Uniform estimate of the constant in the strengthened CBS inequality for anisotropic non-conforming FEM systems

R. Blaheta^∗ S. Margenov^† M. Neytcheva^‡

Version of November 20, 2002

Abstract

Preconditioners based on various multilevel extensions of two-level finite element methods (FEM) lead to iterative methods which have an optimal order computational complexity with respect to the size of the system. Such methods were first presented in [10, 11], and are based on (recursive) two-level splittings of the finite element space. The key role in the derivation of optimal convergence rate estimates plays the constant γ in the so-called Cauchy-Bunyakowski-Schwarz (CBS) inequality, associated with the angle between the two subspaces of the splitting. It turns out that only existence of uniform estimates for this constant is not enough and accurate quantitative bounds for γ have to be found as well. More precisely, the value of the upper bound for γ ∈ (0, 1) is a part of the construction of various multilevel extensions of the related two-level methods.

In this paper an algebraic two-level preconditioning algorithm for second order elliptic boundary value problems is constructed, where the discretization is done using Crouzeix- Raviart non-conforming linear finite elements on triangles. An important point to make is that in this case the finite element spaces corresponding to two successive levels of mesh refinements are not nested. To handle this, a proper two-level basis is considered, which enables us to fit the general framework for the construction of two-level preconditioners for conforming finite elements and to generalize the method to the multilevel case.

The major contribution of this paper is the derived estimates of the related constant γ in the strengthened CBS inequality. These estimates are uniform with respect to both coefficient and mesh anisotropy. Up to our knowledge, the results presented in the paper are the first for non-conforming FEM systems.

∗Institute of Geonics, Czech Academy of Sciences, Studentska 1768, 70800 Ostrava-Poruba, The Czech Republic, blaheta@ugn.cas.cz

†Central Laboratory for Parallel Processing, Bulgarian Academy of Sciences, Acad. G. Bonchev str, bl. 25A, 1113 Sofia, Bulgaria, margenov@parallel.bas.bg ‡Department of Scientific Computing, Institute of Information Technology, Uppsala University, Box 120, SE- 75104 Uppsala, Sweden, maya@tdb.uu.se

KEY WORDS: multilevel preconditioners, hierarchical basis, CBS constant.

1 Introduction. Two-level preconditioners for conforming finite element discretizations

In this paper we consider the elliptic boundary value problem

Lu ≡ −∇ · (a(x)∇u(x)) = f(x) in Ω, u = 0 on Γ_D, (a(x)∇u(x)) · n = 0 on Γ_N , (1)

where Ω is a convex polygonal domain in R^2 , f(x) is a given function in L^2(Ω), a(x) = [a_{ij} (x)]^2_{i,j=1} is a symmetric and uniformly positive definite matrix in Ω, n is the outward unit vector normal to the boundary Γ = ∂Ω, and Γ = Γ̄_D ∪ Γ̄_N . We assume that the entries a_{ij} (x) are piece-wise smooth functions on Ω̄.

The weak formulation of the above problem reads as follows: given f ∈ L^2(Ω) find u ∈ V ≡ H^1_D(Ω) = {v ∈ H^1(Ω) : v = 0 on Γ_D}, satisfying

A(u, v) = (f, v) ∀v ∈ H^1_D(Ω), where A(u, v) = ∫ Ω a(x)∇u(x) · ∇v(x)dx. (2) We assume that the domain Ω is discretized using triangular elements. The partition is denoted by T_h and is assumed to be obtained by a proper refinement of a given coarser triangulation T_H . The partition T_H is aligned with the discontinuities of the coefficient a(x) so that over each element E ∈ T_H the function a(x) is smooth.

The variational problem (2) is then discretized using the finite element method, i.e., the continuous space V is replaced by a finite dimensional subspace V_h. Then the finite element formulation is: find u_h ∈ V_h, satisfying

A_h(u_h, v_h) = (f, v_h) ∀v_h ∈ V_h, where A_h(u_h, v_h) = ∑ e∈T_h ∫ e a(e)∇u_h · ∇v_hdx. (3)

Here a(e) is a piece-wise constant coefficient matrix, defined by the integral averaged values of a(x) over each triangle from the coarser triangulation T_H . We note that in this way strong coefficient jumps across the boundaries between adjacent finite elements from T_H are allowed.

Piece-wise linear finite elements are considered in the paper. For the standard conforming FEM, the nodal basis is associated with the vertices of the triangles while for the case of nonconforming Crouzeix-Raviart finite elements, the interpolation nodes are the mid points of the sides.

The resulting discrete problem to be solved is then a linear system of equations

A_hu_h = F_h, (4)

(a) Refined mesh (b) One macro-element (c) One element

Figure 1: Conforming linear finite elements.

with A_h being the corresponding global stiffness matrix and h being the discretization (meshsize) parameter for the underlying triangulation T_h of Ω.

The aim of this paper is to investigate two-level preconditioners for solving the system (4). The general setting and some well-known results for the case of conforming finite elements are summarized in the rest of this section. The next two sections are devoted to the study of two-level preconditioners for the case of non-conforming Crouzeix-Raviart finite elements.

In Section 2 we consider a uniform estimate of the strengthened CBS constant for the twolevel splitting, firstly introduced in [20]. Section 3 analyses another two-level splitting, introduced recently in [14], which allows for an easier extension to the multi-level case. Some concluding remarks are given at the end.

1.1 The two-level setting

We are concerned with the construction of a two-level preconditioner M for A_h, such that the spectral condition number κ(M^{−1}A_h) of the preconditioned matrix M^{−1}A_h is uniformly bounded with respect to the meshsize parameter h, the shape of triangular finite elements and arbitrary coefficient anisotropy.

The classical theory for constructing optimal order two-level preconditioners was first developed in [7, 12], see also [3]. The general framework requires to define two nested finite element spaces V_H ⊂ V_h, that correspond to two consecutive (regular) mesh refinements, as illustrated in Figure 1(c) and 1(b). Let T_H and T_h be two successive mesh refinements of the domain Ω, which correspond to V_H and V_h. Let {ϕ^{(k)}_H , k = 1, 2, · · · , N_H } and {ϕ^{(k)}_h , k = 1, 2, · · · , N_h} be the corresponding standard finite element basis functions. We split the meshpoints from T_h into two groups, {N_H } ∈ T_H and {N_{h\H} } ∈ T_h\T_H , (5) which latter are the newly added node-points. Next we define the so-called hierarchical basis functions {~ϕ^{(k)}_h , k = 1, 2, · · · , N_h} = {ϕ^{(ℓ)}_H on T_H } ∪ {ϕ^{(m)}_h on T_h\T_H }. (6)

Let then ~A_h be the corresponding hierarchical stiffness matrix.

Under the splitting (5) both matrices A_h and ~A_h admit in a natural way a two-by-two block structure

A_h = [ A_{11} A_{12} A_{21} A_{22} ] }N_{h\H} }N_H , ~A_h = [ ~A_{11} ~A_{12} ~A_{21} ~A_{22} ] }N_{h\H} }N_H . (7)

As is well-known, there exists a transformation matrix J = [ I_1 0 J_{21} I_2 ] , which relates the nodal

point vectors for the standard and the hierarchical basis functions as follows,

~v = [ ~v_1 ~v_2 ] = J [ v_1 v_2 ] , ~v_1 = v_1 ~v_2 = J_{21}v_1 + v_2 .

Remark 1.1 Clearly, the hierarchical stiffness matrix ~A_h is more dense than A_h and therefore its action on a vector is computationally more expensive. The transformation matrix J, however, enables us in practical implementations to work with A_h, since ~A_h = JA_hJ^T .

1.2 Two-level preconditioners and the strengthened Cauchy-Bunyakowski- Schwarz inequality

Consider a general matrix A, which is assumed to be symmetric positive definite and partitioned as in (7). The quality of this partitioning is characterized by the corresponding CBS inequality constant:

γ = sup

v_1∈R^n1^{−n}2 , v_2∈R^n2

v^T_1 A_{12}v_2 (v^T_1 A_{11}v_1)^{1/2} (v^T_2 A_{22}v_2)^{1/2}

, (8)

where n_1 = N_h and n_2 = N_H .

Consider now two preconditioners to A.

(a) A preconditioner of block-diagonal (additive) form. Consider the following symmetric block-diagonal matrix as a preconditioner to A,

M_B = [ B_{11} 0 0 B_{22} ]

under the additional assumptions α_1A_{11} ≤ B_{11} ≤ α_2A_{11} and β_1A_{22} ≤ B_{22} ≤ β_2A_{22} for some positive constants α_i, β_i, i = 1, 2. The latter inequalities are in a positive semidefinite sense.

Under the above assumptions, there holds the following general estimate of the spectral condition number of M^{−1}_B A : κ(M^{−1}_B A) ≤ α_2 α_1(1 − γ^2) [ 1 2 (1+θ_1) + √ 1 4 (1−θ_1)^2 + θ_1γ^2 ] × [ 1 2 (1+θ^{−1}_2 ) + √ 1 4 (1−θ^{−1}_2 )^2 + θ^{−1}_2 γ^2 ] , (9) where γ is the CBS constant in (8) and θ_i = α_i β_i , i = 1, 2.

When B_{11} = A_{11} and B_{22} = A_{22}, then estimate (9) reduces to κ(M^{−1}_B A) ≤ 1 + γ 1 − γ . (10)

(b) A full block-matrix factorization preconditioner (multiplicative, or of block Gauss-Seidel form). This type of preconditioning is based on the exact block-matrix factorization of A, A = [ A_{11} 0 A_{12} S ] [ I_1 A^{−1}_{11} A_{12} 0 I_2 ] , where S = A_{22} − A_{21}A^{−1}_{11} A_{12} is the exact Schur complement of A. The multiplicative preconditioner is then of the form

M_F = [ A_{11} 0 A_{12} M_S ] [ I_1 A^{−1}_{11} A_{12} 0 I_2 ] , (11)

where M_S is properly chosen.

Assuming that there holds δ_0A_{22} ≤ M_S ≤ δ_1A_{22}, where γ^2 < δ_0 ≤ 1 ≤ δ_1, then κ(M^{−1}_F A) ≤ δ_1 − γ^2 δ_0 − γ^2 ≤ δ_1 δ_0 − γ^2

. (12)

Detailed proofs of (9), (10) and (12), and analysis of other versions of constructing M_B and M_F are found, for instance, in [3].

In the hierarchical bases context V_1 and V_2 are subspaces of the finite element space V_h spanned, respectively, by the basis functions at the new nodes {N_{h\H} } and by the basis functions at the old nodes {N_H }. For the strengthened CBS inequality constant, there holds that

γ = cos(V_1, V_2) = sup u ∈ V_1, v ∈ V_2 A(u, v) √ A(u, u)A(v, v) (13)

where A(·, ·) is the bilinear form which appears in the variational formulation of the original problem. When V_1 ∩ V_2 = {0}, the constant γ is strictly less than one.

As shown in [7], the constant γ can be estimated locally over each finite element E ∈ T_H , which means that γ = max_E γ_E, where

γ_E = sup u ∈ V_1(E), v ∈ V_2(E) A_E(u, v) √ A_E(u, u)A_E(v, v) , v ≠ const.

The spaces V_k(E) above contain the functions from V_k restricted to E and A_E(u, v) corresponds to A(u, v) restricted over the element E of T_H (see also [16]).

(a) Refined mesh (b) One macro-element (c) One element

Figure 2: Crouzeix-Raviart non-conforming linear finite elements.

Using the local estimates, it is possible to show that the value of γ depends on the type of the basis functions chosen for V_1 and V_2 but is independent of h (for the h-version of the hierarchical bases method). Further, it does not depend on the geometry of the domain Ω. It is also easily seen that γ is independent of any discontinuities of the coefficients of the bilinear form A(·, ·), as long as they do not occur within any element of the coarse triangulation used. The h-independence means that if we have a hierarchy of refinements of the domain which preserve the properties of the initial triangulation (refinement by congruent triangles, for example), then γ is independent of the level of the refinement as well. For certain implementations, it is shown that γ is independent of anisotropy (see [2, 9, 19, 5, 15]). Hence, as long as the rate of convergence is bounded by some function of γ, it is independent of various problem and discretization parameters, such as the ones mentioned above.

We stress here, that the above technique is developed and straightforwardly applicable for conforming finite elements and nested finite element spaces, i.e., when V_H ⊂ V_h.

2 “First reduce” (FR) two-level preconditioning for Crouzeix- Raviart systems

2.1 The FR algorithm

We consider now a finite element discretization, done using Crouzeix-Raviart non-conforming linear finite elements on triangles.

Figure 2(b) illustrates a macro-element obtained after one regular mesh-refinement step. We see that in this case N^E_H = {I, II, III} and N^E_h = {1, 2, · · · , 9}, thus, obviously V_H and V_h are not nested.

Let us recall now, that, as noted in [4], see also [8], it suffices to provide a local analysis for a reference (isosceles right-angled) triangle and arbitrary coefficients in the bilinear form, or, equivalently, for the model Laplace problem on arbitrary shaped triangles. The latter strategy is adopted in this section, while the alternative approach is used in Section 3. For the rest, the analysis will hold for a general shape triangle with angles θ_1, θ_2 and θ_3 = π − (θ_1 + θ_2). Let a = cot θ_1, b = cot θ_2 and c = cot θ_3. Without loss of generality we can assume that θ_1 ≥ θ_2 ≥ θ_3.

Remarkably enough, the standard nodal basis element stiffness matrix for Crouzeix-Raviart non-conforming linear elements (see Figure 2(c)) A^{CR}_e coincides with that for the conforming linear elements A^{cl}_e (see Figure 1(c)), up to a scalar factor 4, namely, A^{CR}_e = 4A^{cl}_e . Therefore, we will further work with the following element stiffness matrix for an arbitrary shaped triangle, 1 2 b + c −c −b −c a + c −a −b −a a + b = c 2 1 + β −1 −β −1 −α 1 + α −β −α α + β where α = a/c and β = b/c. It is shown (cf. Lemma 2 in [8]), that the following relations hold.

(i) a = (1 − bc)/(b + c);

(ii) if θ_1 ≥ θ_2 ≥ θ_3 then |a| ≤ b ≤ c;

(iii) a + b > 0

(iv) The true region of definition for α = a/c and β = b/c is D = { (α, β) ∈ R^2 : − 1 2 < α ≤ 1, 0 < β ≤ 1, α + β > 0, |α| ≤ β } .

Figure 3: The true region of definition (α, β) ∈ D.

Next, we follow [20] to define an algebraic two-level preconditioner. Let φ_E = {ϕ_i(x, y)}^9_{i=1} be the macro-element vector of the nodal basis functions and A_E be the macroelement stiffness matrix corresponding to E ∈ T_h. The global stiffness matrix A_h can be written as

A_h = ∑ E∈T_h A_E .

where the summation is understood as the FEM assembly procedure.

Let us introduce the following macroelement level transformation matrix

J_E = 1 2

2 2 2 1 −1

1 −1 1 −1 1 1 1 1 1 1

, (14)

which defines locally a two level hierarchical basis ~φ_E, namely, ~φ_E = J_Eφ_E . The hierarchical two-level macro-element stiffness matrix is then obtained as ~A_E = J_EA_E J^T_E ,

and the related global stiffness matrix reads as ~A_h = ∑ E∈T_h ~A_E .

We split now the two-level stiffness matrix ~A^h into 2 × 2 block form ~A_h = ~A_{11} ~A_{12}

~A_{21} ~A_{22} , (15)

where ~A_{11} corresponds to interior nodal unknowns with respect to the macro-elements E ∈ T_h. The first step of ”First Reduce” (FR) algorithm is to eliminate these unknowns. For this purpose we factor ~A_h, i.e., ~A_h = ~A_{11} 0

~A_{21} B I^1 ~A^{−1}_{11} ~A_{12}

0 I_2 , (16)

where B = ~A_{22} − ~A_{21} ~A^{−1}_{11} ~A_{12} stands for the Schur complement of this elimination step.

Next we consider a two level splitting of the matrix B in the block form B = B^{11} B^{12} B_{21} B_{22} , (17)

where the first block corresponds to the half-difference basis functions. Now it is easily seen that the matrix B_{22} can be associated with the coarse grid. It is important to note that kerB_{E;22} = kerA_e = span{1, 1, 1} which allows us to apply a local analysis to estimate the constant γ corresponding the splitting defined by the block partition (17).

For our analysis we proceed as follows:

Step 1: We observe that the top-left 3 × 3 block of ~A_{11} is block-diagonal (it corresponds to the interior points 1, 2, 3, cf. Figure 2(b) which are not connected to nodes in other macroelements), thus, it can be eliminated exactly and this can be done locally. Therefore, we first eliminate that block and obtain the (6 × 6) matrix B_E. Next we split B_E as

B_E = [ B_{E,11} B_{E,12} B_{E,21} B_{E,22} ] }two-level half-difference basis functions }two-level half-sum basis functions

written again in two-by-two block form with blocks of order (3 × 3).

Step 2: We are now in a position to estimate the CBS constant γ locally. We will utilize the lefthand side inequality of the following result (given, for instance, in Lemma 9.2 (b) from [3]), namely,

1 − γ^2 ≤ v^T Sv v^T B_{22}v ≤ 1 for all v, where S = B_{22} − B_{21}B^{−1}_{11} B_{12}. To estimate γ, it suffices to find an upper bound for λ_{min}(B^{−1}_{E,22}S_E ).

2.2 Uniform estimate of the constant in the strengthened CBS inequality

For the estimation of γ we have used symbolic computations with MAPLE. With the latter, all matrices A_E, ~A_E, B_E and S_E can be manipulated as functions of the parameters α and β. Let us consider the local eigenvalue problem S_E v = λB_{E,22}v, v ≠ const = (c, c, c)^T . (18) The minimum eigenvalue of B^{−1}_{E,22}S_E is found to be of the form

λ_{min}(B^{−1}_{E,22}S_E) = 5σ − √ σ(σ − 8αβ) 8σ , where σ = (α + 1)(β + 1)(α + β). (19)

It is easily seen (cf. (i)-(iv)) that σ > 0.

Using (19), we will next prove that λ_{min}(B^{−1}_{E,22}S_E ) ≥ 1 4 , (20)

which was hinted by corresponding numerical experiments in MATLAB. Indeed, it is readily seen that inequality (20) is equivalent to −αβ ≤ σ. (21) Relation (21) is obviously true for α ≥ 0. To show that same holds for α < 0, we introduce the auxiliary function Ψ(α, β) = (α + 1)(β + 1)(α + β) + αβ. (22)

Figure 4: Surface of the MATLAB computed values of γ varying (α, β) ∈ D.

If Ψ has an extremum in a point (~α, ~β) in the interior of D, then ∂Ψ/∂α = 0 at this point and ~α = − β^2 + 3β + 1 2(β + 1) . Consider now Ψ(~α, β), 0 < β ≤ 1. After some formula manipulations we find that Ψ^′(~α, β) = − 1 4 (β^2 + β + 1)(3β^2 + 5β + 1) (β + 1)^2

which is negative. Thus, Ψ(~α, β) is a strictly decreasing function of β and attends its minimum on the boundary of D, at β = 1. Now, a simple analysis of Ψ(α, 1) = 2α^2 +3α+2 shows that the minimum of Ψ for α ∈ (−1/2, 0) has to be taken for α = −1/2. We find then Ψ(−1/2, 1) = 0, thus, our proposition is confirmed.

We find thus, that 1 − γ^2 ≥ λ_{min}(B^{−1}_{E,22}S_E) ≥ 1 4 . We collect the above results in a theorem.

Theorem 2.1 Let the assumptions of the introduced FR two-level algorithm are fulfilled. Then, the related constant in the strengthened CBS inequality is uniformly bounded with respect to both coefficient and mesh anisotropy by 3/4, namely,

γ^2 ≤ 3 4 . (23)

This result is also independent of the size of the problem (or the mesh parameter h) and of possible coefficient jumps aligned with the finite element partition T_H .

The obtained upper bound for γ is exact which is also seen from the plot of the surface given in Figure 4. Having shown estimate (23), from (9) , (10) and (12) we can then estimate the condition numbers of the preconditioned systems using the preconditioner M_B and M_F . For instance, estimate (10) becomes κ(M^{−1}_B A_h) ≤ 7. (24)

3 Two-level splitting by differentiation and aggregation (DA) for the Crouzeix - Raviart finite elements

Splitting (14) is not the only one possible for discretizations with Crouzeix - Raviart finite elements. Other variants of two-level splittings are discussed in [14], referred to as ”differentiation and aggregation (DA) splittings”. The most important case of these is defined and analysed in this section.

The splitting is easily described for one macroelement E, see Figure 2(b). If ϕ_1, . . . , ϕ_9 are the standard nodal nonconforming linear finite element basis functions on the macroelement, then we define

V (E) = span {ϕ_1, . . . , ϕ_9} = V_1(E) ⊕ V_2(E) , (25) V_1 (E) = span {ϕ_1, ϕ_2, ϕ_3, ϕ_4 − ϕ_5, ϕ_6 − ϕ_7, ϕ_8 − ϕ_9}, (26) V_2 (E) = span {ϕ_1 + ϕ_4 + ϕ_5, ϕ_2 + ϕ_6 + ϕ_7, ϕ_3 + ϕ_8 + ϕ_9} . (27)

Using the transformation matrix J_E ,

J_E =

1 1 1 1 −1

1 −1 1 −1 1 1 1 1 1 1

1 1 1

, (28)

the vector of the macroelement basis functions φ_E = {ϕ_i}^9_{i=1} is transformed to a new hierarchical basis φ̃_E = {ϕ̃_i}^9_{i1} = J_Eφ_E . Accordingly, J transforms the macroelement stiffness matrix into a hierarchical form

Ã_E = J_E A_E J^T_E = [~ A_{E,11} Ã_{E,12} Ã_{E,21} Ã_{E,22} ]~ ϕ_i ∈ V_1(E) ϕ̃_i ∈ V_2(E) . (29)

For the whole finite element space V_h with the standard nodal finite element basis φ = {ϕ^{(i)}_h : i = 1, . . . , N_h} , we can similarly construct a new hierarchical basis φ̃ = φ̃_1 ∪ φ̃_2 ∪ φ̃_3 and a corresponding splitting V_h = V_1 ⊕ V_2 , V_1 = span{ϕ̃^{(i)}_h ∈ φ̃_1 ∪ φ̃_2}, V_2 = span{ϕ̃^{(i)}_h ∈ φ̃_3} (30) The new basis can be described in the following way. Denote the edges of the coarse triangular elements from T_H as C−edges and these edges of the fine triangles from T_h, which lie outside C−edges, as F −edges. Then φ̃_1 consists of the basis functions ϕ^{(i)}_h corresponding to the nodes on F − edges, φ̃_2 consists from the differences ϕ^{(i)}_h − ϕ^{(j)}_h corresponding to the pairs of nodes on C−edges and φ̃_3 consists from the aggregates ϕ^{(i)}_h + ϕ^{(j)}_h + ϕ^{(k)}_h or ϕ^{(i)}_h + ϕ^{(j)}_h + ϕ^{(k)}_h + ϕ^{(e)}_h corresponding to the pairs of nodes on C−edges and nodes on the F −edges inside the coarse triangles adjacent to the given C−edge, see Figure 5.

The transformation J such that φ̃ = Jφ, can be used for transformation of the stiffness matrix A_h to hierarchical form Ã_h = JA_hJ^T , which allows preconditioning by the two-level preconditioners based on the splitting (30).

φ̃_1 = {ϕ^{(k)}_h : k = 5, 6, 8, 9, 11, 12}, φ̃_2 = {ϕ^{(i)}_h − ϕ^{(j)}_h :

(i, j) = (1, 2), (7, 14), (4, 13), (3, 10), (15, 16)}, φ̃_3 = {ϕ^{(i)}_h + ϕ^{(j)}_h + ϕ^{(k)}_h :

(i, j, k) = (1, 2, 9), (7, 14, 5), (3, 10, 12), (15, 16, 8)} ∪ {ϕ^{(4)}_h + ϕ^{(13)}_h + ϕ^{(6)}_h + ϕ^{(11)}_h }.

Figure 5: The hierarchical basis with aggregations

Now, we are in a position to analyze the constant γ = cos(V_1, V_2) for the splitting (30). Again, as in the previous section, this analysis is performed locally, by considering the corresponding problems on macroelements.

We follow a procedure (cf. [5], [15]), which slightly differs from that one used in the previous section in the sense that we consider first the case of the reference right angle macroelement, see Figure 6.

Let V_1(Ê), V_2(Ê) be the two-level splitting (25) - (27) for the reference macroelement Ê and for u ∈ V_1(Ê), v ∈ V_2(Ê) denote d^{(k)} = d^{(k)}(u) = ∇u |_{Tk} , δ^{(k)} = δ^{(k)}(v) = ∇v |_{Tk} . Then the

Figure 6: The reference coarse grid triangle and the macroelement Ê.

relations between the function values in some nodal points, namely u(P_4) = −u(P_5), u(P_6) = −u(P_7), u(P_8) = −u(P_9) and v(P_1) = v(P_4) = v(P_5), v(P_2) = v(P_6) = v(P_7), v(P_3) = v(P_8) = v(P_9), imply that

d^{(1)} + d^{(2)} + d^{(3)} + d^{(4)} = 0, (31) δ^{(1)} = δ^{(2)} = δ^{(3)} = −δ^{(4)} = δ. (32) Hence, A_{h,Ê}(u, v) = 4∑ k=1 ∫ T_k a∇u · ∇vdx = 4∑ k=1 △⟨aδ^{(k)}, d^{(k)}⟩ = △⟨aδ, d^{(1)} + d^{(2)} + d^{(3)} − d^{(4)}⟩ (33) = −2△⟨aδ, d^{(4)}⟩ ≤ 2△ ‖ δ ‖_a‖ d^{(4)} ‖_a where △ = area(T_k), ⟨x, y⟩ = x^T y denotes the inner product in R^2, ‖ x ‖_a= √ ⟨ax, x⟩. Further,

‖ d^{(4)} ‖^2_a = ‖ d^{(1)} + d^{(2)} + d^{(3)} ‖^2_a ≤ 3 3∑ k=1 ‖ d^{(k)} ‖^2_a

leads to A_{h,Ê}(u, u) = 4∑ k=1 ‖ d^{(k)} ‖^2_a △ ≥ ( 1 + 1 3 ) △ ‖ d^{(4)} ‖^2_a (34) and A_{h,Ê}(v, v) = 4△ ‖ δ ‖^2_a . (35)

Thus, A_{h,Ê}(u, v) ≤ 2Δ √ 3 4Δ A_{h,Ê}(u, u) √ 1 4Δ A_{h,Ê}(v, v) = √ 3 4 √ A_{h,Ê}(u, u) √ A_{h,Ê}(v, v) . (36) In the case of arbitrary shaped macroelement E we can use the affine mapping F : Ê → E for transformation of the problem to the reference macroelement, for more details see e.g. [5], [15] and also the proof of the following theorem. This transformation changes the anisotropy of the problem, but the estimate γ_E ≤

√_3

4 will still hold since the result (36) for the reference macroelement does not depend on anisotropy.

The obtained results are summarized in the following theorem, which is analogous to Theorem 2.1.

Theorem 3.1 Let us consider the two–level splitting with aggregations (30). Then the corresponding strengthened C.B.S. inequality constant γ is uniformly bounded with respect to both coefficients and mesh anisotropy,

γ^2 ≤ 3/4 .

The latter estimate is independent on the discretization (mesh) parameter h and possible coefficient jumps aligned with the finite element partitioning T_H .

The following theorem is useful for extending the two-level to multilevel preconditioners.

Theorem 3.2 Let Ã_{22} be the stiffness matrix corresponding to the space V_2 with the basis φ̃_3 from the splitting (30) and let A_H be the stiffness matrix corresponding to the finite element space V_H , corresponding to the coarse discretization T_H , equipped with the standard nodal finite element basis {ϕ^{(k)}_H : k = 1, . . . , N_H }. Then

Ã_{22} = 4 A_H . (37)

Proof Let x, y ∈ R^{NH} . Then ⟨A_H x, y⟩ = ∑ E∈T_H A_E (u_H , v_H ), ⟨Ã_{22}x, y⟩ = ∑ E∈T_H ∑ e∈T_h, e ⊂E A_e(u, v), where u_H = ∑ i x_iϕ^{(i)}_H , v_H = ∑ i y_iϕ^{(i)}_H , u = ∑ ϕ^{(i)}_h ∈φ̃_3

x_iϕ̃^{(i)}_h , v = ∑ ϕ̃^{(i)}_h ∈φ̃_3

y_iϕ̃^{(i)}_h .

Now, we shall show that 4A_E(u_H , v_H ) = ∑ e∈T_h, e ⊂E A_e(u, v).

For the reference macroelement Ê, we get

A_Ê(u_H , v_H ) = 4Δ ⟨aδ(u_H ), δ(v_H )⟩ ∑ T_k A_{Tk} (u, v) = Δ 4∑ k=1 ⟨ad^{(k)}(u), d^{(k)}(v)⟩

where Δ = area(T_k), δ(u_H ) = ∇u_H , δ(v_H ) = ∇v_H , d^{(k)}(u) = ∇u |_{Tk} , d^{(k)}(v) = ∇v |_{Tk} . Here T_k are obtained by subdividing of Ê into four congruent triangles.

It is easy to show that

d^{(1)}(u) = d^{(2)}(u) = d^{(3)}(u) = −d^{(4)}(u) = 2δ(u_H ) , d^{(1)}(v) = d^{(2)}(v) = d^{(3)}(v) = −d^{(4)}(v) = 2δ(v_H ) .

This gives 4A_Ê(u_H , v_H ) = ∑ T_k⊂Ê A_{Tk} (u, v). (38) For an arbitrary shaped macroelement E, we exploit the existing affine mapping F : Ê → E with constant Jacobian DF (x) = G for a transformation of the problem.

A_E(u_H , v_H ) = Â_Ê(û_H , v̂_H ) = ∫ Ê â∇û_H · ∇v̂_H dx

where â =| det(G) | G^{−1}aG^{−T} , û_H = u_H ∘ F, v̂_H = v_H ∘ F are from V_H (Ê), ∑ e∈T_h, e ⊂E A_e(u, v) = ∑ T_k ⊂Ê A_{Tk} (û, v̂) = 4∑ k=1 ∫ T_k â∇û · ∇v̂ dx,

where â is the same as above, û = u ∘ F, v̂ = v ∘ F are from V_2(Ê). As (38) holds for any anisotropy coefficients on Ê, a similar identity holds for any macroelement E.

4 Concluding remarks

This study is strongly motivated by the expanding interest in nonconforming finite elements, which are very helpful for solving problems, where the standard conforming elements suffer from the so-called locking effects. The success of the Crouzeix-Raviart and other non-conforming finite elements can be explained e.g. by the fact that they produce algebraic systems that are equivalent to the Schur complement system for the Lagrange multipliers arising from the mixed finite element method for Raviart-Thomas elements (see [6]). There are also other advantages of the non-conforming Crouzeix-Raviart finite elements, as less density of the stiffness matrix etc. In our study, the class of robust AMLI algorithms (see e.g. [1, 9, 19]) for conforming linear elements forms the background for generalizations addressed to this important non-conforming case.

In this paper, we presented new estimates for the constant in the strengthened CBS inequality for Crouzeix-Raviart FEM systems. The obtained uniform estimates with respect to both mesh and coefficient anisotropy are the first results of this kind for non-conforming finite elements. Note that the obtained value of the strengthened CBS inequality constant is the same as in the case of conforming linear triangular finite elements.

At this stage of the study we underline the following issues.

• The DA algorithm allows for a direct extension of the γ estimate to the multi-level case, see also Theorem 3.2. For the FR algorithm, the obtained estimates of the CBS constant γ for the considered two-level algorithms are not directly applicable to the multilevel case.

• The estimate of the CBS constant γ guarantees uniform convergence rate of the related PCG algorithm but this is not enough to have a robust algorithm. The next important step is to construct optimal order preconditioners for the systems with the first diagonal block matrix corresponding to the current two level splitting. This block is well-conditioned for model type problems but becomes increasingly ill-conditioned when the problem coefficients become strongly anisotropic or, equivalently, when the mesh aspect ratio increases.

• Crouzeix-Raviart non-conforming finite elements are also known as a stable discretization tool for pure displacement elasticity problem in the almost incompressible case. In the conforming case, the same estimates for γ hold for both the scalar elliptic and the elasticity problem (see e.g. [1, 18, 5, 15]). This is not generally true in the non-conforming case. As it was shown in [17], for the model case of isosceles triangles and Crouzeix-Raviart nonconforming linear basis functions γ < √ 8 + √ 8 4 uniformly with respect to the Poisson ratio ν ∈ [0, 1/2). This result was obtained for FR two-level algorithm but its extention to the case of a general triangulation seems to be much harder from technical point of view. We expect that the here presented DA algorithm based on a direct aggregation and differentiation will be better suited for generalizations to the case of pure displacement and other elasticity problems, which is to be addressed in a forthcoming work.

5 Acknowledgments

This work has been supported by the Center of Excellence BIS-21 grant ICA1-2000-70016. The second author was also supported in part by the Bulgarian NSF grant I-1001/2000.

References

[1] B. Achchab and J.F. Maitre, Estimate of the constant in two strengthened CBS inequalities for FEM systems of 2D elasticity: Application to multilevel methods and a posteriori error estimates, Numer. Linear Algebra Appl., 3 (1996), 147-159.

[2] D.N. Arnold and F. Brezzi, Mixed and nonconforming finite element methods: implementation, postprocessing and error estimates, RAIRO Modélisation Mathematique et Analyse Numérique, 19 (1985), 7-32.

[3] O. Axelsson, On Algebraic Multilevel Iteration Methods for Selfadjoint Elliptic Problems with Anisotropy, Rend. Sem. Mat. Univers. Politech. Torino, Fascicolo Speciale, Numerical Methods, 1991, 31-61.

[4] O. Axelsson, Iterative solution methods. Cambridge University Press, 1994.

[5] O. Axelsson, Stabilization of algebraic multilevel iteration methods; additive methods, Numerical Algorithms, 21 (1999), 23-47.

[6] O. Axelsson, R. Blaheta, Two simple derivations of universal bounds for the C.B.S.

inequality constant, Rep. 0133, Dept. of Math., University of Nijmegen, December 2001. To appear in Applications of Mathematics, 2003.

[7] O. Axelsson and I. Gustafsson, Preconditioning and two-level multigrid methods of arbitrary degree of approximations, Mathematics of Computation, 40(1983), 21-9-242.

[8] O. Axelsson, S. Margenov, An optimal order multilevel preconditioner with respect to problem and discretization parameters, Minev, Wong and Lin eds., Advances in Computations, Theory and Practice, Nova Science, Vol. 7 (2001), 2-18.

[9] O. Axelsson, A. Padiy, On the additive version of the algebraic multilevel iteration method for anisotropic elliptic problems, SIAM Journal on Scientific Computing 20, No.5 (1999), 1807-1830.

[10] O. Axelsson and P.S. Vassilevski, Algebraic Multilevel Preconditioning Methods I, Numerische Mathematik, 56 (1989), 157-177.

[11] O. Axelsson and P.S. Vassilevski, Algebraic Multilevel Preconditioning Methods II, SIAM Journal on Numerical Analysis, 27 (1990), 1569-1590.

[12] R. Bank and T. Dupont, An Optimal Order Process for Solving Finite Element Equations, Mathematics of Computation, 36 (1981), 427-458.

[13] R. Bank, T. Dupont and H. Yserentant, The Hierarchical Basis Multigrid Method, Numerische Mathematik, 52 (1988), 427-458.

[14] R. Blaheta, Investigation of multi-level iterative methods and the strengthened CBS inequality, Technical Report BIS-21, CLPP BAS Sofia 2002.

[15] R. Blaheta, Nested tetrahedral grids and strengthened C.B.S. inequality, submitted to Numerical Linear Algebra with Applications.

[16] V. Eijkhout and P.S. Vassilevski, The Role of the Strengthened Cauchy-Bunyakowski- Schwarz Inequality in Multilevel Methods, SIAM Review, 33 (1991), 405-419.

[17] Tz. Kolev, S. Margenov, Two-level preconditioning of pure displacement nonconforming FEM systems, Numerical Linear Algebra with Applications, 6 (1999), 533- 555.

[18] S. Margenov, Upper bound of the constant in the strengthened C.B.S. inequality for FEM 2D elasticity equations, Numerical Linear Algebra with Applications, 1 (1994), 65-74.

[19] S. Margenov, P.S. Vassilevski, Algebraic multilevel preconditioning of anisotropic elliptic problems, SIAM Journal on Scientific Computing, V.15(5) (1994), 1026-1037.

[20] S. Margenov, P.S. Vassilevski, Two-level preconditioning of non-conforming FEM systems, Griebel, Iliev, Margenov, Vassilevski, eds., Large-Scale Scientific Computations of Engineering and Environmental Problems, Notes on Numerical Fluid Mechanics, V 62, VIEWEG (1998), 239-248.