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Abstract. Finding a classification tree over a given set of elements that is compatible with a given family of classification trees over subsets of that set is a
common problem in many application areas, such as the historical analysis of
languages, the theory of relational databases, and phylogenetic supertree construction. We present a constraint programming approach to this problem. First,
we introduce a natural and compact graph representation of a family of classification trees. Second, we provide a complete filtering algorithm for the classification
tree problem, based on this normal form.

1 Introduction
In real life, the ordering of elements is a common problem. A given set of elements
can be partially ordered in various ways according to criteria. A standard classification
of elements is represented by a tree structure, such as XML documents. In this way, a
recurrent question is:
Which classification tree over a given set of elements unifies a given family of
classification trees over subsets of that set?
This is the case for the analysis of historical materials (like texts, artifacts, etc) leading to
various classifications (of languages [5], etc), the theory of relational databases [1], and
the analysis of evolutionary relationships between species [3]. In particular, the latter
application was previously studied by the constraint programming community [7, 8, 2].
We show in the following the first complete characterisation of the phylogenetic problem and a filtering algorithm detecting all the infeasible relationships between species.
Formally, this problem can be interpreted in graph theory. Indeed, each classification tree can be represented by a directed tree (more precisely, an anti-arborescence,
whose arcs are oriented from the leaves toward the root) where only the leaves (denoting the classified elements) are labelled and the internal nodes are anonymous. The
problem then lies in finding a directed tree T such that each given classification tree is
homeomorphic to some subtree of T (that is, if they can be transformed into each other
by adding or removing nodes of in-degree 1).

Our running example is given in Figure 1, where Figure 1a depicts a family (TU )
of three classification trees (the trees are binary, but this is not necessary). Figures 1b
and 1c represent the construction steps of the so-called normal form of the tree family;
the definition, properties, and construction of the normal form are detailed in Section 3:
for convenience all the sub-figures are together here, but the reader can ignore these
two sub-figures for now. Figure 1d represents a tree, denoted T, that respect all the
information provided by the normal form. Consider the set of sources (or leaves) in T1 ,
denoted by S1 = {A, D, E} and consider the subgraph (depicted by the bold arcs of
Figure 1d) T(S1 ) of T induced by S1 and its descendants in T: we have that T(S1 ) and
T1 are homeomorphic. With the same reasoning, T2 and T3 are also homeomorphic with
subtrees of T. Finally, Figure 1e depicts a solution, which is a complete tree (defined
in Section 2.1), to the corresponding classification tree problem. This complete tree is
obtained from T of Figure 1e by removing nodes of in-degree 1. In the following, this
complete tree is said compatible with the family (see Definition 1).
After defining, in Section 2, the underlying concepts of the classification tree problem, the organisation and contributions of this paper are as follows:
– We introduce a natural and compact graph representation of a family of classification trees. Moreover, we show that if such a normal form has a circuit, then
the related classification tree problem has no solutions. While the computation of
this intermediate representation can technically be omitted, we advocate it as an
alternative output to the classification tree problem; witness the recent interest in
phylogenetic super-networks rather than supertrees [9]. (Section 3)
– We propose a novel constraint-programming (CP) approach to enumerating all the
trees that are compatible with a given family of trees. The filtering algorithm for
the underlying new global constraint is complete, hence this is probably the first
CP approach to the problem that provably takes polynomial time. (Section 4)
– We illustrate the application of our approach to the phylogenetic supertree problem,
and theoretically compare it to the state-of-the-art approaches. (Section 5)
Finally, Section 6 concludes and provides some directions for future work.

2 Preliminaries
We now introduce the underlying concepts of the classification tree problem. Section 2.1 shows how to represent a classification of elements with a directed tree, while
Section 2.2 provides a formal definition of the compatibility of a classification tree with
a family of classification trees.
2.1 Graph Representation of a Classification Tree
A classification tree T is defined over a set S of classified elements, which are the
leaves of T. For any non-empty subset E of S, there exists a single node in T that is (on
the paths to the root) the first common descendant (fcd) of the elements of E, denoted
by Φ(E). Note that if E contains a single element e of S, then Φ(E) = e. If E = S,
then Φ(E) is the single root of the tree T. Given two subsets E1 ⊆ E2 ⊆ S, we write
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Fig. 1: A sample classification tree problem.

Φ(E1 )  Φ(E2 ) and say that the fcd of E1 precedes the fcd of E2 . Formally, let P(S)
be the set of subsets of S and let N be the set of nodes in T (including the elements
of S). The surjective function Φ : P(S) → N returns, for a given non-empty subset E
of S, the single node n of N that is the fcd of the elements of E. Similarly, given two
subsets E1 and E2 of S such that Φ(E1 ) and Φ(E2 ) denote the same node of T, we write
Φ(E1 ) = Φ(E2 ) and say that Φ(E1 ) and Φ(E2 ) are identical. Note that this does not
imply that E1 and E2 are the same subsets. In a classification tree T, each node is the fcd
of several subsets of S. The function Φ−1 : N → P(S) returns, for a given node n, the
maximal subset (under inclusion) of S for which n is the fcd. Finally, a classification
tree T is completely defined by the partially ordered set (poset) (N, ). Indeed, for any
three nodes x, y, z of N:
–  is reflexive: x  x. Any node of T is its own fcd.
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–  is anti-symmetric: x  y ∧ y  x ⇒ x = y. Let E = Φ−1 (x) and F = Φ−1 (y).
Hence E ⊆ F and F ⊆ E, thus E = F , and by definition x = Φ(E) = Φ(F ) = y.
–  is transitive: x  y ∧ y  z ⇒ x  z. Let E = Φ−1 (x), F = Φ−1 (y), and
G = Φ−1 (z). Hence E ⊆ F and F ⊆ G, thus E ⊆ G, and by definition x  z.
A classification tree T is naturally represented by a directed graph (digraph) defined
by the transitive reduction of the graph G = (N, A) with arc set A = {(x, y) | x ∈
N ∧ y ∈ N ∧ x 6= y ∧ x  y}, where  is defined as above for the function Φ that
associates to each non-empty set of classified elements its first common descendant.
Property 1 (Directed Complete Tree) The digraph G = (N, A) of a classification
tree T is a directed complete tree (whose arcs are oriented from the leaves to the root).
Proof. Recall that a digraph is a tree if and only if it is a connected graph, with a single
sink node, without any circuits, and without any transitive arcs. In our context:
– There exists a single sink node in G because Φ(S) is unique. As a consequence, G
is connected.
– The pair (N, ) is a poset, as shown above. In particular, there do not exist any
three distinct nodes x, y, z ∈ N such that x  y, y  z, and z  x, hence G does
not contain any circuits.
– G is defined by the transitive reduction of some graph, hence it does not contain
any transitive arcs.
– Every internal node of G has an in-degree of at least 2, hence G is complete.
⊓
⊔
Note that the classified elements S of a classification tree T correspond to the source
(or leaf) nodes of its digraph representation G. Similarly, the internal nodes of T correspond to the internal nodes of G. Finally, for a non-empty subset E of the classified
elements S of T, the node Φ(E) corresponds to the first common descendant (in the
direction of the arcs) of the source nodes corresponding to E in G. In the following, we
gloss over the difference between classification trees and their representation as directed
complete trees, and we often simply speak about trees rather than directed complete
trees or classification trees.
2.2 The Classification Tree Problem
A subtree Ts = (Us , Vs ) of a tree T = (U, V) is a subgraph of T, i.e., Us ⊆ U and
Vs ⊆ V. Also, two digraphs G and H are homeomorphic (or topologically equivalent),
denoted by G ≈ H, if they can be transformed into each other by adding or removing
nodes of in-degree 1. Finally, two digraphs are isomorphic if there is a one-to-one correspondence between their nodes, and if there is an arc between two nodes of one graph
if and only if there is an arc between the two corresponding nodes in the other graph.
Two digraphs are thus homeomorphic if and only if they become isomorphic by adding
or removing nodes of in-degree 1, which does not change the topology of the digraph,
as the set of paths between each pair of nodes is preserved.
In the context of our graph interpretation of the classification tree problem, a tree
preserving all the trees of a family (TU ) of trees is defined by (also see Figure 1):
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Definition 1 (Compatible Tree). A tree T is compatible with a tree family (TU ) if and
only if there exists a homeomorphic subtree of T for each tree of (TU ).
Throughout the paper, for a tree Ti of a tree family (TU ), with i ∈ U, the node set
Ni , the source (or leaf) set Si , the arc set Ai , and the first-common-descendant function
Φi of Ti are often implicit.

3 Normal Form of a Family of Classification Trees
We propose a novel compact representation, called the normal form, of the information of a given family (TU ) of classification trees. Toward this, Section 3.1 presents an
equivalence relation between the nodes of distinct trees of (TU ). Section 3.2 defines the
normal form, establishes its properties, and constructively shows how to compute it.
Section 3.3 shows a necessary and sufficient condition for the classification tree problem, based on the normal form of the tree family.
3.1 Equivalent Nodes
Intuitively, for any shared subset E of classified elements of two trees Ti and Tj , the first
common descendants of E in Ti and Tj represent in fact the same node Φ(E) in a tree
compatible with Ti and Tj . We recall that only the leaves are labelled in a classification
tree, hence the leaves of distinct trees with identical labels will be considered equivalent.
Consider a set E of sources shared by a subset R of trees of a family (TU ). The firstcommon-descendant relation over R enforces that the first common descendant of E in
any tree compatible with (TU ) is unique, if it exists. Then, the first common descendants
of E in each tree of R are all pairwise equivalent. Moreover, the reasoning can be improved. Indeed, consider a tree Tj of (TU ) and an internal node xj of Tj . The maximum
(under node inclusion) subset of sources for which xj is the first common descendant
−1
1
2
is Φ−1
j (xj ). Consider two subsets Ej , Ej ⊆ Φj (xj ). If there exist two trees Ti and
1
Tk of (TU ) and two nodes xi and xk respectively therein such that Φ−1
i (xi ) = Ej and
−1
2
Φk (xk ) = Ej , then node xj has to be merged with xi and xk in any tree compatible
with (TU ). Thus, {xi , xj , xk } are pairwise equivalent. These two observations lead to
the following definition:
Definition 2 (Equivalent Nodes). Given a tree family (TU ), two nodes xi and xj of
respectively trees Ti and Tj of (TU ) are equivalent (denoted by xi ≡ xj ) if and only if
one of the following conditions hold:
1. There exists a non-empty shared subset E of sources in Ti and Tj such that Φi (E) =
xi and Φj (E) = xj ,
2. There exist a tree Tk of (TU ) and a node xk of Tk such that xi ≡ xk and xk ≡ xj .
For example, in Figure 1a, the set of elements E = {D, E} is shared by T1 and T2
then, Definition 2 ensures (Φ1 (E) = 2) ≡ (Φ2 (E) = 5). However, this is a straightforward example. Indeed, consider the set E1 = {A, E} of T1 and the set E2 = {B, C, E}
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Fig. 2: Transitivity of the equivalence (≡) relation.

of T2 . We respectively have Φ1 (E) = Φ1 (E1 ) = 2 in T1 and Φ2 (E) = Φ2 (E2 ) = 5 in
T2 . Then, we also have Φ1 (E1 ) ≡ Φ2 (E2 ).
Let N be the set of all nodes in a family (TU ) of trees. Then ≡ is an equivalence
relation over N. Indeed, for any three nodes x, y, z of N:
– ≡ is reflexive: x ≡ x. Take Ti = Tj in Definition 2 and E such that Φi (E) = x.
– ≡ is symmetric: x ≡ y ⇒ y ≡ x. This follows from the interchangeability of Ti
and Tj in Definition 2.
– ≡ is transitive: x ≡ y ∧ y ≡ z ⇒ x ≡ z. This is due to item 2 of Definition 2.
The example, depicted by Figure 2, illustrates the transitivity of the equivalence relation. In T1 we have Φ1 (E1 ) = x1 , while in T2 we have Φ2 (E1 ) = Φ2 (E2 ) = x2 .
Similarly, in T3 we have Φ3 (E3 ) = x3 , while in T2 we have Φ2 (E3 ) = Φ2 (E2 ) = x2 .
Then we have x1 ≡ x2 and x2 ≡ x3 , so x2 has to be merged with x1 and x3 in any
compatible tree. This means that x1 ≡ x3 .
Let N ≡ be the set of nodes produced by contracting all the equivalent nodes of N.
The next sub-section essentially shows that a tree T that is compatible with a tree family
(TU ) is a tree that respects the poset (N ≡ , ).
3.2 Modelling the Information of a Family of Classification Trees
We now propose a novel compact way to represent the information of a family of classification trees. We aim at a representation that is unique, as well as minimal in terms
of internal nodes and arcs, without losing any information in the given trees.
Definition 3 (Normal Form of a Tree Family). The normal form of a tree family (TU )
is the minimal (under node inclusion) digraph GU without transitive arcs such that there
exists a homeomorphic subgraph of GU for each tree of (TU ).
For example, Figure 1b depicts the normal form of the family {T1 , T2 }. Next, Figure 1c depicts the final normal form of the family represented by Figure 1a. The equivalent nodes 2, 5, and 7, of trees T1 , T2 , and T3 , respectively, are merged into a single
node of the normal form GU .
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Computing the normal form of a tree family (TU ) can be done by iteratively merging
the trees of (TU ) into an initially empty directed graph GU . During iteration k, the tree
Tk of (TU ) is merged into GU . First, each node of Tk is added to GU except if it is
equivalent to an existing node of GU (according to Definition 2). Second, each arc of
Tk is added to GU except if it is transitive, and induced transitive arcs are removed. At
the end, a single sink node succeeding all the sink nodes of GU is added to GU . We now
show that this merging procedure is correct:
Lemma 1 (Correctness of Normal-Form Computation). Let Tk be a tree of (TU ) not
merged yet into the normal form GU = (NU , AU ). For any node u ∈ Nk , if there exists
a node v ∈ NU such that u ≡ v, then v is unique in NU .
Proof. Assume there exist two nodes v, v ′ ∈ NU , with v 6= v ′ , such that u ≡ v and
u ≡ v ′ . By the transitivity of ≡ (proven above), we then have v ≡ v ′ . Since v and
v ′ necessarily stem from two distinct trees of (TU ) (as no two nodes of a tree can be
equivalent), one of these two nodes is merged with the other one during the merging of
the second of those trees into GU (as the given trees are merged sequentially), hence we
have a contradiction with the assumed v 6= v ′ .
⊓
⊔
Now we are in position to introduce the two properties that make GU a normal form
of the family (TU ), namely the uniqueness in GU of the first common descendant of
any subset of the classified elements, and the uniqueness and minimality of GU itself.
Toward this, we first naturally extend the tree functions Φi : P(Si ) → Ni and Φ−1
:
i
Ni → P(Si ) on the given trees Ti of (TU ) to graph functions ΦU : P(SU ) → P(NU )
and Φ−1
U : P(NU ) → P(SU ). However, notice that for a set E ∈ P(SU ), if E 6⊆ Sk for
every Tk in (TU ), then ΦU (E) is the empty set.
We also introduce a new notation defining the merged nodes in the normal form.
For a node i of a tree Tk of tree family (TU ), let Ω(i) denote the node u of the normal
form GU to which i is equivalent, so that Ω −1 (u) denotes the set of nodes in the trees
of (TU ) that are equivalent to u. Moreover, let Ck denote the transitive closure of tree
Tk , and let CU denote the transitive closure of the normal form. It will be important that
these transitive closures are not reflexive, so that u ∈
/ Ck (u) for any Tk and u ∈
/ CU (u).
Property 2 (Uniqueness of First Common Descendants in Normal Form) For each
node u of NU , the nodes of Ω −1 (u) form an equivalence class for the relation ≡.
Proof. A node w of a tree Tk in the family (TU ) cannot belong to two distinct sets
Ω −1 (u) and Ω −1 (v) with u, v ∈ NU and u 6= v. Indeed, w ∈ Ω −1 (u) implies u ≡ w
and w ∈ Ω −1 (v) implies v ≡ w, hence, by the transitivity of ≡, we have u ≡ w, which
leads to Ω −1 (u) = Ω −1 (v): contradiction.
⊓
⊔
Property 3 (Uniqueness and Minimality of Normal Form) The normal form GU of
a tree family (TU ) is unique and minimal (under node inclusion).
Proof. In the normal form GU of a tree family (TU ), any pair of equivalent nodes (according to Definition 2) are merged into a single node of GU (because they belong to
an equivalence class for the relation ≡). Hence two nodes of GU cannot be merged by
Definition 2 (as a direct consequence of Lemma 1), and consequently GU is unique and
minimal under node inclusion.
⊓
⊔
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In a directed complete tree, the number of internal nodes is at most the number
of sources minus one. We denote by ℓ the number of distinct sources in the tree family
(TU ). The number of nodes in the normal form GU is O(ℓ). Assume that the information
Φk of a tree Tk ∈ (TU ) is known and that ΦU is dynamically maintained for GU . For each
node u of each tree Tk in (TU ), we have to check the equivalence of u to every node v of
−1
the current GU , using Definition 2 according to Φ−1
k (u) and ΦU (v). This can be done
2
in O(ℓ ) time. Moreover, the number of arcs of a tree is the number of nodes minus 1.
Hence the addition of the arcs of a tree Tk of (TU ) takes O(ℓ2 ) time. Indeed, checking
the transitivity of each arc (u, v) of a tree Tk in the normal form and removing induced
transitive arcs can be done by checking whether u and v are equivalent to existing nodes
of GU . If so, then two cases are distinguished. First, if Ω(v) ∈ CU (Ω(u)), then the arc
(u, v) is transitive and is not added to GU . Second, if Ω(v) 6∈ CU (Ω(u)) and there
exists a node w in GU such that w ∈ CU (Ω(v)) (respectively Ω(u) ∈ CU (w)), then
(Ω(u), w) (respectively (w, Ω(v))) is a transitive arc and has to be removed from GU .
In conclusion, the computation of the normal form takes O(ℓ2 ) time.
Each tree Tk = (Nk , Ak ) of (TU ) induces some infeasible relationships between its
nodes. Any two nodes u, v ∈ Nk such that the arc (u, v) is not in the transitive closure
of Ak does not respect the partial order induced by Tk . We say that the arc (u, v) is
impossible for Tk . Formally:
∀u ∈ Nk : Rk (u) = {v ∈ Nk | v ∈
/ Ck (u)}
This impossibility relation is naturally extended to the normal form GU = (NU , AU ).
An arc (u, v) is impossible for GU if there exists a tree Tk in (TU ) such that there exist
nodes i ∈ Ω −1 (u)Sand j ∈ Ω −1 (v), with i, j ∈ Nk , such that j ∈ Rk (i). Moreover,
the sources SU = k∈U Sk are pairwise impossible for GU . Formally:
∀u ∈ NU : RU (u) = SU ∪ {v ∈ NU | ∃k ∈ U : ∃i, j ∈ Nk :
i ∈ Ω −1 (u) ∧ j ∈ Ω −1 (v) ∧ j ∈ Rk (i)}
Property 4 If w ∈ RU (u) and v ∈ CU (u), then w ∈ RU (v).
Proof. Let u ∈ NU and v ∈ CU (u). If there is a node w ∈ RU (u), then we have
w 6∈ CU (u). According to v ∈ CU (u), the nodes u, v, w cannot be ordered on a single
path in any compatible tree, so w 6∈ CU (v) ∪ CU (u) because CU (v) ⊆ CU (u). Hence
w 6∈ CU (v) and as a consequence w ∈ RU (v).
⊓
⊔
3.3 Necessary and Sufficient Condition for the Classification Tree Problem
We now provide a complete characterisation of the classification tree problem based on
the existence of an acyclic normal form for the given family (TU ) of classification trees.
Toward this, we first need an important lemma, ensuring that for each non-sink node
of the normal form, there exists at least one successor node that contradicts neither the
impossibility relation RU nor the partial order CU induced by (TU ):
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Lemma 2 (Existence of Feasible Successor). If the normal form GU = (NU , AU ) of
a tree family (TU ) is acyclic, then for any non-sink node u of NU there exists at least
one successor node v ∈ NU that is a feasible successor of u in GU , in the sense that
CU (v) ∩ RU (u) = ∅ and CU (u) ∩ RU (v) = ∅.
Proof. Note that CU (u) ∩ RU (u) = ∅ and that the assumption (u, v) ∈ AU ensures
v ∈ CU (u) and v 6= u and v 6∈ CU (v) (because the transitive closure is not reflexive).
Hence CU (v) ⊂ CU (u) and as consequence CU (v) ∩ RU (u) ⊆ CU (u) ∩ RU (u) = ∅.
If u has a single successor v in NU , then let us assume CU (u) ∩ RU (v) 6= ∅.
Consequently, there exists a node w ∈ CU (u) ∩ RU (v). Moreover, the assumption
that u has a single successor v ensures that CU (u) ∩ CU (v) = CU (u) \ {v} because
the transitive closure is not reflexive. Hence we have w ∈ CU (v) ∩ RU (v), which is
impossible: contradiction.
If u has at least two distinct successors v and v ′ in NU , then things are more complicated. Consider Figure 3. Assuming CU (u) ∩ RU (v) 6= ∅ and CU (u) ∩ RU (v ′ ) 6= ∅,
take w ∈ CU (v) ∪ {v} and w′ ∈ CU (v ′ ) ∪ {v ′ } such that:
−1 ′
∃ℓ′ ∈ ΦU
(v ) : w ∈ RU (ℓ′ )

∃ℓ ∈

Φ−1
U (v)

′

: w ∈ RU (ℓ)

(1)
(2)

Property 4 ensures that w′ ∈ RU (v) and w ∈ RU (v ′ ). Now, consider the classification
tree Tw = (Nw , Aw ) extracted from GU in the following way:
−1
−1
– Nw = {ℓ1 , ℓ2 , ℓ3 , w, r}, where ℓ1 ∈ Φ−1
U (v) \ ΦU (u), ℓ2 ∈ ΦU (u), ℓ3 ∈
−1 ′
−1
ΦU (v ) \ ΦU (u), and r is the single sink of GU .
– The relationships between the nodes of Nw are ℓ1  w, ℓ2  w, w  r, ℓ3  r,
and w ∈ RU (ℓ3 ).

Such an extraction is done by first taking the subgraph of GU induced by Nw and the
descendants of Nw , and then removing the nodes with in-degree 1. Formula (1) ensures
that the source ℓ3 exists. Similarly, let Tw′ = (Nw′ , Aw′ ) be the classification tree
extracted from GU in the following way:
– Nw′ = {ℓ1 , ℓ2 , ℓ3 , w′ , r} = {w′ } ∪ (Nw \ {w}).
– The relationships between the nodes of Nw′ are ℓ2  w′ , ℓ3  w′ , w′  r, ℓ1  r,
and w′ ∈ RU (ℓ1 ).
Formula (2) ensures that the source ℓ3 exists. But the trees Tw and Tw′ have a normal
form that contains a circuit (see Figure 3c), and hence GU contains a circuit, so there is
a contradiction with the initial assumption that GU is acyclic.
⊓
⊔
We can now state the main result of this section:
Theorem 1 (Extractability). There exists a tree that is compatible with the tree family
(TU ) if and only if there exists an acyclic normal form of (TU ).
Proof. First, we show that the condition is necessary, i.e., that if a circuit is detected
in GU , then there does not exist any tree compatible with the tree family (TU ). Assume
9
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that such a compatible tree A exists nevertheless when GU contains a circuit. Let Ti and
Tj be two trees of the family (TU ). By the definition of the normal form (Definition 3),
there exist two subgraphs Hi and Hj of GU such that Hi ≈ Ti and Hj ≈ Tj . Moreover,
assume the graph Hi ∪ Hj contains a circuit (and thereby GU contains a circuit). But
then there exist two subtrees Ai and Aj of A such that Ai ≈ Hi and Aj ≈ Hj .
Hence Ai ∪ Aj contains a circuit and A cannot be a compatible tree with (TU ) because
it contains a circuit. There is a contradiction with the assumption that GU contains a
circuit.
Second, we show that the condition is sufficient. Assume the normal form GU does
not contain any circuit. The following procedure extracts a compatible tree from the
normal form GU . Starting from a directed graph only containing the nodes of GU but no
arcs, a breadth-first traversal of GU , originating from its sources, assigns a single feasible successor v to the current node u such that (u, v) ∈ AU . Such a feasible successor
always exists, by Lemma 2. Notice that with the previous procedure a compatible tree
can be extracted from the normal form in O(ℓ) time.
The extracted digraph is a tree (but not necessarily complete) because each node
has a single successor, it does not contain any transitive arcs, and it has a single sink
node. Finally, we may have to perform some post-processing, in O(ℓ) time, in order to
contract all arcs (u, v) where u is the only node with successor v (that is, where v has
in-degree 1).
⊓
⊔
The time complexity for evaluating the necessary and sufficient condition induced
by Theorem 1 is the sum of the time complexities for computing the normal form of
(TU ) (i.e., O(ℓ2 ) by Section 3.2) and checking that GU is acyclic (i.e., O(ℓ) by a depthfirst traversal of GU ), hence O(ℓ2 ) time.
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4 Enumerating All the Compatible Trees
We introduce a constraint programming approach to the classification tree problem.
The aim is to propose a framework that allows the enumeration of all the trees that
are compatible with a given tree family. We model this problem by a new orderedTree
global constraint in Section 4.1, and present a filtering algorithm in Section 4.2.
4.1 Modelling the Classification Tree Problem
In constraint programming, a directed tree T of n non-root nodes is usually modelled by
a set V = {v1 , . . . , vn } of successor variables, where successor variable vi is associated
with non-root node i of T. The domain of successor variable vi , denoted by dom(vi ),
contains the potential successors of node i within T, including its root. In a solution,
each successor variable is assigned exactly one value of its domain, thereby enforcing
one outgoing arc to each non-root node of T, such that the resulting digraph is acyclic.
An arc (i, j) corresponding to successor variable vi being assigned a value j ∈ dom(vi )
is called a required arc. An arc (i, j) corresponding to a value j ∈ dom(vi ), when
successor variable vi is not instantiated yet (that is, when |dom(vi )| ≥ 2), is called a
possible arc.
The proposed new constraint has the signature orderedTree(V, GU , CU , CU−1 , RU ),
where V is the set of successor variables representing a directed tree T that is compatible
with the given tree family (TU ) of normal form GU = (NU , AU ), whose transitive
closure is graph CU and its inverse CU−1 , and where RU is the impossibility relation
induced by (TU ). The digraph T is initially given by (SU ∪ IU , A), where SU is the set
of classified elements of (TU ) (and thus the set of sources of GU ), while IU is the set of
internal nodes of GU , and A = {(u, v) | u ∈ SU ∪ IU ∧ v ∈ IU } is the set of possible
arcs. In other words, T is initially a complete graph over its nodes except that there are
no arcs between any of its sources. A solution to an orderedTree constraint is defined
by:
Definition 4 (Solution to an orderedTree constraint). A ground instance of an
orderedTree(V, GU , CU , CU−1 , RU ) constraint is a solution if and only if the directed
tree represented by V is compatible with the tree family (TU ) of normal form GU =
(NU , AU ), whose transitive closure is CU , and impossibility relation RU .
Computing the normal form GU = (NU , AU ) of a tree family (TU ) with ℓ distinct
sources can be done in O(ℓ2 ) time (by Section 3.2). Computing the impossibility relation RU induced by (TU ) and computing the transitive closure CU of GU can be done in
O(ℓ2 ) time, by performing a depth-first traversal from each source node of GU .
Let n be the number of non-root nodes of GU . (Recall that all sinks of the computed
normal form are given the same new successor r before returning the normal form,
so that r is its unique sink.) Note that we necessarily have n = Θ(ℓ). We model the
wanted directed tree T by a set V = {v1 , . . . , vn } of successor variables. Note that
we thus have a number of successor variables (that is, non-root nodes) that is an upper
bound on the number of non-root nodes needed for any tree T that is compatible with
(TU ). In consequence, the resulting tree T is not necessarily complete, unlike required
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by Definition 1, and we may have to perform some post-processing, in O(ℓ) time, in
order to contract all arcs (u, v) where u is the only node with successor v (that is, where
v has in-degree 1).

4.2 Filtering Algorithm
We now propose a complete filtering algorithm for the orderedTree constraint. The
infeasible values in the domains of the variables of V according to an orderedTree
constraint are characterised in as follows:
Proposition 1 (Infeasible Values). For any variable vi ∈ V, we have that j 6∈ dom(vi )
if and only if at least one of the following conditions holds:
1.
2.
3.
4.

j ∈ RU (i)
CU (j) ∩ RU (i) 6= ∅
CU (i) ∩ RU (j) 6= ∅
(i, j) is a transitive arc in GU (that is, j ∈ CU (i) ∧ (i, j) 6∈ AU

Proof. Conditions 1, 2, and 3 directly follow from Lemma 2. Condition 4 is necessary
because if a transitive arc (i, j) in GU were in a solution to an orderedTree constraint,
then the partial order induced by GU would not be respected. Moreover, all the conditions are sufficient by considering the procedure described in Section 3.3 based on
Lemma 2.
⊓
⊔
Consider the example depicted by Figure 4. First, in Figure 4a the arcs (D, 3) and
(C, r) are deduced as infeasible by respectively conditions 1 and 4 of Proposition 1.
Indeed, the tree T2 of Figure 1a enforces 3 ∈ RU (D), so condition 1 deduces that
(D, 3) is infeasible. Since the arc (C, r) is transitive in GU , condition 4 deduces that
(C, r) is infeasible. Second, Figure 4b depicts the current normal form after enforcing
the arc (C, 6). The arcs (1, 6) and (A, 1) are then deduced as infeasible by respectively
conditions 2 and 3 of Proposition 1. Indeed, we have CU (A) ∩ RU (1) = {3} and
CU (6) ∩ RU (1) = {3}.
Algorithm 1 is the proposed filtering algorithm for the orderedTree constraint. The
normal form GU = (NU , AU ), its transitive closure CU (and its inverse CU−1 ), and the
impossibility relation RU are updated according to each successor variable that was
instantiated since the last awakening of the constraint (lines 2 to 8). This update is
done according to the procedures addArc and updateClosure. The first one can be
done in O(ℓ) time because the tests i ∈ CU (k) ∧ (k, j) ∈ AU does not exceed O(1)
with a perfect hashing data structure [6], while the second one also takes O(ℓ) time.
Hence lines 2 to 8 can be done in O(ℓ2 ) time. Next, if no circuit is detected in the
updated normal form (line 9), then the feasibility of each domain value of each variable
is ensured according to the conditions of Proposition 1 (lines 10 to 12); otherwise a
failure is caught (lines 13 and 14). This can be done in O(ℓ3 ) time. Overall, Algorithm 1
thus takes O(ℓ3 ) time.
12

2, 5, 7

2, 5, 7

4

4
3

6

3

1

6
E

B

C

A

1

D
E

B

C

A

D

(b) Condition 2 deduces (1, 6)
as infeasible, and condition 3 deduces (A, 1) as infeasible.

(a) Condition 1 deduces (D, 3)
as infeasible, and condition 4
deduces (C, r), where r =
{2, 5, 7}, as infeasible.

Fig. 4: Example of filtering induced by the normal form introduced in Figure 1c. Dashed
arcs represent some infeasible arcs deduced by Proposition 1.

5 Example of Classification Trees: Evolutionary Trees

One objective of phylogeny is to construct the genealogy of species, called the tree of
life, whose leaves represent the contemporary species and whose internal nodes represent extinct species that are not necessarily named. An important problem in phylogeny
is the construction of a supertree [3] that is compatible with several such evolutionary
trees. This notion of evolutionary tree corresponds to our notion of classification tree.
Note however that the time line is inverted: a successor in a classification tree actually
is an evolutionary predecessor, and the first common descendant (Φ) of a set of leaves
in a classification tree actually is referred to in phylogeny as the most recent common
ancestor (mrca) of the species represented by those leaves. The notion of strong compatibility [10] corresponds to Definition 1 of tree compatibility. In phylogeny, other
notions of compatibility exist: weak compatibility [13] and stable compatibility [2].
Under strong compatibility, the first supertree algorithm was given in [1], with an
application for database management systems; it takes O(ℓ2 log ℓ) time, where ℓ is the
number of leaves in the given trees. Derived algorithms have emerged in phylogeny, for
instance OneTree [10], which takes O(ℓ2 ) time. The AllTrees algorithm [10] in principle
constructs all compatible trees, but there is in general an exponential (in ℓ) amount of
such trees. The first constraint program was proposed in [7] and subsequently improved
in [8]. Another constraint program was proposed in [2], but under stable compatibility.
Our constraint model has only Θ(ℓ) domain variables, whereas the constraint model
of [7, 8] has Θ(ℓ2 ) domain variables. Our constraint model and the one of [8] have only
one constraint, whereas the constraint model of [7] has Θ(ℓ3 ) constraints. Unlike our
constraint model, but like the OneTree algorithm [10], the constraint models of [7, 8]
require a preliminary breaking up of the given trees into so-called triples and fans, in
O(ℓ) time.
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Algorithm 1 Computing the infeasible arcs of T according to Proposition 1.
1: procedure filteringOrderedTree (V, GU , CU , CU−1 , RU );
2: for all variable vi just instantiated to some value j do {arc (i, j) was just added to T}
3:
addArc(i, j);
4:
updateClosure (i, j);
5:
RU (j) ← RU (j) ∪ RU (i);
6:
for all node k ∈ NU such that (i, k) ∈ AU ∧ k 6= j do
7:
addArc(j, k);
8:
updateClosure (j, k);
9: if GU = (NU , AU ) is acyclic then
10:
for all variable vi ∈ V do
11:
for all value j ∈ dom(vi ) such that j ∈ RU (i) or CU (j) ∩ RU (i) 6= ∅ or CU (i) ∩
RU (j) 6= ∅ or arc (i, j) is transitive in GU do {check Proposition 1 for each value j}
12:
remove value j from dom(vi );
13: else
14:
catch a failure;
15:
16:
17:
18:
19:
20:

procedure addArc(i, j);
add arc (i, j) to AU ;
for all node k ∈ NU such that i ∈ CU (k) ∧ (k, j) ∈ AU do {(k, j) is transitive}
remove arc (k, j) from AU ;
for all node k′ ∈ NU such that k′ ∈ CU (j) ∧ (i, k′ ) ∈ AU do {(i, k′ ) is transitive}
remove arc (i, k′ ) from AU ;

21: procedure updateClosure (i, j);
22: for all node k′ ∈ CU−1 (i) do
23:
CU (k′ ) ← CU (k′ ) ∪ {j} ∪ CU (j);
24: for all node k′′ ∈ CU (j) do
25:
CU−1 (k′′ ) ← CU−1 (k′′ ) ∪ {i} ∪ CU−1 (i);

6 Conclusion
We have presented a novel constraint-programming (CP) approach to the ubiquitous
problem of finding a classification tree over a set of classified elements (such as historical artifacts, languages, or biological species) that is compatible with a given family of
classification trees over subsets of those classified elements.
Toward this, we have first introduced a natural and compact graph representation of
a family of classification trees over ℓ distinct classified elements. We have also shown
that if such a normal form, computable in O(ℓ2 ) time, has a circuit, then the related
classification tree problem has no solutions. Furthermore, one compatible tree can be
extracted from the normal form in O(ℓ) time. This algorithm thereby matches the performance of the best known ad hoc algorithms, such as OneTree [10]. We have then
proposed a novel global constraint, based on this normal form, for modelling the classification tree problem, including a complete filtering algorithm that takes O(ℓ3 ) time
and requires Θ(ℓ) decision variables, hence this is probably the first CP approach to the
problem that provably takes polynomial time. Our previous CP approach [2], intended
for a wider purpose, has not been observed to backtrack on phylogenetic instances of
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the classification tree problem, but we had no proof thereof. The same seems to hold for
another previous CP approach [8], which enhances [7] but still requires Θ(ℓ2 ) decision
variables and Θ(ℓ3 ) constraints.
While the computation of the normal form as an intermediate representation can
technically be omitted, we advocate it as an alternative output to the classification
tree problem; witness the recent interest in phylogenetic super-networks rather than
supertrees [9]. The evolution of species need not happen by binary speciation, nor is
genetic recombination excluded, and there is no limitation in our approach to binary
trees, while a focus on the non-tree normal form could accommodate recombination.
Specialised O(ℓ2 ) time algorithms, such as the ones of [1, 10], do not provide
the flexibility of a CP approach, as every combination of side constraints (on nested
species [12] or absolute and relative ancestral divergence dates [4], say) or the addition
of an objective function (such as the min-cut criterion of [11], say, when switching to
an optimisation version of the problem) require a new ad hoc algorithm.
Future work includes providing an efficient practical implementation of our approach. Also, the deployment of a dedicated CP framework that allows us to deal with
side constraints is a necessary step for a useful decision tool for the classification tree
problem.
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