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Abstract

Several estimation methods have been proposed for identifying errors-in-

variables systems, where both input and output measurements are corrupted

by noise. One of the promising approaches is the so called Frisch scheme.

In its standard form it is designed to handle white measurement noise on

the input and output sides. As the output noise comprises both effects of

measurement errors and of process disturbances, it is much more realistic

to allow correlated output noise. It is described in the paper how the Frisch

scheme can be extended to such cases.

1 Introduction

For system identification of linear dynamic systems from noise–corrupted output
measurements there are many different methods available, see, for example, [6],
[12]. Estimation of the parameters for linear dynamic systems when also the input
is affected by noise (‘errors–in–variables’, or EIV, models) is recognized as a more
difficult problem. The class of scientific disciplines which makes use of such rep-
resentations is very broad, as proved by the several applications collected in [15],
[16], such as time series modelling, array signal processing for direction–of–arrival
estimation, blind channel equalization, multivariate calibration in analytical chem-
istry, image processing, astronomical data reduction, etc. In case of static systems,
errors–in–variables representations are closely related to other well–known topics
such as latent variables models and factor models [4].

Some comparisons between different approaches for errors-in-variables modelling
of dynamic systems are given in [9] and [11] and references therein. The so called
Frisch scheme is one of the more interesting approaches for the errors-in-variables
identification. It has its roots in a classical algebraic estimation problem, [3],
where a regression problem was treated. It has been proposed for identifying
dynamic systems in [1] and was further elaborated in [2]. An analysis concerning
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the accuracy of the estimates obtained using the Frisch scheme was provided in
[8].

2 Problem statement and notional setup

2.1 Setup

Consider the system depicted in Figure 1 with noise-corrupted input and output
measurements.

SYSTEM- -- ? ?
Æ�� Æ��Σ

Σ
u(t)uo(t) yo(t) y(t)ỹ(t)

ũ(t)
Figure 1: The basic setup for an error-in-variables problem.

The noise–free input is denoted by uo(t) and the undisturbed output by yo(t).
They are linked through the linear difference equationA(q�1) yo(t) = B(q�1) uo(t); (2.1)

where A(q�1) and B(q�1) are polynomials in the backward shift operator q�1, i.e.q�1 x(t) = x(t� 1) etc. More precisely,A(q�1) = 1 + a1q�1 + � � �+ anaq�na;B(q�1) = b1q�1 + � � �+ bnbq�nb: (2.2)

We assume that the observations are corrupted by additive measurement noisesũ(t) and ỹ(t) of zero mean. The available signals are thus of the formu(t) = uo(t) + ũ(t);y(t) = yo(t) + ỹ(t): (2.3)

The general problem is to determine the system characteristics, i.e. the transfer
function G(q�1) =

B(q�1)A(q�1)
: (2.4)

In other words, the estimation problem is as follows. Given the noisy input-output
data u(1); y(1); : : : u(N); y(N), determine an estimate of the parameter vector� = (a1 : : : ana b1 : : : bnb)> : (2.5)

2.2 Assumptions

In order to proceed, some general assumptions must be introduced.
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A1. The dynamic system (1) is asymptotically stable, i.e. A(z) has all zeros
outside the unit circle.

A2. All the system modes are observable and controllable, i.e. A(z) and B(z)
have no common factors.

A3. The polynomial degrees na and nb are a priori known.

A4. The processes ũ(t) and ỹ(t) are mutually uncorrelated, and uncorrelated with
the noise–free signals uo(t) and yo(t).
A5. The sequences ũ(t) and ỹ(t) are zero–mean white noise sequences with vari-
ances �u and �y, respectively.

A6. The true input uo(t) is a zero–mean stationary ergodic random signal, that
is persistently exciting at least of order na + nb.
Remark. The assumptions as listed above are standard for many EIV estimation
methods. They apply, in particular, for the Frisch scheme. As ỹ(t) in (2.3) should
comprise not only sensor noise but also effects of process disturbances, Assump-
tion A5 is not very realistic. The purpose of the paper is to examine means to
extend the Frisch scheme to situations where ỹ(t) is correlated in an arbitrary way.

2.3 Notations

The following notations will be convenient.

We introduce the regressor vector'(t) = (�y(t� 1) : : :� y(t� na) u(t� 1) : : : u(t� nb))>; (2.6)

which is compatible with the parameter vector (2.5). Further, we will use the
conventions:� �o denotes the true parameter vector, and �̂ its estimate.� Similarly, we let Ao(q�1); Bo(q�1); �ou; �oy denote the true values of A(q�1),B(q�1); �u; �y, respectively.� 'o(t) denotes the noise-free part of the regressor vector:'o(t) = (�yo(t� 1) : : :� yo(t� na) uo(t� 1) : : : uo(t� nb))>: (2.7)� '̃(t) denotes the noise-contribution to the regressor vector. This means that'̃(t) = (�ỹ(t� 1) : : :� ỹ(t� na) ũ(t� 1) : : : ũ(t� nb))>: (2.8)
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Sometimes it is very convenient to add a leading element to � and to '. For this
reason we introduce the extended regressor vector as'(t) =

� �y(t)'(t) � ; (2.9)

and the extended parameter vector� =

�
1� � : (2.10)

At other times it is useful to work with partitioned parameter and regression
vectors. For this reason we introduce also the partitions of � and '(t) as� =

�
a

b

� ; a =

0B� a1

...ana 1CA ; b =

0B� b1

...bnb 1CA ; (2.11)

and '(t) =

� 'y(t)'u(t) � ;
where 'y(t) =

0B� �y(t� 1)
...�y(t� na)

1CA ; 'u(t) =

0B� u(t� 1)
...u(t� nb) 1CA : (2.12)

Extended versions of the partitioned vectors will also be handy:� =

�
a

b

� ; a =

�
1
a

� ; (2.13)'(t) =

� 'y(t)'u(t) � ; 'y(t) =

� �y(t)'y(t) � : (2.14)

Cross-covariance matrices between two vectors x(t) and y(t) are denoted asRxy = Ex(t)y>(t); (2.15)

and their natural estimates are denoted asR̂xy =
1N NXt=1

x(t)y>(t): (2.16)

The covariance matrices are often partitioned in a way compatible with the parti-
tioning of the vectors. For example,R̂' =

 R̂'y R̂'y'uR̂'u'y R̂'u ! : (2.17)
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3 The Frisch scheme

As a background we review the Frisch scheme here for the case when ỹ(t) is white
noise, and thus satisfies Assumption A5.

First note that '>o (t)�o = �Ao(q�1)yo(t) + Bo(q�1)uo(t) = 0: (3.1)

Further it holds that R' = R'o + R'̃; R' = R'o + R'̃: (3.2)

It follows from (3.1) that R'o�o = E'o'>o �o = 0: (3.3)

Hence the matrix R'o is singular (positive semidefinite), with at least one eigen-

value equal to zero. The corresponding eigenvector is �o. One can show that under
the general assumptions A2 and A6, the matrix R'o will in fact have only one
eigenvalue in the origin.

The noise covariance matrix has a simple structure, asR'̃ =

� �yIna+1 0

0 �uInb � : (3.4)

The relation (3.3) is the basis for the Frisch method. The idea is to have appro-
priate estimates of the noise variances and then determine the parameter vector �
from �R̂' � R̂'̃� �̂ = 0: (3.5)

Assume for the time being that some estimate �̂u of the input noise variance is
available. Then the output noise variance �̂y is determined so that the matrix
appearing in (3.5) is singular. More specifically, see [8]:�̂y = �min

�R̂'y�R̂'y'u�R̂'u � �̂uInb��1R̂'u'y� ; (3.6)

where �min(R) denotes the smallest eigenvalue of R.

The estimate of the parameter vector � is determined by solving�R̂' � � �̂yIna 0

0 �̂uInb �� �̂ = r̂'y; (3.7)

which is indeed the last na+nb equations in (3.5). By (3.6), �̂y will be a function

of �̂u.

What remains is to determine �̂u. Different alternatives have been proposed:
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In [1], the function �̂y(�̂u) is evaluated both for the nominal model and for an
extended model, adding one A or one B parameter (or both). The two functions
correspond to curves in the (�̂u; �̂y) plane. The curves will ideally intersect in

one unique point, which defines the estimates. In case R̂' would be replaced by
its true value R' a situation as displayed in Figure 2 would be obtained. Curve

P

B
A�u�y �̂u

�̂y(�̂u)

Figure 2: Illustration of the principle for Frisch estimation.

A corresponds to the true model order, while curve B applies for the increased
model order. The coordinates of the common point P give precisely the true noise
variances �u; �y.
For a finite data set the situation is less ideal, and there is not a distinct point P
where the curves A and B share a common point. We refer to [1], [13] for more
detailed aspects on how this type of the Frisch scheme can be implemented.

Another alternative is to compute residuals, and compare their statistical proper-
ties with what can be predicted from the model. This alternative was proposed in
[2], and is presented here in a slightly more general form. Define the residuals"(t; �̂) = Â(q�1)y(t)� B̂(q�1)u(t); (3.8)

and compute sample covariance elementsr̂"(k) =
1N NXt=1

"(t; �̂)"(t + k; �̂): (3.9)

Compute also theoretical covariance elements r̂"o(k) based on the model"o(t) = Â(q�1)ˆ̃y(t)� B̂(q�1)ˆ̃u(t); (3.10)

where ˆ̃y(t) and ˆ̃u(t) are independent white noise sequences with

E

h
ˆ̃y2(t)i = �̂y; E

h
ˆ̃u2(t)i = �̂u: (3.11)

Next, define a criterion for comparing fr̂"(k)g and fr̂"o(k)g. A fairly general way
to do this is to take VN(�̂u) = Æ>WÆ; (3.12)

where W is a user chosen, positive definite weighting matrix, and the vector Æ isÆ =

0B� r̂"(1)� r̂"o(1)
...r̂"(m)� r̂"o(m)

1CA : (3.13)
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The maximum lag m used in (3.13) is a user choice. The estimate �̂u is determined
as the minimizing element of the criterion�̂u = arg min�u VN(�u); (3.14)

so �VN��u j�u=�̂u = 0: (3.15)

In summary the Frisch scheme algorithm consists of the equations (3.6), (3.7) and
(3.15). In its implementation, there is an optimization over one variable, �̂u, in
(3.14). In the evaluation of the loss function VN (�̂u), also (3.6) and (3.7) are used
to get �̂y and �̂, respectively, as functions of �̂u.

4 Bias-compensating least squares

The Frisch scheme can indeed be interpreted as a bias-compensating least squares
method, [9].

When the least squares method is applied to the linear regression modely(t) = '>(t)� + "(t): (4.1)

the estimate �̂ will be biased due to the presence of measurement noises ũ(t) andỹ(t) in the data. The least squares (LS) estimate of � using the model (4.1) is�̂LS = R̂�1' r̂'y ! R�1' r'y; N !1: (4.2)

It holds that R' = R'o + R'̃; r'y = r'oyo = R'o�o: (4.3)

Therefore the LS estimate �̂LS satisfiesR'�̂LS = [R' � R'̃]�o; (4.4)

and �̂LS is biased due to the term R'̃.

The principle for bias-compensated least squares (BCLS) is to adjust the least
squares estimate for this effect. The adjusted estimate will be�̂BCLS =

hR̂' � R̂'̃i�1 r̂'y; (4.5)

where the noise term R̂'̃ has to be estimated in some way. Note that (4.5) is
indeed the same equation as (3.7).

Assuming A5 applies (ũ(t); ỹ(t) both white noise), two more equations are needed
to determine the unknowns �; �u; �y. For the Frisch scheme, these two equations
are precisely (3.6) and (3.15).

There are many other variants of bias-compensating least squares, see references
in [9]. The compensated normal equations (4.5) apply to all variants, but different
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variants are tied to different sets of the two additional equations.

One of the popular bias-compensating schemes is BELS (bias-eliminating least
squares), [17]. Introduce the asymptotic least squares criterionVLS(�) = E[y(t)� '>(t)�]2 (4.6)

Then, as shown in [17],VLS(�̂LS) = E[y(t)� '>(t)�̂LS]2

= �y + E['>0 (t)�0 � '>(t)�̂LS]2

= �y + �>0 R'0
�0 + �̂>LSR'�̂LS � 2�̂>LSR'0

�0:
From (4.3) it follows that R'0

�0 = R'�̂LS, and henceVLS(�̂LS) = �y + �>0 R'�̂LS + �>0 R'0
�̂LS � 2�̂>LSR'0

�0

= �y + �>0 R'̃�̂LS

= �y + �ya>o âLS + �ub>o b̂LS: (4.7)

Note that (4.7) can be seen as a linear equation in �y and �u.

It is striking to see that the Frisch scheme implies a similar (but not identical!)
relation. In this case we haveVLS(�̂) =

1N NXt=1

['>(t)�̂]2 = �̂>R̂' �̂
= �̂>R̂'̃�̂ = �̂yâ>â + �̂ub̂>b̂: (4.8)

Equation (3.5) is utilized here. Note the similarity between (4.7) and (4.8).

Remark. The relation (4.8) can be written asr̂"(0) = r̂"o(0); (4.9)

and this is the reason why no zero lag element is included in the vector Æ, (3.13).

5 Extensions to correlated output noise

When extending the Frisch scheme to correlated output noise we first focus in this
section how to modify the constituting equations. The algorithmic details will be
dealt with in the following sections.

For correlated output noise we have to modify the unknowns. Needless to say, the
parameter vector � is kept, as well as the input noise variance �u. The output
noise variance �y will be substituted by a covariance sequence:�y =

� rỹ(0) : : : rỹ(k)
�> : (5.1)
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We keep it open so far what value of k to choose.

The noise parameters �u and �y can be treated in different ways. One pragmatic
way is to regard them as nuisance parameters, and for simplicity not impose any
constraints. They are then regarded just as intermediate vehicles in order to arrive
at an estimator of the parameter vector �.
A more elaborated way is to impose constraints reflecting the physical meaning of
these parameters. As �u is a variance, it must hold that �u � 0. In the case of
a white output noise we would also have �y � 0. For the correlated output case,
it is more complicated to handle the precise conditions on �y. Some necessary
conditions are that the noise covariance matrix

R'̃ =

0BBBBBBB�
rỹ(0) : : : rỹ(na� 1)

...
. . .rỹ(na� 1) : : : rỹ(0) �u

. . . �u
1CCCCCCCA =

� R'̃y 0

0 �uInb � (5.2)

must be positive definite, and thus also the matrix R̂'̃y . For a more stringent
treatment, a parameterization that gives precisely necessary and sufficient condi-
tions for �y to be the beginning of a covariance sequence is given in [14]. However,
the problem under study then becomes more severely nonlinear, and will be more
complicated to handle.

We find directly from (5.1) and (5.2) that a necessary condition on the maximal
lag k is k � na� 1: (5.3)

When extending the Frisch scheme we keep the modified normal equations (4.5)
and the ‘Frisch equation’ R̂' � R̂'̃ singular: (5.4)

The relation (5.4) will now be rewritten as giving �̂u as a function of �̂y. Similarly
to (3.6), the explicit relation will be�̂u = �min

�R̂'u � R̂'u'y �R̂'y � R̂'̃y(�̂y)��1 R̂'y'u� : (5.5)

Now consider the modified normal equations. For correlated output noise, they
will read �R̂' � R̂'̃� �̂ = r̂y' � r̂ỹ'̃: (5.6)

Here R̂'̃ depends on rỹ(0); : : : ; rỹ(na� 1), while r̂ỹ'̃ depends on rỹ(1); : : : ; rỹ(na).
We thus must always require k � na: (5.7)
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In the next subsections we investigate some approaches for what equations to use
in addition to (5.4) and the normal equations.

5.1 Comparing residual functions

A first attempt is to keep the previous approach to compare sample and theoretical
covariances of the residuals. More specifically, try to setÆ = 0; (5.8)

where Æ is given in (3.13).

When computing the covariance element r̂"o(m), one can note that it depends on
the covariance elements rỹ(0); : : : ; rỹ(na + m). We must therefore choosek � na + m: (5.9)

However, in this case we have

# of unknowns : (na + nb) + 1 + (k + 1)
# of equations : (na + nb) + 1 + m (5.10)

For this to be compatible, we getm � k + 1 � na + m + 1: (5.11)

The first inequality in (5.11) follows as we must have at least as many equations
as unknowns. The second equality follows after invoking (5.9). Obviously, (5.11)
is a contradiction. It means that this attempt to extend the Frisch scheme can
never be successful. No matter how we choose m, we will always end up with more
unknowns than equations.

5.2 Correlating residuals with past outputs

Another attempt to extend the Frisch scheme is to cross-correlate past outputs
with residuals. In this case we have

E

0B� y(t� na� 1)
...y(t� na�m)

1CA�A(q�1)y(t)� B(q�1)u(t)�= : : : (5.12)

which gives m equations. The right hand side will have a contribution that depends
on �y. The largest lag appears in the last equation of (5.12) and leads to the
condition k � na + m: (5.13)

Similarly to the previous subsection, by analysing the number of equations and the
number of unknowns we conclude that also this attempt of extending the Frisch
scheme can never work.
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5.3 Correlating residuals with past inputs

A third attempt is to cross-correlate past inputs with residuals. This idea leads to
the equations

E

0B� u(t� nb� 1)
...u(t� nb�m)

1CA�A(q�1)y(t)�B(q�1)u(t)�=0: (5.14)

Now we can achieve a more favourable situation compared to the previous at-
tempts, as the output noise covariance vector �y does not appear in (5.14).

A more detailed analysis show that using (5.14) as the third equation for an ex-
tended Frisch approach leads to (5.10) and hence k+ 1 � m. Combining this with
(5.7) we finally make the choicesk � na;m � k + 1 � na + 1: (5.15)

6 Algorithms

According to the previous section, the relevant equations to use are� The compensated normal equations, (4.5),� The ‘Frisch equation’, (5.5),� Crosscorrelation of residuals and past inputs, (5.14).

For later purposes, we write (5.14) asrz" = Ez(t)"(t; �)
= E

0� u(t� nb� 1): : :u(t� nb�m)

1A�y(t)� '>(t)�� = 0: (6.1)

Remark. For BELS similar equations apply. The second equation above is to be
replaced by (4.7). That the third equation applies for BELS is shown in [5].

We will in what follows present two different algorithms.

6.1 Algorithm 1

In this case we treat the elements of the (k+ 1)-dimensional vector �y as indepen-
dent variables. Further, note that �u and � are functions of �y by (5.5) and (4.5),
respectively. To determine �y we optimize k rz"(�) k over �y, in the sense�̂y = arg min�y k rz"(�(�y)) k2 (6.2)

This algorithm thus involves a (k + 1)-dimensional optimization, with potential
difficulties of convergence problems. The optimization can be carried out with or
without invoking constraints on �u and �y.
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6.2 Algorithm 2

The idea here is to reduce the dimensionality of the optimization problem, and
instead solving two one-dimensional subproblems. To do so, we split the com-
pensated normal equations into two parts, and write the total set of equations
as � R̂'y � R̂'̃y(�̂y) �R̂'y'u � �̂ = r̂'yy � r̂'̃yỹ(�̂y); (6.3)� �R̂'u'y R̂'u � �̂uInb � �̂ = r̂'uy; (6.4)R̂' � R̂'̃ singular (6.5)� �R̂z'y R̂z'u � �̂ = r̂zy: (6.6)

Here, the compensated normal equations (4.5) are rewritten as (6.3), (6.4). Fur-
ther, (6.5), (6.6) are just the same as (5.4) and (5.14), respectively.

Remark. For the particular case m = na + nb, (6.6) is nothing but the standard
instrumental variable estimate for errors-in-variables problems, [7].

The number of equations above are na for (6.3), nb for (6.4), 1 for (6.5) and na+1
for (6.6).

It is now very useful to see that the vector �y appears only in (6.3) and (6.5).
Furthermore, equations (6.4) and (6.6) gives nb + m = na + nb + 1 equations forna + nb + 1 unknowns (�̂ and �̂u). This observation leads to the following two
steps algorithm.

Step 1. Solve (6.4) and (6.6) with respect to �̂ and �̂u. Note that these equations
can be written more compactly as�R� �̂u� 0 Inb

0 0

�� �̂ = r; (6.7)

where R =

� �R̂'u'y R̂'u�R̂z'y R̂z'u � ; r =

� r̂'uyr̂zy �
(6.8)

are of dimensions (na + nb + 1)j(na + nb) and (na + nb + 1)j1, respectively.

Equation (6.7) is bilinear in �̂ and �̂u. It can be treated in various ways. Here we
propose to use a variable projection algorithm, as in [10]. SetJ =

�
0 Inb
0 0

� : (6.9)

We characterize the sought solution as

min�̂;�̂u k (R� �̂uJ)�̂ � r k2 : (6.10)

For given �̂u, solve (6.10) in a least squares sense with respect to �̂ to get�̂ = (R� �̂uJ)yr; (6.11)
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where Ry denotes the pseudoinverse of R. Next �̂u is found by minimizing the
concentrated loss functionV2(�̂u) = k (R� �̂uJ)(R� �̂uJ)yr � r k2

= r>r � r>(R� �̂uJ)
h
(R� �̂uJ)>(R� �̂uJ)

i�1

(R� �̂uJ)>r: (6.12)

This is a one-dimensional optimization problem. The sought solution should sat-
isfy V2(�̂u) = 0 within rounding errors. This gives a way to check if the computed
solution is reasonable, or the search routine can be expected to be stuck in a local
minimum point.

Remark. If we only care about the estimation of �, then BELS and the Frisch
scheme will be give exactly the same estimate for the case considered here of white
input noise and correlated output noise. In both cases Step 2 can be disregarded
as long as there is no interest in determining �y explicitly.

Step 2.

As �̂ and �̂u are computed in Step 1, only �̂y remains as unknown to be determined
in Step 2. Should only the parameter vector � be of interest, Step 2 can be skipped
altogether.

To determine �y, use the remaining equations (6.3) and (6.5). A further inspection
reveals that (6.3) is in fact linear (or rather, affine) in �y. We can therefore in
principal rewrite (6.3) as F�y = f; (6.13)

where F is a matrix of dimension naj(na + 1). Using (6.13) we find that�y = �h0 + F yf; (6.14)

where h0 is a vector spanning the null space of F . Using (6.14) we have a one-
dimensional parameterization of �y using the scalar �. Inserting this into (5.5) we
can finally determine the remaining unknown � as�̂ = arg min� k �̂u � �min

�R̂'u � R̂'u'y �R̂'y � R̂'̃y(�h0 + F yf)
��1 R̂'y'u� k :

(6.15)
Hence also Step 2 of the algorithm has as its core a one-dimensional optimization
problem.

7 Numerical examples

In this section we discuss by means of some numerical examples what performance
to expect of the algorithms previously introduced.

For both algorithms it is possible to include constraints on �̂u and �̂y. Note in
particular that there is no guarantee that the vector �y obtained from (6.14) does
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satisfy the constraints. The largest possible value of the input noise variance �̂u
is obtained when R'̃y = 0, and requiring that the matrix R̂'o is positive definite.

This leads to the condition

0 < �̂u < �min

�R̂'u � R̂'u'yR̂�1'y R̂'y'u� (7.1)

The output noise covariance sequence �̂y should similarly be such that

0 < R̂'̃y(�y) < R̂'y � R̂'y'uR̂�1'u R̂'u'y (7.2)

In particular for Algorithm 1, where the optimization is over the vector �y, an
initial estimate is needed for the iterative search. In the implemented algorithm,
first the EIV problem with modelling the output noise to be white was considered,
leading to an estimate �̂y. Then �̂y was initiated as�y =

� �̂y 0 : : : 0
�> : (7.3)

The estimate �̂y was then determined by minimizing the criterion (6.2) using a
penalty function, i.e. adding a large term to the criterion function when the con-
straint (7.2) was not satisfied.

Example 1. Occasionally the estimates produced by Algorithm 1 did show a
weak performance. For a simple case, it was possible to attribute this performance
to convergence to a false minimum point. There is in fact no guarantee that (6.2)
even has a unique global minimum. As a simple illustration, consider the system
given by yo(t) = 2uo(t� 1)u0(t) = 1+0:7q�1

1�0:5q�1 e(t); Ee2(t) = 1;ỹ(t) = 1

1�0:5q�1 ey(t); Ee2y(t) = 4: (7.4)

In this case na = 0 and �y will be a scalar quantity. To avoid analysing what
happens for a particular realization, we can examine the asymptotic case whenN = 1. This means that all sample covariance elements tend to their expected
values. The loss function in (6.2) is plotted versus the scalar unknown �y in Figure
3 for m = 1 and m = 2. We see easily from the figure that for the case m = 1 there
are two (isolated) global minimum points. While the true parameter values corre-
spond to �y = 5:33, it turns out that the described initialization gives convergence
to the other global minimum point at �y = 4:2. Fortunately, if we increase m to 2
(although m = 1 should be sufficient according to (5.15)) the situation improves,
and there is a unique minimum to the loss function.

Example 2. A Monte Carlo simulation study was carried out for a number of
systems and algorithms. The implemented algorithms are as follows.

A1 Algorithm 1. The constraints on �y, (7.2) are treated using a penalty term
on the loss function.

A2F Algorithm 2. The search for �u in Step 1 is done within the interval de-
scribed by (7.1). For Step 2, an analog interval is derived for rỹ(0) and then
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Figure 3: Behaviour of the loss function V in (6.2) versus �y. Left: m = 1, right:m = 2.

transformed into an interval for � using (6.14). The constraint (7.2) for �y
is disregarded.

A2B This is Algorithm 2 with details as described for A2F. The difference is in
Step 2 where the BELS equation (4.7) was used instead of (6.5). In this way
a linear system of equations was used to determine �y. No constraint on �y
or even rỹ(0) was applied.

Six different systems were tried. In all cases 100 realizations, each of lengthN = 10000 were used. In several cases the optimization algorithms produce warn-
ings. As the computed estimates of � still are reasonable, the results shown below
are based on using all realizations.

System 1. This system is given byyo(t) = 2q�1

1�0:8q�1uo(t); uo(t) = 1+0:7q�1

1�0:5q�1 e(t); Ee2(t) = 1;
Eũ2(t) = 1; ỹ(t) = 1

1�0:7q�1 ey(t); Ee2y(t) = 1; (7.5)

leading to signal-to-noise ratios on the input and output sides, respectively,

SNRu = 5:82 dB; SNRy = 7:63 dB: (7.6)

The results obtained are displayed in Table 1.

The results obtained for System 1 are quite good in terms of estimated � and�u. The estimates of �y are very bad, though. For Algorithm 2 it is known that

the quality of �̂y does not influence the properties of �̂. For Algorithm 1, there

is no decoupling in the estimation phase: rather, �̂; �̂u and �̂y are computed to-
gether as a solution to one joint optimization problem. It is therefore striking that
also for Algorithm 1 the estimates �̂ are very accurate although �̂y is generally bad.

System 2. In this case the system is of second order, andyo(t) = 2q�1+q�2

1�1:5q�1+0:7q�2uo(t); uo(t) = 1+0:7q�1

1�0:5q�1 e(t); Ee2(t) = 1;
Eũ2(t) = 1; ỹ(t) = 1

1�0:7q�1 ey(t); Ee2y(t) = 4; (7.7)
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Table 1: Results obtained for System 1. Mean and standard deviations over 100
realizations.

Parameter True A1 A2F A2B

value mean std mean std mean stda1 -0.8 -0.800 0.003 -0.800 0.005 -0.800 0.005b1 2.0 1.997 0.024 2.000 0.033 2.000 0.033�y(1) 1.96 1.08 0.49 1.16 0.86 1.11 0.95�y(2) 1.37 0.08 0.49 0.16 0.94 0.12 1.00�u 1 0.996 0.031 1.000 0.037 1.000 0.037

leading to signal-to-noise ratios on the input and output sides, respectively,

SNRu = 5:82 dB; SNRy = 11:48 dB: (7.8)

The results obtained are displayed in Table 2.

Table 2: Results obtained for System 2. Mean and standard deviations over 100
realizations.

Parameter True A1 A2F A2B

value mean std mean std mean stda1 -1.5 -1.504 0.012 -1.504 0.026 -1.504 0.026a2 0.7 0.702 0.010 0.703 0.024 0.703 0.024b1 2.0 1.970 0.125 1.980 0.211 1.980 0.211b2 1.0 0.997 0.094 0.988 0.127 0.988 0.127�y(1) 7.84 6.51 7.01 207 34 2.44 212�y(2) 5.49 2.25 6.27 180 31 -1.29 188�y(3) 3.84 1.64 4,46 128 23 -0.57 134�u 1 0.956 0.126 0.947 0.270 0.947 0.270

The results for System 2 show much of the same behaviour as the results for System
1. It is noticeable that the estimates of �y are completely unreliable for algorithms

A2F and A2B, although �̂ is still very good. Algorithm A1 produces the best
results though.

We consider next four more, partly simpler, systems.

System 3. Nowyo(t) = 2q�1�q�2

1�0:8q�1 uo(t); uo(t) = e(t); Ee2(t) = 10;
Eũ2(t) = 1; ỹ(t) = 1

1�0:7q�1 ey(t); Ee2y(t) = 4; (7.9)

leading to signal-to-noise ratios on the input and output sides, respectively,

SNRu = 10 dB; SNRy = 1:55 dB: (7.10)
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Table 3: Results obtained for System 3. Mean and standard deviations over 100
realizations.

Parameter True A1 A2F A2B

value mean std mean std mean stda1 -0.8 -0.799 0.008 -0.799 0.010 -0.799 0.010b1 2.0 1.951 0.144 2.036 0.210 2.036 0.210b2 -1.0 -0.974 0.076 -1.016 0.109 -1.016 0.109�y(1) 7.84 5.23 3.55 4.18 4.13 3.11 5.25�y(2) 5.49 0.52 1.42 0.52 1.27 -0.33 2.13�u 1 0.698 0.740 1.074 1.017 1.074 1.017

Table 4: Results obtained for System 4. Mean and standard deviations over 100
realizations.

Parameter True A1 A2F A2B

value mean std mean std mean stda1 -1.5 -1.501 0.014 -1.501 0.032 -1.501 0.032a2 0.7 0.701 0.013 0.701 0.033 0.701 0.033b1 2.0 1.995 0.070 1.998 0.114 1.998 0.114�y(1) 7.84 4.04 1.26 155 9 28 85�y(2) 5.49 0.04 1.08 133 8 22 75�y(3) 3.84 0.00 0.68 94 7 15 54�u 1 0.992 0.077 0.994 0.105 0.994 0.105

The results obtained are displayed in Table 3.

System 4. In this case the system is of second order, andyo(t) = 2q�1

1�1:5q�1+0:7q�2uo(t); uo(t) = 1+0:7q�1

1�0:5q�1 e(t); Ee2(t) = 1;
Eũ2(t) = 1; ỹ(t) = 1

1�0:7q�1 ey(t); Ee2y(t) = 4; (7.11)

leading to signal-to-noise ratios on the input and output sides, respectively,

SNRu = 5:82 dB; SNRy = 6:32 dB: (7.12)

The results obtained are displayed in Table 4.

System 5. Nowyo(t) = 2q�1uo(t); uo(t) = e(t); Ee2(t) = 10;
Eũ2(t) = 1; ỹ(t) = 1

1�0:7q�1 ey(t); Ee2y(t) = 5; (7.13)

leading to signal-to-noise ratios on the input and output sides, respectively,

SNRu = 10 dB; SNRy = 0:09 dB: (7.14)
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Table 5: Results obtained for System 5. Mean and standard deviations over 100
realizations.

Parameter True A1 A2F A2B

value mean std mean std mean stdb1 2.0 1.98 0.19 2.03 0.21 2.03 0.21�y(1) 9.80 5.48 3.74 4.40 4.19 4.40 4.19�u 1 0.79 0.92 1.04 1.02 1.04 1.02

Table 6: Results obtained for System 6. Mean and standard deviations over 100
realizations.

Parameter True A1 A2F A2B

value mean std mean std mean stdb1 2.0 1.93 0.14 1.95 0.16 1.95 0.16b2 1.0 0.97 0.07 0.97 0.08 0.97 0.08�y(1) 7.84 5.69 3.60 5.38 3.91 5.38 3.91�u 1 0.59 0.73 0.65 0.79 0.65 0.79

The results obtained are displayed in Table 5.

System 6. Nowyo(t) = (2q�1 + q�2)uo(t); uo(t) = e(t); Ee2(t) = 10;
Eũ2(t) = 1; ỹ(t) = 1

1�0:7q�1 ey(t); Ee2y(t) = 4; (7.15)

leading to signal-to-noise ratios on the input and output sides, respectively,

SNRu = 10 dB; SNRy = 2:30 dB: (7.16)

The results obtained are displayed in Table 6.

The results reported in Tables 3-6 confirm the previous picture. All methods pro-
vide very accurate estimates of � and Algorithm A1 seems to give the smallest
error. The estimates of �u are acceptable, while the estimates of �y are fully un-
reliable.

8 Conclusions

Approaches for how to extend the Frisch method for identifying errors-in-variables
systems have been described. The extension concerns the possibility to handle
correlated output noise. A set of equations, partly nonlinear, that defines the
estimates have been described. Some comparisons to the related bias-eliminating
least squares (BELS) algorithm have also been provided. Two algorithms for
solving the equations defining the parameter estimates have been derived. One
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algorithm is based on a multivariable optimization procedure, while the second
consists of two one-dimensional optimization subproblems. The first algorithm has
somewhat better (numerical) performance in general. The asymptotic statistical
properties should though depend on the set of defining nonlinear equations, and
not on the algorithm employed to solving these equations. As long as only the
system parameters are concerned, the second algorithm turns out to be identical
to the bias-eliminating least squares algorithm.
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