abaqus FEA.
Moreover, since it is highly optimized and very efficient, we compare the
performance of our implementations against Abaqus FEA.

Although Abaqus FEA have been used in geo-science community [57, 73,
75], the GIA model is not straightforwardly implemented in the software.
Important terms such as pre-stress advection is removed from the model
and simulated in Abaqus FEA using components available. The extent of
the modification is discussed in [75]. Additionally, the software provides
an incompressible element type but it is not applicable to GIA problem.
In the cases where incompressibility is needed, the value of ν is chosen to
approach the fully incompressibility ν → 0.5, for instance ν = 0.49999.
Since Abaqus FEA does not solve the GIA model with fully incompressible
material, the kinematic pressure is not introduced in the system. Thus, the
solved system of equation is approximately 25% smaller than what we solve.
In the comparison between Abaqus FEA and our implementation, we point
this out by adding a column with the header 75%.

Remark 4.1.6. COMSOL is another commercial multiphysics software product
suite which could be used to simulate the GIA model. However, it is not
straightforward to implement the GIA model in COMSOL although it can
be solved by using the equation-based modeling to enter the equations manu-
ally. All in all, so far, for geophysicists, Abaqus FEA is the more reasonable
choice since there are abundance of papers to compare our results with.

4.2 The experimental setting

In the studies presented in this section three computer resources are used to
simulate the GIA model are:



50 Chapter 4. Numerical Experiments

Jiekna CPU: Intel (R) Xeon (R) 1.6GHz 12 cores
K40 CPU: Intel (R) Core (TM) i5-3550 CPU 3.30GHz 4 cores

GPU: NVIDIA K40, 12G, 2880 cores
Tintin CPU: 160 AMD Opteron 6220 Bulldozer 3.30GHz 2560

cores
RAM: 64 or 128 GByte RAM per node.
Network: Dual Gigabit Ethernet and QDR Infiniband.

Deal.II and Trilinos are installed on all the above resources, Abaqus FEA
is only installed on Jiekna and PARALUTION is installed only on K40.

The performance studies are documented in Papers I and II. Here, for
illustration purposes, we present parts of the results. We start by comparing
the Abaqus FEA implementation with our implementation using Deal.II
and Trilinos parallelized by OpenMp. The vertical displacements of the 2D
elastic GIA are shown in Figure 4.1

Figure 4.1: Vertical displacement of the GIA model in meters in 2D

Table 4.1: Deal.II and Abaqus FEA; Performance comparison; compressible
material (ν = 0.2)

th
rea

d
s

Deal.II + Trilinos Abaqus FEA

DOFs Iterations
Time (s)

DOFs
Time (s)

Setup Solve 75% Setup Solve

1 10(6, 1) 3.43 34.2 (22.8) 7.44 59
4 1 479 043 10(6, 1) 3.04 23.4 (15.6) 986 626 7.49 33
8 10(6, 1) 3.00 19.1 (12.7) 7.51 28

1 10(6, 1) 15.4 150.0 (100.0) 29.72 269
4 5 907 203 10(6, 1) 14.2 95.5 (63.7) 3 939 330 29.93 145
8 10(6, 1) 14.1 79.0 (52.7) 29.94 122
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Table 4.1 compares the performance of the preconditioned FGMRES
from Trilinos with the direct solver in Abaqus FEA for the compressible
Earth (ν = 0.2) executed on Jiekna computer resource. We see that both
methods scale nearly linear. Additionally, the solver from Trilinos with the
proposed preconditioner D is faster in terms of time consumption although
it solves a larger system relative to Abaqus FEA. Column six in Table 4.1
shows 75% of the time of Trilinos to approximately match the size of the
problem solved on Abaqus FEA.

Next, we present a more comprehensive result, produced on Jiekna, for
the OpenMp parallelized Trilinos implementation consisting of compressible
ν = 0.2 and incompressible ν = 0.5 material. From Table 4.2 we see that the

Table 4.2: Trilinos performance on Jiekna

th
read

s

ν = 0.2 ν = 0.5
DOFs

Iterations
Time (s)

Iterations
Time (s)

Setup Solve Setup Solve

4 370 883 10(5, 1) 0.819 4.9 18(6, 1) 0.839 10.3
8 10(5, 1) 0.947 4.23 18(6, 1) 0.957 8.44

1 10(6, 1) 3.43 34.2 18(7, 1) 3.53 65.8
4 1 479 043 10(6, 1) 3.04 23.4 18(7, 1) 3.07 43.8
8 10(6, 1) 3.00 19.1 18(7, 1) 3.03 37.4

1 10(6, 1) 15.4 150 18(8, 1) 15.5 324
4 5 907 203 10(6, 1) 14.2 95.5 18(8, 1) 14.5 217
8 10(6, 1) 14.1 79 18(8, 1) 14.4 177

convergence rate of the outer solver is constant across problem sizes, showing
mesh and parameter independence, and number of threads which shows the
numerical optimality of the method. Moreover, the iteration counts of the
inner solver for the K block show a slight variation in the compressible Earth
model. In the incompressible Earth model the number of iterations of the
inner doubles, comparing the largest and the smallest problem size, which
is acceptable. The outer convergence of the incompressible Earth is shown
to be slower due to the fact that the system has a worse condition number
compared to compressible Earth model. Further, we observe that the solver
does not scale to more than four threads. The reason could be attributed
to the memory bandwidth.

In Paper I, the time required for the different parts of the solver was
analyzed. There, it was shown that 90% of the solution time is spent in
the Trilinos-AMG preconditioned inner solver for the block K. In order to
improve this, AMG was replaced by AGMG which led to both improving
the outer and inner iteration counts and to decreasing the overall solution
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time. Figure 4.2 clearly shows that AGMG reduces error ,specially for Schur
complement block, more in each step which means that the outer solver is
better conditioned. The solution of the systems with K can still be im-
proved, which is going to be addressed in a future work.
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Figure 4.2: The reduced error in each time step; K block and Schur comple-
ment

Remark 4.2.1. Although AGMG is robust and works very well, in its
present state it can not be used any further since there is no implement-
ation of the block AGMG available with MPI support. Additionally, the
MPI support is only available in the commercial suit of the library.

Next, the quality of the block lower diagonal preconditioner D with
the proposed element-wise Schur complement approximation on distributed
systems is shown. The implementation only uses Trilinos for the solution
procedures. The GIA model for the compressible and incompressible Earth
is tested on Tintin with a number of cores varying from 4 to 512 and problem
size up to about 95 million unknowns.

As expected, from Table 4.3, we see that the preconditioner is robust and
shows (nearly) optimal behavior. The number of iterations are constant in
the outer level and constant for the inner solvers but the incompressible
Earth model uses more iterations. Additionally, the implementation scales
as long as each core has enough workload.

In Table 4.3 we observe that the solution time grows in some instances
when moving from 8 to 16 cores. So far, the exact reason for this effect
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Table 4.3: MPI performance and scalability results using Trilinos

C
o
res

ν = 0.2 ν = 0.5
DOFs

Iterations
Time (s)

Iterations
Time (s)

Setup Solve Setup Solve
4 10(11, 1) 165 563 17(11, 1) 169 909
8 10(11, 1) 65.4 267 17(11, 1) 66.2 768
16 10(10, 1) 36.9 298 17(11, 1) 36.6 392
32 23 610 883 10(11, 1) 18.4 120 17(11, 1) 17.4 197
64 10(11, 1) 9.69 75.8 17(12, 1) 10.8 146
128 10(11, 1) 9.57 60.8 17(12, 1) 7.48 83.9
256 10(11, 1) 6.61 33.3 17(11, 1) 6.14 63.4
32 10(12, 1) 82.1 536 17(13, 1) 79.8 1130
64 10(12, 1) 40 507 17(13, 1) 38 769
128 94 407 683 10(12, 1) 21.5 272 17(13, 1) 21.5 486
256 10(11, 1) 14 98.9 17(12, 1) 14.1 249
512 10(11, 1) 9.79 72.9 17(13, 1) 11 137

could not be detected but it could be attributed to the NUMA architecture
and the topology of the resources that has been allocated on Tintin.

Remark 4.2.2. Abaqus FEA license is only available in Jiekna which is a
shared memory machine. This prevents us from experimenting with Abaqus
FEA on Tintin. Moreover, it is redundant to use Abaqus FEA with MPI on
Jiekna although the license authorize it.

Finally, we investigate the performance of the solvers as implemented
for multi-/many-core architecture in PARALUTION. In this case, we re-
place the solution procedure with a procedure that is completely based on
PARALUTION (both inner and outer solvers). The test using PARALU-
TION is executed on the K40 computer resource which has an NVIDIA
Tesla GPU. The CPU experiments are configured to use all the cores in the
system which here is equal to 4. In Table 4.4 we see that the CPU imple-
mentation on four threads is using almost the same amount of time as the
Trilinos implementation but the convergence is much slower. The GPU is
the fastest with up to four times speedup in terms of computation time as
long as the problem fits into its memory. The MPI layer of PARALUTION,
hence, this implementation is not going to be used any further. The higher
convergence rate of PARALUTION’s solver could be due to nature of its
algorithms. The library implements algorithms most suited for multi/many
core architecture. Moreover, we fine tuned the solver from PARALUTION
so that the fastest runtime is achieved. One special tunning is to let the
inner solvers work for only five iterations which is seen in Table 4.4.
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Table 4.4: Time distribution of the solve procedure using PARALUTION
on CPU and GPU

DOFs Iterations
Time on CPU (s) Time on GPU (s)
Setup Solve Setup Solve

23603 24(5, 5) 0.04 0.39 0.16 2.8
93283 24(5, 5) 0.18 1.26 0.27 2.0

370883 24(5, 5) 0.75 5.07 0.9 3.8
1479043 25(5, 5) 2.90 22.4 3.7 5.8
5907203 25(5, 5) 18.4 91.5 Out of memory

Remark 4.2.3. Another intriguing package is the Kokkos class library from
Trilinos. Kokkos library is in charge of many-core and GPU portability.
However, as of the time of this writting Kokkos package has no interface in
Deal.II and is not tested here.

Memory Analysis

Additional to the convergence rate and time consumption studies, we present
a memory analysis of the 2D GIA model in a shared memory system. The
memory usage is analyzed using the tools CacheGrind and Massif in the
Valgrind instrumentation framework. Figures 4.3 and 4.4 show the heap
memory used for problem sizes 23603 and 1479043 respectively. We see that
in the 2D model, approximately 2.5KB of memory per unknown is allocated.
Additionally, we see that most of the memory usage is in the ML package
which is the library in charge of the AMG implementation. This points out
again the need to seek for a better alternative.

Adaptive refinement

From Figure 4.1 we see that in a large part of the domain the solution
does not undergo significant changes. Therefore, the idea to use locally
refined meshes comes as a natural step to reduce the number of degrees of
freedoms. To simplify the numerical analysis of the preconditioner, Specially
for GLT analysis which is based on the matrix entries, we presented only
the results of simulations executed on a uniformly refined grid. However,
the preconditioner works with the same efficiency for matrices constructed
on adaptively refined meshes.

We have recently implemented an adaptive version of the GIA model in
Deal.II. Here we present a figure regarding this implementation with initial
global refinement corresponding to 6043 degrees of freedom and six cycles
of adaptive refinement. After six adaptive cycles the number of degrees of
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Figure 4.3: Heap Memory analysis of the GIA; Number of DOFs = 23603

Figure 4.4: Heap Memory analysis of the GIA; Number of DOFs = 1479043

freedoms amount to 400291. The number of iterations are 9(4, 1) for the
final refinement stage which is consistent with the results presented in this
chapter.The domain is refined close to the peak displacement and coarsened
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otherwise. Figure 4.5 shows the refined grid used in the simulation. However,
the implementation of the adaptively refined meshes is not fully tested yet.

Figure 4.5: Adaptive refinement; Grid and result



CHAPTER 5

Conclusion

In this thesis we present a study of the element-wise Schur complement
preconditioner. We analyze the element-wise Schur complement, provide
bounds relative to the exact Schur complement and prove the correctness of
the bounds. In order to complete the analysis we use the tools from numer-
ical analysis and study the eigenvalues of the element-wise Schur complement
in the case where our matrices are symmetric indefinite. To prove the qual-
ity of the element-wise Schur complement for non-symmetric matrices we
employ the GLT theory. Using this theory we generate the symbol of the
Schur complement and the element-wise Schur complement and show that
the eigenvalues of the two matrices agree with each other.

The main problem we have worked on in this thesis is the Glacial Isostatic
Adjustment (GIA) model. GIA is the model that describes the longterm
behavior of the Earth (frequently on the order of 100,000 years) in response
to surface loads. We describe this behavior in Chapter 3. We mention the
simplifications we have introduced in the model and justify them in terms
of physics of the model.

Finally, we provide numerical simulations and implementation details of
the GIA model and test the proposed preconditioner experimentally. We
study the impact of the preconditioner on the runtime as well as the con-
vergence rates. Additionally, we study the effect of the preconditioner in
parallel environment. To provide reproducibility of the tests we include the
used packages and the settings for each package. All the simulations show
that the proposed element-wise Schur complement preconditioner is numer-
ically optimal with regards to the number of iterations and the solution
time scales (nearly) linearly with the number of degrees of freedom. We also
compare the results and the performance of our implementation against the
implementation from Abaqus FEA which shows that our implementation is
faster.

5.1 Outlook

The are many tasks to be done as a continuation of the work presented here.
The following tasks are planned

57
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• Implement the 2D flat Earth viscoelastic model in Deal.II and perform
comparisons to Abaqus FEA.

• Analyze the 3D spherical model and construct appropriate solution
procedure. One choice is the operator splitting method where (3.1a)
is solved with Φ = 0 for all time steps. With the computed solution
we obtain the radial displacements and their spherical harmonics for
all times and at all interfaces. Next an analytical formula is used
for the solution of Poissons equation in (3.1b) and (3.1c) to compute
Φ1. Finally, we use Φ1 to determine new loads to be applied at the
boundaries and solve (3.1a) again for all times. The splitting method
introduces a splitting error which must be analyzed. Note that the
systems to solve will not be of saddle point anymore.

• Construct more computationally efficient preconditioners for the block
K. Two ideas are to be considered, namely, sparse approximate in-
verse preconditioning and circulant based preconditioning, constructed
using the results of the GLT analysis.

• In the implementation, emphasize on high performance computing as-
pects as the problem is large scale. Additionally, upon completing the
implementation, a user friendly interface must be developed for the
geo-scientists to use.
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genov, and J. Waśniewski, editors, Large-Scale Scientific Computing,

59

http://www.3ds.com/
http://www.mcs.anl.gov/petsc
http://www.mcs.anl.gov/petsc


60 Bibliography

volume 3743 of Lecture Notes in Computer Science, pages 113–120.
Springer Berlin Heidelberg, 2006.

[12] B. Beckermann and S. Serra Capizzano. On the asymptotic spectrum of
finite element matrix sequences. SIAM Journal on Numerical Analysis,
45(2):746–769, 2007.

[13] M. Benzi, G. H. Golub, and J. Liesen. Numerical solution of saddle
point problems. Acta Numerica, 14:1–137, 5 2005.
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