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Abstract

This report considers the bias-eliminating least squares (BELS) method for
identifying the errors-in-variables systems with white input noise and colored out-
put noise. A simplified form of the BELS algorithm is proposedwhich is proved to
be equivalent to the existing one. The new relation is a form of linear IV equations
which will not only reduce the computational load but also simplify the analysis of
the properties of the BELS estimates.

1 Introduction

Consider the noise-free input and output processesu0(t) andy0(t) which are linked by
a linear dynamic system A(q�1) y0(t) = B(q�1) u0(t); (1.1)

where A(q�1) = 1 + a1 q�1 + : : : + ana q�naB(q�1) = b0 + b1 q�1 + : : : + bnb q�nb (1.2)

are polynomials in the backward shift operatorq�1.

For errors-in-variables (EIV) systems, the input and the output are measured with addi-
tive noiseũ(t) andỹ(t), respectively. The available signals are of the form:u(t) = u0(t) + ũ(t)y(t) = y0(t) + ỹ(t): (1.3)

We make the following general assumptions:
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A1. The dynamic system (1.1) is asymptotically stable,i.e.A(z) has all zeros outside
the unit circle.

A2. All the system modes are observable and controllable,i.e. A(z) andB(z) have
no common factors.

A3. The polynomial degreesna andnb are a priori known.

A4. The processes̃u(t) andỹ(t) are mutually independent zero mean noise, and both
independent ofu0(t).

A5. The input noisẽu(t) is white and the output noise is colored.

A6. The true inputu0(t) is a zero-mean stationary ergodic random signal, that is per-
sistently exciting of enough order.

The situation of the assumptionA5 is a fairly realistic one. In practice, the output noiseỹ(t) should model not only measurement and/or sensor noise but also effects of process
disturbances. This situation does not apply for the input noiseũ(t) normally.

The aim of identifying the EIV system is to consistently estimate the system parameter
vector� = (a1 : : : ana b0 : : : bnb)T from the measured noisy datafu(t); y(t)gNt=1. It is
recognized as a difficult identification problem. During thepast decades, many different
solutions have been presented, see, for example, [3], [1], [6], etc. Within them the bias-
eliminating least squares (BELS) algorithm is one of the more interesting approaches,
because it usually gives quite good estimation accuracy butwith a modest computational
cost. The BELS methods (without pre-filter) were first proposed in [7] for the case
of EIV systems with white input and white output noise. The algorithm was further
extended to deal with cases with white input noise and colored output noise in [8]. The
focus of this report lies on derivation and interpretationsof a simplified BELS estimator,
which has the advantage from the computational point of viewand will benefit the
theoretical analysis of the BELS method.

2 Notations

The following additional notations are introduced for convenience. The regressor vector
is defined by '(t) = (�y(t� 1) : : :� y(t� na); u(t) : : : u(t� nb))T : (2.1)

We will use the conventions'0(t) = (�y0(t� 1) : : :� y0(t� na); u0(t) : : : u0(t� nb))T (2.2)

and '̃(t) = (�ỹ(t� 1) : : :� ỹ(t� na); ũ(t) : : : ũ(t� nb))T (2.3)

to denote the noise-free part and the noise-contribution ofthe regressor vector, respec-
tively. It follows that '(t) = '0(t) + '̃(t): (2.4)

2



Further, we will introduce the extended versions of'(t) and� as'̄(t) =

� '(t)'(t) � ; �̄ =

� �� � (2.5)

where'(t) and� are to be defined later on. We make the following assumption.

A7. The noise part̃'(t) of the extended regressor vector is uncorrelated with'̃(t) andỹ(t): R'̃'̃ = 0; r'̃ỹ = 0: (2.6)

3 The BELS methods

The EIV system described by (1.1)-(1.3) can be expressed as alinear regressor modely(t) = 'T (t)� + "(t); (3.1)

where"(t) = ỹ(t) � '̃T (t)�. When the least squares (LS) method is applied to (3.1),
the estimatê� will be �̂LS = R�1''r'y; (3.2)

which is biased due to the noise on both the input and the output sides. A bias-
compensated least-squares (BCLS) scheme [5], is written as�̂BCLS = (R'' � R'̃'̃)�1 (r'y � r'̃ỹ) : (3.3)

The basic idea of BCLS is to remove the noise-contribution parts from the covariance
matrixR'' and the vectorr'y to get consistent estimates. The BELS algorithm is based
on this principle.

In the compensated normal equation (3.3), the noise matrixR'̃'̃ and the noise vectorr'̃ỹ are constructed by the noise covariances of both the input and the output sides. For
the cases with correlated output noise and white input noise, the detailed expressions of
this noise matrix and vector areR'̃'̃ =

� Rỹ 0
0 Rũ �

=

0BBB� rỹ(0) : : : rỹ(na�1)
...

. . .
... 0rỹ(na�1) : : : rỹ(0)

0 rũ(0)Inb+1

1CCCA (3.4)r'̃ỹ =
� rỹ(1) : : : rỹ(na) 01�(nb+1)

�T : (3.5)

Here, for a general noise processx(t), we define its covariance functionrx(�) as:rx(�) = E(x(�)x(t � �)); � = 0; �1; �2; : : : :
The corresponding unknown noise parameter vector is definedas:� = (�u; �y) = (rũ(0); rỹ(0); rỹ(1); : : : ; rỹ(na)): (3.6)
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In order to determine the noise covariances (and henceR'̃'̃ andr'̃ỹ), more relations are
needed in addition to the equations (3.3). One such relationcan be derived from the
minimal value of the least squares criterion:VLS = E[y(t)� 'T (t)�̂LS ]2

= rỹ(0) + �̂TLSR'̃'̃� � (� + �̂LS)T r'̃ỹ; (3.7)

(see equation (43) in [8]). To get further relations for the noise covariances, an extended
model structure is introduced in the BELS method. In [8], themodel extension is done
by appending an additionalB parameter vector, leading to'(t) =

0B� u(t� nb � 1)
...u(t� nb � p)

1CA ; � =

0B� bnb+1
...bnb+p 1CA : (3.8)

(What number ofp to choose will be discussed later.) This choice does satisfyassump-
tion A7.

Similar to (3.1), the linear EIV system (1.1)-(1.3) can alsobe represented by the ex-
tended model y(t) = '̄T (t)�̄ + "(t): (3.9)

Applying the ordinary LS estimate in this extended model leads toˆ̄�LS, which consists
of two parts,�̂LS and�̂LS. By using the fact that the true value of� is a zero vector, the
following relation is obtained as:RT''R�1''(R'̃'̃� � r'̃ỹ) = r'y �RT''�̂LS: (3.10)

SeeTheorem 2in [8] for details.

To sum up, the BELS algorithm consists of three equations:� the compensated normal equations (3.3),� the minimal value of the loss function (3.7),� the additional equation (3.10) obtained by using an extended model.

In the BELS methods, we initially set̂� = �̂LS, then solve equations (3.7) and (3.10) to
get the estimates of the noise parameter vector�. Next, a new value of̂� is computed by
using the compensated normal equation (3.3). This process is iterated until convergence.

4 Simplifying the third relation of BELS

As seen in the preceding section, the third relation (3.10) of the BELS algorithm is
quite complex. In the following, we simplify this relation because it will not only make
the computational process easy but also help us choosing theproper vector'(t). The
accuracy and convergency properties of the BELS algorithm were analyzed in [2] and
[4]. The results therein show that the construction of the implemental vector'(t), i.e.
the type of the extended model, is important for achieving good estimates. In addition,
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the simplified algorithm will make the analysis of the properties of the BELS estimates
much easier.

Reconsider the compensated normal equations (3.3). For theextended model, they will
be rewritten as � R'̄'̄ �R˜̄' ˜̄' �� �

0

�
= r'̄y � r˜̄'ỹ, �R''�R'̃'̃ R''R'' R''�R'̃'̃�� �

0

�
=

�r'y�r'̃ỹr'y � :
Looking at the lower block row givesR''� = r'y: (4.1)

Proposition:The two relations (3.10) and (4.1) are equivalent.
proof: Substituting the relation (3.2) and usingRT'' = R'' in (3.10) yieldsR''R�1''(R'̃'̃� � r'̃ỹ) = r'y � R''R�1''r'y, R''R�1''(R'̃'̃� � r'̃ỹ + r'y) = r'y, R''R�1''(R'̃'̃� + r'0y0

) = r'y: (4.2)

Then, by replacingy0(t) with 'T0 (t)�, we get

Relation (3:10), R''R�1''(R'̃'̃� + R'0'0
�) = r'y, R''R�1''R''� = r'y, R''� = r'y, Relation (4:1): (4.3)�

Remark 1: The simplified relation (4.1) can be further rewritten as:R''� = r'y, E'(t)(y(t)� 'T (t)�) = 0, E'(t)"(t) = 0: (4.4)

Remark 2: The relation (4.1) is a form of IV equations. In the case ofp = na +nb + 1,
it is exactly the basic IV approach for determining�. Similarly to the instrument vector
in the IV method, the vector'(t) can be built in many ways as long as assumptionA7
holds.

Remark 3: The relation (4.1) is a system oflinear equations, with only� as unknowns.
Since noise covariances are not present there, the computational load will be much lower
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than in (3.10).

Remark 4: To guarantee that the relation (4.1) will givep linearly independent equa-
tions,R'' must have full rank.

Remark 5: The analysis carried out here covers also the case thatũ(t) and ỹ(t) are
both white noise. Then the additional vector'(t) can be built by delayed inputs and/or
delayed outputs.

Next, we analyze what value ofp to be chosen. Consider that there are2na + nb + 3
unknowns.� �=(a1 : : : ana b0 : : : bnb)T)na+nb+1 unknowns� �=(rũ(0)rỹ(0) : : : rỹ(na)) ) na+2 unknowns

And totally, there arena + nb + 2 + p equations.� modified normal equations)na+nb+1 equations� minimal value of loss function) 1 equation� additional IV equations) p equations

To have computability, the number of equations must be larger than or equal to the
number of unknowns, namely,na + nb + 2 + p � 2na + nb + 3) p � na + 1: (4.5)

5 Conclusions

A simplified form of the BELS algorithm has been proposed for identifying the errors-
in-variables systems, where the input is observed in the white noise and the output is
observed in the colored noise. The result also fits the cases with white input noise and
white output noise. The derived new relation of the BELS methods is a form of linear
IV equations, which was proved to be equivalent to the previous relation proposed in
[8], Theorem 2. By using the new relation, we can both reduce the computational load
and simplify the analysis of the BELS methods.
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