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Abstract

The Minimal Residual Interpolation method reduces the number of it-
erations in an iterative method for multiple right hand sides. It uses com-
puted solutions to initialize an iterative solver with an accurate guess. This
paper demonstrates the efficiency of the method for frequency sweeps and
solving scattering problems by plane waves incident from multiple angles.
A bound on the number of solutions required for plane wave scattering
before the remaining solutions are obtained by Minimal Residual Interpo-
lation only is given. We discuss the performance of the method compared
to iterative seed techniques. In a numerical example a reduction factor of
60 is obtained on the number of matrix vector multiplications.
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1 Introduction

The Method of Moments is a method for discretizing an integral equation into
a dense system of linear equations. Since the system matrix is dense, a direct
method like Gaussian elimination requiresO (N3) arithmetic operations, where N
is the number of unknowns. An iterative method requires O (MN2) arithmetic
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operations, where M is the number of iterations. If M is large, an iterative
method can be as expensive as a direct method.

The Multilevel Fast Multipole Algorithm [14] (MLFMA) can compute the
dense matrix vector multiplication in O (N log N), reducing the work in an iter-
ative solver to O (MN log N). This makes MLFMA faster than a direct method.
For a large number of right hand sides K the advantage diminishes. The reason is
that the additional work with Gaussian elimination is O (KN2), while the work
in MLFMA is O (KMN log N).

In [6] the Minimal Residual Interpolation (MRI) method was introduced for
systems with many right hand sides depending smoothly on a parameter. It re-
duces the work in any iterative solver by computing initial guesses to unsolved
equations through least squares interpolation. Because of its relation to interpo-
lation it can in many cases compute a solution that is as accurate as required.
Since this reduces KM , the total work in an iterative solver is reduced.

This paper follows up on several of the issues in [6]. An extension of the
algorithm to the case of a parameter dependent matrix was suggested in [6].
This is implemented and tested in this paper. A theorem relating the residual to
an interpolation error is proved. It is an extension of a theorem in [6]. In this
paper the method is used for computing the solutions to scattering problems by
a plane wave at multiple frequencies. The case of scattering from plane waves
that are incident from different angles is also considered. A bound on the number
of solutions needed before MRI accurately computes the remaining solutions is
given. Experiments demonstrate that MRI in both the angle and the frequency
parameter is more effective than applying it in one of the parameters separately.
Finally, MRI is compared with a version of the iterative seed method in [12].

The remaining sections of this paper are organized as follows. In the next
section the algorithm is described. Then the convergence theorem is proved. The
third section compares MRI and iterative seed methods. Next the Method of
Moments is described and the number of solutions required for multiple incident
plane waves is analyzed. Numerical experiments demonstrate the performance of
the method. In one of the experiments a reduction factor of 60 is obtained on the
number of matrix vector multiplications. The norm in the paper is the Euclidean
vector norm and its subordinate spectral matrix norm. Vectors and matrices are
typeset with a bold font.

2 Minimal Residual Interpolation

The Minimal Residual Interpolation method is an algorithm for solving multiple
linear systems of equations that are smoothly dependent on one or several param-
eters. Assuming that the system matrix and right hand sides depend smoothly
on a parameter an accurate initial guess for an iterative method is computed.
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The system of linear equations to be solved are

Aix̃i = bi, i = 1 . . . M, Aj ∈ CN×N , xi,bi,∈ CN . (1)

If a solution xi ≈ x̃i is obtained from an iterative method, e.g. GMRES, QMR,
etc, the residual is given by

ri = bi −Aixi.

Usually the solution satisfies a convergence criterion ‖ri‖ ≤ ε for some given ε.
Assume that the solutions to m < M equations are known to precision given

by the residual and that the solutions are linearly independent. Let si,m+1 be
defined by

si,m+1 = Am+1xi = bi − ri + (Am+1 −Ai)xi, i = 1 . . . m

and define

Xm = [x1 x2 . . . xm] , Sm,m+1 = [s1,m+1 s2,m+1 . . . sm,m+1] .

Then an initial guess to equation (m + 1, k) can be computed as a linear
combination of the previous solutions xm+1 = Xmym. The coefficients ym are
given by the least squares solution ym = R−1

Sm,m+1
QH

Sm,m+1
bm+1, where the QR-

factorization of Sm,m+1 is Sm,m+1 = QSm,m+1RSm,m+1 , and the initial guess is

x
(0)
m+1 = XmR−1

Sm,m+1
QH

Sm,m+1
bm+1. (2)

The residual for the initial guess x
(0)
m+1 in (2) is

r
(0)
m+1 = bm+1 −Am+1Xmym = (I−QSm,m+1Q

H
Sm,m+1

)bm+1. (3)

This expression for r
(0)
m+1 is cheap to evaluate since m ¿ N and QH

Sm,m+1
bm+1

is already computed in (2). The residual is small if bm+1 is almost spanned by
Sm,m+1, which is the case if Ai and bi depend in a smooth way on a parameter
φi and the difference ∆φ = φi+1 − φi is small, as we show in the next section.

If ‖r(0)
m+1‖ > ε then the initial guess x

(0)
m+1 has to be improved by the iterative

method. If ‖r(k)
m+1‖ ≤ εI for an εI ≤ ε then the iterations are interrupted and

s
(k)
m+1 is included in the basis Sm,m+1 if

‖(I−QSm,m+1Q
H
Sm,m+1

)s
(k)
m+1‖ > εs, (4)

where εs > ε + εI . Otherwise, s
(k)
m+1 is almost linearly dependent of the columns

of Sm,m+1 which gives ill-conditioned matrices. This is particularly the case when

xm+1 = x
(0)
m+1 and no iterations are necessary. Once the solution is found and (4)

is satisfied we can construct Xm+1 and Sm+1,m+2.
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If it is known how A and b depend on the parameter φ, an efficient order to
solve the equations is indicated by Figure 1. In this case MRI solves the problems
level by level in a binary tree, as explained in [6]. The black circles indicate the
solutions that are obtained on the current level. A white circle indicate that
the solution has been obtained on a previous level and is used to interpolate the
remaining solutions using MRI. On each level the distance between two equations
∆φl is reduced.
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Figure 1: The order to solve the equations.

3 Convergence properties

A theorem relating the residual of the initial guess to an interpolation error for
the case of constant matrix A was proved in [6]. Here, we state a similar theorem
for the case when A also depends on φ

Theorem 1
Assume that the components in the right hand side vectors bi = b(φi) and the
matrices Ai = A(φi) have p continuous derivatives in φ and let A = A(φ)
and b = b(φ) , ‖ri‖ ≤ εI , |det (A (φ))| ≥ C > 0 for some constant C and
φmin ≤ φ ≤ φmax, and that an approximation to bα at φα is computed by the
minimization

min
y
‖bα −

p∑
i=1

si,αyi‖.
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Then

‖bα −
p∑

i=1

si,αyi‖ ≤ min(
√

N
(
AαA

−1b
)(p)

max
∆φp

l−1

+
√

p‖l‖ max ‖AαA
−1‖εI , ‖bα‖),

where (AαA
−1b)

(p)
max = maxi maxφ |

∑N
j=1 (Aα)ij x̃

(p)
j (φ)|, x̃

(p)
j is the p:th derivative

of x̃j = Dj/D where D = det (A) and Dj is the determinant of the matrix with the
j:th column of A replaced by b, and l consists of the coefficients of the Lagrange
polynomial at the point φα.
Proof
Let γi be a set of coefficients different from yi and xi = x (φi). The triangle
inequality together with the equality si = Aαxi = AαA

−1
i (bi − ri) yields

‖bα −
p∑

i=1

siyi‖ ≤ ‖bα −
p∑

i=1

siγi‖ = ‖AαA
−1
α bα −

p∑
i=1

AαA
−1
i (bi − ri) γi‖

≤ ‖AαA
−1
α bα −

p∑
i=1

AαA
−1
i biγi‖+ ‖

p∑
i=1

AαA
−1
i riγi‖.

To obtain an estimate of the first part we let l(φ) be the interpolating polyno-
mial of degree less than p of the j:th component of AαA

−1b through the points
φi, i = 1 . . . p. Cramer’s rule gives x̃j (φ) = Dj (φ) /D (φ). Note that x̃j (φ) is
a function with p continuous derivatives of φ. Since D ≥ C by assumption and
the elements of A (φ) and b (φ) have p continuous derivatives, the Leibnitz’ rule
applied to the product and sums of the determinants give a function x̃j with p
continuous derivatives. The denominator causes no problem since derivation only
gives higher powers of D in the denominator. By an interpolation theorem [2] we
have for all i

|
N∑

j=1

Aij(φα)x̃j(φα)− l(φα)| = |
N∑

j=1

Aij(φα)x̃j(φα)−
p∑

k=1

N∑
j=1

Aij(φα)x̃j(φk)lαk|

≤ |
(

N∑
j=1

Aij(φα)x̃j

)(p)

| |Wα|/p!.

where |
(∑N

j=1 Aij(φα)x̃j

)(p)

| = maxφ |
(∑N

j=1 Aij(φα)x̃j(φ)
)(p)

|, the function

Wα =
∏p

i=1(φα − φi), and lαk are the coefficients of the Lagrange polynomial.
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Thus, if γk = lαk then

‖AαA
−1
α bα −

p∑

k=1

AαA
−1
k bklαk‖2

=
N∑

i=1

|
N∑

j=1

(Aα)ij x̃j(φα)−
p∑

k=1

N∑
j=1

(Aα)ij x̃j(φk)lαk|2

≤
N∑

i=1

|(
N∑

j=1

Aij(φα)x̃j)
(p)Wα/p!|2

= (Wα/p!)2

N∑
i=1

|(
N∑

j=1

Aij(φα)x̃j)
(p)|2

≤ (Wα/p!)2N((AαA
−1b)(p)

max)
2.

Since φα ∈ [φ1, φM ], an upper bound on |Wα|/p! is ∆φp
l−1.

With R = [(AαA
−1
1 r1) . . . (AαA

−1
p rp)] ∈ CN×p, the choice of Lagrange co-

efficients in the first part together with Cauchy-Schwartz’ inequality gives the
estimate of the second part since

‖∑p
k=1(AαA

−1
k rk)lαk‖2 =

∑N
j=1 |Rj,:l|2 ≤

∑N
j=1 ‖l‖2‖Rj,:‖2

≤ ‖l‖2
∑p

k=1

∑N
j=1 |Rjk|2

≤ p‖l‖2 maxk ‖AαA
−1
k rk‖2

≤ p‖l‖2 maxk ‖AαA
−1
k ‖2ε2

I .

An upper bound of the error in the approximation is given by yi = 0 for all i. ¥
Compared to simple interpolation, the advantage is that the second error term

is kept under control, which is not guaranteed by interpolation as indicated above.
The reason is that the Lagrange coefficients are not optimal in the l2-norm. Thus,
the second part can not be controlled by interpolation.

4 Comparison with iterative seed methods

Iterative seed methods are methods that solve for multiple right hand sides [5, 12].
The idea is to solve iteratively one or several of the equations and use the vectors
spanning the Krylov subspace generated in the solution process to update the
remaining equations. The assumption is that if the solutions are close to each
other the residuals of the remaining equations will go down together with the
residuals of the equations that are solved. Here, we will analyze a seed method
based on block GMRES, but the conclusions carry over to other iterative seed
methods as well.

Assume that block GMRES without deflation is used to solve (1) and that
Ai = A is independent of i. Let m < M be the number of right hand sides
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that are solved for in block GMRES. Let m be so large that the solutions to
the remaining equations can be computed by MRI with residual ‖r(0)

l ‖ = ‖bl −
Smym‖ ≤ εI , where Sm = AXm. Then if the Arnoldi vectors that were produced
by block GMRES are used to compute solutions to the remaining equations in a
seed iterative way the residual is ≤ εI . The reason is that the (q + 1):th step of
the Arnoldi process generates an orthonormal basis Vmq ∈ CN×mq for Xm such
that

AVmq = Vm(q+1)Hm(q+1)×mq, Xm = VmqZm, (5)

where Hm(q+1)×mq ∈ Cm(q+1)×mq is an upper block Hessenberg matrix, Vm(q+1) =[
Vmq (vq+1)m

] ∈ CN×m(q+1) is another orthonormal matrix, and Zm ∈ Cmq×m.
It follows that

Sm = AXm = AVmqZm = Vm(q+1)Hm(q+1)×mqZm

That is Sm is spanned by a subspace of Vm(q+1). Thus, the Krylov subspace
spanned by Vm(q+1) can be used to compute the remaining solutions by the
GMRES process.

The drawbacks with this method is that the size of the space Vm(q+1) will
be larger than the size of Sm and also no restarts are allowed for the conclusion
to hold. It is expected that block GMRES with restarts can be used but that
would require that all right hand sides are stored in memory so that they can be
updated during the restart process. On the other hand MRI stores the computed
solutions and the vectors Sm. The vectors could have been computed by a single
right hand side solver, block GMRES or any other method.

Let us assume that the right hand sides can be computed when they are
needed. Since the update of Sm is carried out after the iterations are finished the
memory requirements are O (m) instead of O (M). Instead of GMRES one could
have used a short term recurrence method like the block QMR method in [5].
The solution is then updated step by step from a recurrence formula. Only a few
recurrence vectors are stored at a time. Since all recurrence vectors are needed
for the Krylov subspace that span Sm, all solution vectors must be updated at
the same time by the recurrence in order for the conclusion to hold. This also
yields a memory requirement O (M).

5 Method of Moments

Consider the time-harmonic electromagnetic scattering from a perfect electric
conductor (PEC). Combining the Electric Field Integral Equation (EFIE) and the
Magnetic Field Integral Equation (MFIE) in variational form yields the Combined
Field Integral Equation (CFIE) [9]
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α

∫

Γ

∫

Γ

G (x,x′)
(
J · J′ − 1

κ2
∇Γ · J∇Γ · J′

)
dΓdΓ

+ (1− α)
ı

κ

∫

Γ

n̂×
∫

Γ

∇x′G (x,x′)× J · J′dΓdΓ

= −α
1

ıκZ

∫

Γ

Ea · J′dΓ + (1− α)
ı

κ

∫

Γ

n̂×Ha · J′dΓ.

(6)

Here, J is the unknown electric current on the surface Γ of the scatter, J′ is the
test current, κ is the wavenumber, Z is the impedance in free space, n̂ is the unit
normal pointing outward from Γ, and ı =

√−1. The function G (x,x′) is the
free-space Green’s function for Helmholtz’ equation. The parameter α can vary
between 0 (MFIE) and 1 (EFIE). The right hand side depends on the applied
electric field Ea and the applied magnetic field Ha.

Galerkins method with RWG basis functions are used for discretization [10].
The discretization leads to a dense, complex system of equations of the form (1).
The unknowns in x are the coefficients for each basis function and the right hand
side b depends on the applied fields Ea and Ha. Only the right hand side is
changed, if the wavenumber is constant and the applied fields are changed. A
change of wavenumber affects the right hand side and the matrix A. The matrix
A has continous derivatives with respect to κ, but is singular when α = 0 or
α = 1 and the wavenumber corresponds to a nullspace solution.

The applied electric and magnetic fields in (6) at x can be written

Ea(x, κ̂a) = E0 exp(−ıκκ̂a · x), Ha(x, κ̂a) = H0 exp(−ıκκ̂a · x), (7)

for a plane wave traveling in the direction given by the unit vector κ̂a. Discretiza-
tion with the test functions jj and approximation of the integral with a quadrature
rule with q positive weights wjk gives the j:th component of the discretized right
hand side

bj(κ̂a) =

q∑

k=1

wjkK(κ̂a) · jj(xjk) exp(−ıκκ̂a · xjk) (8)

where K(κ̂a) depends on E0 and H0.
The GMRES method [11] with the fast multipole method [4] for the matrix-

vector multiplications is used to solve the system of equations. The major cost
in the iterations is the multiplication of an arbitrary vector by the matrix. The
matrix is preconditioned with a modified Sparse Approximate Inverse Precondi-
tioner (SPAI) as in [7], [8], which improves the convergence rate especially for
EFIE. For several right hand sides, the block version of GMRES accelerates the
convergence as in [13].
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In the Fast Multipole Method a truncated series is used to approximate the
Green’s function G (x,x′). The number of terms needed for the approximation
of the Green’ s function varies with wave number and thus frequency as [3]

L ≈ κD + 1.8 (− log10 ε)
2
3 (κD)

1
3 (9)

where D is a problem dependent parameter that depends on a predetermined box
size and ε is the required relative error in the approximation of the Green’s func-
tion. In a frequency sweep, L will vary according to (9). Thus, the use of the Fast
Multipole Method implies that the system matrix is not infinitely smooth. This
will affect the convergence rate of the Minimal Residual Interpolation method.

5.1 Bounds on the number of solutions

We consider the case of plane wave scattering with constant real wave number
and derive approximate bounds on the number of right hand sides that need to
be solved before MRI accurately predicts the solution to the remaining equations.
To simplify the analysis we consider the case when

b̃j(κ̂a) = exp(−ıκκ̂a · xj) (10)

The bounds are derived from the expansion [1]

eı�·X =
∞∑

l=0

ıl (2l + 1) jl (Xκ) Pl

(
X̂ · κ̂

)
(11)

Here, jl (x) is the spherical Bessel function of order l and Pl (cos Θ) is the Legendre
polynomial of order l, the absolute value of a vector is x = |x| and a unit length
vector is denoted by a hat above it. The spherical Bessel function is linked to
the Legendre polynomial by the relationship [4]

4πıljl (Xκ) Pl

(
X̂ · κ̂

)
=

∫

S
eı�s·XPl (κ̂s · κ̂) dκ̂ (12)

where the integration is taken over the unit sphere S. Truncating (11) after L
terms and inserting (12) and changing the order of summation and integration
yields

eı�·X ≈
L∑

l=0

ıl (2l + 1) jl (Xκ) Pl

(
X̂ · κ̂

)

=
1

4π

∫

S

L∑

l=0

(2l + 1) eı�s·XPl (κ̂s · κ̂) dκ̂

(13)

A quadrature formula that is exact for the 2L first spherical harmonics is exact
for the integral in (13). In general O (L2) nodes are needed. The trapezoidal rule
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with 2L + 1 nodes in φ and Gauss-quadrature with L + 1 nodes in θ is enough,
but not optimal. Thus

eı�·X ≈
K∑

k=1

eı�k·X
L∑

l=0

wk

4π
(2l + 1) Pl (κ̂k · κ̂) (14)

where wk is the the weight associated with node κ̂k and K = O (L2). If equa-
tion (14) is inserted into (8) one has

b̃ (κ̂) ≈
K∑

k=1

b̃ (κ̂k)
L∑

l=0

wk

4π
(2l + 1) Pl (κ̂k · κ̂)

If κ is real we have

‖r̃ (κ̂) | = ‖b̃ (κ̂)−
K∑

k=1

γkb̃ (κ̂k) ‖ = ‖eı�·Xcb̃ (κ̂)− eı�·Xc

K∑

k=1

γkb̃ (κ̂k) ‖

where Xc is the center of the object. With the modified right hand side eı�·Xcb̃ (κ̂)
the largest argument of the spherical Hankel function is maxX κ |X−Xc|. Let
γk =

∑L
l=0

wk

4π
(2l + 1) Pl (κ̂k · κ̂) and R = maxX |X−Xc| be the radius of the

smallest sphere enclosing the object. From (11) and (13) and the fact that jl (x)
is a rapidly decreasing function for fixed x and large l > x

|r̃j (κ̂) |
‖b̃ (κ̂) ‖ ≤

|∑∞
l=L+1 ıl (2l + 1) jl (Xκ) Pl

(
X̂ · κ̂

)
|

‖b̃ (κ̂) ‖

≈
| (2L + 3) jL+1 (Xκ) PL+1

(
X̂ · κ̂

)
|

‖b̃ (κ̂) ‖ ≤ | (2L + 3) jL+1 (Xκ) |
‖b̃ (κ̂) ‖

(15)

since |PL+1

(
X̂ · κ̂

)
| ≤ 1. If

|r̃j (κ̂) |
‖b̃ (κ̂) ‖ ≤

εI√
N

the residual ‖r̃ (κ̂) ‖ ≤ εI‖b̃ (κ̂) ‖. The truncation number L that is required for
this to hold can be estimated. The worst case in (15) is when X = R. Using the
asymptotic expansion for the spherical Bessel functions [3] and the arguments
in [3] for the number of Fast Multipole terms, the number L can be estimated as

L ≈ κR + 1.8

(
− log10

(
εI‖b̃ (κ̂) ‖√

N

)) 2
3

(κR)
1
3
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By the assumption in (10) ‖b̃ (κ̂) ‖ =
√

N so the final estimate is

L ≈ κR + 1.8 (− log10 εI)
2
3 (κR)

1
3 (16)

independent of the number of unknowns.
Thus, when solutions over the entire sphere of plane wave directions are

sought, K = O (L2) solutions are needed before the remaining solutions are
accurately predicted by interpolation. With equidistant points, spectral theory
predicts that K ≈ 4L2.

It seems reasonable to assume that when solutions in a plane of plane wave
directions are sought only K = O (L) solutions are needed. This can be proved
based on the observation that [1]

e−ıκ�̂a·X = e−ıκX cos(α−φ) =
∞∑

l=−∞
ı−lJl (κX) eıl(α−φ)

in that case. Here, Jl (x) is the Bessel function of order l. The same asymptotic
expansion as before give the formula in (16). If equidistant points are used
K ≈ 2L from spectral theory.

The arguments used here should be applicable to (8) as well.

6 Numerical experiments

Numerical results are compared to the theoretical results obtained in the previous
sections. The Fast Multipole accelerated Method of Moments code described in
Section 5 is used for validation. In the experiments α = 0.5 is used in (6)
and the iterative method is preconditioned with the Sparse Approximate Inverse
preconditioner in [7]. As a test example a model aircraft called RUND depicted
in Figure 2 is used. By measuring the largest and smallest coordinate in the x,
y and z directions it is concluded that the aircraft fits into a sphere of radius at
most 0.6 meters. In the experiments two frequency ranges are considered. One
is around 1.5 GHz, where the geometry is resolved with N = 16218 edges, and
one is around 6 GHz, where the geometry is resolved with N = 64959 edges.

The aim of the first experiment is to validate the predictions in Theorem 1.
Two experiments on RUND are made. In both experiments scattering from a
plane wave traveling in a direction towards the nose of the airplane is considered.
The experiments predict the solution at 1.5 GHz and 6 GHz from solutions ob-
tained at surrounding frequencies. In order to avoid the influence of the error
in the iterative solver we choose ε = εI = 10−9. Figure 3 shows the relative
residual of the initial guess ‖r(0)‖/‖b‖ as a function of the distance in frequency
between the interpolation points ∆f . The result for 2, 4 and 8 interpolation
points are shown. As the number of interpolation points is increased the conver-
gence rate increases exponentially. The rate is not as fast as predicted by theory
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Figure 2: The generic aircraft model called RUND.

though. One possible reason could be that the Fast Multipole Method is used,
which implies that the impedance matrix is not completely continuous as noted
in Section 5.
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Figure 3: The relative residual of the initial guess as a function of ∆f for different
number of interpolation vectors at 1.5 GHz (left) and 6 GHz (right).

In the second experiment the number of terms needed to accurately predict
the remaining solutions as a function of ε is examined. The iterative solver uses
εI = 10−7 and the case of constant frequency and incident plane wave directions
in a plane is considered. Figure 4 shows the predicted number of terms compared
to the experimental number of terms at 1.5 GHz and 6 GHz. In both cases
the predicted number is larger than the actual number. One reason is that the
predicted radius of the sphere is too large. The monostatic Radar Cross Section
for the two cases is plotted in Figure 5. At 6 GHz a comparison is made with the
results obtained from a Method of Moments code using EFIE. The solutions are
in close agreement.

The last experiment demonstrates that MRI can be used for interpolation
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Figure 4: A comparison of the theoretical number of solutions and the number
of solutions needed in the experiments.
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Figure 5: The monostatic Radar Cross Section at 1.5 GHz (left) and 6 GHz
(right).

in both frequency and angle at the same time. In this case all the solutions
at a fixed frequency are computed by MRI. Solutions that were used to predict
the other solutions are kept and used in the interpolation at the next frequency.
Both frequency and angle use the strategy in Figure 1 to pick the next parameter
point. The frequency range is 1.45 GHz to 1.65 GHz sampled at 17 frequency
points and the angle varies between 0 and 359.6 degrees sampled at 900 points.
In the experiments ε = εI = 10−3 was used and the solver was full GMRES for
one right hand side. Figure 6 plots the monostatic Radar Cross Section for the
frequency range and Figure 7 shows the relative residual of the initial guess. The
relative residual 10−3 is plotted for comparison in Figure 7. In MRI, 234 of the
15300 solutions was enough to predict the remaining solutions with MRI. The
iterative solver computed 1790 matrix vector multiplications. In addition 3368
matrix vector multiplications were computed in the initialization step at the
different frequencies. This should be compared to an estimated 291000 matrix
vector multiplications if GMRES is used alone on each equation and a computed
11959 matrix vector multiplications if MRI is used to interpolate in the angle
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only. In the estimate it is assumed that on average each right hand side requires
19 iterations in full GMRES.
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Figure 6: The monostatic Radar Cross Section computed in the frequency sweep.

7 Conclusions

In this paper we followed up on some of the issues in [6].
The straight forward extension to matrices with varying parameters was car-

ried out. A similar theorem as in [6] was proved for this case in Theorem 1.
In the numerical experiments it was demonstrated that exponential convergence
rate is achieved in frequency if the Fast Multipole Method is used with Method
of Moments.

For the case of electromagnetic plane wave scattering an estimate on the
number of angles required before the remaining solutions are accurately predicted
by MRI is given. The experiments validate this result.

Finally, an experiment on using MRI in both frequency and angle shows the
additional benefit with this method. The number of matrix vector multiplication
is reduced by a factor of about 60 compared to solving one right hand side at
a time. The work is also reduced compared to only using MRI in one of the
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Figure 7: The residual of the initial guess computed in the frequency sweep.

two parameters. Since many of the matrix vector products are carried out in
the initialization step of each frequency point, it would be worthwhile to find
a more efficient way of doing the initializations. For certain classes of matrices
the method suggested in [6] should be used. The Method of Moments requires a
different approach. One possibility is to use some kind of interpolation, but it has
to be done in a rigorous way in order to ensure that the residual estimates hold.
Otherwise, more matrix vector multiplications are needed. This is a subject for
further research.
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