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Abstract

Wastewater treatment involves many processes and methods which
make a treatment plant a large-scaled and complex system. A
fundamental challenge is how to maintain a high process ef-
ficiency while keeping the operational costs low. The variety
in plant configurations, the nonlinear behaviour, the large time
delays and saturations present in the system contribute to mak-
ing automation and monitoring a demanding task.

The biological part of a wastewater treatment process includes
an aeration of the water and this process has been shown to often
result in the highest energy consumption of the plant. Oxygen
supply is a fundamental part of the activated sludge process used
for aerobic microorganisms growing. The concentration of the
dissolved oxygen should be high enough to maintain a su�cient
level of biological oxidation. However, if the concentration is too
high the process e�ciency is significantly reduced leading to a
too high energy consumption. Hence, there are two motivations
behind the aeration control task: process e�ciency and economy.
One of the possible strategies to adjust the dissolved oxygen
level in a nitrifying activated sludge process is to use ammonium
feedback measurements.

In this thesis, an activated sludge process is modelled and ana-
lysed in terms of dissolved oxygen to ammonium dynamics. First,
the data obtained from a simplified Benchmark Simulation Model
no.1 was used to identify the system. Both linear and nonlinear
models were evaluated. A model with a Hammerstein structure
where the nonlinearity was described by a Monod function was
chosen for a more thorough study. Here, a feedback controller
was designed to achieve L2-stability. The stability region was
pre-computed to determine the maximum allowed time delay for
the closed loop system. Finally, a feedforward controller was
added to the system, and shown to significantly improve the dis-
turbance rejection properties.
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Glossary and Notation

Abbreviations

WWTP wastewater treatment plant
ASP activated sludge process
DO dissolved oxygen
MPC model predictive control
PI proportional integral
BSM1 Benchmark Simulation Model no.1
ASM1 Activated Sludge Model no.1
SISO single-input-single-output
MISO multiple-input-single-output
MIMO multiple-input-multiple-output
LOE linear output error
PEM prediction error method
RPEM recursive prediction error method
PRBS pseudorandom binary sequence
RAS return activated sludge
WAS waste activated sludge

Notation

NH4 ammonium
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Chapter 1

Introduction

In this work, two subjects are studied: the modelling of the dissolved oxygen
to ammonium dynamics and the aeration control in a nitrifying activated
sludge process (ASP) of a wastewater treatment plant (WWTP). The pur-
pose is to study how simplified dynamic models can be obtained and used
to design low-order controllers with guaranteed stability properties.

This chapter provides a background to the studied field as well as a
detailed motivation for the work. The contributions and publications are
also described together with the outline of the thesis.

1.1 Research Motivation

Wastewater treatment has a long history. However, it has experienced a
significant development in the last century due to a fast increase in popu-
lation and industrial development, [15] and [39]. Wastewater treatment is
a large-scale and complex process consisting of several essential parts, like
mechanical, biological and chemical treatment. The focus of this work is on
the biological treatment.

Biological treatment is a part of the secondary treatment when the
wastewater has already been treated with filters and clarified in quiescent
basins. Various organic elements and forms of nitrogen are removed during
the biological treatment. One of the typical approaches for this treatment
is the activated sludge process, developed in the early 1900s in the UK, [15].
In an ASP, bacteria are used for nitrification when ammonia is converted
to nitrate. These bacteria (aerobes) need free dissolved oxygen (DO) for
growth, [10] and [12]. The aeration of water supplies the microorganisms
with the demanded concentration of DO. This process is generally the most
energy consuming one in a WWTP, [2] and [9].

The DO concentration needs to be high enough to sustain the selected
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4 Chapter 1. Introduction

nitrogen removal rate. If the DO level is too high, the result is a high cost
and a low relative e�ciency. Hence, optimal aeration control is of high
significance for the treatment process.

A common approach for aeration control is to maintain the DO level
around a fixed and given DO set-point, [30]. However, studies have shown
that using ammonium feedback to control the DO set-point can decrease the
energy consumption without increasing the e✏uent ammonium load, [1], [7]
and [42]. This strategy makes use of the ammonium concentration level in,
for example, the e✏uent flow to select a DO set-point for all controllers of
aerated zones where an ASP occurs.

An ASP can be characterised as a complex, nonlinear dynamic process.
This process together with multiple inputs and various disturbances require
sophisticated control in order to maintain stable and high performance un-
der di↵erent conditions. Model predictive control (MPC) is one of the ap-
proaches that is nowadays introduced in WWTPs. Studies have shown that
MPC could sometimes outperform simple controllers, [28], [29] and [41].
However, MPC controllers are computationally complex with complicated
stability properties which motivates the study and use of other simpler al-
ternatives, like in [1], [2] and [8]. A natural solution for aeration control
would be the use of proportional integral (PI) control due to its simplicity
and, most often, su�cient performance, [3] and [17].

A suitable tuned controller for an aeration process can be achieved by
estimating a model of the DO to ammonium dynamics and apply this model
for controller design. A linear time-invariant model is a common starting
point to perform system identification in an ASP, [20] and [37]. Still, a high
order and nonlinear character of the system may make it challenging for
linear models to achieve an accurate system description. Therefore, nonlin-
ear system identification, in particularly, block oriented system modelling,
[11] and [21], might be beneficial for describing input-output relationships
in systems like an ASP.

1.2 Contributions

There are two contributions of this work. The first one is to perform non-
linear system identification of the DO to e✏uent ammonium dynamics in
a nitrifying ASP. The identification is carried out on data obtained from
a simplified version of the Benchmark Simulation Model no.1 (BSM1), [6].
One linear and one nonlinear system identification approach are evaluated
and compared. Due to the nonlinear character of the process, Hammerstein
models were applied for their simplicity. The process disturbances are taken
into account and modelled along with the DO to ammonium dynamics.
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The first contribution enables model based design of nonlinear feedback
and feedforward controllers, which defines the second contribution. The
controller design are based on methods that enforce L2-stability. First, a
pre-computation of the L2-stability region of the control system is performed
in order to obtain the feedback controller parameters. The Popov criterion is
applied for this purpose. Another part of the controller design adds feedfor-
ward. The feedforward controller exploits the identified disturbance model
and aims to predict and reject the high frequency parts of the disturbance,
with the feedback controller handling the low frequency parts.

1.3 Publications

The following (reformatted) papers are appended:

Paper I

T. Chistiakova, P. Mattsson, B. Carlsson and T. Wigren. Nonlinear
system identification of the dissolved oxygen to e✏uent ammonia dy-
namics in an activated sludge process. In Proceedings of the 20th IFAC
World Congress, pp. 3917–3922, Toulouse, France, July 2017.

A simplified ASP is analysed and identified using a Hammerstein
model structure with two di↵erent identification algorithms: o↵-line
and online (recursive) prediction error methods.

Paper II

T. Chistiakova, B. Carlsson and T. Wigren. Non-linear modeling of
the dissolved oxygen to ammonium dynamics in a nitrifying activated
sludge process. In Proceedings of the 12th IWA Conference on Instru-
mentation, Control and Automation, pp. 85–93, Quebec City, Quebec,
Canada, June 2017.

A number of identification methods are examined to find an accurate
dynamic model of the DO to e✏uent ammonium relation in an ASP.
The identification is performed on data from a simplified version of
BSM1, and compares one linear model to several Hammerstein models.
The Hammerstein models provide new grey-box parametrizations of
the static nonlinear part of the model.

Paper III

T. Chistiakova, T. Wigren and B. Carlsson. Input-output stability
based controller design for a nonlinear wastewater treatment process.
To appear in Proceedings of ACC 2018, Milwaukee, WI, USA, June
2018.
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An identified model with a Hammerstein structure is used for tuning
of a leaky PI controller. The tuning uses the Popov inequality for a
stability region computation. The stability region accounts for time
delays caused by the process dynamics, and static nonlinear e↵ects
associated with the aeration part of the process.

Paper IV

T. Chistiakova, T. Wigren and B. Carlsson. Combined L2-stable feed-
back and feedforward aeration control in a wastewater treatment plant.
Submitted for publication, March, 2018.

A combined feedback and feedforward controller is presented for am-
monium - based aeration control. The system behaviour is predicted
using disturbance measurements of the inflow. The required set point
value is further regulated by a feedback controller. The design ac-
counts for disturbance and feedback delays, as well as for the nonlin-
earity associated with the dissolved oxygen to ammonium dynamics.
The stability based feedback design suggested in Paper III is applied.

1.4 Thesis Outline

The contents of the thesis is divided into three parts. The first part,
Chapter 2, provides a general description of WWTPs and explains the ASP
simulation model.

Chapter 3 gives an overview of topics in system identification, controller
design, control theory and stability analysis that are relevant for the thesis.
In particular, linear and nonlinear identification methods are described fol-
lowed by an explanation of the feedback and feedforward control structures
for WWTPs. Methods for controller design and the background for the
input-output stability analysis are also given here.

Finally, the contributed papers appear in the third part of the thesis.



Chapter 2

Wastewater Treatment
Plants

This chapter provides a general description of municipal WWTPs. The
key parts and processes are presented, so as to understand the resulting
identification and control tasks. The focus is on the biological treatment
part of a WWTP, which is implemented as an ASP and hence also presented
along with a benchmark model used for simulations and data generation.

2.1 General Description

Nowadays, a typical WWTP is a very complex facility with various hardware
system, technological processes, chemical and biological reactions. The in-
fluent wastewater may carry sewage from households and the public sector,
possibly combined with storm water and wastewater from industries. How-
ever, industries are often obliged to have their own wastewater pre-treatment
processes before discharging the sewage into common WWTPs.

As a result, wastewater in general contains a lot of debris of di↵erent
nature: particles, organic matters and chemicals, [32] and [38]. The first
task is to remove bigger waste components during a mechanical treatment
using di↵erent grids and filters. Then, the biological treatment follows.
Organic materials are removed from the wastewater using mainly aerobic
biological processes, i.e. microorganisms (or bacteria) are engaged to de-
plete biodegradable soluble organic elements. The final part is to perform
a chemical treatment in order to reduce the amount of phosphorous in the
wastewater. In addition, the sludge that is obtained during a sedimentation
process is treated separately when the water content is being reduced and
digested sludge and biogas are produced.

A schematic representation of the process described above is shown
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8 Chapter 2. Wastewater Treatment Plants

Mechanical
Treatment

Primary
Settler

Biological
Treatment

Secondary
Settler

Chemical
Treatment

Sludge
Treatment

Figure 2.1: A schematic representation of a typical WWTP.

in Fig. 2.1. The focus of this work lies within the biological treatment
part and the secondary settler and it is described in more detail below.

2.2 The Activated Sludge Process

The activated sludge process is a substantial part of the biological treatment
commonly used in various WWT plants, [12] and [15]. It consists of a
number of bioreactors, anoxic and anaerobic, as well as a secondary settler.
The aerobic compartments are of particular interest in this work.

A typical aerobic bioreactor makes use of bacteria which consume or-
ganics and need a supply of DO for reproduction. One of the ways to
provide oxygen in a wastewater treatment process is to use oxygen di↵users
installed inside an aerobic bioreactor. The air is pumped through a valve
into the wastewater creating bubbles. To provide the required DO level in
the wastewater, the valve opening is controlled. A basic activated sludge

inflow

RAS WAS

effluent

NH4in
DOin

V

Qr

NH4
DO

Figure 2.2: A basic activated sludge process with one aerated bioreactor and
a settler. RAS - return activated sludge, WAS - waste activated sludge.
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process structure is shown in Fig. 2.2.
One of the models used to describe the ASP dynamics is the Activated

Sludge Model no.1 (ASM1), which was introduced in 1983 by the Interna-
tional Water Organisation, [13] and [14]. The ASM1 represents a mathem-
atical model for nitrification, carbon oxidation and denitrification processes
in the ASP. The model is based on 19 model parameters, 13 process vari-
ables and 8 process equations and is widely used for dynamical modelling of
ASPs.

The following di↵erential equations are often used to describe the relation
between DO and ammonium variables:

dNH4

dt
= � µ

Y
X +

Qin

V
NH4in +

Qr

V
NH4 �

Qin +Qr

V
NH4, (2.1)

dDO

dt
= �4.57� Y

Y
µX � Qin +Qr

V
DO +KLa(DOsat �DO), (2.2)

where X, NH4, DO are biomass, ammonium and oxygen concentrations
respectively, Qr is the return flow, V is the volume, Qin is the inflow, Y is
the yield coe�cient, NH4in is the influent ammonium concentration, DOsat

is the saturation level for DO,KLa -is the oxygen transfer function describing
the rate of the oxygen transfer by the aeration system.

The specific growth rate, µ, is described by the Monod equation, [6] and
[26], and relates the growth rate to the DO concentration as follow

µ = µmax

NH4

(kNH4 +NH4)

DO

(ko +DO)
, (2.3)

where, µmax is the maximum specific growth rate, kNH4 and ko are half-
saturation constants for ammonium and DO, respectively.

2.3 The Benchmark Simulation Model no.1

The complexity and variety of components and parameters in an ASP makes
it a challenging task to control and simulate the process. For that reason,
a simulation model, the Benchmark Simulation Model no.1 (BSM1), was
created to allow evaluation and test of control strategies, parameter vari-
ations and model estimation methods, [6]. The simulation model represents
a typical ASP with anoxic and anaerobic compartments and it consists of
five bioreactors and a clarifier (settler). Two out of five of the bioreactors
are anoxic and the remaining three bioreactors are anaerobic.
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There are influent data files used in the benchmark model that are de-
signed for various weather conditions: dry, rainy and stormy weather. These
settings allow a reasonable evaluation of the system with respect to realistic
environmental variables.

2.3.1 Reduced Simulation Models

In this thesis, the study is based on two simplified versions of the BSM1. In
the first simplified model, the anoxic section is neglected and the aeration
section consists of one bioreactor with a volume of approximately 4000 m3.
This setting is used in Papers I and II.

The second simplified simulation model also disregards the anoxic part
of the ASP, but the aerated section is increased to three bioreactors with
smaller volumes. Papers III and IV are based on this simulation model.



Chapter 3

System Identification,
Control and Stability
Analysis

This chapter gives a brief review of the system identification field along with
an introduction to automatic control and the stability analysis relevant for
the thesis. These tools will then be applied to the studied control problem.
It does not serve as a complete description of the areas but rather aims to
outline certain topics to facilitate the reading of the thesis.

3.1 System Identification

The goal of system identification is to estimate models of dynamical sys-
tems using measured data, [21], [31] and [36]. This area has been studied
extensively and used in many applications, see e.g. [5], [27] and [28]. The
purpose of system identification is in general to obtain a simple but accurate
description of a dynamic system which provides an opportunity to study and
to manipulate the system for the desired purposes, like control.

Fig. 3.1 shows a schematic description of a dynamic system. A typical
scenario is to perform the modelling of the system based on input and output
data sets only. However, this may not be the case in the majority of the
practical applications. Hence, a disturbance (sometimes modelled as white
noise) is often added to the model of the system in order to describe the
influence from unknown or partly known variables, unmodelled dynamics
and sensor noise. During identification, the input data may be generated
either by a plant or by a user, with the output being measured at the points
of interest of the process.

The system represented by Fig. 3.1 can sometimes be described as a

11



12 Chapter 3. System Identification, Control and Stability Analysis

System
Input Output

Disturbance

Figure 3.1: A block diagram of a dynamic system.

single-input-single-output (SISO) system, [21]. This is the most common
and least complex representation and it is often used for control and analysis.
Still, the majority of systems, including WWTPs, are a↵ected by multiple
external variables and are better modelled as multiple-input-single-output
(MISO) or multiple-input-multiple-output (MIMO) systems when additional
feedback measurements are available.

One of the aspects to consider when defining a system model is whether
the model structure should be linear or nonlinear. Real world systems are
seldom linear, with nonlinear e↵ects being common in practice. However,
nonlinear systems can often be well approximated by linear components (for
example, by linearisation around an equilibrium point), in order to reduce
the complexity and to make it possible to apply standard linear control
and analysis methods. When this is not possible nonlinearities need to be
embedded in the system model.

Then, a substantial part of the system identification procedure is to
provide means to find the best model parameters to explain the data, [36].
Di↵erent results are obtained depending on the input signal variation, dis-
turbance impacts and performance conditions in particular for nonlinear
systems. A good model can be said to be the one that estimates the system
well enough under all these limitations. The choice of the final model is
often made by using a validation procedure which includes tests on another
data set than was used for identification, [22]. Ideally, the model should
be flexible enough to provide reliable results under all relevant operating
conditions.

3.2 Model Structures and Identification
Algorithms

The system identification relies on data which is usually represented as

ZN = {y(t), u(t)}Nt=1, (3.1)

where y(t) and u(t) are output and input signals of a system, respectively, at
discrete time t = 1, ..., N . Note that in this work, t refers to both continuous
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and discrete times depending on the context.
The model structure is then used to define a predictor, p, based on the

past knowledge from the data, i.e. Zt�1, and the parameter vector ✓, [21],
and can be defined as follow

ŷ(t, ✓) = p(Zt�1, ✓). (3.2)

Here, ŷ(t, ✓) is the predicted output at time t given all data measured up
to time t�1. The parametrization of the vector ✓ usually varies and depends
on the model structure. Typically, its estimate is obtained by solving a
minimization problem

✓̂N = argmin
✓

VN (✓), (3.3)

where the cost function VN (✓) di↵ers between di↵erent identification meth-
ods. Some parametrization methods for p(Zt�1, ✓) are presented below in
this chapter.

3.2.1 Linear Models

Linear models obey the superposition principle, [19]. Therefore, the system
can be described by a sum of responses to di↵erent input signals. It allows for
a break down of more complex nonlinear systems using linearisation, which
opens up for use of a large amount of existing system identification methods.
Therefore, understanding linear systems is of fundamental importance for
studying and approximating nonlinear ones.

A general linear polynomial model in the shift operator q

y(t) = H(q, ✓)u(t) + L(q, ✓)e(t) (3.4)

can be applied to describe a linear system in discrete time t, where y(t) is
the output signal, u(t) is the input signal, ✓ is a parameter vector, e(t) is a
white noise disturbance, H(q, ✓) and L(q, ✓) are transfer function operators
describing the relationships between the output, the input and the disturb-
ance, respectively. Here, q is the forward shift operator which operates as
qu(t) = u(t+1). This representation is used as arguments for transfer func-
tions and polynomials in Papers III and IV. However, the use of a backward
shift operator q�1u(t) = u(t� 1) is also possible and was adopted in Papers
I and II.

3.2.2 Output Error Identification

One common way to identify a linear system is to use the output error
method for linear systems (LOE), see [21] or [36]. For the SISO case, consider
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the predictor given by

ŷ(t, ✓) = H(q, ✓)u(t) =
B(q, ✓)

A(q, ✓)
u(t, ✓), (3.5)

where
B(q, ✓) = b1q

�nk + ...+ bnbq
�nk�nb+1, (3.6)

A(q, ✓) = 1 + a1q
�1 + ...+ anaq

�na , (3.7)

where nk is the input delay defined by the number of samples before the
input u(t) a↵ects the output y(t).

Then, the parameter vector ✓ of (3.5) is given by the polynomial coe�-
cients

✓ =
⇥
a1 · · · ana b1 . . . bnb

⇤T
(3.8)

and estimated so that the squared error between the measured output y(t)
and the predictor output ŷ(t, ✓) of (3.5) is minimized.

For the MISO case, the output is simply defined as

ŷ(t, ✓) =
IX

i=1

Bi(q, ✓)

Ai(q, ✓)
ui(t), (3.9)

where I is the number of inputs and the polynomials Bi(q, ✓) and Ai(q, ✓),
i = 1, ..., I, are given by (3.6) and (3.7), respectively.

3.2.3 Nonlinear Models

A nonlinear model is of more adequate representation of a real system when
the input does not follow the output proportionally. One quite general
nonlinear model has the form

ẋ(t, ✓) = f(t, x(t, ✓), u(t), ✓), (3.10)

ŷ(t, ✓) = h(t, x(t, ✓), u(t), ✓),

where ẋ(t, ✓) is the state vector at time t, u(t) is the input, ŷ(t, ✓) is the
output and ✓ is a parameter vector. Hence, the system depends nonlinearly
on the past states and inputs.

The model (3.10) is significantly more complicated to handle than a
linear model. The identification procedure therefore also tends to be more
complex. A further reason to consider more simple model structures is the
fact that systematic controller design based on an estimated model like (3.10)
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also becomes much more advanced than when linear systems are treated. It
is therefore of interest to study less complicated models, and to investigate
if they are su�cient for solution of the ammonium control problem in ASPs.

One possibility is to treat a nonlinear system as a combination of non-
linear and linear elements, so called block-oriented models [11], [18]. Block-
oriented models belong to a class of models, where the connection between
input and output signals can be described by combinations of linear dynam-
ics and static nonlinear functions. The model structure is defined by the
location of each element within the system. The most well-known block-
oriented models structures are

• Wiener models, which represent the system as a linear dynamic model
followed by a static nonlinear function, [35].

• Hammerstein models, which represent the system with a linear dy-
namic element placed after a nonlinear static function, [4].

• Hammerstein-Wiener models are a combination of the above models.
The linear dynamics is surrounded by two static nonlinearities.

• Wiener-Hammerstein models enclose a static nonlinearity model between
two linear dynamic blocks.

The Hammerstein model structure is studied in more details in this
thesis.

3.2.4 The Hammerstein Model Structure

A SISO Hammerstein model is shown in Fig. 3.2. It is given as a combination
of two submodels: a nonlinear static function and a linear dynamic model.
The predictor can be written as

ŷ(t, ✓) =
B(q, ✓l)

A(q, ✓l)
un(t, ✓n), (3.11)

where B(q, ✓l) and A(q, ✓l) are the polynomials given by

B(q, ✓l) = b1q
�nk + ...+ bnbq

�nk�nb+1, (3.12)

A(q, ✓l) = 1 + a1q
�1 + ...+ anaq

�na , (3.13)

nk is the input delay and ✓l and ✓n are parameter vectors of the linear model
and nonlinear function, respectively.

The function un(t, ✓n) is a static nonlinearity described by
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u(t) un(t) ŷ(t)
f (u(t)) B(q)

A(q)

Figure 3.2: A Hammerstein model.

un(t, ✓n) = f(u(t), ✓n), (3.14)

where ✓n is a vector of parameters used to describe the nonlinear function
and t is discrete time. All parameters can be described by the vector

✓ =


✓n
✓l

�
. (3.15)

The parameter vector ✓l of a linear part is expressed as a vector of polynomial
coe�cients, (3.8).

Since the selection of the static nonlinearity is of specific importance for
the thesis, these details are collected in a separate subsection below.

3.2.5 Gauss-Newton Algorithm for Parameter Estimation

There are a number of parameter estimation methods available in the system
identification literature, and the prediction error method (PEM) is one of the
most general and popular techniques, [21] and [36]. This o✏ine estimation
method minimizes the following criterion

VN (✓) =
1

N

NX

t=1

"2(t, ✓), (3.16)

where
"(t, ✓) = y(t)� ŷ(t, ✓) (3.17)

is the prediction error.
In order to obtain a minimum of VN (✓), the Gauss-Newton algorithm

can be applied. The minimization procedure then iterates a numerical loop
starting from an initial estimate ✓̂(0) and proceeding according to

✓̂(k+1) = ✓̂(k) + ↵kR
�1(✓̂(k))

NX

t=1

 (t, ✓̂(k))"(t, ✓̂(k)), (3.18)

where ↵k is the step-length,  (t, ✓̂(k)) is the negative gradient of V (✓) with
respect to ✓ and the Hessian R(✓̂(k)) is given by
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R(✓̂(k)) =
1

N

NX

t=1

 (t, ✓) T(t, ✓). (3.19)

3.2.6 Hammerstein Model Based RPEM

Another way to estimate the parameters is to apply recursive algorithms
which can be performed online using states and parameter estimates from
a previous time step (t� 1), [21] and [36]. This gives an inherent advantage
when it comes to tracking dynamic process changes. A recursive prediction
error method (RPEM) for minimizing (3.16) was developed by [24] and is
also used in this thesis.

Assume that the static nonlinearity is piecewise linear with a grid G
defining the breakpoints between linear intervals. If the grid G has predefined
and fixed points, then the gradient in (3.18) can be described as

 (t, ✓) =


d

d✓
ŷ(t, ✓)

�T
=

"
B(q�1)
A(q�1)F (u(t),G)

1
A(q�1)'(t, ✓)

#
, (3.20)

where F (u(t),G) is further defined in (3.22) .
Shortly, the algorithm then follows as

"(t) = y(t)� ŷ(t)

R(t) = R(t� 1) +
1

t

⇣
 (t) T(t)�R(t� 1)

⌘

✓̂(t) = ✓̂(t� 1) +
1

t
R�1(t) (t)"(t)

'(t+ 1) = [�ŷ(t) · · · � ŷ(t� na + 1)

f(u(t� nk + 1), ✓̂(t)) · · ·
f(u(t� nk � nb + 2), ✓̂(t))]T (3.21)

 (t+ 1) =

2

4
B̂(q�1

,t)

Â(q�1,t)
F (u(t+ 1),G)

1
Â(q�1,t)

'(t+ 1)

3

5

ŷ(t+ 1) = ✓̂T
l
'(t+ 1).

For more details and proofs of convergence see [23] and [25].
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Figure 3.3: An example of a piecewise linear function.

3.2.7 Static Nonlinearities

The nonlinear parameter vector ✓n in (3.15) is defined by the type of the
nonlinearity incorporated in the Hammerstein model. In this thesis, two
types of nonlinearities are studied.

The first one is a piecewise linear function. A nonlinear function can be
approximated as a set of connected linear functions, i.e. a piecewise linear
function. A sample function is shown in Fig.3.3. Every piecewise linear
function between consecutive points can be expressed as

f(u, ✓n) =
nrX

i=1

rifi(u,G) = ✓TnF (u,G), (3.22)

where fi(u,G) are piecewise a�ne basis functions, and

✓n =
⇥
r1 . . . rnr

⇤T
, (3.23)

F (u,G) =
⇥
f1(u,G) · · · fnr(u,G)

⇤
.

The grid G =
⇥
u1 · · · unr

⇤
assigns positions of connecting points

between every two linear functions, and every parameter in ✓n describes
the value of a function.

The second type of nonlinearity considered is inspired by the Monod
function, (2.3), [26], which can be integrated in the model as a part of the
nonlinear subsystem in Fig. 3.2. This choice is less general and is tailored
for the application of the thesis.

A Monod function is shown in Fig. 3.4 and it can be written in a general
form as

µ = µmax

�

�+ k�
, (3.24)
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Figure 3.4: An example of a Monod function.

where µ is used to describe the growth of the biomass, µmax is a maximum
growth rate usually fixed to a constant value, � is a current concentration
of the substrate and k� is a fixed saturation constant associated with this
substrate.

Also, some other type of simple nonlinear functions can be applied and
they are presented in Paper II.

3.3 Ammonium-based Aeration Control
in WWTPs

As discussed in Chapter 1, ammonium-based aeration control is becoming
a popular technique to apply in ASPs to save energy and improve nitrogen
removal, [16] and [34]. Therefore, NH4 concentration measurements from
installed sensors are used for DO concentration control in all aeration zones.

When the ammonium concentration level is too high, the control strategy
is to increase the aeration and hence to increase the DO level, which leads
to a NH4 decrease. However, such control is su�cient only for a certain
range of DO concentration due to a nonlinearity of the nitrification process:
when the DO value increases, the e�ciency is reduced.

Typically, inner feedback controllers are implemented in aerated biore-
actors to maintain the DO at a certain level. In addition, measuring the
influent loads and disturbances may contribute to the control e�ciency.
Therefore, combining feedback and feedforward control could result in an
improved ammonium control.
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Cfb(s)
yref (s) y(s)u(s)

Gp(s) e�sT

e(s) ū(s)

Figure 3.5: A block diagram representation of a feedback control system
suitable for ammonium control. The notation is explained in the text.

3.3.1 Feedback Controller Design

In Fig. 3.5, the schematic representation of a simple closed loop feedback
system, relevant for ammonium control, is shown. Since the design and
stability analysis use continuous time tools, the following presentation is
given in terms of continuous time, using the Laplace transform variable s,
when discussing frequency properties. The input to the nonlinear system
is governed by a controller Cfb(s) which operates on the control error e(s)
to give an input u(s). The control loop is e↵ected by a process time delay
T . The system also incorporates a saturation. This structure is used in the
present thesis, together with feedforward control. The static nonlinearity is
given by

ū(t) =

8
<

:

f(umax), u(t) � umax

f(u(t)), umin < u(t) < umax

f(umin), u(t)  umin.
(3.25)

As shown in [43] and [44], the saturation may lead to stability problems
if the low frequency gain is selected too high. The approach is then to use
a leaky proportional-integral (PI) controller. PI controllers are typically
applied in the WWTP area due to their simplicity and a wide area of ap-
plication. In order to limit the low frequency loop gain, leakage is added to
the integrator part of a PI-controller, [43], as follow

Cfb(s) = KP +KI

1

s+ ↵
, (3.26)

where ↵ is a leakage with KP and KI being proportional and integral
gains, respectively. This controller enables the use of input-output stability
theory for analysing the closed loop stability properties.

3.3.2 Feedforward Controller Design

A feedforward controller is typically used to eliminate or to significantly
reduce the e↵ect of a disturbance on a system. Therefore, the ideal feedfor-
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Cfb(s)

Cff (s)

Gw(s)

e−sT2

e−sT1Gp(s)
yref (s) y(s)u(s) û(s)

w(s)

ū(s)

Figure 3.6: A block diagram representation of a combined feedback and
feedforward control system suitable for ammonium control.

ward controller is based on a perfect disturbance rejection, when a controller
is designed to make the overall e↵ects of disturbances negligible. To achieve
this, the controller can be selected as

Km

Gw(s)

Gp(s)
e�s(T2�T1) ⇡ �Km

Gw(s)

Gp(s)
= Cff (s), (3.27)

Gw(s) is the disturbance transfer function and Gp(s) is the plant transfer
function of the block diagram of Fig. 3.6, Km is the gain of the nonlinearity
at a selected operating point. The time delay is neglected in (3.27) since if
T1 > T2 the controller would become infeasible. Another possibility would
be to introduce prediction.

In the ASP, aeration control may be a↵ected by variations in an influent
load, [33], and omitting the disturbance can impact the performance of a
single feedback controller considerably. Hence, the feedforward controller is
commonly implemented along with the feedback one in order to improve the
overall e�ciency of the control system.

The feedback and feedforward controllers are designed individually and
the feedforward loop does not e↵ect the stability of the closed loop system.

3.4 Stability Analysis of the Simplified ASP Model

A number of e↵ects in the ASP, like the highly nonlinear behaviour, can
lead to an uncertain model. Additionally, the presence of saturation and
time delays may complicate the controller design. Therefore, a significant
low frequency gain of the loop is beneficial to ensure an accurate regulation.

However, as discussed above and proved in [43] and [44], this may have
a negative e↵ect on stability. There are di↵erent methods to investigate
the stability properties of the system, here the Popov criterion is used and
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Figure 3.7: An example of the Popov criterion with k = 1.

L2-stability regions are pre-computed to ensure a stable feedback controller.
The L2-stability is defined in more detail in Paper III.

3.4.1 Popov Criterion

The linear part of the loop gain of the system in Fig. 3.5 is given by

ĝ(s) = e�sT1Cfb(s)Gp(s), (3.28)

Under conditions given in the papers of the thesis, the Popov criterion
can be applied to define the stability region of the system.

Following [40], the Popov criterion is defined by the Popov plot

! 2 [0,1) ! Re[ĝ(j!)] + j!Im[ĝ(j!)] 2 C, (3.29)

which should lie entirely to the right of a line through �1/k+�+j0 with
a slope 1/q, for some q � 0 and some � > 0. If this is the case, the system
is L2-stable, an the stability region is determined by the Popov inequality

Re[(1 + j!q)ĝ(j!)] +
1

k
� � > 0, 8! � 0 and q > 0. (3.30)

Fig. 3.7 illustrates an example of a Popov plot when the Popov inequality
is fulfilled.

3.4.2 Precomputation of the Stability Region

The stability region for ĝ(s), (3.28), can be calculated as a function of a
set of controller parameters represented by the proportional gain KP , the
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integral gain KI and the leakage ↵. The precomputations of the stability
region were first described in [44] and [45].

The procedure is outlined in Algorithm 1. The stability region pre-
computations are defined by parameters and uncertainty grids for the max-
imum allowed time delay Tmax. The calculations building on the Popov
inequality (3.30) are performed over all parameters combinations until the
inequality does not hold. When no line can be drawn on the left side of the
Popov plot, the stability region border is reached and the maximum allowed
time delay is determined.

A more detailed description of computations and results are presented
in Papers III and IV.

Algorithm 1 Stability region pre-computation

Parameter grid [P1...Pi], delay grid [T1...Tj ], line grid [q1...qm], frequency
grid [!1...!n]
for P = P1, ..., Pi do
for T = T1, ..., Tj do

foundq = 0
for q = q1, ..., qm do
for ! = !1, ...,!n do
ĝ(jw) = e�jwTCfb(jw)Gp(jw)

end for
if Re[ĝ(j!)] + qj!Im[ĝ(j!)] > �1/k 8 ! then
foundq = 1

end if
end for
if foundq = 0 then
Tmax(P ) = T
break

end if
end for

end for





Chapter 4

Concluding Remarks

4.1 Discussion

The study conducted in this thesis consists of two major parts. The first
part concerns identification of the activated sludge process aiming to de-
scribe the relationship between the dissolved oxygen and ammonium con-
centration. The nonlinear grey-box model was shown to give the best system
identification and it was therefore used in the next step of the study.

Based on the identified model, controller design was conducted. The
nonlinear dynamics, process saturations and time delays a↵ect the system,
making it challenging to provide a stable loop. Therefore, the feedback
controller was designed and tuned ensuring a stable closed loop system.

Finally, the influence of disturbances on the system was studied leading
to an introduction of a feedforward controller. The combination of feedback
and feedforward controllers provided an improved closed loop performance
and contributed to a significantly improved disturbance rejection.

4.2 Future work

The experiments were performed on a simplified version of an activated
sludge process model. The natural next step is to test the proposed meth-
ods on a complete original Benchmark Simulation Model no.1. Then, the
data obtained from a real plant should be studied and used for system iden-
tification. Finally, the proposed methods should be tested on a pilot plant
under various conditions.
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[3] K.J. Åström and T. Hägglund, Advanced PID Control, ISA -The In-
strumentation, Systems, and Automation Society, 2006.

[4] E.-W. Bai and M. Fu, A blind approach to Hammerstein model iden-
tification, IEEE Transactions on Signal Processing 50 (2002), no. 7,
1610–1619.

[5] L. Brus, Nonlinear identification of a solar heating system, Proceedings
of 2005 IEEE Conference on Control Applications, CCA 2005, 2005,
pp. 1491–1497.

[6] J. B. Copp, The COST simulation benchmark: Description and sim-
ulator manual, O�ce for O�cial Publications of the European Com-
munity, Luxemburg, 2002.
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Nonlinear system identification of the
dissolved oxygen to e✏uent ammonia

dynamics in an activated sludge process

Tatiana Chistiakova1, Per Mattsson 2, Bengt Carlsson1 and Torbjörn
Wigren1

Abstract

Aeration of biological reactors in wastewater treat-
ment plants is important to obtain a high removal of
soluble organic matter as well as for nitrification but re-
quires a significant use of energy. It is hence of import-
ance to control the aeration rate, for example, by am-
monium feedback control. The goal of this paper is to
model the dynamics from the set point of an existing dis-
solved oxygen controller to e✏uent ammonia using two
types of system identification methods for a Hammer-
stein model, including a newly developed recursive vari-
ant. The models are estimated and evaluated using noise
corrupted data from a complex mechanistic model (Activ-
ated Sludge Model no.1). The performance of the estim-
ated nonlinear models are compared with an estimated
linear model and it is shown that the nonlinear models
give a significantly better fit to the data. The result-
ing models may be used for adaptive control (using the
recursive Hammerstein variant), gain-scheduling control,
L2 stability analysis, and model based fault detection.

1Department of Information Technology, Uppsala University, SE 75105 Uppsala,
Sweden

2Department of Electronics, Mathematics and Natural Sciences, University of Gävle,
SE 80176 Gävle, Sweden



1. Introduction

Nonlinear system identification has been studied in many application areas,
including neuron models and networks [25], heating systems, [5], wastewater
treatment plants, [8], power system control, [3], selective catalytic reduction
systems, [19], and numerous other applications. Along with the state of the
art methods implemented in the MATLAB R� System Identification Toolbox,
a variety of approaches have been developed and implemented as black-box
and grey-box identification methods, see e.g. [15], [17] and [23].

Modelling of block oriented systems is an important class within the
system identification area. Such systems are used when the input-output
relationship can be described by a combination of transfer functions with
nonlinear static functions, [10] and [13]. The location of the nonlinear block
then defines a model structure: if a linear block follows a static nonlinearity,
such models are defined as Hammerstein models, and as Wiener models if
vice versa. Also, the combination of both is used, i.e. Hammerstein-Wiener
models.

The process of wastewater treatment (WWT) includes a large number of
time-varying elements, like di↵erent flow rates and flow compositions, time
delays, disturbances, and nonlinearities, [21]. Such a process complexity may
cause problems while controlling and monitoring a plant. One approach is
then to create a reduced mathematical model of the process which allows
a simplified understanding of nonlinearities and their relation to di↵erent
control strategies.

The focus of this paper is to compare an o↵-line method and a newly
developed recursive method for identification of a Hammerstein model with
an a�ne static input nonlinearity for modelling the nitrification dynamics in
an Activated Sludge Process (ASP). To the best of the authors knowledge,
Hammerstein modelling has not been applied to this type of process before.

The contribution shows that the Hammerstein model is a suitable model
for this task, and that it is likely to be applicable for future controller design
and stability analysis of the system. The emphasis is on methods for identi-
fication of Hammerstein models. These models can then be used to design
a nonlinear controller which can be analysed using the Popov criterion for
input-output stability and robustness, [6]. The di↵erences in terms of the
practical implementation of the two di↵erent Hammerstein based identific-
ation methods is pointed out.

The paper is organised as follows. Section 2 gives a description of a high
fidelity wastewater treatment simulator and presents the motivation for the
use of system identification. Methods used for identification are described
in Section 3. The identification results are given in Section 4, followed by
conclusions in Section 5.



2. Ammonium-based feedback control and model-
ling of the Activated Sludge Process

2.1 Overview

WWT involves a number of complex, nonlinear processes, which control
and evaluation is a challenging and demanding task. A typical WWT plant
consists of several steps including mechanical, biological and chemical treat-
ment. In this study, the biological treatment is of particular interest.

During the biological treatment, nitrogen and organic materials are re-
moved from the water using microorganisms. A typical process for biological
treatment is the ASP, where oxygen supply via aeration is essential for the
microorganisms to convert ammonia to nitrate (nitrification), [9]. The con-
centration of Dissolved Oxygen (DO) should be high enough to give a certain
removal rate, but a too high DO level requires a high energy consumption
and gives little increase in the removal rate due to the inherent nonlinearity
of the nitrification process. A classical control strategy is therefore to keep
the DO level close to a given and fixed set-point, [20]. It has also been found
that the use of ammonia feedback to control the DO set-point can increase
the energy e�ciency without producing a higher e✏uent ammonium load,
see [2] for some recent results.

2.2 Simulation model

The simulation model used in this study is depicted in Fig. 1. It is a sim-
plified version of the Benchmark Simulation Model no.1 (BSM1), which is a
simulation model for evaluating and testing various control strategies, para-
meter variations and models. BSM1 follows the characteristics of a real
plant and is widely used for analysis, [7].The original BSM1 simulates five
biological reactors and a clarifier, for this case study the number of reactors
is reduced to one.

The dynamics of the benchmark model is based on the Activated Sludge
Model no.1 (ASM1). ASM1 was created by the International Water Asso-
ciation (IWA) task group in 1983. The idea was to design and promote a
simple but still accurate mathematical model for nitrification, carbon oxida-
tion and denitrification in an ASP. The ASM1 contains 13 process variables,
19 model parameters and 8 process equations, [11]. Still today, the ASM1
remains the most commonly used model for dynamical modelling of ASPs.

2.3 Hammerstein model

The dissolved oxygen dynamics in the ASP is nonlinear. To achieve a good
controller performance for all working conditions, a simplification of the
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Figure 1: Simulation model. Qin-inflow, u(t)-input signal (DOsp-DO
set point), PI-proportional integral DO controller, Qair-airflow rate, y(t)-
output signal (NH4conc-ammonium concentration level) RAS-return activ-
ated sludge, WAS-waste activated sludge.

dynamic model is attempted in this paper. This is the motivation for the
application of the system identification procedure in the paper.

u(t) un(t) ŷ(t)
f (u(·)) B(q�1)

A(q�1)

Figure 2: Hammerstein model.

A nonlinear Hammerstein model is represented by a combination of a
nonlinear static and a linear dynamic submodel, see Fig. 2. In the case
study, the oxygen supply can be described by a static nonlinear element
followed by a linear part representing the remaining part of the plant.

The nonlinear block is defined as a static nonlinear function

un(t, ✓n) = f(u(t), ✓n), (1)

where ✓n is a vector of parameters and t is discrete time. Then the
output ŷ(t, ✓) of the model can be described as

ŷ(t, ✓) =
B(q�1)

A(q�1)
un(t, ✓n), (2)

where B(q�1) and A(q�1) are polynomials given by

B(q�1) = b0q
�nk + ...+ bnb�1q

�nk�nb+1, (3)

A(q�1) = 1 + a1q
�1 + ...+ anaq

�na , (4)



and nk is an input delay specified by the number of samples before the
output reacts to the input.

The parameters of the linear block are collected in

✓l =
⇥
a1 · · · ana b1 . . . bnb

⇤T
. (5)

The vector ✓ contains the unknown parameters, i.e.

✓ =


✓n
✓l

�
. (6)

Note that (2) can be expressed as

ŷ(t) = ✓T
l
'(t, ✓), (7)

where

'(t, ✓) = [�ŷ(t� 1, ✓) · · · � ŷ(t� na, ✓)

un(t� nk, ✓n) · · · un(t� nk � nb + 1, ✓n)]
T. (8)

In this contribution, the static function in (1) is modeled as a piecewise
a�ne function. These functions are known for their universal approximation
properties, see e.g. [4] and [12], and are therefore popular in system identi-
fication. Let G =

⇥
u1 · · · unr

⇤
be a set of grid points. Then any function

that is piecewise a�ne between consecutive grid points can be written as

f(u, ✓n) =
nrX

i=1

rifi(u,G) = ✓TnF (u,G), (9)

where fi(u,G) are piecewise a�ne basis functions, and

✓n =
⇥
r1 . . . rnr

⇤T
, (10)

F (u,G) =
⇥
f1(u,G) · · · fnr(u,G)

⇤
. (11)

Hence, if the grid points G are fixed, then the nonlinear function is linear in
the unknown parameters. For an example of how the basis functions can be
constructed, see e.g. [16]. It is stressed that both evaluated Hammerstein
methods utilize piecewise a�ne parametrizations. The reason is that exten-
ded tests revealed that the piecewise a�ne parametrization gave the best
performance.



2.4 Possible application of the Hammerstein model for control

Using a Hammerstein model, a main idea of the nonlinear feedback controller
design is to introduce global stability by making use of input-output stability
theory, [22]. A lag controller can then be applied so that the Popov criterion
is met, cf. [26]. Alternatively, a leakage can be added to the integrator of a
PI-controller. The controller may therefore be designed as

C(s) = KP +KI

1

s+ ↵
. (12)

The block diagram of this control system is shown in Fig. 3. The con-
troller C(s) operates on the control error e(s) to give a reference value for
the DO level, denoted u(s) in continuous time. The saturated output signal
ū(s) corresponds to un(t) in discrete time in (1).

yref (s) e(s) u(s) ū(s) y(s)

e
�sT

H(s)C(s)

Figure 3: Block diagram of the control system.

The control signal represented by the DO set point is constrained to be
between given minimum and maximum values. The imposed limitations to-
gether with the plant model nonlinearity hence give the following saturation
type static nonlinearity

ū = ⇣(u) =

8
<

:

f(umax), u � umax

f(u), umin < u < umax

f(umin), u  umin.
(13)

The saturated control signal ū(s) describes the DO-concentration set
point. The linear part of a plant dynamics, H(s), models the dynamic e↵ect
of the DO on the ammonium concentration e✏uent water, denoted y(s). To
close the feedback loop, y(s) needs to be measured. This process involves
the measurement delay T .

As a continuous time delay is infinite dimensional, input-output stability
theory is suitable to analyse the control system. Since the linear part of the
loop gain is given by

ĝ(s) = e�sTC(s)H(s), (14)



it follows that ĝ(s) has all poles strictly in the interior of the left half
of the complex plane provided that H(s) is asymptotically stable. The
conclusion is that the Popov criterion is applicable, see Theorem 6.7.63 in
[26]. The details of this controller design and the associated stability results
are, however, not within the scope of this paper and they are reported in [6].

3. Identification methods

The scope of the paper is to apply and compare one linear and two Hammer-
stein based identification methods for the ASP. These methods are presented
next.

3.1 The linear output error method

For identifying the linear output error (OE) model, i.e. (2) with un(t, ✓) =
u(t), the MATLAB R� function oe was used for the Gauss-Newton optimiza-
tion. See [14] for a detailed explanation of this function.

3.2 The o↵-line prediction error method for the
Hammerstein model

The o↵-line prediction error method (PEM), see e.g. [13] and [18], can
be applied to quite arbitrary model parameterizations, and is one of the
most popular methods in system identification. In PEM, with a quadratic
criterion, the goal is to minimize the cost function

V (✓) =
1

N

NX

t=1

"2(t, ✓), (15)

where
"(t, ✓) = y(t)� ŷ(t, ✓) (16)

is the prediction error.
In the numerical results in Section 4.2 the Gauss-Newton method is

applied in order to minimize the non-convex function V (✓). That is, the
algorithm is started with an initial estimate ✓̂(0), and iterated according to

✓̂(k+1) = ✓̂(k) + ↵kR
�1(✓̂(k))

NX

t=1

 (t, ✓̂(k))"(t, ✓̂(k)), (17)

where ↵k is the step-length,  (t, ✓̂(k)) is the negative gradient of V (✓) and
R(✓) is given by

R(✓) =
1

N

NX

t=1

 (t, ✓) T(t, ✓). (18)



In the numerical examples, the MATLAB R� function nlhw, see [14] for
more details, with piecewise a�ne nonlinearity was used for performing the
Gauss-Newton optimization for the o↵-line PEM. This function also optim-
izes the location of the grid points, so the negative gradient is then extended
with derivatives with respect to the grid points as in [1]. This is a main dif-
ference as compared to the method of Section 3.3.

3.3 The recursive prediction error method for the Hammer-
stein model

In [15], a recursive prediction error method (RPEM) for Hammerstein iden-
tification was developed by using running estimates of the quantities of (17).
A recursive identification method opens up the possibilities for using adapt-
ive control strategies, and also for performing low complexity online fault
detection. In [15], it was shown that the negative gradient for the Ham-
merstein model with fixed grid points in the nonlinearity, can be computed
as

 (t, ✓) =


d

d✓
ŷ(t, ✓)

�T
=

"
B(q�1)
A(q�1)F (u(t),G)

1
A(q�1)'(t, ✓)

#
. (19)

The resulting algorithm can be summarized as follows

"(t) = y(t)� ŷ(t)

R(t) = R(t� 1) +
1

t

⇣
 (t) T(t)�R(t� 1)

⌘

✓̂(t) = ✓̂(t� 1) +
1

t
R�1(t) (t)"(t)

'(t+ 1) = [�ŷ(t) · · · � ŷ(t� na + 1)

f(u(t� nk + 1), ✓̂(t)) · · ·
f(u(t� nk � nb + 2), ✓̂(t))]T (20)

 (t+ 1) =

2

4
B̂(q�1

,t)

Â(q�1,t)
F (u(t+ 1),G)

1
Â(q�1,t)

'(t+ 1)

3

5

ŷ(t+ 1) = ✓̂T
l
'(t+ 1).

In order to avoid the computation of R�1(t) in each time-step of the
algorithm, it is possible to apply the matrix inversion lemma and compute
P (t) = 1

t
R�1(t) recursively instead, see [15] for details about the implement-

ation of the algorithm. The algorithm (20) makes use of fixed preselected
grid points.



4. Numerical examples

4.1 Simulated data

The high fidelity simulator described in Section 2.2 was used for data gener-
ation. The DO set point, u(t), was generated as a pseudorandom binary se-
quence (PRBS) multiplied by a uniformly distributed random process, with
an added white noise. The so obtained sequence is hence a sequence where
each constant interval is multiplied with a uniformly distributed amplitude,
see [24] for more details.
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Figure 4: Simulated noisy data.

The generated signal is characterized by a mean, a certain amplitude
and an interval length. The amplitude describes the maximum variation
around the mean value. The interval length is the minimum duration of
a certain input signal level. Due to system characteristics, the mean value
is determined to be 2 g/m3, which is the set point for DO, and hence the
amplitude can not be higher than 2 g/m3 to avoid negative values. The
output signal, y(t), is an e✏uent concentration level of ammonium NH4.
The noise that was added to the signal was a white noise process with
standard deviation of 0.1 g/m3 of the original signal.

For the numerical experiment, the plant was simulated twice using the
simplified BSM1 and a constant influent flow. The simulation time was 12
days with 15 minutes sampling time. Two di↵erent input signal realizations



were tested in order to compare modelling performance for di↵erent input
signals. The signal characteristics are given by Table 4.1.

Table 4.1: Simulated input signals

Signal Min interval length Max amplitude
1 20 1
2 20 1.5

The noise was added after simulations to both the input and the output
signal, and was hence assumed to be a measured noise originating from
sensors. An example of the generated input and output data sets used for
identification is shown in Fig. 4.

4.2 Identification results

During the identification, several model orders and parameters were tested
experimentally and the best obtained estimation models were used for a
comparison. For the linear part of the Hammerstein identification methods,
the polynomial orders for (3) and (4) were chosen to be nb = 7 and na = 6
respectively for PEM model and nb = 6 and na = 7 respectively for RPEM
model. The time delay was set to nk = 6 in both cases.

The performance was evaluated using validation data sets generated sep-
arately and the results are given as a fit of an estimated output to the sim-
ulated output in Table 4.2. Note that means were removed from both input
and output signals for identification and then added back.

Table 4.2: Identification results

Model Signal 1 Signal 2
Linear OE 52% 45%

PEM Hammerstein 72% 78.5%
RPEM Hammerstein 72% 78.4%

As shown by Table 4.2, the linear OE identification method has a poor
performance for both signal sets, while the identified nonlinear Hammerstein
models provide a more accurate prediction of output signals and handle the
noise and amplitude variations well. The prediction results varied within a
70-80% fit, depending on signal properties and model orders. The results
for the best performance, Signal 2, obtained by the Hammerstein models
are discussed in more details below.



The identification results using Signal 2 are shown in Fig. 5. As can
be seen in Fig. 5, both Hammerstein methods result in an accurate input-
output description of the system. The modelling error is significant for the
linear OE model. Fig. 6 shows the Bode plot of the linear block of the
generated system.
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Figure 5: Signal 2. Validation results for linear OE method (grey), PEM
Hammerstein method (green), RPEM Hammerstein method (red) and real
data (blue).

The nonlinearities were parametrized by the following grid points

GPEM = [�1.9 �1.2 �0.8 �0.6 �0.5

�0.2 0.5 0.51 0.8 1.2], (21)

GRPEM = [�1.7 �0.99 �0.25 0.25 0.9], (22)

for the PEM and RPEM respectively. The grid points for the PEM
method are automatically adapted by the MATLAB R� function nhlw as men-
tioned in Section 3.2. The static nonlinearities identified by the algorithms
are shown in Fig. 7 and 8. The behaviour of the identified nonlinearities are
similar. In the case study, the decreasing static nonlinearity occurs since the
Hammerstein methods are black-box methods. Therefore, when the operat-
ing point is increased, the di↵erential gain of the underlying physical Monod
function, see [6], is reduced which is reflected by the identified nonlinearity.
This situation is di↵erent from the one in [6] where a Monod function is
postulated as nonlinearity.
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Figure 6: Signal 2. Bode plot of the linear part obtained with PEM (blue)
and RPEM (green) Hammerstein models.
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Figure 7: Signal 2. Static nonlinearity obtained with the PEM Hammerstein
method.

The convergence of the parameter estimates for the RPEM are shown in
Fig. 9. It can be concluded that the algorithm converges towards constant
values in a well behaved manner.
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Figure 8: Signal 2. Static nonlinearity obtained with the RPEM Hammer-
stein method.
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Figure 9: Signal 2. Parameter estimates obtained with the RPEM Ham-
merstein method.

In summary, the obtained results show that accurate identification of
the nonlinear dynamics of the WWT plant can be obtained by application
of Hammerstein identification techniques.



5. Conclusions

Three system identification methods have been compared: a linear out-
put error method, a nonlinear Hammerstein identification algorithm of the
MATLAB R� System Identification Toolbox and a recursive prediction error
Hammerstein model based algorithm.

The methods were used to identify the dissolved oxygen to e✏uent am-
monia dynamics using noisy data from a simulated nitrifying bioreactor in
a WWT plant model. The idea was to provide a simplified, but accurate,
nonlinear Hammerstein model by application of system identification. This
model reduction step, when successful, enables the design of an L2-stable
feedback controller for the plant, this controller being described in a sub-
sequent publication.

The results of the study indicates that a Hammerstein model can indeed
describe the bioreactor dynamics with quite high accuracy. The output
error method based on a linear model resulted in a significantly lower accur-
acy as compared to the nonlinear models. Of the two tested Hammerstein
identification methods, the recursive method enjoys advantages for adaptive
operation and on-line fault detection purposes.

Topics for further studies include a generalization of the identification to
several cascaded reactors. The identified Hammerstein model will then be
used as a basis for an L2-stable controller design.
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Nonlinear modelling of the dissolved
oxygen to ammonium dynamics in a
nitrifying activated sludge process

Tatiana Chistiakova, Bengt Carlsson and Torbjörn Wigren 1

Abstract

Modelling of the activated sludge process is, for ex-
ample, important for controller design and stability ana-
lysis. The paper presents a comparison of several identi-
fication methods based on data from a simplified version
of the Benchmark Simulation Model no. 1. The goal is to
find accurate dynamic models on how the e✏uent ammo-
nia in a nitrifying activated sludge process depends on the
dissolved oxygen concentration and on the influent load.
The tested models include a linear one and several vari-
ants of Hammerstein models. The models are estimated
using noisy data and measured disturbances. Due to the
high complexity and nonlinear character of the system,
the nonlinear models perform better than the linear one.

1Department of Information Technology, Uppsala University, SE 75105 Uppsala,
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1. Introduction

The aeration of biological reactors in an activated sludge process (ASP) is
normally the most energy demanding process in wastewater treatment plants
(WWTPs), [2]. Automatic control of the aeration is hence of fundamental
importance to achieve an energy e�cient operation. Supervisory ammonium
feedback control, [1], is a control strategy that today is becoming more
and more common in full-scale plants. In its basic form, this strategy uses
feedback from e✏uent ammonium to select the set points for all dissolved
oxygen (DO) controllers in the aerated zones.

The aim of the presented work is to develop simple but accurate nonlin-
ear models of the dissolved oxygen to ammonium dynamics using a static
nonlinear model followed by a linear model, i.e. a Hammerstein model,
[6]. This is of interest for several reasons. It could (i) improve the con-
trol performance by using exact linearisation (i.e. using the inverse of the
estimated static nonlinearity after a standard linear controller) and (ii) be
used to perform a stability analysis of the closed loop system by using the
Popov criterion, [8], as is done in [4]. The model itself may also be used
for model based monitoring and fault detection. The Hammerstein mod-
els of the present paper include also grey-box models, as compared to the
black-box models studied in the related work, [3].

2. Simulation Model

Data from a simplified version of the Benchmark Simulation Model no. 1
(BSM1), [5], was used for system identification, i.e. calibration, of the para-
meters in the models using input-output data. The model consists of one
biological reactor followed by a clarifier, see Fig. 1. The volume of the
reactor was 3999 m3.

The DO set-point was used as an input signal, u(t), to the simulation
model. The output signal was the e✏uent ammonium concentration, y(t).
White noise with a standard deviation of 0.1 mg/l was added to the output
signal. The sampling period was 15 minutes.

Two cases were studied. The first case was defined by constant influent
data using two data sets for model calibration: 12 days (1154 samples) and 2
days (200 samples). An example of data used for calibration in the first case
is shown in Fig. 2. In this case, Qin = 18446 m3/day, NH4,in = 31.5 mg/l,
RAS = Qin and WAS was selected so that the sludge retention time was 4
days.

In the second case, time-varying influent data was used. The influent
flow rateQin and influent ammonium concentrationNH4,in from the original
BSM1 influent files were scaled down by a factor of 0.3 in order to give a



QairDO

Qin
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u(t) (DOsp)

y(t) (NH4conc)

Figure 1: Simulation model. Qin-inflow, u(t)-input signal (DOsp-DO
set point), PI-proportional integral DO controller, Qair-airflow rate, y(t)-
output signal (NH4conc-ammonium concentration), RAS-return activated
sludge, WAS-waste activated sludge.

Figure 2: Example of a simulated data realization. The red line shows the
end of the short experiment. Constant influent case.

reasonable disturbance pattern given the chosen volume of the bioreactor.
The influent data for the time-varying case are shown in Fig. 3. A data set
with 1154 samples was used in this case.

For the second case, an additional input signal was used in the modelling,
given as

w(t) = Qin(t) ·NH4,in(t), (1)

where Qin is the inflow rate and NH4,in is the influent ammonium con-
centration. Then, the basic model structure used for system identification



Figure 3: Inflow rate Qin and influent ammonium concentration NH4,in.
Time-varying influent case.

is given by

y(t) = H1(q
�1)u(t) +H2(q

�1)w(t), (2)

where y(t) is the output signal (e✏uent ammonium concentration), u(t)
is the input signal (DO set point) and w(t) is the measured disturbance used
as input to the disturbance model. The operators H1(q�1) and H2(q�1) is
in the linear case ordinary discrete time transfer function operators.

3. Methods

3.1 Linear Output Error Model

As a reference case, a linear output error model (LOE) was used. The LOE
is described by a linear transfer function as

ŷ(t) =
B(q�1)

A(q�1)
u(t), (3)

where
B(q�1) = b1q

�nk + ...+ bnbq
�nk�nb+1, (4)



A(q�1) = 1 + a1q
�1 + ...+ anaq

�na (5)

are polynomials in the backward shift operator q�1 and nk is the time
delay (dead time). TheMATLABTM function oe was applied for estimation
of the parameters. See [7] for a detailed explanation.

Using extensive numerical experiments, it was found that a reasonable
model order for the LOE is na = 4, nb = 3 with a time delay of nk = 5.
These model orders were also used in the linear part of all nonlinear models
described below as well as in the H2(q�1) in (2) describing the measured
disturbance for the time-varying case.

3.2 Standard Hammerstein Model

A basic nonlinear model is the Hammerstein model defined in Fig. 4.

u(t) un(t) ŷ(t)
f (u(·)) B(q�1)

A(q�1)

Figure 4: A Hammerstein model consisting of a nonlinear static function
followed by a linear discrete model.

The linear block is described by (3). The nonlinearity in the standard
Hammerstein case was chosen as a piecewise linear function and defined as

un(t, ✓n) = f(u(t), ✓n), (6)

where ✓n is a vector containing the nonlinear parameters. See [3] for
details of such piecewise linear parametrizations. The model is denoted
SHAM, and it is estimated by the MATLABTM function nlhw, [7].

3.3 Single Monod Hammerstein Model

As a way to obtain a static nonlinear model with fewer parameters than
SHAM, a single Monod function was used as static nonlinearity. This model
is denoted SMHAM and it is defined by the linear model (3) together with
the Monod function

un(t) = µmax

u(t)

u(t) + ko
, (7)

where µmax is the maximum growth rate and ko is the half saturation
constant for dissolved oxygen. The model calibration was performed using a
grid search for ko. For each value of ko, a new transformed input signal un(t)



was calculated and used as input to the LOE model. The MATLABTM

function oe was then applied to obtain the linear parameters.
In the model, µmax = 0.5 was used, this value is, however, not critical

since deviation from this gain factor is implicitly modelled by the linear part.

3.4 Double Monod Hammerstein Model

Finally, a double Monod model, denoted DMHAM, was used as a nonlinear
model. This model is given by (3) together with

un(t) = µmax

u(t)

(u(t) + ko)

y(t� nk)

(y(t� nk) + kNH4)
, (8)

where nk = 5 is the number of delayed samples and kNH4 is the half
saturation constant for ammonium. The use of a delayed ammonium con-
centration y(t � nk) instead of y(t) gave a better model performance and
was therefore chosen. The estimation of the parameters was done in the
same way as for SMHAM except that a two-dimensional grid search for ko
and kNH4 was used. For each two-dimensional grid point a new transformed
signal un(t) was calculated and used as input for the LOE model (3). The
MATLABTM function oe was then applied to identify the parameters of
(3). Note that DMHAM is strictly speaking not a Hammerstein model since
the nonlinear function does not depend on the input only.

SMHAM and DMHAM may be classified as grey-box models (or semi
physical models), [6], since part of the model structure is obtained from pro-
cess knowledge. Due to the grid search, standard tools like theMATLABTM

function oe can be reused for estimating the linear part of the model.

4. Results

4.1 Performance Criterion

The model parameters were estimated i times using i realizations of input-
output data from the simplified BSM1 (i = 100 for the constant influent
case and i = 50 for the time-varying influent case). In each of the trials, a
second data set (“validation data”) was used to compare the models ability
of reproducing a new data set.

The models were evaluated using a measure of fit, the normalized root
mean square error fitness value. The fit is given in percent and defined as

fit = 100 ·
✓
1� ||y � ŷ||

||y � ȳ||

◆
, (9)



where y is the output in the validation data, ŷ is the simulated output
produced by the estimated model and ȳ is the mean value of the validation
output data.

4.2 Constant Influent Case

The goodness of fit produced by the di↵erent models is shown in Fig. 5
(long experiment) and Fig.6 (short experiment). For the long experiment,
the flexible SHAM gave the best fit with a median value of the fit close
to 90%. All nonlinear models gave a significantly better fit than the linear
model (LOE). For the short experiment, the spread increased as expected.
For this case, DMHAM gave the best results closely followed by SHAM.

Figure 5: Boxplot (see help boxplot in MATLABTM ) of goodness of fit for
100 trials, long experiment (1154 samples). Constant influent case.

The study indicates that SHAM and DMHAM are the best models for de-
scribing the dissolved oxygen to e✏uent ammonium dynamics. For stability
analysis SHAM or SMHAM are recommended, since based on Chistiakova
et al. (2017b) the Popov criterion is not valid for DMHAM.

4.3 Time-varying Influent Case

As a brief initial study, two models, LOE and SMHAM, were identified in
the time-varying influent case. The results show that the nonlinear model is
still a better choice to describe the system dynamics. Fig.7 shows a boxplot
of the goodness of fit for the time-varying influent case. The median fit
obtained was 36% for LOE model and 45% for SMHAM. The simulated
output data obtained for the two models that provided the maximum fit are
plotted against the validation data in Fig.8.



Figure 6: Boxplot of goodness of fit for 100 trials, short experiment (200
samples). Constant influent case.

To describe the result of the identification, Fig. 9 and Fig. 10 display
the Bode plots of the identified transfer functions H1(q�1) and H2(q�1) of
(2). In addition, Fig.11 illustrates the estimated static nonlinearity in (7).

5. Conclusions

Simple nonlinear dynamic models, estimated from input-output data, could
fairly well describe the e✏uent ammonium concentration in a simulated
nitrifying activated sludge process. The simplicity of the models make them
ideal for controller design (e.g. exact linearization) and stability analysis of
an ammonium feedback control system. Future research will, however, first
be focused on a more detailed modelling study for the time-varying influent
case (which indeed is the practically most relevant scenario). Such a study
should consider at least the same models as in the time-invariant case of
the current paper. It might also be of interest to investigate if a nonlinear
model of the disturbances would improve the model fit.



Figure 7: Boxplot of goodness of fit for 50 trials, long experiment (1154
samples). Time-varying influent case.

Figure 8: Example of output data. Blue line - validation data set, yellow
line - estimation by SMHAM model, green line - estimation by LOE model.
Time-varying influent case.



Figure 9: Bode plot for H1 of the linear part obtained with SMHAM model,
the black line is Nyquist frequency. Time-varying influent case.

Figure 10: Bode plot forH2 of the linear part obtained with SMHAMmodel,
the black line is Nyquist frequency. Time-varying influent case.



Figure 11: Static nonlinearity of the system obtained with SMHAM model.
Time-varying influent case.
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Input-Output Stability Design of an
Ammonium Based Aeration Controller for

Wastewater Treatment

Tatiana Chistiakova, Torbjörn Wigren and Bengt Carlsson 1

Abstract

Ammonium feedback is commonly used for con-
trolling the aeration in wastewater treatment plants hav-
ing biological nitrogen removal. The paper proposes the
use of a PI controller tuning method based on a simpli-
fied identified model with Hammerstein structure. The
Hammerstein model accounts for the delay of the process
caused by the settler, the multiple bioreactors dynamics
and the main nonlinear process e↵ects. The controller
tuning method exploits the Popov inequality for a pre-
computation of (a subset of) the stability region of the
closed loop system as a function of the PI-controller para-
meters, quantified in terms of the maximum loop delay of
the system. The controller parameters are selected in the
computed stability region. In the numerical study, the
plant is identified as a Hammerstein model using a re-
cently published method, here extended to identify mul-
tiple bioreactor tank dynamics. The identification data is
obtained from a high fidelity simulator, which is also used
for evaluation of the proposed controller tuning method.
The results show that the proposed procedure results in a
PI-controller tuning with predictable stability properties
and a good performance.

1Department of Information Technology, Uppsala University, SE 75105 Uppsala,
Sweden



1. Introduction

The supply of clean water is an increasing matter of concern in many parts of
the world. Cost e↵ective wastewater treatment is therefore of fundamental
importance, [1]. The most energy consuming process in a wastewater treat-
ment plant is the aeration of wastewater, which is needed to remove nitrogen
and organic carbon using the commonly applied activated sludge process
(ASP), [2]. Ammonium feedback control is an increasingly popular strategy
in ASPs designed for nitrification, see e.g. [3] and [4]. This control technique
uses measurements of the ammonium concentration in the e✏uent water, or
in the last reactor, to calculate the set point for the dissolved oxygen (DO)
concentration for all local DO controllers, one in each of the aerated zones.
A large amount of techniques and model configurations are available for
modelling and simulation of wastewater treatment plants based on a variety
of priorities and benefits, [5]. However, the majority of models rely on the
state of the art model, created by an International Water Association (IWA)
task group in 1983. This model is known as the Activated Sludge Model
no.1 (ASM1). The model represents the process dynamics with 13 process
variables, 19 model parameters and 8 process equations, [6].

The high order and nonlinear character of the ASM1 model makes it
challenging to use it as a basis for controller design. The first contribu-
tion of the paper therefore attempts to find a simplified but still accurate
model of the DO to e✏uent ammonium dynamics. The model is selected to
have a Hammerstein structure with a static nonlinear input function. An
increasing DO concentration level leads to a decrease in the ammonium,
however, it also causes a decrease in the relative e�ciency of the DO set
point control system. This e↵ect is incorporated in the static nonlinearity
of the Hammerstein model, see [7]. In the closed loop system, a second non-
linearity appears due to limitations of the maximum and mimimum levels
of the ammonium controller. The reason is that a too low DO level (for
example, less than 1 g/m3) may give negative process e↵ects like unwanted
N2O emissions, [8], and a too high DO level (for example, more than 3 g/m3)
gives a high energy consumption with little e↵ect on the e✏uent ammonium
concentration. Another aspect of the paper is to identify a time delay to
account for the lag between the DO and the e✏uent ammonium. The delay,
which is caused by the settler, is integrated with the linear dynamics of the
Hammerstein model, that represents the nonlinear biological and hydraulic
dynamics of the three wastewater bioreactors. An identification algorithm,
extended from the single bioreactor application of [7], is used for identi-
fication. The presence of limitations and a significant delay in the control
loop means that it is relevant to account for the low frequency gain of the
loop, as in [9] and [10]. Following [10], a pre-computation of a projection



of a subset of the L2 stability region of the loop formed by the identified
Hammerstein model is then performed, based on the Popov inequality [9].
The reason for the subset is that the Popov criterion is not necessary for
stability. The projection of the subset of the stability region is computed
as a function of a selected set of controller parameters. Given the stability
region, an L2-stable controller is selected, with specified stability robustness
against, for example, a selected range of delays. Provided that the iden-
tified Hammerstein model is accurate enough, stability robustness should
then carry over to the control loop for the complete simulation model. This
procedure, applied to wastewater treatment, constitutes another contribu-
tion of the paper. Finally, a numerical study is used to illustrate the design
procedure and the performance of the resulting controller.

Previous work related to the present paper include the general work on
wastewater treatment of e.g. [2], [11] and [12]. The underlying processes
relevant for the present paper are outlined further in e.g. [6], [8] and [13].
There is a large amount of system identification methods tailored for Ham-
merstein systems available in the literature, see e.g. [14] for a review and
further details. A variety of these methods are nowadays ready for use in
commercially available software packages, like [15]. The previous work of
the authors on the ammonium control problem has recently been focused
on Hammerstein identification of plants with a single reactor. The recursive
Hammerstein identification method of [16] was e.g. applied in [17], while
the grey-box method applied in the present paper was introduced in [7].
Since the ammonium control system is nonlinear with constraints, nonlinear
methods for control like model predictive control (MPC), [18], are generally
applicable. However, MPC is complex, with complicated stability condi-
tions, which is a reason why more simple methods constitute interesting
alternatives, c.f. e.g. [8] and [19]. It is finally noted that the idea to pre-
compute the stability region is inspired by the wireless network data flow
control problem outlined in [9], [10], and the references therein.

The organization of the paper is as follows. The activated sludge process
is reviewed in Section 2, followed by a description of the system identific-
ation method in Section 3. The ammonium control system of the paper is
discussed in Section 4, with the key stability aspects detailed in Section 5.
A numerical study and conclusions end the paper in Sections 6 and 7.

2. The Activated Sludge Process

Wastewater treatment plants usually consist of a number of process steps
including mechanical, biological and chemical treatments. After the mech-
anical treatment, where most particulate matter is removed, the wastewater



enters the biological treatment process where nitrogen is removed in an ASP.
The process of nitrification involves microorganism activity and requires

a supply of DO in order to convert ammonium to nitrate. Hence, nitrification
occurs in aerobic compartments of bioreactors where the DO concentration
is kept at a certain level high enough to keep a required removal rate. A
standard control approach is to maintain the DO concentration level at a
fixed point, [12]. However, such a strategy might result in an increased
energy consumption together with a decreased flexibility of the system. An
ammonium feedback control system on the other hand allows the DO set
point to be regulated which improves the system performance, [8].

Fig. 1 shows a schematic representation of an ASP with three aerated
zones and a settler. The DO set point is controlled by a PI ammonium
(NH4) based controller with leakage, see Section 4.2.

QairDO

Qin

RAS WAS

PI

NH4conc

QairDO

PI

QairDO

PI

PIleakage
NH4refDOsp

Figure 1: Control structure in the simulation model. Qin-inflow, DOsp-DO
set point, PI-proportional integral controller, PIleakage-DOsp proportional
integral controller with leakage, Qair-airflow rate, NH4conc-ammonium con-
centration, NH4ref - ammonium reference value, RAS-return activated
sludge, WAS-waste activated sludge.

Apart from the nonlinear dynamics, the ammonium controller has upper
and lower saturation limits on the control signal DOsp. In this study, the
DOspmin = 1 g/m3 and DOspmax = 3 g/m3.

The high fidelity model used in the paper is based on Benchmark Simula-
tion Model no.1 (BSM1), [13], implemented in MATLABTM/SimulinkTM ,
which defines a plant layout and allows simulations and testing under real-
istic conditions. To pinpoint the aeration control problem, the anoxic zones
where denitrification takes place were omitted. Anoxic models could easily
be added to the system (c.f. BSM1) without changing the basic problem
set-up and the proposed solution.

The time delay is an important issue to consider when studying the
ammonium control problem. In general, the delay is caused by the settler.
In the case study, the delay occurs when the ammonium concentration is
measured after the settler. This is a main aspect of the paper.



3. Identification method

3.1. The Monod Hammerstein model

The ASP dynamics is a highly nonlinear process with nonlinearitites ori-
ginating from di↵erent sources including concentration saturation, growth
rate dynamics and physical characteristics. This could results in a highly
complicated controller. Hence, it is desirable to describe the system in a
simple but still accurate way to simplify the controller design process.

In the case study, the nonlinearity of the process is described using a
static Monod function, [20]. This technique gives a static nonlinearity with
fewer parameters than, for example, a standard black-box Hammerstein
model, like [16]. The nonlinearity of the process is thus modelled as

u(t) = µmax

ū(t)

ū(t) + ko
, (1)

where ū(t) is the DO set point, µmax is the maximum growth rate set to the
constant value 0.5 and ko is the half saturation constant, [13].

The linear part of the Hammerstein model is given by

ŷ(t) =
Bd(q)

Ad(q)
u(t), (2)

where Bd(q) and Ad(q) are given by the filter polynomials

Bd(q) = b1q
�nk + ...+ bnbq

�nk�nb+1, (3)

Ad(q) = 1 + a1q
�1 + ...+ anaq

�na , (4)

where q�1 is the backward shift operator, na and nb are the orders, and
nk is a delay quantified in terms of the number of samples, [21]. Typically,
the delay represents the e↵ect of the settler. The superscript d is used to
emphasise that the polynomials are defined for a discrete-time model.

3.2. Identification algorithm

The Monod function parameter, ko, was determined by gridding using an
outer optimization loop. At each grid point, the Monod function was then
used to compute the input signal to be used by the linear output error
method of the MATLABTM System Identification toolbox. The saturation
constant that gave the best fit to the data defines the result of the Ham-
merstein system identification procedure together with the obtained linear
parameters.



Figure 2: Block diagram of the ammonium control loop. The fact that n(s)
is added before e�sT is to avoid theoretical problems with non-causality.

The identification of the linear system dynamics was performed using
the standard MATLABTM function oe for identification with the Output
Error (OE) algorithm, see [15] for more details.

4. Model of the ammonium control loop

4.1. Controller

The complete ammonium control loop model can be described by the block
diagram of Fig. 2. A continuous time formulation is used for controller
design and analysis, assuming an identified discrete time system converted
to continuous time according to zero-order-hold (ZoH) sampling conven-
tions, [22]. Hence t denotes time and s is the Laplace transform variable.
The ammonium reference value is denoted yref (s). Together with the out-
put signal y(s) the control error of the single degree of freedom controller
becomes

e(s) = yref (s)� y(s). (5)

The controlled signal is governed by a controller as

ū(s) = C(s)e(s) =

✓
KP +KI

1

s+ ↵

◆
e(s), (6)

where C(s) is chosen as a leaky PI controller with KP being a proportional
gain, KI an integral gain and ↵ a leakage variable. The selection of a
PI controller structure is motivated by its widespread use in wastewater
treatment plants, by its simplicity, and since operators are familiar with its
behaviour. The leakage of the integral term is intended to limit the low
frequency loop gain from above, and the sensitivity function from below.
The reason is that the controller parameters, KP , KI and ↵, will later be



selected to be within a subset of the L2-stability region as defined by the
Popov criterion, [23], and the Popov criterion does not allow open loop
integration together with a saturation. In addition to this, Theorem 3 of
[10] shows that a large delay, a saturation and a high low frequency loop
gain is not consistent with L2-stability.

4.2. Plant dynamics and nonlinearities

The signal ū(s) is the unrestricted control signal. However, ū(s) is lim-
ited before being used as set points for the three DO controllers, see Fig.
1. Since the process is modelled by a Hammerstein model, the limitation
(or saturation) can be cascaded with the identified Monod function. This
static transformation is defined in the time domain. The complete static
nonlinearity of the loop is hence given by

u(t) = �(ū(t))

=

8
<

:

'(ūmin), ū(t)  ūmin

'(ū(t)), ūmin < ū(t) < ūmax

'(ūmax), ū(t) � ūmax

, (7)

where

'(ū(t)) =
µmaxū(t)

ū(t) + ko
(8)

is the Monod function and the parameter ko is obtained from the identific-
ation of the Hammerstein model of Section 3. The lower and upper limits
ūmin and ūmax are selected manually.

The signal u(s) then acts on the linear plant dynamics, as represented
by the two transfer functions Gp,1(s) and Gp,2(s). These transfer functions
are obtained by transformation of identified Hammerstein model of Section
3, for signal levels at a typical operating point. The disturbance w(s) mod-
els variations in the influent wastewater that a↵ects the output ammonium
concentration. For generality, the transfer function Gp,w(s) acts on w(s) be-
fore the disturbance enters the plant in-between Gp,1(s) and Gp,2(s), thereby
allowing parts of the dynamics to be shared between u(s) and w(s). The
transfer functions of the feedback loop are assumed to be parameterized as
follows:

Gp,1(s) = Gp

(s+ b1,1)...(s+ b1,nb1)

(s+ a1,1)...(s+ a1,na1)
, (9)

Gp,2(s) =
(s+ b2,2)...(s+ b2,nb2)

(s+ a2,2)...(s+ a2,na2)
. (10)

Here, b1,i, i = 1, ..., nb1, a1,i, i = 1, ..., na1 are the zeros and poles of Gp,1(s),
and b2,i, i = 1, ..., nb2, a2,i, i = 1, ..., na2 are the zeros and poles of Gp,2(s).



Complex zeros and poles are assumed to appear as complex conjugate
pairs and Gp denotes a static gain. Additive measurement noise n(s) is
added to give the output ammonium concentration y(s). Finally, the delay
e↵ect of the settler is modelled as e�sT , and it is also obtained by identific-
ation.

5. L2-stability conditions

As stated in the introduction, the intention is to pre-compute a subset of
the L2-stability region and to use this region for selection of controller para-
meters, as in e.g. [10]. The formulation of the design algorithm first requires
that the Popov criterion is stated.

5.1. The Popov criterion

Because of the delay, the infinite dimensional input-output stability version
of the Popov criterion needs to be applied. The following definitions of [23]
are needed to state the Popov criterion:

Definition 1: For all p 2 [1,1), Lp[0,1) denotes the set of all
measurable functions f(·) : [0,1) ! R, such that

kf(·)kpp =
Z 1

0
|f(t)|pdt < 1.

Definition 2: The set of all measurable functions f(·) : [0,1) ! R,
such that their truncations

fT (t) =

⇢
f(t), 0  t  T
0, t > T

2 Lp[0,1),

8T , is denoted the extension Lpe[0,1) of Lp[0,1).

Definition 3: The mapping A : Lpe ! Lpe is Lp-stable if i) Af 2 Lp

whenever f 2 Lp, and ii) there exist finite constants k and c, such that

kAfkp  kkfkp + c, 8f 2 Lp.

Definition 4: A denotes the set of generalized functions of the form

f(t) =

⇢
0, t < 0P1

i=0 fi�(t� ti) + fa(t), t � 0,

where �(·) is the unit delta distribution, ti are non-negative constant
delays, fa(t) is measurable and

P1
i=0 |fi| < 1,

R1
0 |fa(t)|dt < 1.



Definition 5: Â denotes the set of all function f̂ : C+ ! C that are
Laplace transforms of elements of A.

The Popov criterion then follows:
Lemma 1: (Popov Criterion, [23] Theorem 6.7.63). Consider the system

of Fig. 3. Assume that the inverse Laplace transform of the transfer function
ĝ(s) fulfils

g(·) 2 A, ġ(·) 2 A,

that the time invariant static nonlinearity �(·) fulfils

0  ��(�)  k�2,

and that u1 2 L2, u2 2 L2, u̇2 2 L2. Under these conditions the system is
L2-stable if there exist constants q, �, such that the Popov plot

! 2 [0,1) ! Re[ĝ(j!)] + j!Im[ĝ(j!)] 2 C

lies entirely to the right of a line through �1/k + � + j0 with slope 1/q, for
some q � 0 and some � > 0.

Proof: See [23], Section 6.7.

The subset of the L2-stability region is hence defined by the following
Popov inequality

Re[(1 + j!q)ĝ(j!)] +
1

k
� � > 0, 8! � 0, some q > 0. (11)

5.2. Ammonium control system assumptions and stability

A number of conditions on the quantities of Fig. 2 are needed to enable
the stability based design of the paper. Regarding the notation of these
conditions, (i) denotes di↵erentiation i times and the left half of the complex
plane is denoted the LHP. Fig. 1 of [9] clearly contains Fig. 2 of the present
paper as a special case. It follows from [9] that the needed conditions are:

Figure 3: Block diagram for the Popov criterion.



C1) Re[a1,i] > 0, i = 1, ..., na1, Re[b1,i] > 0, i = 1, ..., nb1, and Gp > 0.

C2) Re[a2,i] > 0, i = 1, ..., na2, Re[b2,i] > 0, i = 1, ..., nb2.

C3) Gp,w(s) and C(s) are proper with all poles strictly in the LHP.

C4) nb1  na1.

C5) nb2  na2.

C6) At least one of Gp,1(s), Gp,2(s) and C(s) is strictly proper.

C7) y(na1�nb1+na2�nb2)
ref

(t+ T ) 2 L2.

C8) w(na1�nb1) 2 L2, w(na1�nb1+1) 2 L2.

C9) n(na1�nb1+na2�nb2)(t) 2 L2,
n(na1�nb1+na2�nb2+1)(t) 2 L2.

C10) µmax > 0 and k0 > 0.

C1-C9 form a subset of conditions A1-A16 of [9], while C10 ensures that
0  ��(�)  k�2. It follows by inspection that the remaining conditions
of [9] are automatically fulfilled for the ammonium control system of the
present paper. An extensive intuitive explanation of the interpretation of
C1-C9 appears in [9] and [10] and is not repeated here. C1-C9 are further
discussed in Section 6, and shown to be valid for the treated ammonium
control system. To proceed, note that the linear loop gain corresponding to
Fig. 2 is

ĝ(s) = e�sTC(s)Gp,1(s)Gp,2(s). (12)

The conditions C1-C10 and Lemma 2 of [9] now implies
Theorem 1: Consider the ammonium control system of Fig. 2 and assume

that the conditions C1)-C10) hold. Then the ammonium control system is
L2-stable if there exist constants q, � > 0, such that the Popov plot of

ĝ(s) = e�sTC(s)Gp,1(s)Gp,2(s),

given by

! 2 [0,1) ! Re[ĝ(j!)] + j!Im[ĝ(j!)] 2 C

lies entirely to the right of a line through �1/k + � + j0 with slope 1/q, for
some q � 0 and some � > 0.

Proof: See [9], proof of Lemma 2.



5.3. Control system design by stability region pre-computation

To select a controller rendering an L2-stable system, the stability region
represented by ĝ(s) is calculated as a function of a set of controller paramet-
ers. The parameter set is defined by the controller proportional and integral
gains, KP and KI respectively, and by the leakage, ↵. The time delay, T ,
describes the uncertainty of the system and quantifies the stability region
in this work.

Algorithm 1 starts with a definition of the parameters and uncertainty
grids and returns the maximum allowed time delay Tmax for the control
system to be within the stability region.

Algorithm 2 Stability region pre-computation

Parameter grid [P1...Pi], delay grid [T1...Tj ], line grid [q1...qm], frequency
grid [!1...!n]
for P = P1, ..., Pi do
for T = T1, ..., Tj do

foundq = 0
for q = q1, ..., qm do
for ! = !1, ...,!n do
ĝ(jw) = e�sTC(jw)Gp,1(jw)Gp,2(jw)
Re[ĝ(j!)] + qj!Im[ĝ(j!)]

end for
if Re[ĝ(j!)] + qj!Im[ĝ(j!)] > �1/k 8 ! then
foundq = 1

end if
end for
if foundq = 0 then
Tmax(P ) = T
break

end if
end for

end for

For each parameter grid point, the loop is performed over all Popov
lines, q, and the Popov inequality is evaluated according to Theorem 1. If
the inequality holds for all w, the next value of q is considered. If no such
line is found, i.e. if the boolean variable foundq = 0, the stability limit,
Tmax is assigned. Note that a similar algorithm was used in [10] and the
references therein. The stability based design is hence applicable to other
linear asymptotically stable controllers like the H1 controller of [10].

Note that the Popov condition is su�cient for L2-stability. The com-



puted stability region hence predicts stability for KP , KI and ↵ that are in
the region. However, it does not necessarily predicts instability outside the
predicted stability region. The computed region is therefore a subset of the
complete stability region.

6. Results

6.1. Identification

For the experiment, data was simulated using the BSM1 environment de-
scribed in Section 4.2, in an open loop case with the DO set point selected as
a time-varying reference signal being the input to the system. To simulate
the concentration level, the input signal was created from a pseudorandom
binary sequence (PRBS) multiplied by samples from a uniformly independ-
ent and identically distributed probability function, c.f. [17]. The input
signal is characterised by a mean value of 2 g/m3 and a maximum amp-
litude of 1.5 g/m3 which are consistent with the physical properties of the
system.

To match the BSM1 dynamics, where the plant is simulated over days
with a sampling period of 1/96 days, the time scale of the transfer function
was changed to the corresponding size and units. Hence, the studied plant
was simulated over 12 days with a sampling period of 15 minutes.

In [7], the identification was performed using a time-varying influent as
disturbance. However, for simplicity, here the simulations were performed
for constant influent data with the inflow rate, Qin, set to 20514 m3/day
and the influent ammonium concentration, NH4,in, equal to 31.6 g/m3.

The output signal is the measured concentration level of the ammonium
at the outlet of the system. White noise was added to the output signal to
model the measurement noise of the sensor.

The Monod Hammerstein modelling method of Section 3 was used for
the identification. The polynomial orders were chosen experimentally by
performing Monte Carlo simulations over a range of model orders. The
result was evaluated using a validation data set and showed that the best
percentage fit of 70.4% was obtained for the orders (na, nb, nk) = (6, 5, 11).
Here, na represents the denominator order, nb the numerator order and nk

the delay mainly caused by the settler in terms of the number of samples.
The saturation constant ko of the Monod function was estimated to 0.1,
obtained by the method described in Section 3. Fig. 4 shows the obtained
identification results for the validation data set.

The model obtained from the MATLABTM oe function, is given by the
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Figure 4: Identification results obtained by the Monod Hammerstein model:
red - real data, blue - estimated model.

transfer function operator

Gd

p,1(q)G
d

p,2(q) = Gd

p(q) =
Bd(q)

Ad(q)
, (13)

where

Bd(q) = �5.92q�11 + 7.41q�12 � 2.17q�13�
� 0.02q�14 � 0.06q�15, (14)

Ad(q) = 1� 2.04q�1 + 1.6q�2 � 1.08q�3+

+ 0.66q�4 � 0.02q�5 � 0.1q�6, (15)

where q�11 corresponds to the output delay q�nk .
After obtaining the discrete time model, the plant transfer functionGd

p(q)
was transformed to a continuous time model in order to allow the controller
design procedure outlined above. This was done using the function d2c of the
MATLABTM Control System toolbox, [24], which converts a discrete time
model to a continuous time one applying ZoH sampling. The transformation
to continuous time resulted in

e�sTGp(s) = e�sT
B(s)

A(s)
, (16)

where e�sT is the delay transfer function in continuous time, T = 0.0104
days, and



B(s) = �380s6 � (1.95 · 105)s5 � (7.5 · 107)s4�
� (1.39 · 1010)s3 � (1.47 · 1012)s2 � (6.63 · 1013)s� 1.06 · 1015, (17)

A(s) = s7 + 335.9s6 + (1.59 · 105)s5 + (1.89 · 107)s4+
+ (3.52 · 109)s3 + (1.5 · 1011)s2 + (3.2 · 1012)s+ 1.16 · 1013. (18)

Note that the increase of the order is due to the fact that the discrete
time model has a stable pole on the negative real axis, in such cases the
MATLABTM function increases the order one step, see [24]: “When you
call d2c without specifying a method, the function uses ZoH by default. The
ZoH interpolation method increases the model order for systems that have
real negative poles. This order increase occurs because the interpolation
algorithm maps real negative poles in the z domain to pairs of complex
conjugate poles in the s domain.”

6.2. Stability region

For the computation of the stability region, the loop gain of the system
described in Fig. 2 is studied. This is given by

ĝ(s) = e�sTC(s)Gp(s), (19)

where Gp(s) of (16) – (18) describes the plant dynamics obtained experi-
mentally in Section 4.2. The controller C(s) is selected to be a PI controller
with leakage as discussed in Section 4.2.

In order for the stability based design to be relevant, the conditions
imposed for Theorem 1 need to be checked. Referring to the continuous time
transfer functions of the identified system (16) – (19) and the controller (6) it
follows by observation and trivial computations that C1, C2, C3, C4, C5 and
C6 hold. C8 can be disregarded since the disturbance w(s) is constant here.
The conditions C7 and C9 are dependent on the selection of the reference
and the noise, however these conditions are mild and can be expected to hold
in practice. In essence, C7 and C9 ensure that the high frequency contents
of the signals roll o↵ su�ciently fast. Finally, C10 is met by inspection of
the identified Monod function.

To compute projections of the subset of the stability region, the following
cases were considered:

1. KP fixed to -0.2, KI and ↵ varied.
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2. KI fixed to -0.85, KP and ↵ are varied.

3. ↵ fixed to 0.001, KP and KI are varied.

Fig. 5 shows the surfaces represented by the maximum allowed delay
for each of the cases 1-3. Small values of the leakage ↵ give tighter stability
regions, see Fig. 5 (b). This is predicted by [10]. A decrease in the pro-
portional gain first gives a larger allowed time delay of the system, Fig. 5
(b). For too low KP , the integrating part of the controller does, however,
become dominating and starts to reduce the stability margin, see Fig. 5
(b) and Fig. 5 (c). A decrease of KI seems to be uniformly beneficial for
stability.

To illustrate the use of Theorem 1, di↵erent time delays were tested on
the closed loop system using the nominal controller of the cases 1-3. Results
are shown in Fig. 6. As can be seen, it is always possible to draw a line
through �1/k + � + j0 so that the Popov plot remains on the right side of
the Popov line.
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Figure 6: Popov plots for di↵erent time delays.
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Figure 7: Step response of a nominal controller (a), of a new controller with
an additional time delay 0.4 days (b), 1 day (c) and 2 days (d). Blue lines
show the reference signal, red lines - the BSM1 output signal, green lines -
identified Hammerstein model output.

6.3. Ammonium control performance

As a final part of the numerical study, a retuned controller with settings
chosen from the stability analysis computations was tested on the modified
BSM1 simulator and the estimated Hammerstein model. In order to evaluate
the e↵ect of di↵erent time delays, an additional time delay,�T � 0, was used
to delay the output signal of the system. The selected controller parameters
were KP = �0.1, KI = �0.4 and ↵ = 0.0024, located in the interior of the
stability region. The performance was evaluated using a step response of
the reference signal. The results are shown in Fig. 7, where di↵erent values
of the delay �T were selected: one within the stability region, Fig. 7(b),
one on the border of the stability region, Fig. 7(c), and one outside the
stability region, Fig. 7(d). Fig. 7(a) shows the step response of the nominal
controller defined in the previous section.

The identified Hammerstein system behaves as expected from the stabil-
ity region computations, considering the additional delay. The response of



the modified BSM1 model shows a similar behaviour to the nominal control-
ler. Larger delays give a more oscillating response, while the delay exceeding
the stability region values leads to an unstable system, as was predicted by
the stability analysis. It needs to be noted that the complete system model
is less stable than the one based on the Hammerstein model.

The feedback control prevents the control system to enter a very high
concentration region where the identified model is less accurate, as can be
seen in Fig. 4. Normally, such high concentration set points are avoided in
practice. Additional evaluation of this case is yet relevant, e.g. to handle
large disturbances. This will be the subject of future research.

7. Conclusion

A new tuning method for an ammonium feedback controller was suggested
for an aeration control loop in a nitrifying activated sludge process in a
wastewater treatment plant. An identification of a Hammerstein model was
performed as a pre-requisite for the controller design. The main objective of
the paper was to introduce an approach to obtain a robustly stable closed
loop performance of the system in terms of L2-stability. Therefore, the
Popov inequality corresponding to the Hammerstein model was used for the
computation of a subset of the stability region, the subset being represented
by a maximum allowed delay.

The performance of the controller with parameters chosen from the ob-
tained stability region was tested in a simplified version of the simulation
environment BSM1. The simulations show that the identified Hammerstein
model appears accurate enough for the robust stability to carry over to
the full benchmark simulation model. In practice, additional e↵ects may,
however, need to be accounted for, which is why testing of the proposed
method in e.g. a pilot plant would be a natural topic for further research.
In addition, future research could also be focused on a further use of the
identified nonlinearity. Here, gain-scheduling, model predictive control and
partial inversion of the nonlinearity are interesting alternatives.
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[4] L. Åmand, G. Olsson and B. Carlsson, “Aeration control - a review”,
Water Science and Technology, vol. 67(11), pp. 2374-2398, 2013.

[5] K. V. Gernaey, M. C. M. van Loosdrecht, M. Henze, M. Lind and S.
B. Jørgensen, “Activated sludge wastewater treatment plant modelling
and simulation: state of the art ”, Environmental Modelling & Software,
vol. 19, no. 9, pp. 763-783, 2004.

[6] M. Henze, “Activated sludge model no. 1”, IAWPRC Scientific and
Technical Reports, 1, London, UK: IWA Publishing, 1987.

[7] T. Chistiakova, B. Carlsson and T. Wigren, “Non-linear modeling of
the dissolved oxygen to ammonium dynamics in a nitrifying activated
sludge process”, Proc. ICA 2017, Quebec City, Quebec, Canada, pp.
85-93, June 11-14, 2017.
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Combined L2-stable Feedback and
Feedforward Aeration Control in a
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Abstract

A nitrifying activated sludge process with ammonium
feedback and disturbance feedforward control is studied.
The feedback and feedforward measurements are subject
to time delay and the control loop includes a satura-
tion. A Hammerstein based model is identified, includ-
ing process delays and the nonlinearity. The proposed
feedback control strategy includes tuning of a linear lag
compensator that has a limited low-frequency gain which
allows global stability to be established with the Popov
criterion. The feedforward controller attenuates the dis-
turbance and provides an overall improvement of the con-
trol strategy. The performance of the combined feedback
and feedforward aeration controller is evaluated with a
benchmark model.
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1. Introduction

A wastewater treatment plant (WWTP) has a large-scale, nonlinear and
complex structure. Controlling and monitoring its processes are demanding
and complicated tasks. The variety in plant configurations makes it intric-
ate to implement and to evaluate control strategies to get results of general
validity. When studying WWTPs, two aspects are of a major interest: ef-
ficiency and low operational cost, [1]. One of the most energy consuming
processes in a WWTP is the aeration of water when biological nitrogen is
removed in an activated sludge process (ASP), [2]. Oxygen supply is crucial
for microorganisms to grow in the aerobic part, so the concentration level of
dissolved oxygen (DO) should be high enough but not exceeding a certain
level to avoid sludge deterioration, [3]. Moreover, a high air flow rate may
result in an excessive energy consumption.

The reasoning behind DO level control is therefore twofold, reflecting
both economical and process demands. A common approach is to set a
predefined DO concentration in the water, [4]. However, this approach has
shown some disadvantages, like increased energy consumption. As an altern-
ative, aeration control using feedback from ammonium measurements has
shown to be a useful tool for minimising energy costs but still maintaining
the e✏uent water quality, [5], [6] and [7]. Also, various implementation of
feedforward control have shown promising results. For example, [8] presents
feedforward control using ammonium measurements taken prior to the aer-
ation line. The experiment indicated a su�cient DO concentration control
performance resulting in a decreased energy consumption. The presence of
influent ammonium peaks allows another possible use of feedforward control
within the ASP. This aspect is described in [9] and [10], where advantages
and disadvantages of the feedforward control strategy are presented in a
structured way and compared with a common feedback aeration control.
However, these studies are limited to an implementation in a specific plant.
Additionally, the time delays are not accounted in the controller design.

The present paper is motivated by the potential gains that are expected
to follow from an e�cient automation of the ammonium control process. A
specific aspect of the paper is that it accounts for the delays between the
DO and e✏uent amonium concentration and between the wastewater inflow
and the ammonium concentration.

The DO to ammonium dynamics is highly nonlinear due to various
factors, like the growth rate of bacteria, and the concentration saturation
of DO and air valves. These factors impose additional challenges on the
control process. Therefore, nonlinear system identification is used to ob-
tain a more simple model. This is the first contribution of the paper. The
model is chosen to have a Hammerstein structure, with a static nonlinear



input function described by a Monod function. It allows incorporation of
the saturation associated with the aeration controllers in the wastewater.
The nonlinear biological and fluid dynamics of three aerobic bioreactors are
thus approximated by the combined e↵ect of the static nonlinearity and
linear dynamics of the identified Hammerstein model. Also, the system is
assumed to be a↵ected by the disturbance signal, constituted by the varying
inflow of wastewater. The Hammerstein grey-box identification algorithm,
extended from [11] and [12], is used to derive the model of the system and
the disturbance from high fidelity simulated data.

The second contribution consists of a study of the feedback control loop
together with the delay associated with the measurement of the ammonium
concentration at the outlet of the bioreactors. The presence of a saturation
and a large delay in the control loop led to a controller design method
accounting for the low frequency gain of the loop, as in [13] and [14]. As in
[15], a pre-computation of a projection of a subset of the L2 stability region
is performed, based on the Popov inequality. In addition, feedforward, [16],
[17], from the wastewater inflow is added to further suppress the disturbance.

The third contribution evaluates this combination of a tuned feedback
controller with feedforward. The evaluation is performed using a benchmark
simulation environment.

The paper is organised as follows. The investigated system is described in
Section 2. The identification and controller design is presented in Sections
3 and 4, respectively. Section 5 analyses the stability conditions of the
system. Finally, the numerical experiment is given in Section 6 followed by
conclusions in Section 7.

2. System description

2.1. Wastewater treatment plant aspects

A wastewater treatment process is composed of several steps: physical, bio-
logical and chemical treatment. During biological treatment, one of the
commonly applied methods is an Activated Sludge Process (ASP), where
various microorganisms are involved. In particular, aerobic bacteria are used
in aeration bioreactors for an ammonium oxidation. Therefore, a su�cient
supply of oxygen is required in every aerobic bioreactor.

2.2. Simulation model

A very popular mathematical model of the biological process in an ASP
is the Activated Sludge Model no.1 (ASM1), [18]. The model represents
core biological processes (organic matter removal, nitrification and deni-
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Figure 1: Schematic representation and control structure of an ASP.
Qin-inflow, DOsp-DO set point, PI-oxygen supply proportional integral
controller, PIleakage-DOsp proportional integral controller with leakage,
Qair-airflow rate, NH4conc-ammonium concentration level, NH4ref - am-
monium reference value, RAS-return activated sludge, WAS-waste activ-
ated sludge.

trification) with 13 process variables, 19 model parameters and 8 process
equations. Therefore, the ASM1 is known for its nonlinear and high order
characteristics.

Based on the ASM1, a simulation environment of an ASP was developed
for evaluation and comparison of various control strategies. This model is
named the Benchmark Simulation Model no.1, [19], and it has been used
as a simulating, testing and verification tool. The model implements a typ-
ical ASP layout with two anoxic and three aerobic biological compartments,
which are designed according to the ASM1, and a settler. Di↵erent input
data files are available to simulate various weather conditions. In this work,
a reduced version of BSM1 is used where only aerobic bioreactors are con-
sidered.

Fig. 1 gives a schematic representation of an ASP process with an am-
monium control structure. Here, the set point for the DO controllers is
provided by an ammonium controller. As mentioned before, the relation
between the signals is nonlinear. Also, the DO set point is subject to
saturation. The time delay occurs after the settler where the ammonium
measurements are done, and causes an additional challenge when studying
control and stability.

3. Hammerstein identification

To enable controller design, the system is identified using a nonlinear identi-
fication method. However, identification with the standard black-box meth-
ods of the MATLABTM System Identification Toolbox, [23] may give a



complicated model resulting in a complicated controller. One reason is that
the static nonlinearity is modelled as piecewise linear, which requires a sig-
nificant number of parameters. As a an alternative, a nonlinearity described
by a static Monod function, [20], is used here. This allows identification of a
model with fewer parameters than the standard choice of black-box model.
This nonlinearity can be represented as

û(t) = µmax

ū(t)

ū(t) + ko
, (1)

where ū(t) is the DO set point, µmax is the maximum growth rate set to the
constant value 0.5 and ko is the half saturation constant, [19], that is chosen
experimentally by gridded optimisation over a set of values in the present
paper.

The Hammerstein model therefore has the following structure

ŷ(t) =
Bd,p(q)

Ad,p(q)
û(t) +

Bd,w(q)

Ad,w(q)
w(t), (2)

where û(t) is the input signal and w(t) is the disturbance signal. Bd,p(q),
Ad,p(q), Bd,w(q) and Ad,w(q) are polynomials for the input and disturbance
signals, respectively, [21], given in discrete time as indicated by the subscript
d

Bd,i(q) = b1,iq
�nk,i + ...+ bnb,iq

�nk,i�nb,i+1, (3)

Ad,i(q) = 1 + a1,iq
�1 + ...+ ana,iq

�na,i (4)

with q�1 being the backward shift operator, nb,i and na,i are the polynomials
orders, nk,i is the input delay defined as the number of samples. The function
û(t) is a static nonlinearity described by (1). In (3) and (4), the subscript i
takes the values p for the plant and w for the disturbance.

In order to identify the linear part of (2), the MATLABTM function oe
is applied. The function is a common tool in linear system identification
and it is implemented using the output error algorithm, see [23] for more
details.

4. Controller design

The fundamental stability based design is formulated in continuous time.
Since the identified model is obtained in discrete time, it is converted to
continuous time prior to the controller design, [22].

The ammonium control system is shown in Fig. 2. Here, yref (s) is the
ammonium reference set point, Cfb(s) is the DO feedback controller filter,
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Figure 2: Complete block diagram of the control system.

Gp(s) is the plant transfer function, Gw(s) is the disturbance transfer func-
tion, Cff (s) is the feedforward controller filter and y(s) is the ammonium
concentration measured after the settler. The time delays, e�sT1 and e�sT2 ,
are also obtained from the identified model. s is the independent variable
of the Laplace transform.

4.1. Feedback controller with leakage

The proportional integral (PI) controller is widely used in the wastewater
treatment community and is well known by many plant operators. It is a
simple but e�cient technique that with some modification allows the Popov
criterion to be applied for stability analysis. For this purpose, a leakage
term is added to the integral part aiming to limit the sensitivity function
from below, [14], and the low frequency gain from above, [13]. Hence, the
feedback controller, Cfb(s), is implemented as

u(s) = Cfb(s)e(s) =

✓
KP +KI

1

s+ ↵

◆
e(s), (5)

where KP is the proportional gain, KI is the integral gain, ↵ > 0 is the
leakage variable, and the control error e(s) is defined as

e(s) = yref (s)� y(s), (6)

where yref (s) is the set point and y(s) is the controlled signal.

4.2. Feedforward controller

To improve the performance of the control system, the e↵ect of a disturbance
on a system may be attenuated by feedforward control, [16]. The perfect
theoretical disturbance rejection is obtained by setting the feedforward part



of the control variable so that it eliminates the influence of the disturbance
on the system completely.

The transfer function of such a controller is easily obtained from Fig. 2,
neglecting the nonlinearity, and it is given by

Cff (s) = �e�s(T2�T1)Km

Gw(s)

Gp(s)
. (7)

Here, Gw(s) is the disturbance transfer function and Gp(s) is the plant
transfer function of the block diagram of Fig. 2, Km is the gain of the
nonlinearty approximating the e↵ect of the Monod function at the selceted
operating point.

However, in this application T2 < T1. In such a case (7) is infeasible and
can not be implemented. Therefore, (7) is here approximated with

Cff (s) = �Km

Gw(s)

Gp(s)
. (8)

Note that (8) also requires that Gw(s) is asymptotically stable and that
Gp(s) is (strictly) minimum phase. The rationale behind the choice (8) is
that, as shown by the identification experiments of Section 6.2, the di↵erence
between T1 and T2 is small. Therefore, the phase of (8) can be expected to
be quite close to the phase of (7) for reasonably high bandwidths. In cases
where the signals remain close to the operating point represented by Km

and the bandwidth is not too high, a good suppression of the disturbance
could therefore be expected. There are many more advanced ways to design
feedforward controllers, see e.g. [16]. However, due to the nonlinear e↵ects
such optimal linear feedforward designs may anyway not provide significant
gains over the present choice. This provides a motivation for the more
simple approach represented by (8). More research is however needed on
this subject.

5. Stability analysis

5.1. Popov criterion

Since the control system contains the infinite dimensional transforms e�sT1

and e�sT2 , input-output stability as defined in [24] is applied for the sta-
bility analysis of the system of Fig. 2. For completeness, the definitions
underpinning the analysis are

Definition 1: For all p 2 [1,1), Lp[0,1) denotes the set of func-



tions f(·) : [0,1) ! R, such that

kf(·)kpp =
Z 1

0
|f(t)|pdt < 1.

Definition 2: The set of functions f(·) : [0,1) ! R, so that their
truncations

fT (t) =

⇢
f(t), 0  t  T
0, t > T

2 Lp[0,1),

8T , is the extension Lpe[0,1) of Lp[0,1).

Definition 3: The mapping A : Lpe ! Lpe is Lp-stable if Af 2 Lp

whenever f 2 Lp, and finite constants l, c exist, so that

kAfkp  lkfkp + c, 8f 2 Lp.

Definition 4: A is the set of generalized functions

f(t) =

⇢
0, t < 0P1

i=0 fi�(t� ti) + fa(t), t � 0

where �(·) is the unit delta distribution, ti are non-negative constant
delays, fa(t) is measurable and

P1
i=0 |fi| < 1,

R1
0 |fa(t)|dt < 1.

Definition 5: Â is the set of all function f̂ : C+ ! C that are Laplace
transforms of elements of A.

The analysis applies the Popov criterion which is valid for Fig. 3 and
given by

Figure 3: Block diagram for the Popov criterion.



Lemma 1 (Popov Criterion, [24] Theorem 6.7.63): Assume that the in-
verse Laplace transform of the transfer function ĝ(s) fulfils

g(·) 2 A, ġ(·) 2 A,

that the time invariant static nonlinearity �(·) fulfils

0  ��(�)  k�2,

and that u1 2 L2, u2 2 L2, u̇2 2 L2.
Under these conditions the system is L2-stable if there exist constants

q, �, such that the Popov plot

! 2 [0,1) ! Re[ĝ(j!)] + j!Im[ĝ(j!)] 2 C

lies entirely to the right of a line through �1/k + � + j0 with slope 1/q, for
some q � 0 and some � > 0.

5.2. Signal re-definition

The next step is to prove that the Popov criterion of Lemma 1 is valid for
the control system of Fig. 2. To do so, the quantities ĝ(s), u1 and u2 of
Fig. 3 need to be computed in terms of the corresponding quantities of Fig.
2. Note that the signal e2(s) of Fig. 3 is the signal ū(s) of Fig. 2 entering
the static nonlinearity and y2(s) is the one at the output of the nonlinearity
shown as û(s) in Fig. 2 . It then follows that

ū(s) = u(s) +Gff (s)w(s) = Cfb(s)yref (s)

+

✓
Cff (s)� Cfb(s)e

�sT2Gw(s)

◆
w(s) (9)

�Cfb(s)e
�sT1Gp(s)û(s).

The corresponding computation for Fig. 3 gives

e2(s) = u2(s) + ĝ(s)u1(s)� ĝ(s)y2(s). (10)

An identification of terms between (9) and (10) results in

ĝ(s) = e�sT1Cfb(s)Gp(s), (11)

u1(s) =
Cfb(s)

ĝ(s)
yref (s) = G�1

p (s)esT1yref (s), (12)



u2(s) =

✓
Cff (s)� Cfb(s)Gw(s)e

�sT2

◆
w(s). (13)

To handle the non-casuality of u1(s), it is assumed in the analysis that
yref (s) = e�sT1 ȳref (s), which leads to

u1(s) = G�1
p (s)ȳref (s). (14)

This means that the re-defined reference signal is subject to a delay of
T1.

5.3. Conditions on the control system

To state conditions, the transfer functions of Fig. 2 are parametrised as
follows

Gp(s) = Kp

(s+ zp,1)...(s+ zp,nzp)

(s+ pp,1)...(s+ pp,npp)
, (15)

Gw(s) = Kw

(s+ zw,1)...(s+ zw,nzw)

(s+ pw,1)...(s+ pw,npw)
, (16)

Cfb(s) = Kfb

(s+ zfb,1)...(s+ zfb,nzfb)

(s+ pfb,1)...(s+ pfb,npfb)
, (17)

Cff (s) = Kff

(s+ zff,1)...(s+ zff,nzff )

(s+ pff,1)...(s+ pff,npff )
, (18)

where Kp, Kw, Kfb and Kff are gains of the plant, the disturbance, the
feedback and feedforward controllers, respectively. zp,i, zw,i, zfb,i, zff,i and
pp,i, pw,i, pfb,i, pff,i represent the respective zeros and poles of the transfer
functions. Note that poles and zeros that are complex appear in complex
conjugate pairs.

The nonlinearity û(t) is given by

û(t) =

8
><

>:

ûmax, ū(t) � umax

µmax

ū(t)
ū(t)+ko

, umin < ū(t) < umax

ûmin, ū(t)  umin.

(19)

Next, it follows from Lemma 1 that since ˙̂g(·) 2 A is required, ˙̂g(·) needs
to be restricted to be asymptotically stable and strictly proper. u̇2 needs to
be generated in the same way, while it is su�cient that u1 is generated by
asymptotically stable and proper filtering.

The following conditions are therefore introduced on the control system
of Fig. 2, using (·)(k) to denote di↵erentiation k times



C1) Re[pp,i] > 0, i = 1, ..., npp, Re[zp,i] > 0, i = 1, ..., nzp, nzp  npp.

C2) Re[pw,i] > 0, i = 1, ..., npw, nzw  npw.

C3) Re[pfb,i] > 0, i = 1, ..., npfb, nzfb  npfb.

C4) Re[pff,i] > 0, i = 1, ..., npff , nzff  npff .

C5) KpKfb > 0.

C6) nzp + nzfb < npp + npfb.

C7) ȳ
(npfb�nzfb)
ref

(t) 2 L2.

C8) w(t) 2 L2, and ẇ(t) 2 L2.

C9) µmax > 0, ko > 0.

5.4. Popov criterion for the ammonium control system

The validity of the Popov criterion can now be verified. Conditions C1),
C3), C5), C6) and (11) imply that ĝ(s) is strictly proper and asymptotically
stable with correct sign, hence ĝ(·) 2 A and ˙̂g(·) 2 A. In the same way, C1)
and C7) imply that u1 2 L2, while C2) and C8) imply that u̇2 2 L2. C9)
implies that the static nonlinearity has finite gain which shows that k > 0
exists. This proves:

Theorem 1. Consider the control system of Fig. 2 and assume that con-
ditions C1) - C9) hold. Then, the control system is L2-stable if there exist
constants q, � such that the Popov plot of

ĝ(s) = e�sT1Cfb(s)Gp(s),

given by

! 2 [0,1) ! Re[ĝ(j!)] + j!Im[ĝ(j!)] 2 C,

lies entirely to the right of a line through �1/k + � + j0 with slope 1/q, for
q � 0 and � > 0.
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Figure 4: Influent data for dry weather conditions: (a) Inflow rate, Qin, (b)
Influent ammonium concentration, NH4in.

6. Results

6.1. Data

The data used for the identification was obtained from the BSM1 environ-
ment with three aerobic bioreactors, described in Section 2. The simulation
experiment was conducted under dry weather conditions. The simulation
time was 7 days with a sampling interval of 15 minutes. Fig. 4 shows an
influent flow, Qin(t), and the influent ammonium concentration, NH4in(t),
for the dry weather settings.

The BSM1model was simulated as an open loop system, where the DO
set point was the input signal, u(t). The input signal was saturated at 0.5
g/m3 and 3 g/m3 with a mean value of 1.75 g/m3 The output, y(t), was the
concentration of ammonium after the settler. White noise was added to the
output signal replicate a sensor error. An example of the generated data is
shown in Fig. 5.

The disturbance signal, w(t), was created based on the inflow rate and
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Figure 5: Example of simulated data: (a) Input signal, DO, (b) Output
signal, NH4.

influent ammonium concentration values as follows

w(t) = �Qin(t)NH4in(t), (20)

where Qin(t) is the inflow rate, NH4in(t) is the influent ammonium concen-
tration and � is a scaling parameter equal to 10�6.

6.2. Identification

The Hammerstein based identification method with a Monod nonlinearity
described in Section 3 was used. The parameter ko of the nonlinearity (1)
was optimised with gridding, resulting in the value ko = 0.7.

The orders of the linear transfer function describing the DO concentra-
tion and the disturbance were chosen experimentally and evaluated using
a validation data set. The model orders obtained were (nb,p, na,p, nk,p) =
(1, 1, 19) for the DO input and (nb,w, na,w, nk,w) = (2, 1, 17) for the disturb-
ance signal, where nb,i and na,i are numerator and denominator order, re-
spectively, and nk,i represent the time delays. The identified model provided
a fit of 71.5 % to the validation data, which was evaluated in percent as

fit = 100 ·
✓
1� ||y � ŷ||

||y � ȳ||

◆
.



Here, y is the validation output data, ŷ is the estimated output, ȳ is
the mean value of the validation output data and || · || represents a square
norm. The identification results are shown with a dashed line in Fig. 5 (b)
alongside the validation data.

The structure of the obtained model in continuos time is then

y(s) = e�sT1Gp(s)û(s) + e�sT2Gw(s)w(s), (21)

where T1 = 0.188 days and T2 = 0.167 days. The obtained transfer functions
are

Gp(s) = �98.71
1

s+ 2.9
,

Gw(s) = 10.15
s+ 199.9

(s+ 19.9)(s+ 3.1)
.

6.3. Stability region pre-computation

To tune the feedback controller, the method described in [15] was used.
For the pre-computations, a nominal controller was chosen and the fol-

lowing three cases were pre-computed:

1. KP = �0.3, �2 < KI < 0 and 0.001 < ↵ < 1

2. KI = �0.8, �1 < KP < �0.01 and 0.001 < ↵ < 1

3. ↵ = 0.001, �1 < KP < �0.01 and �2 < KI < 0

The obtained results show the subset of the stability region predicted by
the Popov criterion in terms of maximum allowed time delay of the system.
The results for every case are shown in Fig. 6.

As follows from Fig. 6 (a), an increased leakage, ↵, increases the max-
imum time delay, Tmax. As shown by Fig. 6 (b), for a fixed KI , the stability
limit increases with KP up to a certain value, after which it decreases. The
reason is that for low KP , KI dominates and introduces destabilising phase
lag. However, when KP becomes too large, the high total gain tends to re-
duce the stability margin. Fig. 6 (c) illustrates the general conclusion that
when the control e↵ect is reduced the system becomes more robust to the
delay.



6.4. Controller tuning

From the experiment described above, the feedback controller parameters
(5) were chosen within the stability region and set to KP = �0.7, KI = �0.9
and ↵ = 0.005.

Then, a perfect feedforward controller was chosen, (8), with the following
transfer function

Cff (s) = �0.058
10.15s+ 2029

98.71(s+ 19.9)
.

The gain of the nonlinearity, Km = 0.058, was chosen as an approxima-
tion of Monod function, (1), around the stable DO set point.

With the obtained model and selected controllers parameters, it is trivial
to check that the conditions C1) - C9) hold.

6.5. Control performance

The control system was tested in the simplified BSM1 simulation envir-
onment using time-varying conditions together with the disturbance signal.
The evaluation was implemented as a comparison of the system performance
with feedback only and a combined feedback and feedforward controller.

The results, Fig. 7, show a clear impact of the feedforward controller.
With only the feedback controller implemented, the disturbance has a great
impact on the ammonium concentration resulting in a big deviation from
the reference value, Fig. 7 (b). When the feedforward controller is also
introduced, the error decreases significantly allowing the DO set point to
adjust for the disturbance e↵ect.

7. Conclusions

The objective of the paper was to design a combined feedback and feedfor-
ward ammonium controller, with L2 - stability guarantees. Prior to control,
identification was performed using a Hammerstein model based method with
a nonlinearity parameterised as a Monod function. The feedback controller
tuning was carried out using the identified model and applying the Popov
inequality which allowed pre-compution of the stability region in terms of
the maximum allowed feedback loop delay.

Combined with a feedforward controller, the closed loop system was
implemented and evaluated in a simplified BSM1 environment. The ob-
tained results show that the proposed controller provides accurate control
with robust stability properties, and the feedforward controller improved
the performance significantly. A topic for future research may be focused



on a more detailed study of time delay impacts. Possible extensions of the
work may also include a test in a complete simulation model followed by
test implementation in a pilot plant. A more advanced use of the identified
nonlinearity is also planned, applying model predictive control.
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