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Abstract

In many applications, for example in heat di�usion and in �ow problems, it

is important to describe the process behavior inside the particular medium.

An example can be the strive for estimating certain parameters related

to the material. This paper describes how the di�usion, modeled by a

partial di�erential equation, can be solved using numerical methods and

how results from the �eld of system identi�cation can be utilized in order

to estimate the parameters of interest.

1 Introduction

Di�usion processes are often important in environmental systems. Applications
include both di�usion of heat and of pollutions, cf [1, 2, 3]. The di�usion is
generally modeled by a partial di�erential equation (PDE), which may contain
some unknown parameters. In order to model such a system these parameters
need to be determined.

System identi�cation is a statistical technique for modeling dynamic system
[4, 5]. It is then assumed that input-output data are available from an exper-
iment. A model can be �tted to these data using a variety of methods. The
dominating e�ort in system identi�cation has dealt with black-box models, in
which no a priori information about the system dynamics is used. It is also
possible to use grey-box models, where physical insight is used to �nd an appro-
priately parametrized model [6]. Such models are typically strongly application
dependent. So far, it is rather exceptional to �t distributed models by system
identi�cation techniques. Some examples in the �eld include [1, 7, 8, 9]. By `dis-
tributed models' is meant models with a spatial distribution, mostly described
by means of partial di�erential equations. In contrast, by `lumped models' is
meant models where the spatial dimension does not appear. Distributed models
are relevant for describing phenomena such as

� temperature distribution
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� other di�usions

� wave propagation

� �ow problems

In physics, the system identi�cation problem is often referred to as an inverse

problem, that is, given input and output data, determine the underlying sys-
tem. The direct problem is correspondingly in physics de�ned as the problem of
determining the output when the model and the input data are given.

2 A short review of system identi�cation

In what follows, a brief description of model �tting by system identi�cation
techniques is given. Consider a dynamic system with input u(t) and output
y(t). Assume that discrete time data are available at times t = h; 2h; : : : ; Nh,
where h is the sampling interval. Further, it is assumed that a linear model of
the form

y(kh) = G(q; �)u(kh) +H(q; �)e(kh) (1)

is to be �tted to the data. Here q denotes the shift operator (qu(kh) =
u(kh+ h), etc), and � is a vector of the unknown parameters to be determined.
In (1), G(q; �) and H(q; �) are linear �lters, and e(kh) denotes a white noise
sequence, that is, a sequence of uncorrelated random variables. The purpose of
the term H(q; �)e(kh) is to account for disturbances such as sensor noise and
modeling errors. In black-box models the �lters G(q; �) and H(q; �) are ratio-
nal, i.e. ratios of polynomials in q. The polynomial coe�cients are taken as
elements of � in such a case. The �lters G(q; �) and H(q; �) may have some
common parameters.

For the output error method (OEM) the noise part of the model is disregarded
and � is determined by minimizing the squared sum of output errors. In case a
pre�ltering of the data is included and a multi-variable systems is allowed, i.e.
systems where u and y are vectors, this generalizes to

�̂ = argmin
�

NX
k=1

k L(q)fy(kh) �G(q; �)u(kh)g k2 (2)

Still a further extension can be to minimize another norm of the output error.

For the prediction error method (PEM) the noise properties of the model are
taken into account, and the average one step prediction error is minimized. The
estimate reads

�̂ = argmin
�

NX
k=1

[y(kh)� ŷ(khjkh � h; �)]2 (3)
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where ŷ(khjkh � h; �) is the one-step ahead optimal prediction of the output
signal. It turns out that the prediction error for the model (1) can be written
as

y(kh)� ŷ(khjkh � h; �) = H�1(q; �)fy(kh) �G(q; �)u(kh)g (4)

There is a rich experience in the literature about various techniques for model

validation, which concerns assessment whether or not a �tted model reasonably
well describes the underlying dynamics. Traditional techniques include various
statistical tests, formed from the residuals

"(kh) = H�1(q; �)[y(kh) �G(q; �)u(kh)] (5)

which for a perfect model should behave as a white noise sequence. As a comple-
ment some graphically based approaches can be used for assessing the validity
of the model.

In the case when the model parameterization is rich enough to cover the true
system dynamics, the parameter estimate �̂ is, under weak assumptions, consis-
tent, i.e. it converges to the true value, say �̂o, as the number of data samples,
N , tends to in�nity. For large N it can in such cases be said that there is no
signi�cant systematic error (i.e. a bias) in �̂. However, there is a stochastic error
due to the disturbances. Assuming the true dynamics ful�ll

y(kh) = Go(q)u(kh) +Ho(q)e(kh)

and that the estimated parameters �̂ are close to the true ones (hence G(q; �̂) �
Go(q), H(q; �̂) � Ho). Then the covariance matrix of �̂ can for large N be
approximated as

cov(�̂) =
�2

N

"
E

�
d"(kh)

d�

�T �d"(kh)
d�

�#�1
(6)

where �2 = Ee2(kh). The standard deviation of �̂ is thus of magnitude �=
p
N .

Note that the covariance expression (6) in general can be estimated from the
data.

In the last decade research has been more focused to system identi�cation as a
form of model approximation or model reduction. If the true system dynamics
is too complex to be covered by the chosen model parameterization, there will
be a systematic error, a bias, in �̂ even for large data sets. For such cases the
pre�ltering of the data can have a signi�cant impact on for what frequency
range the model �t is good, i.e. for what frequencies !, G(ei!h; �̂) � Go(e

i!h).
In general terms, it is often desirable to choose the model order so that the bias
term is not (much) larger than the standard deviation term.

3 A case study: the heat di�usion equation

There are several applications where di�usion models can be used, as described
in Section 1. Heat propagation in di�erent media, e.g. solid materials such as
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Figure 1: Heat di�usion through a homogeneous wall.

building elements, and liquid media such as water, is of both practical and the-
oretical interest. It is clear that the heat propagation di�ers for di�erent media
and applications. In this paper, the study is limited to the case of heat di�usion
in a homogeneous wall. The main results will be valid for other applications.
However, the procedure of taking the Laplace transform of other models of heat
propagation and further modeling, might not be obvious.

3.1 Statement of the problem

As an illustrative example, the heat �ow through a homogeneous wall of thick-
ness d is examined in some detail. Let x be the coordinate across the wall, Te
the temperature on the exterior side, Ti the temperature on the interior side
and qi the supplied heat on the interior side, cf Figure 1.

Let T = T (x; t) denote the temperature at position x and at time t. Then the
heat �ow and the temperature are described by

@T (x; t)

@t
= �

@2T (x; t)

@x2
(7)

q(x; t) = ��@T (x; t)
@x

(8)

where

� =
�

�c
(9)

Further, � is the thermal conductivity, � the density and c the speci�c heat
capacity.

Consider the wall as a dynamic system with Te and qi as input variables and Ti
as output. The problem to be considered is thus the following.
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Given: Discrete-time data Te(h); qi(h); Ti(h); Te(2h); qi(2h); : : : ; Ti(Nh).
Find: Parameter estimates of � and �.

The above problem is apparently an example of grey-box modeling, where phys-
ical interpretation has been included in the choice of model.

Needless to say, the geometry in the chosen example is very simple. Neverthe-
less, the problem is certainly nontrivial, in particular if the data is somewhat
corrupted by noise. Note that some of the analysis and identi�cation approaches
that will be described are strongly tied to this simple geometry.

Before presenting identi�cation schemes for the stated problem, the model (7),
(8) will be examined from a system theoretic perspective.

3.2 The system dynamics

The de�ned system is linear and has two inputs, qi and Te, and one output,
Ti. There are several questions that need to be answered before identi�cation
of the unknown parameters. What is the system order? How can the state
vector be de�ned? The order is in fact in�nite. It is not possible to exactly
characterize the dynamics by a �nite number of state variables. Instead the
whole temperature distribution through the wall, T (x; t), acts as a state vector.
This means also that in order to determine the output Ti(t) the initial state
T (x; 0) needs to be known for all x.

Interestingly enough, one can rather easily derive the transfer function of the
system, which will give an input-output description. To do this, �rst take the
Laplace transform of (7) which gives

sT (x; s) = �
d2

dx2
T (x; s) (10)

where T (x; s) is the Laplace transform of the temperature T (x; t). Regarding s
as a �xed parameter, (10) is a standard ordinary di�erential equation. Then it
is found that the general solution to (10) can be written as

T (x; s) = F1(s) sinh(x

r
s

�
) + F2(s) cosh(x

r
s

�
) (11)

for some `constants' F1(s) and F2(s). Further, using the Laplace transform on
(8) and utilizing (11) gives

q(x; s) = ��F1(s)
r

s

�
cosh(x

r
s

�
)� �F2(s)

r
s

�
sinh(x

r
s

�
) (12)

The functions F1(s) and F2(s) can be found from the boundary conditions,
where (11), (12) have been used�

Ti(s) = T (0; s) = F2(s)
qi(s) = q(0; s) = ��F1(s)

p
s
�

(13)
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The temperature at the exterior side is thus given by

Te(s) = T (d; s)

= � qi(s)

�
p
s=�

sinh

�
d

r
s

�

�
+ Ti(s) cosh

�
d

r
s

�

�
(14)

To proceed, introduce some transformed parameters. Set8>><
>>:

R
4
= d=� [oCm2=W ] thermal resistance

C
4
= d�c [Wh=oCm2] thermal capacitance

�
4
= RC [h] time constant

(15)

Next note that, using (9), (15)

d

r
s

�
=

r
d2s

�
=

r
d2�c

�
s =

p
s�

�

r
s

�
=

�

d

p
s� =

p
s�

R

Inserting this into (14) gives

Te(s) = �Rqi(s)p
s�

sinh(
p
s�) + Ti(s) cosh(

p
s�)

or, rewritten,

Ti(s) = R
tanh(

p
s�)p

s�| {z }
G1(s)

qi(s) +
1

cosh(
p
s�)| {z }

G2(s)

Te(s) (16)

Equation (16) is a transfer function model that relates qi and Te as inputs
to Ti as an output. Note that the transfer functions appearing in (16) are
transcendental and cannot be written as �nite order models. Also note in (16)
that G1(s) and G2(s) are de�ned as some functions of

p
s, not of s. However,

this is not a contradiction. By series expansion, odd powers of
p
s will disappear.

For example,

cosh(
p
s�) =

1X
j=0

j even

1

j!

�p
s�
�j

=
1X
k=0

1

(2k)!
(s�)k (17)

which illustrates that G2(s) is indeed a function of s rather than of
p
s. It

is also worth noticing that G1(s) and G2(s) are both of low pass character,
see Figure 2. This is an attractive property, as this facilitates approximation
with �nite order models. (Such an approximation appears inherently during the
parameter estimation phase.) Choosing qi or Te as the output, i.e. dependent,
variable, would though lead to a high pass transfer function.
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Figure 2: The true transfer functions G1(s) and G2(s). The parameters are set
to R = 1, C = 1.

The transfer functions of (16) can also be characterized in terms of poles, zeros
and static gain. They have the same set of poles, given by

cosh(
p
s�) = 0 ) e

p
s� + e�

p
s� = 0 ) e2

p
s� = �1 (18)

leading to

s� = ��
2

4
(2n� 1)2; n � 1 (19)

and

pn = ��
2

�
(n� 1

2
)2; n = 1; 2; : : : (20)

Only G1(s) has any zeros. These are given by

sinh(
p
s�) = 0 (s 6= 0) ) e

p
s� � e�

p
s� = 0 ) e2

p
s� = 1 (21)

leading to

zn = ��
2

�
n2; n = 1; 2; : : : (22)

Finally, the static gains are

G1(0) = R; G2(0) = 1 (23)

3.3 Approximate models

There are several ways to approximate the dynamics (7), (8) by a �nite order
model. Two alternatives will be considered here, namely di�erence approxima-
tion and thermal networks.
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0 � 2� d�� d

Figure 3: Model of the heat propagation in an homogeneous wall.

3.3.1 Di�erence approximation

One way to go, that is often used when solving the PDE numerically, is to use
a di�erence approximation. Consider approximation of the original model (7),
(8) by discretizing the spatial dimension. Divide the wall into (n + 1) layers,
each of thickness

� =
d

n+ 1

The temperatures between the di�erent layers can then be used as state variables
in a �nite order approximate model as shown in Figure 3.

The approximate model reads8>>>><
>>>>:

_Tk = �
�2 (Tk+1 � 2Tk + Tk�1) k = 1; : : : ; n

To = Ti; Tn+1 = Te

qi = �� 1
�(T1 � Ti)

(24)

Introduce further

� =
�

�2
=

(n+ 1)2

�
;  =

�

�
=

R

n+ 1
(25)

Then the approximated model becomes in standard state space form

_x = �

0
BBBBB@
�1 1 0
1 �2 1

. . .

0 �2 1
1 �2

1
CCCCCAx+ �

0
BBBBB@

1
0
...

0

1
CCCCCA qi + �

0
BBBBB@

0
0
...
0
1

1
CCCCCATe

(26)

Ti = (1 0 : : : 0)x+ qi

Rewriting (26) in input-output form gives the approximate transfer functions
Ĝ1(s) and Ĝ2(s). Particularly for model order n = 2 the following expressions
are obtained.
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Figure 4: The di�erence approximation of G1(i!) for some di�erent model
orders. The true transfer function (of in�nite order) is plotted with a dotted
line and the approximate transfer function (of �nite order) is plotted with a
solid line.

Ĝ1(s) = 
s2 + 4�s+ 3�2

s2 + 3�s+ �2
Ĝ2(s) =

�2

s2 + 3�s+ �2
(27)

Figure 4 displays the true transfer function G1, as given by (16), together with
approximations Ĝ1 for di�erent orders of the di�erence approximation method.
Here, plot (a) shows the case of a second order model and plot (b) shows the
result of a third order model. Plots (c) and (d) display the cases of higher order
models, n = 10 respectively n = 50. Figure 5 displays the corresponding for
G2. It can be noted that it might be su�cient to use a rather low order model
if the frequencies of interest are low. The deviation of the approximate transfer
function from the true transfer function is larger for high frequencies. Also note
from Figures 4 and 5 that for a given model order, the approximation of G2(s)
is more accurate than the approximation of G1(s).

3.3.2 Thermal networks

Another way to approximate the system (7), (8) is to model it as a thermal

network. This is the thermal equivalence of an electrical RC network. The heat
�ux corresponds to a current and the temperatures correspond to voltages. As
an illustration consider a �rst order network, see Figure 6.
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Figure 5: The di�erence approximation of G2(i!) for some di�erent model
orders.

Ti

qi

R1 R2 Te

C1

T

Figure 6: Structure of a �rst order thermal networks.

For the moment the question of how to choose the parameters R1, R2 and C1 is
left for future discussion. To derive the corresponding equations Kircho�'s law
is applied.

qi =
Ti � T

R1
=
T � Te
R2

+ C1
dT

dt
(28)

This can be reformulated into a �rst order model with T as the state, Te and qi
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as inputs and Ti as output. The result is8<
:

_T = � 1
C1R2

T + 1
C1
qi +

1
C1R2

Te

Ti = T +R1qi

(29)

Writing this dynamics in input-output form as

Ti(s) = Ĝ1(s)qi(s) + Ĝ2(s)Te(s) (30)

results in

Ĝ1(s) =
R1C1s+ (1 +R1=R2)

C1(s+ 1=C1R2)
Ĝ2(s) =

1

sC1R2 + 1
(31)

One way to choose the network parameters R1, R2 and C1 is to compare Ĝ1(s)
and Ĝ2(s) to the true transfer functions G1(s) and G2(s). Require that the
static gains as well as the �rst (dominating) pole and zero coincide. Note that
Ĝ2(0) = 1 automatically. The above idea leads to

1 +R1=R2

1=R2
= R (32)

� 1

C1R2
= ��

2

4�
(33)

�1 +R1=R2

R1C1
= ��

2

�
(34)

which has the solution

R1 =
R

4
R2 =

3R

4
C1 =

16

3�2
C (35)

A slightly di�erent approach is to require that the approximate model should
resemble the true dynamics for low frequencies. Mathematically, this means that
the Taylor series expansions of the di�erences G1(s)� Ĝ1(s) and G2(s)� Ĝ2(s)
around s = 0 should have no constant terms and zero coe�cients for s. Working
out the details lead to the equation

R1 +R2 = R

�C1R
2
2 = �1

3R�

�C1R2 = �1
2�

(36)
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Figure 7: The approximation of G1(i!) and G2(i!) as a thermal network of �rst
order. The upper plot shows approximations ofG1(s). The dashed line (a) shows
the approximation obtained from (37) and the solid line (b) the approximation
from (35). The true transfer function is drawn with a dotted line (c). The lower
plot shows the corresponding for G2(s). Parameter values used are R = 1,
C = 1.

resulting in the solution

R1 =
1

3
R R2 =

2

3
R C1 =

3

4
C (37)

Note that the parameter values of (35) and (37) di�er somewhat.

Figure 7 shows the result of approximation of the transfer functions G1 and G2

using a thermal networks of �rst order. It can be noted that the approximate
transfer functions resemble the true ones well for low frequencies. Requiring
the same dominating pole, zero and static gain seems to give a slightly better
approximation for G1.

Thermal network models of higher order can also be derived in a similar way,
but this paper does not include the details. To indicate the principle, let it
su�ce to show the structure of a second order thermal network, see Figure 8.

4 Approaches for parameter estimation

In this section a brief presentation of some approaches for the parameter esti-
mation problem introduced in Section 3.1 is given. The next section is devoted
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Figure 8: Structure of a second order thermal networks.

to a comparison study using simulated data.

To simplify the notations, and also use some standard symbols, the underlying
model will mostly be written as

Y (s) = G(s)U(s) (38)

where 8>>>><
>>>>:

Y (s) = Ti(s)

G(s) = [G1(s) G2(s)]

U(s) = [qi(s) Te(s)]
T

(39)

The quantities qi(s) and Te(s) thus act as input signals and Ti(s) as the output.
Further let

� = (R C)T (40)

denote the parameter vector to be estimated. Of course, the physical parameters
� and � could be introduced as unknowns instead, but these parameters can be
derived from (40) using (9) and (15).

4.1 Method 1: A direct approach in the time domain

Let ym(kh) denote the measured value of the output y(t). Then the following
least squares criterion function may be de�ned

V1(�) =
1

N

NX
k=1

[ym(kh) � y(kh; �)]2 (41)
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where y(t; �) is the solution to the PDE at time t using the parameter values
given by �, and N is the number of data points available. The estimate y(t; �)
is obtained either from the in�nite order model (16), or from the approximate
�nite order model (26). These are the approaches normally used to deal with
the problem of an in�nite order system [8] . The parameter estimate is taken as

�̂1 = argmin
�

V1(�) (42)

This estimate is conceptually simple, but computationally quite complex. As
V1(�) depends on � in a highly nonlinear way, a numerical search procedure is
needed to compute �̂1. For each function evaluation, the PDE is to be solved
for the current value of �.

The approach can be extended in several ways, for example by

� penalizing another error, e.g. the lp norm of the error ym(kh)� y(kh; �).

� introducing some pre�ltering of the data. As in 'standard system identi�-
cation', this corresponds to modeling the measurement noise, and to give
emphasis to certain frequency bands.

4.2 Method 2: A direct approach in the frequency domain

The idea of this approach is to convert the criterion V1(�) into the frequency do-
main using Parseval's relation. Let Y m(!) denote the discrete Fourier transform
of the time series fym(kh)gNk=1. Using an FFT algorithm it can conveniently
be computed for frequencies ! = 2�k

N
; k = 0; : : : ; N � 1. Next introduce the

criterion

V2(�) = 1
K

PK
j=0Q2

�
j �
Kh

� ��Y m
�
j �
Kh

�� Y
�
j �
Kh

; �
���2

= 1
K

PK
j=0Q2

�
j �
Kh

� ��Y m
�
j �
Kh

��G
�
j �
Kh

; �
�
U
�
j �
Kh

���2 (43)

where K is the number of frequency points for which the criterion is evalu-
ated. Here, Q2(!) is a user chosen weighting function, with which the deviation
Y m(!)� Y (!; �) can be penalized in di�erent frequency regions. In the partic-
ular case study it would be natural to set Q2(!) � 1 (no weighting), or to let
Q2(!) emphasize the low frequency region, cf the frequency characteristics of
the transfer functions in (16).

The parameter estimate for this approach is taken as

�̂2 = argmin
�

V2(�) (44)

There is one potential advantage of this approach over (41), (42). The optimiza-
tion problem to solve is still nonlinear. However, as the �-dependence of the
function G(i!; �) is known, the criterion evaluations are much simpler for V2(�)
than for V1(�). On the other hand, this approach is limited to linear models for
which G(i!; �) is a known function of the unknown parameter vector �.
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4.3 Methods 3-5: Indirect approaches

The main idea of these approaches is as follows. First the transfer function is
estimated by using a standard black-box model of high order, or a smoothed
empirical transfer function estimate is used. In any case, by some method an
estimated frequency function Ĝ(i!) is available. In the second step a parametric
model is �tted to Ĝ(i!).

Ideally the parameter vector � for which

Ĝ(i!) � G(i!; �) (45)

is wanted. The dilemma is, of course, that as Ĝ(i!) deviates from the true
frequency function, there is no � that satis�es (45) for all frequencies. There is
hence a need to introduce some ways to solve the relation (45) with respect to
�. This can be done in several ways.

� One possibility, that has some similarities to the direct approach in the
frequency domain is to choose �̂ to minimize

V3(�) =
1

K

K�1X
k=0

���Ĝ (i!(k)) �G (i!(k); �)
���2Q3 (i!(k)) (46)

where again Q3(i!(k)) is a user-de�ned weighting function, and f!(k)g are
some selected frequency points. In fact this approach may be interpreted
as the frequency domain direct approach using a white noise as input.
This approach will be regarded as Method 3.

� A second way of treating (45) is to evaluate the two transfer functions
in terms of static gain, dominating poles and zeros, and so on. Equating
such quantities for Ĝ(i!) and G(i!; �) leads to a set of equations for
determining �. A further possible quantity to compare is the squared L2-
norm of the transfer functions,

R1
0 jG(i!)j2d!. In the examples of Section

5, the following criterion is used for this approach,

V4(�) = (Ĝ1(0)�G1(0; �))
2 + (p̂1 � p1)

2 + (ẑ1 � z1)
2 (47)

where Ĝ1(0) is the static gain of the black-box model and G1(0; �) is ob-
tained from (23) using the estimated value of R. The quantities p1 respec-
tive z1 are the dominating pole and zero from (20) and (22), respectively.
Possibly some weighting of the static gain, the dominating pole and the
zero can be introduced in (47) in order to emphasize the quantity which
is supposed to give the best estimate. In the following, this approach is
denoted Method 4.

� A third alternative can be to apply the so called indirect prediction error
method, cf [10]. Assume that Ĝ(i!) is obtained from a black-box model,
say of order n, with an estimated parameter vector #̂. #̂ is here chosen
as the magnitude vector of the estimated transfer function. In practice
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a rather good �t to the true transfer function can be expected also for
a moderate value of n, as shown in Figures 4 and 5. Next consider a
di�erence approximation (26) of the same order n. When the di�erence
approximation depends only on the parameter vector � of dimension 2,
the parameter vector of the nth order model may in this case be regarded
as a mapping #(�). The unknown parameters � are next determined as
the minimization elements of

V5(�) =
�
#̂� #(�)

�T
Q5

�
#̂� #(�)

�
(48)

with Q5 being a positive de�nite weighting matrix. The � dependence of
V5(�) can be highly nonlinear and a numerical search is needed. However,
if some reasonable initial values are given, a few Gauss Newton iterations
for improving the guessed minimum of V5(�) should be su�cient. Finally,
this approach is denoted Method 5.

5 Numerical evaluation

5.1 A�ecting the bias in the parameter estimates

There are several problems involved in the estimation of material parameters
in a distributed system. The �rst two factors listed below give bias on the
parameter estimates. Di�erent realizations of the data also give slightly dif-
ferent biases. Noise, which is mentioned in the third point, gives a variance
contribution around the biased mean value of the estimates.

� Firstly, the system is time-continuous, whereas the data are sampled and
thus given in time-discrete form. Since sampling has to be performed,
some error is introduced. The size of this error depends on the sampling
interval.

� Secondly, the continuous system is of in�nite order. In order to approxi-
mate it using a black-box model, a �nite order model must be used. The
model order is a user's choice. Di�erent identi�cation methods require
di�erent model orders in order to give reliable results. There is a trade-o�
between having a large model order that can describe the dynamics of the
system well, and a low model order that does not give numerical problems
and keeps the computational load at a low level. This is a matter of the
amount of under-parameterization that can be accepted.

� Thirdly, there is probably some noise, e. g. measurement noise, in the
data. Here the study deals with noisy outputs, but in reality even the
input data may contain disturbances.

There are some known ways of reducing the in�uence of the modeling errors
that occur caused by the above events. Concerning the �rst problem, sampling
cannot be avoided. However, it is important to try to minimize the e�ect of
it, through careful choice of the sampling interval. It is of importance both to
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sample fast enough in order not to loose information about dynamics of the
system or signal, and also to use data of su�cient length.

Under-parameterization is not possible to entirely avoid, when a �nite order
model is used. Therefore, there will inevitable be a systematic error, a bias,
on the estimates. The in�uence of under-parameterization on the estimates can
however be reduced by e. g. pre�ltering of the data as described in [11]. Also the
e�ect of possible existence of noise on the data can be reduced by pre�ltering.

The bias distribution is a�ected by, [11],

- spectrum of input signal

- pre�ltering

- model order

- sampling interval

- noise model

- prediction horizon

That the input spectrum a�ects the distribution of the modeling error is a known
fact in system identi�cation, see (49) � (51). The e�ect of pre�ltering and model
order will to some extent be investigated in this paper. The sampling interval
is assumed to be short enough not to make the model too coarse. According
to [11], there is no disadvantage in using a short sampling interval, except for
an increase of the computational load. The measurement noise is assumed to
be white Gaussian noise, hence contributing to the measurements ym(kh) with
a constant spectral density over the whole frequency range. For the e�ect of
prediction horizon, see [11].

The output Ti is obtained through the model output, ym(kh) in (41). Its es-
timate is obtained from �ltering the measured input signals qi and Te through
estimates of the transfer functions,

T̂i(s) = Ĝ1(s)qi(s) + Ĝ2(s)Te(s) (49)

The spectral density of the model output signal is

�
T̂i
(i!) =

�
Ĝ1(i!) Ĝ2(i!)

�� �qi(i!) 0
0 �Te(i!)

��
Ĝ1(�i!)
Ĝ2(�i!)

�
(50)

where � denotes spectrum and where qi and Te are assumed to be uncorrelated.
The error spectrum becomes

� ~Ti
(i!) =

�
~G1(i!) ~G2(i!)

�� �qi(i!) 0
0 �Te(i!)

��
~G1(�i!)
~G2(�i!)

�
+�e(i!)

(51)

where ~Gj(i!) = Gj(i!) � Ĝj(i!), j = f1; 2g, and where �e(!) equals the
spectrum of possible measurement noise on the output. The error spectrum is
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thus dependent on the spectra of the input signal and the measurement noise
as well as on the error in the transfer function approximation.

In some cases the user have the opportunity to choose the input signal. In
this application, however, the signals are assumed to be given. Pre�ltering of
the signals was used above to specify for what frequencies the estimated Ĝ(s)
should be a good approximation of the true transfer function. In this case, for
example, it is more important to correctly describe the transfer functions for
low frequencies up to and including the �rst pole and zero. It is of importance
to have a correct approximation of the static gain and the dominating pole and
zero if these speci�cally are to be used in the identi�cation as is the case for
Method 4. The di�culty is then to know where to put the cut-o� frequency in
the low pass �lter, since the dominating pole which speci�es the break point in
the Bode diagram is not known to the user. (The dominating pole and zero are
highly dependent on the unknown material constants R and C). Here it might
be possible to use a fairly moderate �lter and obtain a rough estimate of the
dominating pole and zero, and then perform a new identi�cation with a pre�lter
adjusted to the obtained approximate model.

When a system is approximated from data, as is done in Section 4.3, the system
must be observable. If several modes of the system are badly excited and only
weakly observable, it can be hard to make a good approximation of the system.
To obtain a good model requires the input data to have energy in the frequency
band corresponding to the system, which here is of low-pass character. The
input signals thus have to contain energy components in the lower frequency
region.

5.2 Choice of input signals

Data are generated and used in order to illustrate the behavior of the di�erent
methods for parameter estimation. The signals acting as inputs to the system,
Te and qi, are chosen to resemble possible outdoor temperature and heat �ux,
respectively. The data series are of length N = 16384 samples and the sampling
interval equals h = 1 h. Then the system output, Ti, is generated using the
continuous-time system (16) in frequency domain with the parameters

R = 10 [oCm2=W ] (52)

C = 15 [Wh=oCm2] (53)

Finally Ti is transformed back to time domain. The system (16) with the chosen
parameter values will thus be considered as the `true system' in the following.

An example of the signals Te, Ti and qi is given in Figure 9. Only parts of the
signals are shown. The outdoor temperature is modeled as an AR process with
a spectrum corresponding to the daily variations in temperature. The heat �ux
qi is modeled in such a way that it somewhat stabilizes the indoor temperature
Ti. Figure 10 shows the spectra of the outdoor temperature, Te, the heat �ux,
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Figure 9: Example of outdoor temperature, indoor temperatures and heat �ux.
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Figure 10: Spectra of temperatures, heat �ux and the measurement noise of the
indoor temperature. The temperatures are plotted with solid lines.

qi, the indoor temperature Ti and the measurement noise e, which in some
examples is added to the Ti measurements.
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Computational complexity
Model order for Methods 1�5 Comment for Methods 1, 2

n 1 2 3 4 5

1 440 648 y(kh; �) from (16)

10 182 311 36 35 39 y(kh; �) from (26)

20 420 668 155 127 169

30 873 856 352 280 392

40 2439 1431 624 494 717

Table 1: Computational complexity for the di�erent methods in M�ops (million
�oating point operations).

5.3 Computational complexity

The computational load is next considered. The algorithms are implemented
in Matlab, and the function �ops has been used for complexity estimation.
The result must be considered with some care, since the implementation may
be somewhat `programmer dependent'. Further, implementation in a digital
signal processor (DSP) would give other values of the computational load. Also,
di�erent implementations give a variation of the resulting complexity. Rough
estimates are determined for each method, and are given in Table 1. The model
order n in Table 1 is used in the following ways in the algorithm implementations.
For Methods 1, 2 and 5, n equals the model order when the �nite order model
(26) is used to produce the model output. If the model (16) is used in order
to obtain the model output, n is in�nite. For Methods 3�5, n determines the
order of the ARX-model estimating the transfer function. Note that Method
5 utilizes both (26) and an ARX model in order to approximate the transfer
functions in two di�erent ways. The same order n is, however, used.

A comparison of the complexity of the approaches shows that the indirect ap-
proaches require less computations than the direct approaches for equal model
orders. The di�erence increases further when taking into account that the di-
rect approaches require larger model orders for similar results, see the simulation
results below.

5.4 Sensitivity to parameter variations

It was shown in Section 3.3.1 that the transfer function G2(s) gives a better
approximation for a low model order than G1(s) does. This can be analytically
veri�ed through study of the transfer functions, (16). The transfer function
G2(i!) = 1= cosh(

p
i!�) is decreasing slowly for ! varying from zero to 1=�

which corresponds to the frequencies of main interest. For G1(s) on the other
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Error in parameter A�ect on G1(s) A�ect on G2(s)

x% in R x% in G1(0), 0% in G2(0),
less for higher freq. more for higher freq.

x% in C 0% in G1(0), 0% in G2(0),
more for higher freq. more for higher freq.

x% in R or C � x% in dominating
pole, zero

x% in R and C � 2x% in dominating
pole, zero
x% in G1(0)

Table 2: E�ect of modeling errors.

hand, the magnitude depends also on R, which makes the approximation more
sensitive to modeling errors. It is also noted that estimation of R and C using
only G2(s) cannot be successful, since G2(s) depends on the product of the
unknown R and C, and not on these parameters individually. A summary of
how estimation errors in R and C a�ect the modeling error of the approximations
of G1(s) and G2(s) is given in Table 2.

The conclusion of these observations is that it is more di�cult to estimate the
unknown parameters using G2(s) when the indirect approaches described in
Section 4.3 are considered. In principle, both G1(s) and G2(s) could be used
at the same time for determination of �, but here only the approximations of
G1(s) have been used.

5.5 Existence of local minima

When identifying the parameters using a non-linear least squares criterion, the
algorithm might get stuck at a local minimum. If this is a risk, an alternative
search algorithm, for example an exhaustive search, might be considered. It is
thus important to know if the loss function never provides any false minima,
i. e. the resulting estimated parameters are always the best possible. However,
an example contradicting this utopia is easily produced.

Consider the second transfer function only, G2(s) = 1= cosh(
p
s�). In the de-

generated case, the input signal Te(s) can be chosen as a sinusoidal. This
assumption is not entirely unrealistic, since the temperature (Te) mainly varies
with the day rhythm and thus has a time period of 24 h. The minimization
criterion, cf (43), can be written as

V (�) = E [Y m(s)� Y (s; �)]2

= E [fG2(s; �0)�G2(s; �)gU(s)]2

= E ["(�0; �)]
2 (54)

where �0 equals the true parameter and � is the model parameter. Note that
G2(s) depends only on � and not on the whole parameter vector �. The following
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input signal is used,

u(t) = Au sin(!t) (55)

Filtering the input (55) results in a sinusoid with new amplitude and phase.
The error function "(�0; �) can thus be rewritten in the time domain as

"(t; �0; �) =

Z
(g2(t� v; �0)� g2(t� v; �)) u(v)dv

= A1 sin(!t+ '1)�A2 sin(!t+ '2) (56)

where g2(t; �) is the weighting function (the inverse Laplace transform of transfer
function G2(s; �)). In order to determine A1, A2, '1 and '2, rewrite the transfer
function G2(s) as

G2(s; �0) =
1

cosh
p
i!�0

=
1

cosh(x0) cos(x0) + i sinh(x0) sin(x0)

=
cosh(x0) cos(x0)� i sinh(x0) sin(x0)

(cosh(x0) cos(x0))2 + (sinh(x0) sin(x0))2
(57)

where

x0
4
=

r
!�0
2

(58)

is used. Similarly, G2(s; �) is expressed using x
4
=
p
!�=2. Using (57), the

amplitude A1 now can be expressed as

A1 = AujG2(s; �0)j = Au
1q

cosh2(x0) cos2(x0) + sinh2(x0) sin
2(x0)

(59)

and the phase equals

'1 = � arctan

�
sinh(x0) sin(x0)

cosh(x0) cos(x0)

�
(60)

The corresponding holds for A2 and '2 (substitute �0 by � , and x0 by x). The
error function "(t; �0; �) can now be further developed.

"(t; �0; �) = A1 sin(!t+ '1)�A2 sin(!t+ '2)

= (A1 cos('1)�A2 cos('2)) sin(!t)

+ (A1 sin('1)�A2 sin('2)) cos(!t)
4
= A4 sin(!t) +A5 cos(!t)

=
q
A2
4 +A2

5 sin (!t+ arctan (A5=A4)) (61)
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Figure 11: Contour plot of V (�) (62).

The criterion (54) can now be expressed as

V (�) = E ["(t; �0; �)]
2

=
1

2
(A2

4 +A2
5)

=
1

2
(A1 cos('1)�A2 cos('2))

2 +
1

2
(A1 sin('1)�A2 sin('2))

2 (62)

In the following example, V (�) is computed for di�erent values of !� and !�0.
Figure 11 displays the contour plot of V (�) for varying !� and !�0. The fre-
quency ! should in a real situation equal ! = 2�f � 2�=24 � 0:26 [rad=h]. If
the true parameter �0 is assumed to be in the interval �0 2 [6 150] [h], then
!�0 2 [1:57 40] [rad]. The exact value of �0 depends on the wall element. In
order to cover the range of interest, the contour plot is studied in the interval
[1 100]. The minima of V (�) (corresponding to true and false estimates �)
for di�erent �0 where found. With the resolution used in Figure 11, it is not
possible to detect any local minima, only the global minimum is clearly visible.
For each �xed �0, the global minimum appears at � = �0, as V (�0) = 0. A
better resolution of Figure 11, however, shows the existence of local minima.
Such a result is displayed in Figure 12. The criterion function V (�) is computed
for values of !� up to 500. It is clear that several minima exist. The global
minimum is always the minimum corresponding to the smallest value of !� . If
it is assumed that the input signal, i. e. the outdoor temperature, varies mainly
with a 24 h period, values of !� larger than 40 can be considered as unrealistic.
Therefore, only the global, true minimum remains when evaluating the criterion
V (�), cf Figure 12 in the layer !� < 40. If the usage of a sinusoid as the input
signal is considered to be a too rough simpli�cation, the input signal can instead
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be modeled as a sum of sinusoids,

u(t) =
kX

j=1

Auj sin(!t+ 'j) (63)

The criterion function would then correspondingly be a sum of squared ampli-
tudes

V (�) =

kX
j=1

A2(!j)

2
(64)

where the dominating term in (64) corresponds to the main periodicity of the
input signal.

In the following, the assumptions made above, that only the second part of the
transfer function, G2(s), is used, and that the input signal is a clean sinusoid,
are withdrawn. The input signals are generated according to Section 5.2, and
the complete minimization criteria in Section 4 are used in the remaining of this
subsection.

In order to determine the possibility of local minima in this case, the shape
of the criteria is examined by evaluating them for various values of R and C.
If negative parameter values are allowed, it can be shown that several minima
exist for some of the criteria. One of the minimum points corresponds to the
true solution. Since it is known that the material constants are positive, the
minima resulting from one or two negative parameters can be eliminated. The
restrictions R > 0, C > 0 are therefore put on the estimates. Since values of
�0 2 [6 150] are assumed to be of main interest, R and C varying from 1 to 30

24



5

10

15

20

25

30

0
5

10
15

20
25

0

2

4

6

8

10

C

Mesh plot of V
1
, true parameter values are R = 10, C = 15

R

V

Figure 13: Mesh plot of criterion function V1, (41), corresponding to Sec-
tion 4.1. The estimated parameters corresponding to the minimum point are
R = 10 [oCm2=W and C = 15 [Wh=oCm2] which equals the true values of R
and C.

have been used in this study. This restriction was also made in order to limit
the computational load.

As examples, the criteria (41) and (46) are plotted for di�erent integer values of
R and C in the estimated model. The model order was here chosen as n = 50
and no noise was applied to any of the signals. Results are shown in Figures 13
� 15. Note that the restriction of using integer values of R and C of course not
is used when estimating the parameters R and C in Section 5.7.

Criterion for direct approach in the time domain

In Figure 13 the criterion V1 (41) for the direct time domain approach in Sec-
tion 4.1 is shown. Criterion values above 10 are ignored in the plot, in order
to show the shape of the function. The criterion function has a smooth surface
leaning towards the minimum point, which corresponds to the true parameter
values.

Criterion for indirect approach in the frequency domain

Figure 14 shows the criterion V3 associated with the transfer function G1(s)
for positive values of � only. The minimum is at R = 10 [oCm2=W ], C =
15 [Wh=oCm2], which are also the true parameter values. Criterion values
above 9 are ignored in the plot.

Figure 15 displays the criterion V3 associated with the transfer function G2(s),
where Q3 � 1. Several global minima exist for di�erent positive values of R
and C. In fact, a minimum is found whenever R̂Ĉ � RC. Some minima
corresponding to integer values of R̂ and Ĉ are marked by circles in the �gure.
The fact that there are more than one minimum, is also obvious from the second
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Figure 15: Mesh plot of criterion function V3 using G2(i!) corresponding to
Section 4.3. The minimum points are indicated by circles in the �gure.

part of (16). The same estimated transfer function results for di�erent values
of the parameters, since only the product RC = � a�ects G2(s).

As a conclusion, analyzing the criteria (41), (43), (46), (47) and (48) for some
values of the parameters, shows that the criteria are well-behaved if only posi-
tive parameters are considered. The minimum is then given, as expected, close
to the true parameters in the examples. The deviation is small and due to the
approximation introduced by using n <1. For the indirect approaches unique-
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ness problems occur if only G2(s) is used. This is natural as G2(s) depends only
on one parameter, namely � , and not on R, see (16).

5.6 Model validation

If y(t; �) is obtained from the approximate �nite order model (26), some nu-
merical errors are introduced due to the discretization in space. The di�erence
between the approximated temperature Tk and the exact temperature in each
point k converges as O(�2), [12], i. e. the introduced error decreases quadrat-
ically as the number of layers increases. One way to estimate the error more
accurately, is to use Richardson extrapolation [12], i. e. derive the model for two
di�erent model orders, e. g. n and 2n, using (26). After conversion to discrete
time, which is assumed to introduce neglectable errors compared to the errors
due to �nite order models, y(n; kh) and y(2n; kh) result. The model outputs
can then, according to the statement above, be approximated as

y(n; kh) � y(kh) +
C(kh)

n2
(65)

y(2n; kh) � y(kh) +
C(kh)

4n2
(66)

where y(kh) is an improved approximation of the PDE and fC(kh)g; k =
1; 2; : : : ; N , is a vector of proportional constants. Comparing the results of (65)
and (66), C(kh) and y(kh) are computed as

C(kh) � 4n2

3
(y(n; kh)� y(2n; kh)) (67)

y(kh) � 4

3
y(2n; kh)� 1

3
y(n; kh) (68)

The relative error may be de�ned as

R(n) =

qPN
k=1

C2(kh)
n4qPN

k=1 y
2(kh)

�

qPN
k=1

C2(kh)
n4rPN

k=1

�
y(n; kh)� C(kh)

n2

�2 (69)

Inserting the expression of C(kh) from (67) gives the relative error as function
of model outputs,

R(n) = 4

qPN
k=1 (y(n; kh)� y(2n; kh))2qPN
k=1 (4y(2n; kh) � y(n; kh))2

(70)

The approximate model order required to obtain a certain error can be de-
termined from R(n), see Figure 16, which shows the relative error R(n) as a
function of the model order n. Here the simulation is made using one realization
of the data with �T = [10 15], generated according to Section 5.2. The relative
error is determined from the second part of (69), where C(kh) is obtained from
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Figure 16: Relative error R(n), (69), due to the use of �nite order model.

(67) using n = 10. In order to obtain a relative error of for example 1 %, a
model order larger than 17 must be chosen for the particular data realization
used here. Other realizations give, of course, slightly di�erent values of R(n).

It would be useful to have methods to determine an appropriate model order,
using available data. The resulting `best' model order di�ers depending on
which estimation method that is used. It is extra important to determine a
good model order when there is a risk for numerical problems when a too high
model order is used. One way to determine the appropriate model order is to
utilize the Akaike's information criterion (AIC). The AIC criterion is de�ned as

AIC = N log V (n) + 2p (71)

where V (n) is the minimal value of the loss function for model order n. The
quantity p equals the number of unknown parameters in the scheme, which is
p = 2n when an ARX model of order n is �tted. The following scheme is used.

Scheme for model validation

1. Choose a maximum model order NMAX

2. Choose model order n = 1.

3. Determine the AIC (71) for the speci�c model order n.

4. If warnings are given that the condition number when solving the normal
equation is too large, go to Step 6.

5. Set n = n+ 1. If n � NMAX, and go to Step 3, else go to Step 6.

6. Choose the model order n which gives the smallest AIC value, but does
not give numerical problems.

This test has been performed for Method 3 where it is important not to choose
a too large model order which would result in numerical problems. The loss
function V (n) in the AIC criterion is in this study chosen to be implemented as
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Figure 17: AIC for determination of model order for Methods 3-5.

(cf (46))

V (n) =

K�1X
k=0

[Ĝ1(n; i!(k)) �G1(i!(k); �̂)]
2 (72)

where Ĝ1(n; i!) originates from the black-box model approximation of order n.
The estimate G1(i!; �̂) comes from the �rst part of the in�nite order model (16)
using approximated parameters R̂ and Ĉ. The parameter vector �̂ = (R̂ Ĉ)T

was determined by minimization of (46) for model order n, and ! is a sequence of
selected frequency points. Figure 17 shows the resulting AIC values for di�erent
model orders up to order 17, where the �rst warning about numerical problems
occurred. Model order n = 12 gives the smallest AIC value, which then is the
best model order according to the scheme above. For larger model orders it can
be seen that the criterion (71) increases, probably due to large condition number
of the normal equation, leaving too few bits for a good numerical precision in
the calculations. Note also a local minimum occurs for n = 4!

The model validation scheme was also applied on Methods 1�2. Here, there is
no risk for numerical problems due to large model orders. The AIC criterion is
implemented using the loss function

V (n) =
1

N

NX
k=1

[ym(kh) � y(kh; �)]2 (73)

where ym(kh) is the measured system output and where y(kh; �) is the model
output. Figure 18 shows the resulting AIC values for Method 1 for model
orders varying from 2 to 54. Only values for every fourth order are computed.
It is not surprisingly that the AIC decreases for increasing model orders. Since
dim � = 2, it is not likely that the Hessian V 00 becomes badly conditioned, even
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Figure 18: AIC for determination of model order for Methods 1-2.

Noise free data Noisy data

No pre�ltering Section 5.7.1 Section 5.7.2
Pre�ltering Section 5.7.1 Section 5.7.2

Table 3: The di�erent cases treated.

for large n. There is thus no reason to expect any numerical problems for the
direct methods. The result indicates that as n grows, the model output y(kh; �)
will resemble the system output ym(kh) better and better. The computational
load increases of course accordingly, cf Section 5.3.

5.7 Results of numerical evaluation

The estimation methods are tested using data generated according to Section
5.2 under various conditions, namely with and without noise on the output and
with and without pre�ltering of the signals. A summary of the di�erent cases
are given in Table 3 together with the section numbers in which they are treated.

Simulations have been performed using ten di�erent realizations of the data.
For each realization, both a noise free and a noise corrupted output have been
considered. Thus, 20 di�erent signal sets have been used, where the same noise
free data have been used in every two sets, one of which was corrupted by
noise on the output. This means that comparison between the cases can be
made without concern that the input signals have been di�erent. An average
of the resulting parameter estimates is given in the tables. When an approx-
imate transfer function has been computed (indirect approaches), logarithmic
distributed frequencies have been considered in the interval ! 2 [10�6; 1], where
the frequency band is supposed to cover frequencies from a value close to zero
to frequencies well above 1=� . In the examples � = RC equals 150 [h], giving
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1=� = 0:0067[h�1 ].

For a few data realizations and model orders, the algorithms give quite bad
estimates. This can typically happen for Methods 3-5, where a large model
order may give rise to bad numerical accuracy due to a large condition number
of the normal equation. A scheme for evaluation of parameter estimates is
implemented in order to detect such situations. If the scheme indicates that
for a particular data set, the estimate of the frequency function Ĝ(i!) is not
reliable, that particularly realization is not used in the �nal result presented in
the tables in the following sections. It is indicated in the tables if there are any
rejected realizations.

Scheme for evaluation of parameter estimates

1. Estimate the parameters R and C using the whole data series of length
N , resulting in R̂, Ĉ.

2. Estimate the parameters R and C using the �rst half of the data series,
i. e. 1 : N=2, resulting in R̂1, Ĉ1.

3. Estimate the parameters R and C using the second half of the data series,
i. e. N=2 + 1 : N , resulting in R̂2, Ĉ2.

4. Since a long data series is used in the simulations, steps 2 and 3 should
give similar results. Therefore a simple comparison of the resulting esti-
mates gives an indication of the reliability and accuracy of the estimates.
Compute

�R =
R̂� R̂1

R̂
+
R̂� R̂2

R̂
(74)

�C =
Ĉ � Ĉ1

Ĉ
+
Ĉ � Ĉ2

Ĉ
(75)

The result of the data realization is rejected if either j�Rj > 0:1 or j�C j >
0:1, which corresponds to an allowed discrepancy of 10 %.

5.7.1 Identi�cation from noise free data

Results of the di�erent estimation approaches for various model orders are sum-
marized in Tables 4�7. In Tables 5, 7, 10 and 12, model orders up to 12 only are
used. This is due to the numerical problems that can occur for higher model
orders for Methods 3�5. The model (26) used in Methods 1�2 does not give rise
to such numerical problems.

As can be seen, a bias appears in many of the estimates. Since no noise is
present here, the estimation error is due to an imperfect approximation of the
transfer functions, cf Section 4. There are two important aspects to consider
when approximating the transfer functions.
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Model order Results from Methods 1�2 Rejections
n 1 2 1 2

10 R̂ = 7:80 R̂ = 9:72 � �

Ĉ = 17:81 Ĉ = 23:70 � �

15 R̂ = 8:62 R̂ = 10:10 � �

Ĉ = 17:01 Ĉ = 20:68 � �

20 R̂ = 9:04 R̂ = 10:07 � �

Ĉ = 16:57 Ĉ = 18:85 � �

30 R̂ = 9:44 R̂ = 10:00 � �

Ĉ = 16:08 Ĉ = 17:21 � �

40 R̂ = 9:62 R̂ = 9:95 � �

Ĉ = 15:80 Ĉ = 16:48 � �

50 R̂ = 9:71 R̂ = 10:00 � �

Ĉ = 15:62 Ĉ = 17:21 � �

1 R̂ = 10:00 R̂ = 10:00 � �

Ĉ = 15:00 Ĉ = 15:00 � �

Table 4: Result of parameter estimation, Methods 1�2, no noise, no pre�lter-
ing of the signals. In the true system, R equals 10 [oCm2=W ] and C equals
15 [Wh=oCm2]. The column Rejections indicates how many realizations that
were rejected for each method.

i. A small model order n cannot describe the system dynamics correctly and
results in bad parameter estimates.

ii. For the black-box model used in Methods 3�5, a large model order often
leads to numerical problems which in turn may give bad estimations.

The true transfer functions of in�nite order are approximated using the di�er-
ence approximation method in Methods 1, 2 and 5, and using an ARX model
of �nite order in Methods 3 � 5. Since �nite order models are used, bias in the
transfer function estimates cannot be avoided. Exceptions are Method 1 and 2
for the case when in�nite order models (16) are used, cf Table 4.

For Method 3, the whole transfer function estimate is used in the criterion. This
gives, compared to Method 4 where only three points in the transfer function
are used, some drawbacks:

i. The estimated transfer function must be �tted for all frequencies, also
higher frequencies for which it is more di�cult to estimate it correctly.

ii. The whole transfer function approximated using the ARX model must be
converted to continuous time in order to build the criterion. For Method
4, only three points in the frequency function need to be transformed.
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Model order Results from Methods 3�5 Rejections
n 3 4 5 3 4 5

4 R̂ = 10:39 R̂ = 10:38 R̂ = 10:36 � � �

Ĉ = 10:47 Ĉ = 5:08 Ĉ = 14:39 � � �

6 R̂ = 15:86 R̂ = 15:86 R̂ = 15:84 � � �

Ĉ = 23:33 Ĉ = 18:47 Ĉ = 29:56 � � �

8 R̂ = 9:59 R̂ = 9:57 R̂ = 9:59 � � �

Ĉ = 10:36 Ĉ = 1:99 Ĉ = 12:29 � � �

10 R̂ = 10:30 R̂ = 10:30 R̂ = 10:30 � � �

Ĉ = 15:13 Ĉ = 14:84 Ĉ = 17:56 � � �

11 R̂ = 10:16 R̂ = 10:30 R̂ = 10:30 � � �

Ĉ = 14:88 Ĉ = 14:84 Ĉ = 17:56 � � �

12 R̂ = 10:01 R̂ = 10:01 R̂ = 10:02 � � �

Ĉ = 14:71 Ĉ = 14:86 Ĉ = 16:67 � � �

Table 5: Result of parameter estimation, Methods 3�5, no noise, no pre�lter-
ing of the signals. In the true system, R equals 10 [oCm2=W ] and C equals
15 [Wh=oCm2].

These points correspond to the dominating pole, the dominating zero and
the static gain.

In Tables 6�7 the result is displayed for the noise free case, but when the data
was pre�ltered through a low pass �lter. The �lter is implemented as a second
order Butterworth �lter with a cut-o� frequency of 1/(12h).

Comparing the results presented in Tables 4, 5 and 6, 7, it is obvious that
a better estimate can be gained by pre�ltering of the data. Note also that
the estimated parameters remain unbiased if the in�nite order model is used
(Methods 1�2).

In Figures 19 and 20, the bias and standard deviation of estimates of Method 1
and 3 are presented, as a complement to the tables.

It can be noted that R̂ is more accurate than Ĉ for equal model orders. The
fact that it is easier to estimate R than C can be theoretically veri�ed by
considering the second derivative of the loss function. The bias, as well as
the covariance, of the estimates are dependent of the inverse of the Hessian,
(V 00)�1, [4]. Therefore, (V 00)�1 gives a good indication of the variance of R̂ and
Ĉ. For determination of �̂, it is important that (V 00)�1 is nonsingular. The
requirement of non-singularity holds under quite general conditions when the
system is in the model set. For underparametrized models, as in this case, the
condition number gives important information about the solution uncertainty.
If the condition number of the Hessian is small, the Hessian is said to be well

33



Model order Results from Methods 1�2 Rejections
n 1 2 1 2

10 R̂ = 8:64 R̂ = 9:42 � �

Ĉ = 18:05 Ĉ = 18:93 � �

15 R̂ = 9:18 R̂ = 9:70 � 1

Ĉ = 17:10 Ĉ = 17:63 � �

20 R̂ = 9:42 R̂ = 9:72 � 1

Ĉ = 16:59 Ĉ = 16:81 � �

30 R̂ = 9:65 R̂ = 9:83 � 1

Ĉ = 16:06 Ĉ = 16:16 � �

40 R̂ = 9:75 R̂ = 9:83 � �

Ĉ = 15:78 Ĉ = 15:75 � �

50 R̂ = 9:80 R̂ = 9:83 � �

Ĉ = 15:61 Ĉ = 16:16 � �

1 R̂ = 10:00 R̂ = 10:00 � �

Ĉ = 15:00 Ĉ = 15:00 � �

Table 6: Result of parameter estimation in the noise free case, Methods 1�2.
The data are �ltered through a low pass �lter. In the true system, R equals
10 [oCm2=W ] and C equals 15 [Wh=oCm2]. The column Rejections indicates
how many realizations that were rejected for each method.
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Figure 19: Bias (solid lines) and standard deviation (dashed lines) of R̂ and Ĉ
obtained from Method 1 in the noise free case. Lines with stars (�) indicate no
pre�ltering and circles (o) indicate pre�ltering of data.
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Model order Results from Methods 3�5 Rejections
n 3 4 5 3 4 5

4 R̂ = 11:00 R̂ = 11:02 R̂ = 10:98 � � �

Ĉ = 17:61 Ĉ = 28:38 Ĉ = 24:95 � � �

6 R̂ = 10:00 R̂ = 10:00 R̂ = 10:00 � � �

Ĉ = 14:18 Ĉ = 12:37 Ĉ = 17:95 � � �

8 R̂ = 10:34 R̂ = 10:34 R̂ = 10:34 � � �

Ĉ = 15:09 Ĉ = 14:79 Ĉ = 18:13 � � �

10 R̂ = 10:13 R̂ = 10:10 R̂ = 10:14 � � 2

Ĉ = 14:81 Ĉ = 15:61 Ĉ = 17:18 � � �

11 R̂ = 10:44 R̂ = 10:11 R̂ = 10:15 1 3 1

Ĉ = 15:40 Ĉ = 15:67 Ĉ = 17:17 � �

12 R̂ = 10:10 R̂ = 10:09 R̂ = 10:11 3 5 3

Ĉ = 14:82 Ĉ = 13:87 Ĉ = 16:78 � �

Table 7: Result of parameter estimation in the noise free case, Methods 3�5.
The data are �ltered through a low pass �lter. In the true system, R equals
10 [oCm2=W ] and C equals 15 [Wh=oCm2].
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Figure 20: Bias (solid lines) and standard deviation (dashed lines) of R̂ and Ĉ
obtained from Method 3 in the noise free case. Lines with stars (�) indicate no
pre�ltering and circles (o) indicate pre�ltering of data. With pre�ltering, data
realizations were rejected once for n = 11 and three times for n = 12 (out of
ten).
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conditioned. If the condition number is large, the Hessian is badly conditioned,
and the relative uncertainty of the solution is large. This means that a small
perturbation of the data can give a large error in the solution, which of course
in undesirable.

The Hessian,

V 00 =

0
@ @2V

@R2

@2V
@R@C

@2V
@C@R

@2V
@C2

1
A (76)

can be approximated as8>>>>>>>>>><
>>>>>>>>>>:

@2V
@R2 � 1

(�R)2
[V (R��R;C)� 2V (R;C) + V (R+�R;C)]

@2V
@C2 � 1

(�C)2
[V (R;C ��C)� 2V (R;C) + V (R;C +�C)]

@2V
@R@C

� 1
4�R�C [V (R +�R;C +�C)� V (R+�R;C ��C)

�V (R ��R;C +�C) + V (R��R;C ��C)]

(77)

where @2V
@R@C

= @2V
@C@R

and �R and �C are small changes in the R and C direc-
tions, respectively. The derivatives in (77) are derived using a central di�erence
quotient in R and C, respectively. After series expansion, the approximation
(77) can be shown to give the error

err(V 00) =

0
@ O(�R2) O

�
�R2

�C

�
+O

�
�C2

�R

�
O
�
�R2

�C

�
+O

�
�C2

�R

�
O(�C2)

1
A (78)

Choosing e.g. �R = �C = 0:1 gives for one particular realization of the data
for the di�erent methods the second derivative according to Table 8. Also,
the condition numbers of V 00 for the methods are displayed. For Methods 1�
2, model order 50 was used, and for Methods 3�5, model order 12 was used.
Note that the condition number is equal for the Hessian and the inverse of
the Hessian. It can be observed that Method 1 is numerically the most well
conditioned method. Method 2 also indicates good numerical behavior, while
Method 4 shows a large condition number. A large model order may cause
numerical problems for Methods 3�5, cf Section 5.6 and the fact that Method 4
gives comparably many rejections for large model orders in the noise free case
(Table 7). However, a smaller condition number results for Method 4 when a
smaller model order is used.

Studying the estimated Hessians for the di�erent methods, re�ects the fact that
the variance of the estimates of C is expected to be larger than that of R. As an
example, study Method 1 and Method 3 using n = 50 and n = 12, respectively.
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Method @2V
@R2

@2V
@C2

@2V
@R@C

Condition number

1 0.201 0.080 -0.051 3.58
2 275 104 -154 26.5
3 1.30 0.013 -0.028 109
4 2.00 3:99 � 10�5 6:06 � 10�5 5:01 � 104

5 65.9 0.681 -1.52 102

Table 8: The Hessians for di�erent methods and their condition numbers.

Here the inverse of the Hessians are given by, cf (76),

�
V 001 (�)

��1
=

�
5:94 3:78
3:78 14:91

�
(79)

�
V 003 (�)

��1
=

�
0:807 1:74
1:74 80:67

�
(80)

It can be noted that the (2; 2) elements of (79)�(80) are larger than the (1; 1)
elements. Therefore the bias as well as the variance of Ĉ is expected to be
greater than that of R̂, according to the discussion above.

5.7.2 Identi�cation from noise-corrupted data

In this test, the system output, Ti, contains additional noise. The noise level is
15 dB below the average level of Ti, cf Figure 10. The noise is white, while the
signal is of low pass character. Therefore, the noise a�ects the higher frequencies
more. Tables 9�10 display the estimated parameters in the case of noisy output
signal, Ti. (No pre�ltering of signals was performed when obtaining the results
in the tables).

It is clear that presence of stochastic measurement noise results in parameter
estimates with a stochastic errors. Especially Methods 3�5 seem to be sensitive
to additive noise. There is hence a need for decreasing the in�uence of the
disturbance. Filtering of the signals is a commonly used way of reducing the
relative amount of noise. Since the data are of low pass character (slow variations
of the temperature) and since it is known that the transfer functions to be
estimated are of low pass character too, it is appropriate to emphasize the lower
frequencies.

A simple Butterworth �lter of second order with the cut-o� frequency 1/(12h),
corresponding to half the signal period, was applied to the signals involved in
the identi�cation procedure. The results are shown in Tables 11�12. The same
data series were used here as was used in the case when no �ltering was involved.

In Figures 21 and 22, the bias and standard deviation of estimates of Method 1
and Method 3 are presented, as a complement to the tables.

For all methods, a considerable improvement of identi�cation results was ob-
tained when the signals were low-pass �ltered prior to identi�cation. Especially,
advantage of �ltering could be shown for Methods 3�5.
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Model order Results from Methods 1�2 Rejections
n 1 2 1 2

10 R̂ = 7:80 R̂ = 9:45 � �

Ĉ = 17:82 Ĉ = 22:47 � �

15 R̂ = 8:62 R̂ = 9:89 � �

Ĉ = 17:08 Ĉ = 19:99 � �

20 R̂ = 9:05 R̂ = 9:84 � �

Ĉ = 16:59 Ĉ = 18:47 � �

30 R̂ = 9:45 R̂ = 9:94 � �

Ĉ = 16:09 Ĉ = 17:04 � �

40 R̂ = 9:63 R̂ = 9:91 � �

Ĉ = 15:81 Ĉ = 16:35 � �

50 R̂ = 9:73 R̂ = 9:93 � �

Ĉ = 15:63 Ĉ = 17:02 � �

1 R̂ = 10:01 R̂ = 9:90 � �

Ĉ = 15:04 Ĉ = 14:88 � �

Table 9: Result of parameter estimation for Methods 1�2, with noise on the
output signal and no pre�ltering. In the true system, R equals 10 [oCm2=W ]
and C equals 15 [Wh=oCm2].

Model order Results from Methods 3�5 Rejections
n 3 4 5 3 4 5

4 R̂ = 4:66 R̂ = 4:66 R̂ = 4:66 � � �

Ĉ = 6:27 Ĉ = 3:78 Ĉ = 8:58 � � �

6 R̂ = 6:48 R̂ = 6:48 R̂ = 6:49 � � �

Ĉ = 7:69 Ĉ = 4:64 Ĉ = 9:62 � � �

8 R̂ = 7:74 R̂ = 7:74 R̂ = 7:74 � � �

Ĉ = 8:86 Ĉ = 5:22 Ĉ = 10:54 � � �

10 R̂ = 8:48 R̂ = 8:47 R̂ = 8:48 � � �

Ĉ = 9:92 Ĉ = 6:09 Ĉ = 11:43 � � �

11 R̂ = 8:81 R̂ = 8:60 R̂ = 8:61 � � �

Ĉ = 10:55 Ĉ = 7:03 Ĉ = 12:01 � � �

12 R̂ = 8:99 R̂ = 8:98 R̂ = 8:99 � � �

Ĉ = 10:97 Ĉ = 7:22 Ĉ = 12:37 � � �

Table 10: Result of parameter estimation for Methods 3�5, with noise on the
output signal and no pre�ltering. In the true system, R equals 10 [oCm2=W ]
and C equals 15 [Wh=oCm2].

38



Model order Results from Methods 1�2 Rejections
n 1 2 1 2

10 R̂ = 8:63 R̂ = 9:71 � �

Ĉ = 17:95 Ĉ = 19:31 � �

15 R̂ = 9:16 R̂ = 9:90 � �

Ĉ = 17:03 Ĉ = 17:85 � �

20 R̂ = 9:41 R̂ = 9:93 � �

Ĉ = 16:55 Ĉ = 17:03 � �

30 R̂ = 9:63 R̂ = 9:93 � �

Ĉ = 16:03 Ĉ = 16:22 � �

40 R̂ = 9:73 R̂ = 9:92 � �

Ĉ = 15:76 Ĉ = 15:82 � �

50 R̂ = 9:78 R̂ = 9:93 � �

Ĉ = 15:60 Ĉ = 16:22 � �

1 R̂ = 10:03 R̂ = 9:91 � �

Ĉ = 15:03 Ĉ = 14:82 � �

Table 11: Result of parameter estimation for Methods 1�2, with noise on the
output signal. The data has been �ltered through a low pass �lter prior to the
parameter estimation. In the true system, R equals 10 [oCm2=W ] and C equals
15 [Wh=oCm2].
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Figure 21: Bias (solid lines) and standard deviation (dashed lines) of R̂ and
Ĉ obtained from Method 1 for noisy data. Lines with stars (�) indicate no
pre�ltering and circles (o) indicate pre�ltering of data.
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Model order Results from Methods 3�5 Rejection
n 3 4 5 3 4 5

4 R̂ = 10:44 R̂ = 10:44 R̂ = 10:42 � � �

Ĉ = 14:69 Ĉ = 13:07 Ĉ = 20:49 � � �

6 R̂ = 10:39 R̂ = 10:39 R̂ = 10:39 � � �

Ĉ = 14:26 Ĉ = 12:60 Ĉ = 18:06 � � �

8 R̂ = 10:38 R̂ = 10:37 R̂ = 10:38 � � �

Ĉ = 14:29 Ĉ = 12:59 Ĉ = 17:14 � � �

10 R̂ = 10:35 R̂ = 10:35 R̂ = 10:36 � � �

Ĉ = 14:34 Ĉ = 12:71 Ĉ = 16:62 � � �

11 R̂ = 10:11 R̂ = 10:20 R̂ = 10:20 � � �

Ĉ = 13:36 Ĉ = 12:01 Ĉ = 16:10 � � �

12 R̂ = 10:36 R̂ = 10:36 R̂ = 10:36 � � �

Ĉ = 14:47 Ĉ = 13:01 Ĉ = 16:39 � � �

Table 12: Result of parameter estimation for Methods 3�5, with noise on the
output signal. The data has been �ltered through a low pass �lter prior to the
parameter estimation. In the true system, R equals 10 [oCm2=W ] and C equals
15 [Wh=oCm2]
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Figure 22: Bias (solid lines) and standard deviation (dashed lines) of R̂ and
Ĉ obtained from Method 3 for noisy data. Lines with stars (�) indicate no
pre�ltering and circles (o) indicate pre�ltering of data.
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6 Conclusions

Five methods for parameter estimation of di�usion models have been presented.
The methods derived in the paper can essentially be divided into two groups;
direct approaches and indirect approaches cf Sections 4.1�4.3. The methods in
the two groups have similar behavior. In the direct approaches (Methods 1�2),
a model output is �tted to the given output measurement. In the indirect ap-
proaches (Methods 3�5), the transfer function of the system is �rst estimated
using some standard black-box technique. In a second step the system param-
eters are then extracted from the estimated transfer function. Of particular
concern in the study is the e�ects of approximating the dynamics, which is of
in�nite order, by a �nite-order model.

Several conclusions can be drawn from the evaluations. A model of large order
describes the system dynamics well, and hence improves the estimates, but some
drawbacks may occur. Using large model orders results in increasing compu-
tational load, especially for Methods 1 and 2. If complexity is not considered
as a problem, a large model order may be used for the direct approaches since
the estimation errors due to a �nite order model decreases. For the indirect ap-
proaches, however, utilizing a black-box model, numerical problems might occur
for larger model orders, resulting in bad parameter estimates. This is a serious
problem, but can be avoided through the use of a scheme for model validation,
see Section 5.6.

It can also be observed that the direct approaches require larger model orders
than the indirect approaches in order to obtain approximately equal accuracy
on the estimates.

The indirect approaches are more sensitive to noise on the output than the
direct approaches. The indirect approaches give, however, even for noisy data,
a bias of only a few percent when the data are pre�ltered with a low pass �lter
prior to the parameter estimation.
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