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Abstract
Error control in computational �uid dynam-
ics (CFD) has been crucial for reliability and
e�ciency of numerical �ow simulations. The
roles of truncation and rounding errors in dif-
ference approximations are discussed. Trun-
cation error control is reviewed for ODEs. For
di�erence approximations of PDEs, discretiza-
tion error control by Richardson extrapolation
is outlined. Applications to anisotropic grid
adaptation in CFD are shown. Alternative
approaches of error control in CFD are men-
tioned.

1 Introduction
Computational �uid dynamics (CFD) has
been maturing using wind tunnel measure-
ments for validation. However, experiments
are often not available, in particular in new
multidisciplinary applications. Therefore, the
assessment of mathematical models has be-
come crucial. Thus, numerical errors in the
discretization of mathematical models have to
be minimized. Error control is essential for the
reliability of CFD. Moreover, error control is
the prerequisite for adaptive methods, which
are decisive for e�ciency.

Eriksson et al. [2] cite the philosopher Lud-
wig Wittgenstein (1889 - 1951):
�On what you cannot compute with error

control, you must be silent.�
Since Wittgenstein was an aeronautical en-

gineer before turning to philosophy, he was
well aware of the need for reliable computa-
tions in aeronautics.

2 Truncation and Rounding
Errors

Let us �rst consider the approximation of the
�rst derivative df(x)

dx of a given function f(x)
by �nite di�erences. As an example, we take
the second-order central di�erence approxima-
tion

Dhf(x) =
f(x + h)− f(x− h)

2h
(1)

where h is the step size. Inserting the Taylor
series expansions around x into (1), we obtain
the truncation error

Th(x) := Dhf(x)−df(x)
dx

=
f ′′′(x)

6
h2+O(h4)

(2)
showing the second-order accuracy.

The truncation error indicates how to get
higher accuracy:

• h-re�nement
The grid size h is reduced. For example,
if the grid size is halved, i.e. h

2 is used
instead of h, the truncation error of the
second-order central di�erence approxi-
mation is reduced by a factor of 1

22 = 1
4 ,

i.e. Th
2
(x) ≈ 2−2Th(x).

• p-re�nement
The order of accuracy p is increased. E.g.
instead of the second-order central di�er-
ence approximation with p = 2, we can
use a higher order method, e.g. p = 4,
for which the truncation error is lower.

For a di�erence method of order p, the trun-
cation error will be reduced by a factor of 2−p,
when the grid size is halved. Thus, the accu-
racy is the more increased by grid re�nement
the larger p is. However, no matter what the
order of p is, we cannot see the expected error
reduction as h → 0. Then, we even observe an
increase of the error. The reason for the error
increase as h → 0 is caused by rounding errors,
which lead to cancellation errors. The errors
of second-, fourth- and sixth-order central dif-
ference approximations of dexp(0)

dx are shown in
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Figure 1: Error of second-, fourth- and
sixth-order central di�erence approximations
of dexp(0)

dx in double precision.

Fig. 1. The �nite di�erences were computed
in double precision.

The error of Dhexp(0), the second-order
central di�erence approximation of dexp(0)

dx , is
shown in Fig. 2. The in�uence of single
and double precision on the rounding error is
clearly visible. Any real number u is repre-
sented as a �oating point number fl(u) on the
computer. The following relation holds:

fl(u) = u(1 + ε)

where

|ε| ≤ εm ≈
{

10−7 for single precision
10−16 for double precision

where εm is machine epsilon. When comput-
ing the second-order central di�erence approx-
imation, the dominant rounding error is the
cancellation error caused by computing the
di�erence of almost equal numbers. Neglect-
ing the error caused by the �oating point di-
vision by 2h, we get on the computer instead
of (1)

Dhfl(f(x)) =
fl(f(x + h))− fl(f(x− h))

2h

= (Dhf(x))[1 +
f(x + h)

∆f
ε+ − f(x− h)

∆f
ε−]
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Figure 2: Error of second-order central di�er-
ence approximation of dexp(0)

dx with single and
double precision.

where ∆f = f(x + h) − f(x − h) and ε± the
relative error of fl(f(x±h)). We see that the
relative cancellation error is large, if f(x±h)

∆f
are large and cannot be reduced su�ciently
by multiplication by ε±, for which |ε±| ≤ εm

holds. Thus, cancellation errors and rounding
errors in general can be better kept under con-
trol by using double precision than by single
precision. However, even with double preci-
sion, we should be aware of rounding errors,
which can pollute numerical results, cf. Fig.s
1 and 2.

In CFD, cancellation errors occur, when we
are dealing with �ows, for which the changes
are minute compared with the mean �ow. An
example is the computation of compressible
low Mach number �ow. When solving the
compressible Euler and Navier-Stokes equa-
tions for Mach numbers M ¿ 1, the ther-
modynamic quantities like density ρ, pres-
sure p and temperature T only change very
slightly compared with their stagnation val-
ues. The consequence is that the computation
of e.g. ∇p can lead to large cancellation er-
rors, which make the results useless. Fig. 3
shows the expansion wave in a tube computed
with the axisymmetric Navier-Stokes equa-
tions at low Mach numbers [12], [9]. The re-
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Figure 3: Erroneous pressure distribution of
an expansion fan in a tube computed with
conventional formulation of the Navier-Stokes
equations leading to cancellation errors in sin-
gle precision at M = O(10−6) [12], [9], ¦: com-
puted result, −−−: analytical solution.

sults with single precision are completely erro-
neous owing to cancellation errors. However,
if the Navier-Stokes equations are formulated
in terms of the perturbation variables with re-
spect to stagnation variables like ρ′ = ρ− ρ0,
the cancellation errors can be minimized [12],
[9]. Computations at M = O(10−10) can be
performed with single precision using the per-
turbation formulation, which is mathemati-
cally equivalent to the original Navier-Stokes
equations but formulated in a form better
suited for computation, cf. [12], [9]. You sim-
ply solve for e.g. density change instead of
density with the same conservation laws.

3 Truncation Error Control
for ODEs

Let us consider an initial value ordinary dif-
ferential equation (ODE)

{
y′ = f(x, y) , x > 0
y(0) = y0

(3)

where x denotes time and y = y(x) is the un-
known function to be determined. We want to
control the step size h of a numerical method
to solve ODE (3) based on the local truncation
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Figure 4: Basic idea of Richardson extrapola-
tion.

error. We shall consider Richardson extrapo-
lation and Runge-Kutta-Fehlberg methods.

3.1 Richardson Extrapolation
The Richardson extrapolation is a general
method to improve the accuracy of numeri-
cal results. The basic idea of extrapolating
results with step sizes h and 2h to h = 0 can
be summarized as follows, cf. Fig. 4:
• Amethod of order p is used, meaning that

we know the theoretical behaviour of the
truncation error as h → 0.

• Compute a solution in xk using step size
h: y(xk, h)

• Compute a solution in xk using step size
2h: y(xk, 2h)

• Given two values with di�erent error and
knowing that the truncation error be-
haves as O(hp) it is possible to extrapo-
late an approximation of the exact value
y(xk, 0).

For a method of order p, the exact value (so-
lution) can be expressed as

y(xk) = y(xk, h) + chp +O(hq) ,
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where c is a constant and p and q are integers
with p < q. Solving the problem with step
sizes h and 2h yields

y(xk) = y(xk, h) + chp +O(hq)
y(xk) = y(xk, 2h) + c(2h)p +O(hq)

Subtracting these equations, we obtain the
leading term of the truncation error

chp =
y(xk, h)− y(xk, 2h)

2p − 1
+O(hq) . (4)

Thus, adding the leading error term to
y(xk, h), we obtain a better approximation of
the exact solution y(xk), because

y(xk) = y(xk, h)+
y(xk, h)− y(xk, 2h)

2p − 1
+O(hq)

The algorithm for truncation error control
based on Richardson extrapolation becomes:

1. Compute yk using a method of order p
with step sizes h and 2h.

2. Estimate the truncation error by the lead-
ing term chp with Richardson extrapola-
tion (4).

3. If error chp < tol where tol is a prescribed
tolerance, accept yk. Compute new step
size hk+1, where hk+1 > hk.

4. If error chp > tol, discard yk and compute
new hk less then the previous one. Com-
pute yk. Continue until error chp < tol.

If the truncation error is Th(xk) ≈ chp,
we choose the new step size hk+1 such that
the estimated truncation error is approxi-
mately equal to the desired tolerance tol, i.e.
Th(xk+1) ≈ tol. Thus, the new step size is
computed from

hk+1 =
(

Θ tol

Th(xk)

)1/p

hk ,

where Θ < 1 is a safety factor.

3.2 Runge-Kutta-Fehlberg Meth-
ods

Instead of computing y(xk, h) with two di�er-
ent step sizes, one can compute y(xk, h) with
two methods having di�erent orders of accu-
racy. The di�erence of the two results can be
used to estimate the truncation error. The
computational work is not doubled, if Runge-
Kutta-Fehlberg methods are used. For exam-
ple, 7 stages are performed and two di�erent
weightings of the stages yield two methods of
orders 4 and 5, respectively. Then, the trunca-
tion error can be estimated by the di�erence
of the two results. This error control is e.g.
used in the MATLAB ODE-routine ode45.

4 Discretization Error Con-
trol for PDEs

Consider an initial boundary value problem
for a partial di�erential equation (PDE) like
the Navier-Stokes equations

Lu = 0 , (5)

where L denotes the di�erential operator and
u = u(x, t) is the unknown function to be de-
termined. Here, x and t denote the spatial co-
ordinate and time, respectively. As an exam-
ple, we consider the scalar linear 1D advection
equation with initial and boundary conditions

ut + aux = 0 , x ∈ [0, 1], t > 0, (6)
u(x, 0) = f(x) , x ∈ [0, 1],
u(0, t) = g(t) , t ≥ 0,

where a > 0 is a constant advection velocity.
We choose a �nite di�erence method to dis-

cretize the PDE (5)

Lhuh = 0 , (7)

e.g. the �rst-order explicit upwind scheme
with v = uh for (6)

vn+1
j − vn

j

∆t
+ a

vn
j − vn

j−1

∆x
= 0 , (8)
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where j = 1, ..., N = 1
∆x , n = 0, ..., t

∆t − 1.
Insert the exact solution u of the PDE (5) into
the FDM (7) to obtain the truncation error

Th = Lhuh = Lhuh − Lu . (9)

Inserting u(xj , tn) for vn
j into (8), we obtain

Th(xj , tn) =
utt(xj , tn)

2
∆t +O(∆t2)−

−a
uxx(xj , tn)

2
∆x +O(∆x2)(10)

= c∆x +O(∆x2) + d∆t +O(∆t2)

The task is to estimate the leading error
terms, i.e. in our example c∆x and d∆t. Fol-
lowing Ferm and Lötstedt [3] and Lötstedt et
al. [8], we can use Richardson extrapolation to
approximate the truncation error by the dis-
cretization error:

1. Compute vn+1
h by solving Lhvn

h = 0 on
�ne grid with step size h = ∆x and time
step k = ∆t.

2. Restrict the �ne grid solution vh to the
coarse grid with step size 2h, i.e. use
restriction operator (N assumed even)
I2h
h vn

h = [vn
0 , vn

2 , vn
4 , ..., vn

N ]T . Compute
discretization error

τ2h = L2hI2h
h vn

h (11)

on the coarse grid with time step k, i.e.
in the example

τ2h(xj , tn) =
vn+1
j − vn

j

∆t
+ a

vn
j − vn

j−2

2∆x
,

(12)
j = 2, 4, ..., N .

3. Approximate the di�erence of the trun-
cation errors on the �ne and coarse
grids by the di�erence of the discretiza-
tion errors on the �ne and coarse grids
(same k = ∆t). Then, the leading spa-
tial truncation error is approximated by
Richardson extrapolation:

chp ≈ τh =
L2hI2h

h vn
h − I2h

h Lhvn
h

2p − 1
. (13)

In our example, we have p = 1. Since
Lhvn

h = 0, the right hand side of (13)
is the di�erence of the spatial discretiza-
tions on the coarse and �ne grids, i.e. for
our example

ch ≈ τh(xj , tn) = a
vn
j − vn

j−2

2∆x
−a

vn
j − vn

j−1

∆x
.

4. Check discretization error τh and re�ne
or coarsen grid, if needed. Recalculate
starting from 1. until the tolerances tol
are met. Thus:
While τh ≥ tolrefine, re�ne grid, i.e. use
h
2 .
While τh ≤ tolcoarsen, coarsen grid, i.e.
use 2h.

5. After completing the grid adaptation in
computing vn+1

h with the required level
of the spatial discretization error, control
temporal truncation error as for ODEs,
cf. section 3.

5 Anisotropic Grid Adapta-
tion

In multi dimensions, the discretization errors
in each coordinate direction are computed by

1. coarsening in xl-direction, l = 1, 2, 3 in
3D,

2. computing the di�erence approximations
of the xl-derivatives, l = 1, 2, 3, on coarse
grids using the �ne grid solution,

3. comparing with �ne grid discretizations
of the respective derivatives.

If the error tolerance for re�nement (coars-
ening) is not met, check whether re�nement
(coarsening) in one, two or all three xl-
directions is needed. Then, an anisotropic grid
is obtained.

The procedure can be easily extended to �-
nite di�erence methods on general, i.e. non-
Cartesian, structured grids. The extension to
structured �nite volume methods is outlined
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Figure 5: Anisotropic adapted grid with u
velocity contours in the transformed domain,
adaptation based on discretization error con-
trol for incompressible �ow over a �at plate at
Re = 5000 by Ferm and Lötstedt [3].

in detail by Ferm and Lötstedt [3]. De�n-
ing coarse grid cells by the union of �ne grid
cells allows to generalize Ferm and Lötstedt's
approach to unstructured �nite volume meth-
ods. The data structure is considerably sim-
pli�ed, if the re�nement and coarsening is not
done locally, but blockwise. Therefore, Ferm
and Lötstedt use anisotropic grid adaptation
with a block-structured �nite volume method
for the 2D compressible and incompressible
Navier-Stokes equations [3].

Examples by Ferm and Lötstedt [3] are
presented here. Steady incompressible �ow
over a �at plate at Reynolds number Re =
5000 is computed using the arti�cial com-
pressibility method. While the initial grid
had 2304 cells, the adapted grid with 14496
cells is shown in Fig. 5 together with the u-
velocity contours. The re�nement tolerance
was tolrefine = 0.0017. Note that the y-
coordinate is stretched in Fig. 5. The u-
velocities and the corresponding errors are
compared at di�erent stations in Fig.s 6 and 7,
respectively. Compared to the initial grid, the
error is considerably reduced with the adapted
anisotropic grid.
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Figure 6: u velocity pro�les (symbols ◦)
in transformed y-coordinate compared with
the Blasius solution (solid lines), adaptation
based on discretization error control for in-
compressible �ow over a �at plate at Re =
5000 by Ferm and Lötstedt [3].

0 0.02 0.05 0.2
−0.02

−0.01

0

0.01

y

u

Figure 7: Error of u velocity contours in the
transformed domain with initial grid (solid
lines) and adapted grid (dotted lines), adap-
tation based on discretization error control
for incompressible �ow over a �at plate at
Re = 5000 by Ferm and Lötstedt [3].
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Figure 8: Anisotropic adapted grid with
u velocity contours in the transformed do-
main, adaptation based on discretization er-
ror control for laminar subsonic �ow over a
NACA0012 airfoil by Ferm and Lötstedt [3]
LE and TE denote leading and trailing edges,
respectively.

Fig. 8 shows the adapted grid based on
discretization error control for laminar sub-
sonic �ow over a NACA0012 airfoil at 1.25◦

angle of attack, Mach number M∞ = 0.5 and
Reynolds number Re∞ = 3000 by Ferm and
Lötstedt [3]. The contour plots in Fig.s 9 and
10 were obtained by that approach with the
re�nement tolerance tolrefine = 0.058, 1600
cells in the initial grid and 9600 cells in the
adapted grid (Fig. 8). The analysis of the de-
pendence of the solution error uh − u on the
discretization error τh and the results by Ferm
and Lötstedt [3] indicate that the discretiza-
tion error is a useful error indicator.

6 Conclusions
A subtle analysis of certain �ows, e.g. bound-
ary layer �ow, reveals the relation between
the discretization errors and the errors of the
�ow variables [3]. The conclusion is that it
often su�ces to control the discretization er-
rors. Other a posteriori error estimates are
based on Taylor expansion [4], [5], [7].

u(x) = u(0)+xT∇u(0)+
1
2
xT (∇∇T u(0))x+...

(14)
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Figure 9: u velocity contours with anisotropic
grid adaptation based on discretization er-
ror control for laminar subsonic �ow over a
NACA0012 airfoil by Ferm and Lötstedt [3].
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Figure 10: Pressure contours with anisotropic
grid adaptation based on discretization er-
ror control for laminar subsonic �ow over a
NACA0012 airfoil by Ferm and Lötstedt [3].
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The adjoint method optimizes the grid for
solving a PDE by solving the adjoint prob-
lem. This approach is used with the Galerkin
�nite element method in [6], [2], [11], [1].

Other errors like oscillations at moving �uid
interfaces in gas mixtures [9], �ux discretiza-
tion errors due to source terms [9], numer-
ical instabilities due to the 'carbuncle' phe-
nomenon [10], etc. are fundamental to the
numerical methods used and require numeri-
cal analysis to understand the reasons for the
errors and devise cures.

The most important recommendation is to
be critical to the results produced by a CFD
code and to use not only physical insight but
also all the available knowledge on numeri-
cal analysis to get reliable results e�ciently.
Therefore, control errors in CFD!
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