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Abstract

There are many methods for identifying errors-in-variakdgstems. Among
them Bias-Eliminating Least Squares (BELS), the Friscresah and Extended
Compensated Least Squares (ECLS) methods are attractix@sapes because of
their simplicity and good estimation accuracy. These timme¢hods are all based
on a bias-compensated least-squares (BCLS) principlehignréport, the rela-
tions between them are considered. In particular, the neati equations utilized
in these three methods are proved to be equivalent undereftf noise condi-
tions. It is shown that BELS, Frisch and ECLS methods havednee asymptotic
estimation accuracy providing the same extended vectaead.u

1 Introduction

A system with errors or noises on both input and output measents is called an

errors-in-variables (EIV) system. Such models have brgaudi@ations and appear in
many practical data analysis situations. During the pasadies, many solutions to the
EIV system identification problem have been proposed. Amw&e and some com-

parisons of different approaches have been made in [8] &jd [1

It is well known that the standard Least Squares (LS) metluas dhot yield consistent
estimates for EIV situations due to the noise on both thetiapd the output sides. As-
suming the noise parameters are known or could be estinebéals-compensated least-
squares (BCLS) scheme can be used to remove the noisebtiaini part of the normal
equations to get consistent estimates. Various approatgsigned for the bias com-
pensated scheme exist. Among them, Bias-Eliminating Legsares (BELS) methods
[12], [14], Frisch schemes [1], [2] and Extended Compersatast Squares (ECLS)



methods [4], [5] are well known for their quite good estimatiaccuracy and for a
modest computational cost. In order to estimate the noissnpeters in BCLS scheme
methods, besides compensated normal equations, adtigiguations are needed. In
BELS, Frisch and ECLS methods different approaches aretadmdlt these equations.
It is interesting to analyze the relations of these threerétlyms. In some numerical
examples we have noticed that BELS and Frisch do have (vamylas estimates, but

till now, no papers have theoretically analyzed the retetibetween BELS and Frisch
schemes and their connections with the ECLS methods. Inrépigrt, we focus on

comparing the equations used by these three algorithmsrand that, from the equa-
tions point of view, BELS and Frisch are equivalent to the BGhethod with the same
extended model.

The report is organized as follows. In Section 2 we desctieebtackground and in-
troduce notations. The main idea of BELS, Frisch and ECLS$hout are reviewed in
Section 3. In Sections 4, we compare the equations of these thethods under differ-
ent noise conditions. Finally, a numerical example is giveBection 5 before we draw
conclusions in Section 6.

2 Background and Notations

Consider the noise-free input and output procesgés andy,(t) which are linked by
a linear dynamic system

Ala ) wo(t) = Blg ") uo(t), (2.1)

where
Al = 14+a ¢ +.. .+ a,, g™

B(q*l) = bO -+ bl q*l + ...+ bnb qfnb (22)

are polynomials in the backward shift operajot.

For EIV systems, the input and the output are measured wilitiael noise(¢) and
y(t), respectively. The available signals are thus of the form:

u(t) = wuo(t) +a(t), y(t)=uyo(t)+7(t). (2.3)

The problem of identifying the errors-in-variables sysismwoncerned with consistently
estimating the system parameter vector

0= (ar...an, bo...by)" (2.4)

a

and the noise parameters (such as noise variances) fronetsned noisy data(t), y ()}, .

The following are general assumptions:

Al. The dynamic system (2.1) is asymptotically stable, arid) and B(z) have no
common factors.

A2. The polynomial degrees, andn, are a priori known.



A3. The processes(t) andy(t) are mutually independent white noise sequences, of
zero mean and variancgs and )\, respectively. Both noise signals are indepen-
dent ofug(t).

A4. The true inputuy(t) is a zero-mean stationary ergodic random signal, that is per
sistently exciting of sufficiently high order.

We introduce the regressor vector

ot) = (—y(t—1)...—y(t—ng) u(t)...ult—mny))"
= (—yolt = 1) ... —yo(t — ng) uo(t) ... uo(t —ny))*
(=gt = 1) ... = Gt —ng) a(t)...a(t —ny))T
= po(t) + &(1), (2.5)

wherep,(t) andp(t) denote the noise-free part and noise contribution pagt(of, re-
spectively.

For convenience, we utilize the extended regreggoy and the extended parameter
vector© as

o(t) = (—y() o), e=0a )" (2.6)

We introduce some further expressions for the regresstonvaed the system parameter
vector in partitioned form as

u(t) ()
Y R Ry R ,qﬁy(t)( (”). @.7)

u(t—nyp) —y(t—ny) #u(l)

For a general random proces§), we define its empirical covariance functigyf(r) as
Z w(t—71)), T=0, £1, £2, .... (2.8)

Further, the empirical cross-covariance matrix betweem tandom vectors:(¢) and
y(t) and the cross-covariance vector between random ve¢tpand random variable
z(t) are denoted as

= L3S0, =D a(0)200) 2.9)

t=1

The EIV system described by (2.1)-(2.3) can be expressedimsaa regressor model
y(t) =" ()0 + (1), (2.10)
wheres(t) = g(t) — @1 (1)0.

For the standard least squares (LS) method, the estitpaie given by the solution to
the normal equation, which fa¥ — oo can be written as

(Bet)¢™ (1)) Ors = Ep(t)y(t)
= (Boo(t)l (t) + E¢(t)3T (1)) Ors = Epo(t)yo(t) + E@()(t). (2.11)

3



According to the assumptiod3, E4(t)@! (t) > 0 and E@(t)5(t) = 0. Also it holds
thaty(t) = ¢f (t)0. Hence

0.5 #0,  i.e. 0.gisbiased. (2.12)

To get unbiased estimates, a bias-compensated leasesqB&LS) scheme [11] can
be introduced as

Opcrs = (Rpp — Rpz) ' (roy — 155 (2.13)

The basic idea of BCLS is to remove the noise contributiomsfthe covariance matrix
R,, and the vector.,,. In the compensated normal equation (2.13); andrg; are
constructed by estimated noise covariances of both the amlithe output sides.

When both the input nois&(t) and the output noisg(t) are white A3), the covariance
vectorrg; equals to zero and the covariance matrix of the noise vextois simplified
as

(N, O
Rsp = ( 5 AuIn,,+1>' (2.14)

The unknown noise parameters are okjyand),.

Wheny(t) needs to model not only measurement and/or sensor noisdsbutféects
of process disturbances, assumpthahshould change ta(t) white andg(¢) colored.
Then, the detailed expressions of the matftiyx and vector;; are

rz(0) ... ring—))
R~ 0 : . : 0
R, — ( Z ): S L (215)
g 0 Raa) |rja—1) ... 7;3(0)
0 )\ulnb—i—l
T
reg = (r3(1) o 15(na) Orxmysr) ) - (2.16)
The corresponding unknown noise parameter vector is ircge defined as
pP= ()‘ua Pg)T = ()‘m r§(0)7 r?(l)a s 7r§(na))T' (2-17)

In order to determine the noise covariances (and héngeandr;;), more relations
are needed in addition to the equations (2.13). BELS, FrascthECLS use different
techniques to build these additional equations. In thefahg section, we will briefly
review these three methods.

3 Review of BELS, Frisch and ECL S methods

3.1 BELSmethods

The BELS methods were first proposed by Zheng in [12], [14]dentifying EIV sys-
tems with white input and output measurement noise seqaeht®rder to determine
the noise variances\,, \,) (and hence?;;), at least two more relations are needed in
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addition to the equations (2.13).

In BELS, the first such relation is derived from the minimalueaof the least squares
criterion:

N
2 N
Vis = Z (v(0) = " s)” = A + B Ryt (3.1)
t=1
See [12] for details in deriving this equality. To get alseaand relation fon, and,,
an extended model structure was considered for the BELSausthFor this purpose
we introduce extended versionsyoft) andf as

A1) = (") ")), o=(6" 0)". (3.2)
The model extension can, for example, mean that additiémmalB (or both) parameters
in (2.10) are appended. Consider least squares estimattbr extended model

y(t) = @' ()0 +<(1), (3.3)

which leads toRWé_LS = rg,. Recall thaty(t) =yo(t)+g(t) andg(t) = @o(t) +@(t).
Hence

Rpglis = Tpop + 755 = Rooped = (Rpp — Rp3)0. (3.4)
SetH = (0,...,0,1), J = (Inn, 0), 0
we find that (3.4) imply

J#, and recalling thaHé = 0,

HOs = HR,NRpp— Ry3)0 = —HR;IR53J6. (3.5)
To sum up, the BELS algorithm consists of three equations:
e the compensated normal equations (2.13),
e the minimal value of the loss function (3.1),
e the additional equation (3.5) obtained by using an extemadede!.

In the classical BELS methods, we initially $et 6, 5, and then solve equations (3.1),
(3.5) to get the estimates of the noise variangeand \,. Next, a new value ofl is
computed by using the compensated normal equation (2.13§ process is iterated
until convergence.

The BELS methods were extended to colored output noise tonsliin [13]. In this
case, the minimal value of the loss function becomes

Vis = —Z< 9L5>2

= Tg(O) + GLSRWQ — (9 + éLs)TT@;, (36)

(see equation (43) in [13]). In order to get the second @hatthe system model is
extended by appending an additiofaparameter vector

ot)=(ult—ny—1) ... u(t—mny—p) )T. (3.7)
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The second relation becomes

RT Rfl(RWQ — T@g) = Tfy — RggéLSa (38)

wp~lop

instead of (3.5). Se&heorem 4n [13] for details. In [6], the equations (3.5) and (3.8)
were further simplified. It was shown that each can be egemibl substituted by

Ryp) = 1y, (3.9)

3.2 Frisch schemes

The Frisch scheme was developed to identify dynamic ElVesgstin [1] and was
further elaborated in [2]. Consider the case of the whitelirgnd output measurement
noise A3). The Frisch scheme utilizes the relatich,(2.6),

d5 ()00 = —Ao(g yo(t) + Bolg Huo(t) = 0. (3.10)

Further it holds thaf?,s = Ry, + ;. It follows from (3.10) that

R =~ D (6n(0)64 ()80) = 0. @3.11)

t=1

Hence the matrixXz, 4, is singular (positive semidefinite), with at least one eigedune
equal to zero. Therelation (3.11) is the basis for the Frisethod, and can be expressed
as

(Rys — Rz3)© = 0, (3.12)

o Mydpa 0
WhereR¢¢ = ( 0 Nl i1 >

Assume for a moment that an estimate\pis available. Then the output noise variance
A, is determined so that the matrix in (3.12) is singular. Mgrecsfically, see [1]:

Ay=Amin (R, — R, 0 R, — )‘ufnb+1)_1chu¢y ), (3.13)

where i, (R) denotes the smallest eigenvaluefdf To determine),, several alter-
natives have been proposed to get the needed second rel&iomlar to the BELS
methods, one choice is to evaluate the Frisch equation)(8i&n extended model
with an additional regressar(t). This method was proposed in [1]. For this alternative
the extended Frisch equation will be

(Rgs — R35)0 =0, (3.14)

wees= (G0 ) o= (50) o=(3)

Therefore the function,(),) is evaluated both for the nominal model and for the ex-
tended model by utilizing the relations (3.12) and (3.1d3pectively. The two functions
correspond to two curves in ttig,,, \,) plane. The curves will ideally have one unique



common point, which defines the estimate.

Besides using the extended model, two other approacheshieaveproposed to build
the new relations in the Frisch methods. One alternative ompute residuals and
compare their statistical properties with what can be ptedifrom the model [2]. The
second alternative is to use the overdetermined Yule-Walgaations [3]. In this re-
port, we focus on analyzing the Frisch methods which utileeextended model.

Recently, the Frisch scheme was extended for identifying yistems with correlated
output noise [9]. The additional equations were obtainedsigg the cross correlation
of residuals and past input,

o0 = Toy- (3.15)

3.3 TheECLS methods

Extended Compensated Least Squares (ECLS) is a relatigelymethod proposed by
Ekman in [4]. The main idea of the ECLS methods is to extendbihe eliminating
concept to the instrumental variable methods. The methadsased on the following
overdetermined system of equations

(Rzgo - RZ@(p)) 0 = Tey — ng(ﬁ)- (316)

The choice of the entries in the instrumental vect@ will determine the structure
of Rz5(p) andrz;(p). To estimate the system parameter veétas well as the noise
parameter vectos, we will choose at least some of the entries{n) to be correlated
with the system disturbane¢t). In ECLS, the equation (3.16) is solved by considering
it as a nonlinear LS problem. The estimates of the systemmpeteasyd and the noise
parameterg are given as the minimal point of

(0.p) = argmin (0, p), (3.17)
P
wheref (0, p) is the loss function

f(0,p) = |Irey —rz5(p) — (Rap — Rzp(p)) 0], (3.18)

Algorithms for the ECLS methods utilize the fact that theimation problem (3.17)
is separable so th@tandp can be estimated separately. If the loss function (3.18) is
minimized with respect t6, then, for a giverp the minimization is achieved by

~

0(p) = (Rop — Rip(p)! (12 — 15(p)) (3.19)



where (R,, — R5¢(p))T denotes the pseudo-inverse (@., — R:;(p)). Substituting
(3.19) into (3.17), the estimates of the noise vegi@s found from solving a variable
projection minimization problem

p = argmin|lray —rz(p) = (Rap — Rep(p))
X (R — RZ@(p))T(rzy - ng(ﬂ))||2- (3.20)

Then a consistent estimate of the system paraméters; can be obtained by replacing
p by pin(3.19).

4 Comparisons of the equations in BELS, Frisch and
ECLS

It is interesting to compare the equations utilized in BEEBsch and ECLS methods.
An important user choice in BELS and Frisch methods is thé&iaddl extended vector
©(t), which has large effects on the performance of the estimkta<ECLS, in the key
equation (3.16) the entries of the vectdt) can be designed in many different ways. In
particular we choose hergt) as

2t) = (yt) ") ST (4.1)

Insert suctx(t) into equation (3.16). For botihhandy being white noise, we will obtain
the following three equations:

Typt = 1,(0) — 15(0). (4.2)

(Rgmp — R@@) 9 = r(py- (43)

& Ry =rg (4.4)

(RW . R@;> [

It is obvious that equation (4.3) is just the compensatednabequation used in both
BELS and the Frisch schemes. For the remaining two equa(:2) and (4.4), assume
that (4.3) holds, we then have the following two lemmas.

Lemma 1 Equation (3.1) in BELS and equation (3.12) used in the Frisdfeme are
equivalent to equation (4.2).

Lemma 2 Equation (3.5) in BELS and the Frisch equation (3.14) arévedgnt to equa-
tion (4.4).

Proof: See Appendices A and B, respectively.

We see that, under the white measurement noises case, afjulgions used in BELS
and Frisch are identical to ECLS when the instrumental wveqto is chosen as in (4.1).



For the correlated output noise case, in contrast to theswalitput noise, the covariance
vectorrg; will not equal to zero and the unknown noise parameters drected in the
vectorp, (2.17), instead of only the noise variancesand \,. From the descriptions

in Section 3, if the extended vectext) is designed by using the past inputs and the
instrumental vectok(t) is chosen as in (4.1), we summarize the equations used in the
three algorithms as

(Rpp — Rpp) 0 =1y — 135, (4.5)
Rpy 0 =14y, (4.6)
BELS: Vig = 15(0)+0 4Rs0— (0 + Ors) 15, (4.7

Frisch:  73(0) = Ain(Ryup, = Rouz, (Roye, — Rp,5,(0y) " Rpyp.), (4.8)

ECLS: (ry, —155) 0 =1, (0) — r5(0). (4.9)

The detailed derivation for equation (4.8) was given in [Bhe number of equations
above are:, + n;, + 1 for (4.5),p for (4.6) andl for each of (4.7)-(4.9). The number of
the total equations must be larger than or equal to the nuofherknowns, so the size
of the additional extended vectg(t) as in (3.7) should meet > n, + 1 to guarantee
the computability. Ifp is chosen ag = n, + n, + 1, (4.6) itself gives exactly the basic
instrumental variable estimatesf

It can be seen that, for identifying EIV systems in the cated output noise case,
equations (4.5) and (4.6) are exactly same for BELS, FriachE2CLS method. For the
equations (4.7)-(4.9), we have the following lemma.

Lemma 3 Equations (4.7)-(4.9) are equivalent.
Proof: See Appendix C.
So again, all the equations used in BELS and Frisch are dguoivia those of ECLS.

Extensions of these three methods to the colored noiseslashies are more compli-
cated. In this case using the extended model to get addigguaations does not work
except if the noises can be parametrically modeled as ARM&gsses [5].

We know that different methods can have different perforceardepending not only on
the equations that they use but also depending on the te@wmigilized to solve these
equations. However, the asymptotic statistical propggheuld rely only on the set of
defining equations. Summing up so far, we get the followirsgyite

Result: Although BELS, Frisch and ECLS methods have different imp@atations,
their asymptotic estimation accuracy will be identicahpded the same extended vec-
tor ¢(t) is used.



5 Numerical illustrations

A simple numerical example will be used to illustrate thevjpas theoretical analysis.
Consider a first-order system

(1-0.8¢7 Hyo(t) = 1.0¢  ug(t). (5.1)

The white measurement noises at the input and output sidbshlbee unit variance.
The undisturbed inputy(¢) is an AR(1) process

(1 —0.5¢" M ug(t) = e(t), (5.2)

wheree(t) is a zero-mean white noise with unit variance. We will coneglie normal-
ized asymptotic covariance matrix of the estimated pararset

P = lim EN( — 990 — )", (5.3)
N—o00

whered andd, denote the estimate and the true value of the total parametéor,
which is defined asd) = (a1 ...ana  bo...bup; Ay Au).

Assume first that we choose the extended vegl@y = —y(t — n, — 1). Then, for
data numbeV = 10* and 200 realizations, the normalized covariance matrixEf 8
estimates is

0.32
b | 112 681
BELS =1 072 —4.31 7.42

1.08 6.31 —4.43 11.59

The normalized covariance matrix of the parameters estidnay the Frisch estimator
is

0.32
po_| 11moo7a2
Frisch =1 _ 083 —5.13 8.12 :

1.05 599 -5.31 10.07

and the normalized covariance matrix of the parametennastd by the ECLS is

0.31
poo | 105 667
ECLS =1 _0.68 —4.45 7.07

093 6.10 —4.07 10.59

As can be seen, the normalized asymptotic covariance nfatrthese three methods
are very similar whenV is large. The theoretical proofs in the previous section are
well supported by this numerical example. During the sirmafe, we also notice that
when signal to noise ratio at both input and output sides aréemate, the normalized
asymptotic covariance matrix for these three methods anesimilar even when the
data number is not very large. The computational load of EGL&rgest among these
three methods.
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6 Conclusions

In this report identification of linear errors-in-variablgystem has been studied. Three
estimators, bias-eliminating least squares, the Frisblerae and the extended com-
pensated least squares methods have been analyzed. Weobased on comparing
the nonlinear equations used in the algorithms. It has beeveg that the defining
equations are equivalent when the same additional exterete#dr () is used by the
three methods. Despite of the different techniques useadlte shese equations, BELS,
Frisch and ECLS methods have the same asymptotic estineteumacy providing the
same extended model is used.

Acknowledgments: The authors are grateful to Professor Umberto SoveriniHer t
helpful comments.

A Proof of Lemmal

Vs, the minimal value of the loss function used in BELS, can ither expressed as:

N
1 T n 2
Vis = N ;(y(t) — " (1)0Ls)
1 N
= N Z Rnpnpriﬂy)<y<t) - @T(t)R;glaTnpy)
t=1
= 1y(0) - soy wrwy (A1)
Insert (A.1) into equation (3.1) in BELS, and use the relsi6, s = Rwrwy and
Tooye = Fpopof. We get that (3.1) is equivalent to
ry(0) = 75 Ry = 15(0) + 7], R, R0
A Ty(()) - Tﬂ(()) = Tprchtp<r¢’y + Riﬁ@g)
A Ty(O) - T?(O) = ryﬂPchc;lv(r%yo + R@@Q)
& 1y(0) = 7y(0) = Twa;go(chowoe + Rpg0)
& 1y(0) —1y(0) = TysaR_;Rwe
& ry(0) = rg(0) = rye0, (A.2)

which is (4.2).

Utilizing the normal equation for the white noise case, J4tle Frisch equation (3.12)
can be further expressed as
) 0

(Rpp — Rz3)0 =0
ry(0) —r5(0) “Tye 1
< ( oy Ry — Rgp > < 4
ry(0) — 15(0) Tysa
“ ( _(st st)e st > < )
< 1ry(0) = rg(0) = 1y, (A.3)
which is again (4.2).
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B Proof of Lemma?2

Equation (3.5) can be simplified as
HRZ (rgy + Ry3J0) = 0, (B.1)
where we assumB;é to be exist. Equation (B.1) can be further expressed as

-1
Ry, R% Toy+ Ropl) _
== (le(na+nb+1) 1) <R£<P Rﬁ Toy + R@ﬁe ="

& (Ryp— RWR;;R%)‘I

-~ T'oy + Rppl
N S T S

Ty

A RfﬁﬂR;;(rwy + Ryp0) = T'oy
A RfsaR;;(Rmcpo + R@@)e = Ty
= RWG = Tyys (B.2)

which is (4.4).

The first alternative of the extended Frisch equation, (3dah be described as

(Rgp — R(Z(z)(:) =0

ry(0) — r5(0) Typ Typ 1
= Ty Rpp — Rpp Ry, 0 |=0
_Tfy Rf&p Rﬂ - R@@ 0

= —Tpy + (RWP - R@ﬁ)e
—Tpy + Rﬂﬁ

(B.3)

7y(0) = 15(0) — 1y0 )
=0

Using the relation (A.3) and the compensated normal egus{ib.3), the equation (B.3)

gives
0
& 0 =0
—Tpy + waﬂ

& Ryppl =1y, (B.4)
which is again (4.4).

C Proof of Lemma 3

Equation (4.7) used in BELS can be further expressed as

Vis = E(y(t)—goT(t)éL5)2 = Ty(O)—rgyR;;Tw. (C.1)
From (3.6), we also get the relation
Vis = 14(0) = g, Ry
= ’I"g(O) + ’I"gyR;;R@@e - QTT'@; — ’I"gyR;;’l"@g.

(C.2)
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We find that (C.2) can be rewritten as

= ry(O) wwaLpr‘Py
r5(0) + Twwa;R 50 — QTTW; — rwwarwg
& ry(O)—r (0) = rwwa(rwy + Ryl — r55) — 071
g ry(0)—75(0) = R(p(p(riﬂoyo + Rppt) — 1550
& 1y(0)=ry(0) =1y R, (meﬂoe + Rppb) — ryst
& 1y (0)=rg(0) = ryp R Ryt — rysh
& ry(0)—=rz(0) = ry,0 — ryzb, (C.3)

which is identical to (4.9).

For equation (3.13), if we assume that the output noise petemaectorn, is available,
then the input noise variance is determined so that the xn@tj, — Riﬁiﬁ) appearing

in (3.12) is singular. Please refer to Lemma 3.1 in [7] foradlet The Frisch equation
(4.8) can be presented as (3.1 — RszB)@ = 0, which can be further expressed as

o () ) ()=
o (T W) G

o (L0 e ) -
(Ty(o) — (0 J(Tw—rw)e 0
& 1y(0) = ry(0) = (ry, — 155)0. (C.4)

=

It is again the same equation as (4.9).
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