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Abstract

Preconditioned iterative solution methods are compared with the direct Gaussian elimi-
nation method to solve dense linear systemsAx = b which originate from crack propagation
problems, modeled and discretized by boundary element (BEM) techniques.

Numerical experiments are presented and compared with the direct solution method
available in a commercial BEM package. The experiments show that the preconditioned
iterative schemes are competitive compared to the direct solver with respect to both arith-
metic operations required and memory demands.

1 Introduction

The need to solve linear systems of equations arises in many numerical applications. The
systems may arise from discretizations of differential equations, optimization problems, etc.
When the discretization of the original problem is done using a method such as for instance
Finite Elements, Finite Differences, Finite Volumes, the matrix of the arising system of
equations is large and sparse. In certain application fields it turns out to be more advanta-
geous to discretize with another technique, such as the Boundary Element Method (BEM).
The BEM technique reformulates the original differential equation, defined in some domain
Ω ⊂ Rn to another differential problem over∂Ω ⊂ Rn−1, reducing in this way the number
of unknowns and the size of the linear systems to be solved. This approach is particularly
attractive for 3D applications where the sparse linear systems may become extremely large.
Another class of problems which are successfully treated with BEM are those where the
modeled phenomenon propagates in the interior of the finite elements or volumes, such as
crack propagation, and expensive re-meshing has to be done in order to resolve the solution.

The price to be paid when using BEM is that, although the problem is solved in a space
of one dimension less than the original space, the arising systems of equations are dense.
The latter entails high demands on the computer resources both in terms of memory and
computational power.
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Consider the solution of a linear system of equations

Ax = b, (1)

wherex andb are vectors of lengthN andA is anN ×N dense matrix.
In recent years much research has been done in two main directions:

(i) how to store the matrix in a compressed form in order to reduce the memory demands
(see Section 5 for a brief survey) and

(ii) how to solve the arising system of equations (1).

This work addresses the solution approaches (ii) and how to reduce the corresponding
computational cost, measured in terms of arithmetic operations.

Traditionally, direct solution methods such as Gaussian elimination or its symmetric ver-
sion, the Cholesky factorization, are used to solve systems of equations with dense matrices.
The direct methods are known to be robust with respect to various problem parameters and
their implementation in the case of dense matrices is straight forward. However, the compu-
tational cost in this case is of orderO(N3), which severely limits the size of the problems
which can be treated even on high performance computers.

The need to solve large and complex problems brings another solution technique into
focus, namely, the iterative solution methods. A fast convergent iterative solution method,
which would require a number of iterations much less thanN , will decrease the computa-
tional cost toO(N2), i.e., the total solution cost will become proportional to the cost of a
matrix-vector multiplication with the dense matrixA.

The performance of the iterative solution methods depends to a high extent on the condi-
tioning of the matrixA. For ill-conditioned problems the convergence may be very slow, the
methods can stagnate or even diverge. Therefore, the so-called preconditioned form of the it-
erative solution methods is mostly used, where the matrixA is made better conditioned with
the help of an additional matrix (denoted here byM ) which is referred to as a preconditioner
for A.

The classical way to introduce preconditioning is to observe that the solution to the orig-
inal systemAx = b is equivalent to the solution of any of the following systems

M−1Ax = M−1b, (2)

MAx = Mb, (3)

[M ]Ax = [M ]b. (4)

Formulation (2) indicates thatM should be chosen to approximate the matrixA itself. If
M = A exactly, the iterative method will converge in one iteration. The latter remark
has a theoretical value only since clearly there will be no reduction in the solution costs.
In this case each iteration step of the iterative solution method will require one solution
with the matrixM . Formulation (3) indicates thatM can be sought as an approximation
of A−1. In this case each iteration step of the iterative solution method will require one
vector multiplication with the matrixM and therefore the preconditioner is referred to as
of multiplicative type. Formulation (4) indicates thatM does not have to be an explicitly
computable matrix, but a procedure, such as in the case of the multilevel/multigrid methods,
where we need only the action ofM on a vector. In all cases, a number of requirements are
imposed onM .
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(a) The preconditioned systemM−1A (or MA, respectively[M ]A) must be (much) better
conditioned thanA. The best would be to achieve a condition number of the precon-
ditioned system, bounded from above independently of the number of degrees of free-
domN . In this case the preconditioner is optimal with respect to rate of convergence.

(b) Solutions withM (or multiplications withM , respectively the action of[M ] on a
vector) must be computationally cheap. The optimal computational cost in this context
is proportional to the degrees of freedomN .

(c) The cost to construct the preconditioner has to be bounded, for example, proportional
to the cost of the matrix-vector multiplication.

(d) To construct and apply the preconditioner should be efficient on high-performance
parallel computer facilities.

Some of the above goals are contradicting (for example (a) versus (b) and (c)). A pre-
conditioner which efficiently improves the condition number is often more complicated to
compute and implement efficiently. A simple and easy-to-implement preconditioner on the
other hand may not improve substantially the condition number of the system. Therefore,
in practice, a trade-off between these is aimed. However, reaching a good balance for the
above mentioned criteria is far from trivial and the choice of preconditioner is still an open
question for many problems.

In this report numerical experiments with some algebraically constructed precondition-
ers are performed. All the tests are on matrices obtained from BEM approximations of crack
propagation problems, using the so-called Displacement Discontinuity Method (DDM), de-
veloped by Crouch [8], see for instance also [1] and the references therein.

In [6] sparse symmetric preconditioners for complex symmetric dense systems arising
in computational electromagnetism have been studied. There, the factorized sparse approxi-
mate inverse preconditioners are found to be inefficient for the considered class of problems,
while Frobenius norm based preconditioners have shown to be efficient and robust.

Another experience in solving BEM systems of equations using an iterative solution
method is reported in [16]. There it is reported that the conjugate gradient method produces a
convergent, stable and consistent numerical solution when the number of degrees of freedom
is increased.

Brief problem formulation and description of the discretization technique

For simplicity, consider a homogeneous elastic body inR2 with a boundaryS and one frac-
ture (crack boundarySc) as depicted in Figure 1. The crack propagation problem is solved
numerically using various discretization approaches. As a competitive alternative to the
DDM method we mention here a method developed in [24], where conventional finite ele-
ments are used. By introducing ’discontinuity jumps’, the part of the discontinuity is made
completely independent of the finite element mesh, which enables tracing the fracture prop-
agations within the interior of the finite elements, without changing the initial mesh. The
matrices of the arising systems of equations are sparse and all the available machinery for
solving sparse linear systems is directly applicable.

When using the DDM technique, the fracture propagation is directly presented in terms
of fracture elements, without introducing fracture surfaces. The displacement discontinuities
Ds

i in shear direction andDν
i in normal direction across a fracture are unknowns.
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Figure 1: A fracture inside an elastic medium and DDM discretization

Let S andSc be discretized inN andM elements, correspondingly. The general form
of the algebraic system to be solved reads as

N∑
n=1

ϕi
n

∫
Sc

Tki(xj ,x)dSn +
M∑

m=1
Di

m

∫
Sc

Tki(xj ,xc)dSc = t̃jk, j = 1, · · · , N

N∑
n=1

ϕi
n

∫
Sc

Tki(x
j
c,x)dSn +

M∑
m=1

Di
m

∫
Sc

T ′ki(x
j
c,xc)dSc = t̃′

j

k, j = 1, · · · , M

(5)

whereTki andT ′ki are the fundamental solutions in the interior and on the crack surface,

respectively,ϕi(x) are fictitious loads at pointx ∈ S, t̃jk and t̃′
j

k, k = 1, 2 are traction
boundary conditions onS andSc, correspondingly.

It is also assumed that the crack is aligned with the coordinate axisx2 = 0, in which case
and explicit simplified formula for the fundamental solutionT ′ki can be used.

In general, three states of a fracture can be distinguished - open, elastic contact or sliding
contact, leading to different formulations for the governing system of algebraic equations.
The displacement discontinuitiesDi of the fracture are obtained by solving the system (5)
using some numerical method. The system matrix in (5) is dense and to obtain its solution,
in practice direct Gaussian elimination is mostly used.

The matrices are nonsymmetric and are solved by the generalized conjugate gradient
method (GCG), see e.g. [2], or the generalized minimal residual method (GMRES), see e.g.
[21].

The report is organized as follows. In Section 2 we briefly describe the problem and
present some methods to construct preconditioners for its iterative solution. In Section
2.2.1 a strategy to efficiently solve a sequence of linear systems of equations with some
special properties is presented. In Section 3 the computational complexity of the different
approaches is derived. Section 4 contains experimental results. Some techniques how to
store efficiently BEM matrices are briefly mentioned in Section 5. In Section 6 some con-
clusions are drawn.
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2 Preconditioning techniques

When used with a robust preconditioner, iterative solution methods offer substantial savings
in computational time and successfully compete with the direct solution methods.

Using preconditioned iterative solution methods for dense systems of equations, as aris-
ing in BEM applications, is an active field of research. The so-called (”problem-given”)
approach is studied in the works of many authors. One such approach, used to construct
preconditioners for singular boundary integral equations, is the operator splitting technique.
Recently (see [14]) efficient algebraic multigrid preconditioners have been constructed and
applied for the iterative solution of BEM equations, arising from standard Galerkin boundary
element discretization of first kind boundary integral operators.

In this report we survey strategies to construct a preconditioner, which are based only on
the matrixA and do not use any knowledge of the underlying problem. We refer this strategy
as to ”matrix-given”.

2.1 Sparse approximate inverse preconditioning

The idea of the sparse approximate inverse preconditioning technique is to construct the
matrix M as an approximation ofA−1, such thatM has an a priori given sparsity pattern
(S), such as a band matrix for instance. The approach is used in many applications. It is first
developed for block band matrices and originates in [3, 9] and later is further developed in
[13, 12].

There exist various methods to compute the entries ofM . One approach is to compute
M having a prescribed sparsity structureS by solving the least square problem

min
M−1∈S

‖AM−1 − I‖2
F =

n∑

j=1

min
mj∈S

‖Amj − ej‖2
2,

wheremj andej are the columns ofM and the identity matrixI, correspondingly. Here
‖ · ‖F denotes the Frobenius norm.

Another simple idea is to require that for all indicesi, j ∈ S there holds

(MA)ij = δij , (6)

whereδij is the Kronecker symbol. For band matricesA the computational cost to compute
the entries ofM from (6) is equal to solvingN small systems of equations of order equal
to the number of nonzero elements in the rows ofA. Furthermore, the computations for the
nonzero entries in each row ofM can be performed completely in parallel. We note here that
this explicit approach produces a nonsymmetricM even ifA is symmetric. The idea in (6),
applied for dense matrices can be found in the literature under different names, one of them
being the diagonal block approximate inverse (DBAI) technique (see [7]). DBAI constructs
M as a matrix withk diagonals (for odd positive integersk) which approximates the inverse
of the corresponding band part ofA.

As is readily understood from the construction of the approximate inverse, it is important
that the entries of the true inverse ofA decay quickly away from the main diagonal. Esti-
mates of the accuracy of the constructed preconditioner can be based on this rate of decay
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and such estimates for some classes of (sparse) matrices are found in [2]. When the BEM-
operator has a strongly singular behavior the matrixA is diagonally dominant and numerical
evidence shows similar behavior for its inverse. Even exponential decay of the entries inA−1

can be shown for strictly diagonally dominant matrices. Therefore, for certain problems it
can be expected that the DBAI preconditioner will capture the most significant part ofA−1.

The DBAI (or DBAI(k)) approximate inverse preconditioner is constructed column by
column by solvingN k × k - linear systems of equations of the form0BBBBBBBB@

Aj−`,j−` · · · Aj−`,j · · · Aj−`,j+`
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.
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.

.
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.

.
Mj,j

.

.

.
Mj+`,j

1CCCCCCCCA =

0BBBBBBBB@

0

.

.

.
1

.

.

.
0

1CCCCCCCCA ,

where` = bk/2c, k ∈ N.
The matrixM is computed as a band matrix with or without a wraparound (without a

wraparound for the tests presented in this report). The bandwidth ofM is determined by
the parameterk and the efficiency of this preconditioner is largely dependent on its size.
If k = 1, the preconditioner only consists of the diagonal ofA, M = diag(A). This
is the Jacobi preconditioner and it has been applied to precondition dense systems arising
in various applications. The main advantage of Jacobi preconditioner is its simplicity. Its
efficiency can vary, however, see for example [17], [5] and [15]. While for smallk the
preconditioner could be a poor approximation ofA−1, for largek M becomes expensive to
construct and apply. Furthermore, as already mentioned, the efficiency of this preconditioner
depends on the rate of decay of the off-diagonal elements inA−1. If the inverse of the matrix
contains significant off-diagonal elements out of structure ofM , which is chosen in advance,
the preconditioner will not be able to capture these, and will be less efficient.

On the other hand, there exist clear advantages using this preconditioner, namely, it ap-
proximates the inverse ofA directly and no solution of systems but only matrix-vector mul-
tiplications withM are required during each iteration. The matrix-vector multiplication with
the preconditioner is in general cheaper compared to the matrix-vector multiplication with
A itself, and as already mentioned, the construction ofM can be fully parallelized. For a
theoretical justification of this approach, see [7] and the references therein.

2.2 Incomplete LU-factorization preconditioning

When solving a linear system of equations by a direct method, by applying standard Gauss
elimination, the original matrixA is first factored into a lower (L) and upper (U ) triangular
factors. The factorization phase is followed by a solution phase, consisting of two solutions
of systems with the triangular matricesU andL. As is well known, even ifA is sparse, the
L andU factors can be full matrices.

The idea of theincompleteLU (ILU) factorization methods is to save memory and com-
putation by rejecting some entries in theL andU factors based on some criterion. One such
criterion can be to neglect entries out of a prescribed sparsity pattern. Another criterion can
be to prescribe a certain threshold valueτ (called a drop tolerance) and omit all entries in the
triangular factors which value is smaller thanτ . Clearly, the smallerτ is, the more nonzero
elements in the factors are retained and the more accurate the approximation becomes. The
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threshold parameter balances between the accuracy of the preconditioner and the cost to con-
struct and apply it. Detailed derivations of ILU preconditioners can be found in [19] and [2],
among others.

In this report we consider ILU preconditioners constructed using the latter (’by-value’)
strategy, i.e., the preconditioner is based on the size of the elements and not their position
in the matrix. For matrices which have large off-diagonal elements away from the main di-
agonal it is expected to perform better than the DBAI-preconditioner. However, the number
of non-zero elements and the structure of the factors can not be determined beforehand, and
neither the computational complexity and memory demands. Furthermore, the implementa-
tion of the ILU preconditioners on a parallel computer architecture is known to be not very
efficient.

The ILU ’by-value’ technique is one of the simplest methods to construct incomplete
factorization preconditioners. A more advanced approach is the combination of ILU and
algebraic multilevel iteration methods, the so-called Algebraic Recursive Multilevel Solver
(ARMS), developed in a number of works, originating in [22]. ARMS exploits the so-called
’independent sets’ or ’group-independent sets’. The latter idea targets sparse matrices and
up to the knowledge of the authors is not applied for dense matrices so far.

2.2.1 Successive LU/ILU factorizations

Let a sequence of matricesA(k) ∈ RN(k)×N(k)
have to be factorized, where each matrix

A(k+1) is obtained fromA(k) by augmenting it with a number of rows and columns,

A(k+1) =
(

A(k) P
Q R

)
,

whereP ∈ RN(k)×n(k)
, Q ∈ Rn(k)×N(k)

, R ∈ Rn(k)×n(k)
andN (k+1) = N (k) + n(k). Let

A(k) be factored asL(k)U (k). Clearly, to factorizeA(k+1) we can reuse the factorsL(k) and
U (k)

L

U
(k)

U

U

L

(k)

L

P

Q R

R

The entries inUP are computed as follows

u
(k+1)

1,j+N(k) = p1,j

u
(k+1)

i,j+N(k) = pi,j −
∑i−1

m=1 l
(k)
i,mu

(k+1)

m,j+N(k)

for i = 2, . . . , N (k) and j = 1, . . . , nk,

wherepi,j , l
(k+1)
i,j andu

(k+1)
i,j denotes the elements ofP , L(k+1) andU (k+1), respectively.

Similarly, the entries inLQ are computed as

l
(k+1)

j+N(k),1
= qj,1

l
(k+1)

j+N(k),i
=

(
qj,i −

∑i−1
m=1 l

(k+1)

j+N(k),m
u

(k)
m,j

)
/(u(k)

ii )

for i = 2, . . . , N (k) and j = 1, . . . , n.

(7)
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The final contributions toL(k+1) andU (k+1), LR andUR, come from theLU -factorization
of R which has first been modified asLQ.

In this way the computational complexity to fully factorizeA(k+1), instead ofO
(
(N (k+1))3

)
,

becomes proportional to3n(k)N (k) + 3n(k)(N (k) + n(k)) + n(k)3.

2.3 Full block-factorized preconditioners with approximated blocks

In some applications the system matrixA admits in a natural form a block 2-by-2 structure

A =
[
A11 A12

A21 A22

]
, (8)

which can then be factored as

A =
[

I 0
A21A

−1
11 I

] [
A11 A12

0 S2

]
=

[
A11 0
A21 I

] [
I A−1

11 A12

0 S2

]
, (9)

or

A =
[
I A12

0 A22

] [
S1 0

A−1
22 A21 I

]
=

[
S1 A12

0 A22

] [
I 0

A−1
22 A21 I

]
, (10)

whereS1 = A11 − A12A
−1
22 A21 andS2 = A22 − A21A

−1
11 A12 are the so-called Schur com-

plements ofA. In this way solution of systems withA can be replaced by solutions of two
systems with block triangular matrices. The latter is not recommendable to be implemented
straightforwardly in practice, however, since we have to formS1 or S2 explicitly, which in-
cludes inversion of the corresponding diagonal block and to solve two systems withAii and
one withSi, i = 1, 2. Instead, utilizing the structure ofA, we can construct preconditioners
in the form (9) or (10), where some of the blocks are approximated in some way. For exam-
ple, the blockA22 can be approximated by a sparse matrix and the blockA11 can be replaced
by its ILU factorization. In some applications one of the diagonal blocksA11 or A22 may be
well approximated by a band or even a diagonal matrix and in such cases the corresponding
Schur complement can be explicitly computed on low cost. In some cases one can solve
the reduced (Schur complement) system instead, which is always better conditioned thanA
itself.

This technique can be extra beneficial for some particular problems, the solution of which
evolve, for example with time, and after each evolution step the system matrix is augmented
by a number of newly computed rows and columns. In such a case the blockA11 remains
unchanged and its approximation (or factorization) can be computed only once and reused
during each consecutive evolution (time) step.

3 Computational complexity

When solving a dense systemAx = b by Gaussian elimination, the number of arithmetic
operations to be performed is of orderO(N3), whereN is the size of the system.

The computational complexity of one step of the iterative solver consists of one (two
in some cases) matrix-vector multiplication, vector updates, scalar products and the cost
to apply the preconditioner which has been chosen. We provide below the preconditioned
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GMRES(m) algorithm to illustrate its complexity, which is very similar to that of the GCG-
MR method. Here GMRES(m) stands for truncated GMRES (as in [20]) where maximumm
search directions are used per iteration (it). The complexity of the full GMRES is obtained
for m = it.

1 Forit = 1, 2, · · ·
2 Solver from Mr = b−Ax0

3 Normalize residual:β = ‖r0‖,v(1) = βr
4 Define(m + 1)×m matrixHm = {hi,k}, 1 ≤ i ≤ m + 1, 1 ≤ k ≤ m. SetHm = 0.
5 Fori = 1, 2, · · · ,m
6 Solvewi from Mw = Avi

7 Fork = 1, · · · , i

8 hk,i = (wi,v(k))
9 wi = wi − hk,iv(k)

10 End
11 hi+1,i = ‖wi‖2. If hi+1,i = 0, setm = i and goto 12
12 vi+1 = wi/hi + 1, i
13 End
14 Computeym as a minimizer of‖βe1 −Hmy‖2 andxm = x0 + Vmym.
15 End

As is seen from the algorithm, the work per one GMRES(m) iteration involves one matrix
multiplications withA, one action of the preconditionerM , 2m vector updates and scalar
products, and the cost to solve the minimization problem in step 14,

WGMRESit = O (
N2 + Wprec + 2mN

)
(11)

The computational complexity of applying the DBAI preconditioner is proportional to
the number of nonzero elements, i.e.,

WDBAI = O(kN) (12)

and for the ILU preconditioner the costs to solve two triangular systems is also proportional
to the number of nonzero elements in theL andU factors,

WILU = O(nnz(L) + nnz(U)) (13)

It is clear from (11), (12) and (13) that the total computational cost for the iterative solver
grows asN2 as long asit < N , which is less than the work required for a direct solver.
It can be shown (see for instance [2]) thatit will be proportional to the number of distinct
eigenvalues of the matrixM−1A. Therefore, a good preconditioner will be the one which
clusters the spectrum of the preconditioned matrix around a few points as tightly as possible.
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4 Numerical experiments

The target problem is crack propagation in a homogeneous, brittle material discretized using
the DDM method. The system matrixA is dense and due to the singular nature of the BEM
operator, is strongly diagonally dominant. Depending on the geometry of the domain and
the ordering of the unknowns,A may also have some large off-diagonal elements far away
from the main diagonal.

All numerical experiments are performed on a Dell Optoplex GX260 computer with 512
MB RAM memory under Windows XP Professional. The computer is equipped with a 2.66
GHz Intel Pentium 4 processor. The test problems are modeled and discretized within a
commercial BEM-code which uses the DDM technique, amended with modified criteria for
crack opening detection (see [4] and [25]). The direct solution experiments are performed
using the direct solver available in the commercial package inFORTRAN90 compiled with a
Lahey compiler on the same computer.

After generation the matrices and the corresponding right-hand-side vectors are exported
to MATLABwhere the iterative solution methods are run. For the iterative solution tests all
matrices are first symmetrically scaled to unit diagonal. The iterations of the GCG-MR and
the GMRES method are terminated when the norm of the residual has decreased with six
orders of magnitude.

We note that sinceMATLABis an interpreter,MATLABcodes are in general less efficient
that FORTRANcodes. Still, for large enough problems, theMATLABtiming results are
smaller than these for the direct solution method, which is a clear indication that iterative
solution methods are the methods of choice for dense BEM matrices.

Numerical experiments on three different test problems are performed.

PROBLEM 1 (SINGLE CRACK) The problem setting describes the propagation of a short
horizontal crack in an infinite homogeneous solid.

As can be observed in Figure 2, the inverse ofA is strongly diagonally dominant. The
elements of the first off-diagonal are several orders of magnitude smaller than the elements
on the main diagonal and the size of the elements further away decay very fast. This indicates
that the DBAI-preconditioner can be efficient.

PROBLEM 2 (BOREHOLE WITH FOUR CRACKS) The problem setting describes a circular
borehole in homogeneous infinite media which is subjected to uniaxial stress and in the wall
of the hole four radial cracks are situated.

The increased geometrical complexity is reflected inA, which now contains a number of
large off-diagonal elements away from the main diagonal.

PROBLEM 3 (GALLERY ) This problem models a gallery in fractured rock at a depth of 500
m. The geometry of the problem is shown in Fig. 3.

First we illustrate the performance of theFORTRAN-coded direct solver, available in the
commercial BEM-package. Table 1 shows CPU-time spent to solveAx = b for different
problem sizes using Gaussian elimination. The timings show fairly good agreement with
the theoretical predictionO(N3), although effects due to hierarchical memory management,
such as page misses, cause additional increase of the computing time for the larger problems.
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Figure 2: Problem 1: Rate of decay of the elements inA−1
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Figure 3: Problem 3: The geometry of the problem.

Problem 1

Degrees of freedomN 128 256 512 1024 2048
CPU-time (s) 0.0156 0.0625 0.750 8.313 311.047

Problem 3

Degrees of freedomN 384 762 1510
CPU-time (s) 0.282 2.875 72.047

Table 1: CPU-time required to solve the systems using Gaussian elimination

4.1 Problem 1: Single crack

Table 2 shows the CPU-timings and iteration counts required for both the unpreconditioned
and DBAI(k) preconditioned GCG-MR solver to converge. The indication ’no’ in the first
column of the table indicates that no preconditioner has been applied.

Since the problem is quite simple and relatively well conditioned, even the unprecondi-
tioned iterative method outperforms the direct solver. For larger problems the usefulness of
the preconditioned method becomes more evident.

For all N the iterative solver is as fast or faster than the direct solver. Note that for
N = 2048 and the largest bandwidth, the GCG-MR solver is more than 700 times faster. For
an iterative solver coded inFORTRAN, for instance, this difference will be further increased
in favor of the iterative approach.

4.2 Problem 2: Borehole with four cracks

Table 3 shows CPU-timings and iteration counts for the solutions of the borehole problem
using unpreconditioned and DBAI(k) preconditioned GCG-MR. The number of iterations
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k N = 128 N = 256
CPU-time iter CPU-time(s) iter

no 0.002 4 0.003 4
3 0.009 4 0.016 4
5 0.009 3 0.017 3
7 0.007 3 0.021 3
9 0.010 3 0.021 3

k N = 512 N = 1024 N = 2048
CPU-time iter CPU-time(s) iter CPU-time iter

no 0.017 5 0.067 6 0.335 7
3 0.040 5 0.115 6 0.415 7
5 0.042 4 0.102 4 0.354 5
7 0.045 4 0.111 4 0.368 5
9 0.047 3 0.119 4 0.391 5

Table 2: Problem 1: CPU-time when using DBAI(k)-preconditioned GCG-MR

required for convergence has increased considerably, compared to the unpreconditioned so-
lutions in Problem 1 and the effect of the preconditioner is clearly seen.

The geometry of Problem 2 is somewhat more complicated than in Problem 1, which is
reflected in the structure ofA. The matrix contains large elements away from the main diag-
onal and the DBAI-preconditioner must contain many diagonals to catch these contributions.
This is depicted in Table 3. As the bandwidth of the preconditioner increases from 3 to 39,
the iteration count is decreased with a factor between 2.5 and 3.5. The time per iteration
increases, however.

The cost to apply the DBAI(k) preconditioner withk = 3, 9, 39 turns out to be compa-
rable with that of the ILU preconditioner withτ = 0.1, 0.01, 0.001, because pairwise the
nonzero elements is about the same.

Tables 4 and 5 illustrate the ILU preconditioner for Problem 2. Table 4 shows the density
and bandwidth of theL-factors of the incomplete LU-factorization ofA. Here the density of
the matrix is defined as the fraction of the nonzero elements and the bandwidth is the average
number of non-zero elements per row. The upper triangular matrices have about the same
number of nonzero elements as the correspondingL factors.

Table 5 contains CPU-timings and iteration counts when the borehole problem is solved
using GCG-MR with an ILU-preconditioner. The table shows that when the threshold of
the preconditioner is decreased with four orders of magnitude, the iteration count decreases
about ten times.

The differences in time are mainly due to the construction of the preconditioner. Ex-
ecution time is influenced by the locality of the memory accesses and the known fact that
indirect addressing inMATLABis time consuming and will be much faster if done inFOR-
TRAN. Here, the construction of the ILU-preconditioner whenN = 1920 requires about 20
% of the total CPU-time. For the DBAI-preconditioner, the same number varies between
0.77 % and 28 % depending choice ofk.

Problem 2 exhibits in a natural way a beneficial2 × 2-block structure, where theA22
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k N = 120 N = 240
CPU-time iter CPU-time(s) iter

no 0.021 30 0.068 42
3 0.024 31 0.074 42
9 0.017 16 0.045 23
39 0.042 11 0.087 13

k N = 480 N = 960 N = 1920
CPU-time iter CPU-time(s) iter CPU-time iter

no 0.229 54 1.078 75 5.304 107
3 0.269 58 1.102 75 5.365 107
9 0.146 31 0.561 42 2.571 56
39 0.210 18 0.597 25 2.146 33

Table 3: Problem 2: CPU-time when using DBAI(k)-preconditioned GCG-MR

0 50 100 150 200

0

50

100

150

200

nz = 1720

Figure 4: Problem 2:A > 0.001. Note the2× 2-block structure of the matrix.
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N N = 120 N = 240
drop tol Density Bandwidth Density Bandwidth
.1 0.0169 2.0 0.0084 2.0
.01 0.0474 5.7 0.0215 5.2
.001 0.2085 25.0 0.0888 21.3
.0001 0.4341 52.1 0.3653 87.7

N N = 480 N = 960 N = 1920
drop tol Density Bandwidth Density Bandwidth Density Bandwidth
.1 0.0042 2.0 0.0021 2.0 0.0010 2.0
.01 0.0110 5.3 0.0054 5.2 0.0026 5.1
.001 0.0397 19.1 0.0181 17.3 0.0085 16.3
.0001 0.1800 86.4 0.0734 70.5 0.0329 61.6

Table 4: Problem 2: Properties of the ILU preconditioner

N N = 120 N = 240
drop tol CPU-time(s) iter CPU-time iter
.1 0.028 16 0.149 22
.01 0.021 9 0.088 12
.001 0.016 5 0.075 8
.0001 0.017 3 0.080 4

N N = 480 N = 960 N = 1920
drop tol CPU-time iter CPU-time(s) iter CPU-time iter
.1 1.054 30 5.354 41 27.210 53
.01 0.630 17 3.161 23 16.868 32
.001 0.436 10 2.004 13 9.887 17
.0001 0.425 6 1.823 8 8.599 11

Table 5: Problem 2: CPU-time when using ILU-preconditioned GCG-MR

block is very strongly diagonally dominant. This structure is illustrated in Figure 4 showing
all elements ofA larger than0.001. Both forms of the full block-factorized preconditioner
(formulas (9) and (10)) are tested for Problem 2. In the sequel, the preconditioners are
referred to as theS2- andS1-preconditioner. The blocksA22, respectivelyA11, are approx-
imated by their diagonal, or by an ILU factorization. Then the corresponding approximated
Schur complement is computed explicitly and used in the numerical experiments.

Table 6 shows iteration counts and CPU-times for the theS1-preconditioner. The ap-
proximation strategies for theA22 block lead to convergence rates, nearly independent of the
problem size.

When the ILU threshold parameter is decreased, the iteration counts and timings decrease
as well. In this case the quality of the preconditioner is less sensitive to the choice ofτ
compared with the ILU preconditioner constructed forA itself.

Table 7 show results from theS2-approach and it is evident that this preconditioner does
not perform as well asS1. Both iteration counts and CPU-times are higher, how much
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N = 120 N = 240
CPU-time iter CPU-time(s) iter

diag 0.022 8 0.084 10
ILU(0.1) 0.019 5 0.078 7
ILU(0.01) 0.016 5 0.062 5
ILU(0.001) 0.016 4 0.059 4
ILU(0.0001) 0.013 2 0.056 3

N = 480 N = 960 N = 1920
CPU-time iter CPU-time(s) iter CPU-time iter

diag 0.572 14 4.266 19 36.722 26
ILU(0.1) 0.419 8 2.972 11 22.478 14
ILU(0.01) 0.356 6 2.500 7 15.816 9
ILU(0.001) 0.322 5 1.975 6 13.544 7
ILU(0.0001) 0.306 4 1.891 5 11.441 5

Table 6: Problem 2: CPU-time for theS1-preconditioned GCG-MR

depends on the problem size and the approximation ofA11.
One observation from Table 7 is that the iteration count for the ILU(0.1)-approximation

is half of the iteration count for the diag-approximation. This reflects the structure of the
matrixA. A22 can be well approximated with its diagonal because its off-diagonal elements
decay very fast. This does not hold forA11.

The timings for the versions (9) and (10) do not differ very much, even though the itera-
tion counts are much smaller in the first case. This is due to the fact that in our implementa-
tion the Schur-complement is solved by a direct method and also because theS1-complement
is two times larger in size than theS2-complement.

4.3 Problem 3: Gallery problem

Problem 3 is solved with DBAI(k) and ILU(τ ) preconditioners. The parametersk andτ are
chosen such that both preconditioners contains approximately the same number of nonzero
elements.

Table 8 shows the relative number of non-zero elements of the matrices (density) and the
number of non-zeros per row (bandwidth) in theL-factor ofA.

For this problem theMATLABimplementation of the GMRES method is used. Both
GCG-MR and GMRES are similar and require about the same amount of work per iteration.
Timings and iteration counts required for the ILU-preconditioned GMRES are shown in Ta-
ble 9. It is clearly seen that the number of iterations required to solve the problem decrease
with decreasingτ . The CPU-time, however, does not decrease with the same rate since the
density of the preconditioner increases. Such a behavior is often observed for ILU precondi-
tioners, where decreasing the drop tolerance entails work which is not always compensated
by a corresponding decrease if the iteration count. Table 9 indicates that for this problem the
optimal choice ofτ is in the interval between 0.001 and 0.0001.

It is also seen from Table 9 that for this problem the DBAI-preconditioner performs
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N = 120 N = 240
CPU-time iter CPU-time(s) iter

diag 0.046 30 0.156 41
ILU(0.1) 0.038 16 0.169 21
ILU(0.01) 0.031 10 0.116 13
ILU(0.001) 0.025 7 0.106 10
ILU(0.0001) 0.034 7 0.122 8

N = 480 N = 960 N = 1920
CPU-time iter CPU-time(s) iter CPU-time iter

diag 0.759 53 5.091 73 32.434 104
ILU(0.1) 0.825 29 4.847 40 26.572 53
ILU(0.01) 0.550 17 3.059 23 17.416 32
ILU(0.001) 0.444 12 2.275 15 11.497 18
ILU(0.0001) 0.484 9 2.500 12 12.184 15

Table 7: Problem 2: CPU-time required to solve usingS2-preconditioned GCG-MR

N N = 384 N = 762 N = 1510
drop tol Density Bandwidth Density Bandwidth Density Bandwidth
.1 0.0039 1.5 0.0020 1.5 0.0011 1.7
.01 0.0113 4.3 0.0053 4.0 0.0026 3.9
.001 0.0846 32.5 0.0257 19.6 0.0102 15.4
.0001 0.3300 126.7 0.2172 165.5 0.0814 123.1

Table 8: Problem 3: Properties of the ILU-preconditioner

worse that ILU, the reason being that larger elements inA−1 away from the diagonal are not
captured inM .

Problem 3 does not exhibit an evident2× 2 block structure (see Figure 5(a)). However,
one can first apply a symmetric permutation, which aims at bringing the largest in absolute
value entries ofA closer to the main diagonal. Then the desired block structure is visible
and theA22 block can be again approximated by a diagonal matrix (see Figure 5(b)). The
iteration counts and CPU-timings for the GMRES method, preconditioned by a full block-
factorized preconditioner are also found in Table 9. It is evident that theS1-preconditioner
outperforms the other three preconditioning strategies significantly.

4.4 Effect of the preconditioners on the spectrum of the precon-
ditioned matrix

We illustrate the effect of the preconditioning on the eigenvalues of the preconditioned matrix
B = M−1A. If M is well chosen, it is expected to cluster the eigenvalues ofB insuring in
this way fast convergence. The matrix in Figures 6, 7, 8, 9 and 10 is that from Problem 2
and is of size240× 240.

Figure 6 shows the spectrum and the GCG-MR convergence for the unpreconditioned
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N N = 384 N = 762 N = 1510

ILU-preconditioning
τ CPU-time(s) iter CPU-time iter CPU-time iter
.1 0.500 44 2.265 61 11.750 84
.01 0.344 25 1.360 34 6.925 47
.001 0.281 14 0.969 19 4.369 25
.0001 0.406 6 1.828 9 6.256 14

DBAI(k)-preconditioning
k CPU-time(s) iter CPU-time iter CPU-time iter
3 0.453 89 1.843 123 13.022 169
7 0.297 58 1.172 81 8.319 111
49 0.359 33 0.891 36 3.719 44
279 6.047 31 17.156 34 37.341 33

S1-preconditioning
A22 CPU-time(s) iter CPU-time iter CPU-time iter
diag 0.328 13 1.019 9 5.906 11
ILU(0.1) 0.409 13 1.381 9 6.694 9
ILU(0.01) 0.331 9 0.200 7 5.691 7
ILU(0.001) 0.312 8 1.109 6 5.291 6
ILU(0.0001) 0.275 6 1.084 5 5.178 5

S2-preconditioning
A11 CPU-time(s) iter CPU-time iter CPU-time iter
diag 0.731 89 3.606 122 18.812 167
ILU(0.1) 1.041 46 5.634 60 36.038 83
ILU(0.01) 0.744 29 3.416 34 21.316 47
ILU(0.001) 0.562 19 2.444 21 13.912 28
ILU(0.0001) 0.587 14 3.538 14 13.613 19

Table 9: Problem 3: CPU-time and iteration counts for the preconditioned GMRES
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Figure 5: Problem 3
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matrix. All the eigenvalues ofA except three are spread along the real line between zero and
two. The spectrum is not clustered and the convergence of the iterative solver is not very
fast.

Figure 7 shows how the spectrum ofB changes for the different preconditioners. All
preconditioners contain approximately the same number of nonzeros. The ILU and DBAI
preconditioning strategies affects the spectrum of the iteration matrix very differently. The
ILU preconditioner clusters the spectrum around unity as the accuracy of the preconditioner
increases. The DBAI preconditioner, on the other hand clusters most of the eigenvalues
around one as the number of nonzeros increase, but the extreme eigenvalues are not much
affected by the preconditioner. Hence, the condition number of the iteration matrix in this
case is almost the same as the condition number ofA itself.

The convergence of the GCG-MR method for the DBAI and ILU preconditioner with
different accuracy is shown in Figure 8.

The spectra for theS1 andS2 preconditioners withdiag andILU approximations of
the A11/A22-block are shown in Figures 9 and 10. The incomplete factors are denoted
by L̃ and Ũ , respectively. The threshold parameters are chosen as the ones used for ILU
preconditioning ofA. The achieved spectra are well clustered, which is confirmed by the
corresponding fast convergence of the iterative method.

Convergence rates for the different full block-factorized preconditioners are shown in
Figure 11.

5 Some techniques for a compressed storage of the
BEM matrix

It is clear from (11), that the most significant term in the expression for the computational
complexity of the iterative solver is theN2-term coming from the matrix-vector multiplica-
tion. In order to further reduce the cost of solving the system of equations, one has to make
this operation more efficient. This has to be done already at the stage of discretization the
problem and generating the system matrix.

One approach could be to apply the Fast Multipole Method (FMM), developed by Green-
gard and Rokhlin [18]. FMM is an algorithm originally developed for efficient calculation
of the potential inN -body problems, but it has shown to be an efficient means for the com-
putation of dense matrix-vector multiplications as well.

Another efficient way to compress the matrixA is to sparsify it by using the so-called
Mosaic-Skeleton approximation technique, developed in [23]. The dense matrix is sparsi-
fied by omitting the least significant elements and bounds of the error of the action of the
approximation are shown. The matrix is decomposed in rank-one terms, which makes the
multiplication with a vector much cheaper thanO(N2).

Recently (see [10], [11] and the references therein) a class of hierarchical data-sparse
matrices (H-matrices) has been developed which allow to approximate nonlocal operators
such as boundary/volume integrals, as well as the solution operators of elliptic, parabolic
and hyperbolic partial differential problems. This approach turns out to be very useful in
constructing sparse approximate inverse preconditioners, for example. Furthermore, inH-
matrix arithmetics, the essential matrix operations (matrix-matrix and matrix-vector multi-
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Figure 7: Problem 2: The spectrum of the iteration matrixB = M−1A
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Figure 8: Convergence history for GCG-MR

plication, addition and inversion) can be executed in nearly optimal (linear) complexity, up
to a logarithmic factor. These significant achievements are possible only if the problem for-
mulation, choice of suitable discretization method, data structures and solution method are
considered together, aiming at decreasing the demands on computer resources needed for the
numerical simulations.

6 Conclusions

Preconditioned iterative solution techniques are an efficient and competitive alternative to
solve dense linear systems of equations arising from BEM discretizations of crack propaga-
tion problems. The arithmetic cost to achieve the solution from these solvers are proportional
to itN2 and forit ¿ N , the savings in computations are substantial compared to direct so-
lution methods.

For simple problems, where the inverse of the system matrix has a band structure with
fast decaying entries away from the main diagonal, the DBAI(k) preconditioner performs
quite satisfactory and is computationally cheap.

The ILU-preconditioner has shown to be numerically efficient for all test problems.
Compared to ILU, the approximate inverse DBAI(k) preconditioner requires in general more
iterations to converge.

The full block-factorized preconditioner turns out to be the numerically most efficient,
whenever the system matric can be put in a proper 2-by-2 block form.

For large enough problems the preconditioned iterative solvers are found faster than the
direct solver even though the iterative methods are implemented inMATLAB(interpreting
language) while the direct solution method is implemented inFORTRAN(compiled routine).

Further speedup of the solution process is achievable if the system matrix is either sparsi-
fied or handled in a hierarchical format, reducing in this way the matrix-vector multiplication
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Figure 9: Problem 2:N = 240. The spectrum ofM−1A for variousS1-preconditioners
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Figure 10: Problem 2:N = 240. The spectrum ofM−1A for variousS2-preconditioners
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cost fromO(N2) to almost linear complexityO(N log N).
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