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Abstract

A stable and accurate boundary treatment is derived for the second-
order wave equation. The domain is discretized using narrow-diagonal
summation by parts operators and the boundary conditions are im-
posed using a penalty method, leading to fully explicit time integra-
tion. This discretization yields a stable and efficient scheme. The
analysis is verified by numerical simulations in one-dimension using
high-order finite difference discretizations, and in three-dimensions us-
ing an unstructured finite volume discretization.
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1 Introduction

In many applications, such as general relativity [38, 3], seismology [13, 41],
oceanography [31], acoustics [40, 34, 6, 1, 8] and electromagnetics [42, 9],
the underlying equations are, or can be, written as systems of second-order
hyperbolic partial differential equations. Although these equations can be
reduced to first-order symmetric hyperbolic form, this has the disadvantage
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of introducing auxiliary variables. (For example, in the harmonic description
of general relativity, the principal part of Einstein’s equations reduces to
10 curved space wave equations on second order form for the component
of the space-time metric, compared to 50 equations when rewritten as a
first order system.) The reduction to first-order form is also less attractive
from a computational point of view considering the efficiency and accuracy
[16, 26]. The reasons for solving the equations on first-order form are most
likely related to the maturity of CFD, which has evolved during the last 40
years. I.e., many of the stability issues for first-order hyperbolic problems
have already been addressed.

For wave-propagation problems, the computational domain is often large
compared to the wavelengths, which means that waves have to travel long
distances (or correspondingly long times). It can be shown that high-order
accurate time marching methods, as well as high-order spatially accurate
schemes (at least third-order) are more efficient [19] for problems on smooth
domains. Such schemes, although they might be G-K-S stable [10] (conver-
gence to the true solution as ∆x→ 0), may exhibit a non-physical growth in
time [4], for realistic mesh sizes. It is therefore important to devise schemes
that do not allow a growth in time that is not called for by the differential
equation. Such schemes are called strictly (or time) stable.

In the present study we focus the attention to the second-order formu-
lation of the acoustic wave equation, and the treatment of physical bound-
aries in particular. A strictly stable high-order accurate finite difference
methods (HOFDM) for the wave equation in second order form and dis-
continuous media was constructed in [26] by combining second-derivative
Summation-By-Parts (SBP) operators (constructed in [25]) with the projec-
tion method [32, 33] to impose the boundary and the discontinuous interface
(jump) conditions. We have in earlier work (regarding first-order systems)
[23, 25, 28, 27, 30, 29] advocated the Simultaneous Approximation Term
(SAT) method [5] to impose boundary and interface conditions. This tech-
nique has recently been used in general relativity (concerning first order sys-
tems) [20, 21, 7]. However, the treatment of (for example) Dirichlet boundary
conditions and discontinuous media for second-order hyperbolic problems has
proven non-trivial using the SAT technique. (This was the main motivation
of instead introducing the projection method in [26], since we then failed to
find a stable solution using the SAT technique.) In a recent study [24] we
have derived a strictly stable treatment of the discontinuous interface (jump)
conditions for the second order wave equation in complex 3-D geometries us-
ing the SAT technique. In the present study we extend the analysis in [24]
to include more general boundary conditions.

In [16, 17, 15, 14] a second-order accurate finite difference method for the
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acoustic wave equation on second-order form is constructed, where the dis-
continuity and complex geometry are handled by embedding the domain into
a Cartesian grid, making use of ghost-points and Lagrange interpolation to
impose the boundary and interface conditions. It is unclear if the embedded
boundary method can be extended to higher-order accuracy. Another good
candidate is the discontinuous Galerkin (DG) method (see for example [12]),
which combines both unstructured capability and higher-order accuracy. DG
have been implemented successfully in 2-D for both the acoustic wave equa-
tion [8] and Maxwell’s equations [9] on second-order form. However, the
efficiency of DG applied to systems of second-order hyperbolic equations on
large 3-D applications is an open question.

The purpose of the present study (regarding the acoustic wave equation
on second order form) is twofold: 1) to device a strictly stable boundary
treatment using the SBP-SAT technique, in particular for the Dirichlet case,
and 2) to impose this technique in complex geometries by making use of the
discrete Laplacian operator used in CDP1 (an unstructured finite volume flow
solver developed as part of Stanford’s DOE-funded ASC Alliance program to
perform LES in complex geometries). (This approach is somewhat related to
the DG method since they both make use of the penalty technique to handle
the boundary conditions.) To the best of our knowledge this is the first
time second-order hyperbolic problems in complex 3-D geometries have been
addressed using the SBP-SAT technique, with general boundary conditions,
including the Dirichlet case.

The motivations for introducing the SAT method instead of the recently
developed projection method [26] to impose the boundary conditions are the
following: 1) it is easier to implement (although, a detailed study is omitted
here), 2) it is not limited to constant speed of sound (see [26]), and 3) it is
sometimes much more accurate (as will be shown in Section 4).

The two main reasons for introducing computational tools from CDP are
the following: 1) it allows us to handle huge problems in complex geometries,
and 2) it makes it easier to isolate and verify the accuracy and stability
properties of the Laplacian operator used in CDP. (In spite of it’s simplicity
the second-order wave equation imposes a stricter stability requirement [26]
on the discrete Laplacian operator than when used for parabolic problems
such as the Navier-Stokes equations).

In Section 2 we introduce some definitions and discuss the SBP property
for the 1-D case, and show how to impose the boundary conditions using SAT.
In Section 3 we show how to implement this technique in complex geometries
using the unstructured finite volume method. In Section 4 the accuracy and

1CDP is named after Charles David Pierce (1969–2002)
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stability properties are verified, by performing numerical computations in 1-
D and 3-D. A direct comparison between the SAT method and the projection
method is done for the 1-D case. In Section 5 we present our conclusions.

In this article, we only consider acoustic waves. The extension to handle
for example elastic waves [13, 2, 41] with an analogous approach will be dealt
with in a forthcoming paper.

2 The finite difference method

For clarity we will restrict the analysis to 1-D in this section. The extension
to 2-D and 3-D (see for example [26, 30, 29]) is straightforward using 1-D
SBP finite-difference operators.

We begin with a short description and some definitions (for more de-
tails, see [18, 35] and [25]). Let the inner product for real-valued functions

u, v ∈ L2[0, 1] be defined by (u, v) =
∫ 1

0
u v w dx, w(x) > 0, and let the cor-

responding norm be ‖u‖2w = (u, u). The domain (0 ≤ x ≤ 1) is discretized
using N + 1 equidistant grid points,

xi = i h, i = 0, 1..., N, h = 1
N
.

The approximative solution at grid point xi is denoted vi, and the discrete
solution vector is vT = [v0, v1, · · · , vN ]. Similarly, we define an inner product
for discrete real-valued vector functions u, v ∈ RN+1 by (u, v)H = uT H v,
where H = HT > 0, with the corresponding norm ‖v‖2H = vT H v. The
following vectors will be frequently used:

e0 = [1, 0, ..., 0]T , eN = [0, ..., 0, 1]T . (1)

2.1 Narrow-diagonal SBP operators

To define narrow-diagonal SBP operators, we present the following definition:

Definition 2.1 An explicit pth-order accurate finite difference scheme with
minimal stencil width of a Cauchy problem, is called a pth-order accurate
narrow stencil.

Remark We say that a scheme is explicit if no linear system of equations
need to be solved to compute the difference approximation. Spatial Padé
discretizations [22] are often referred to as “compact schemes”. The ap-
proximation of the derivative is obtained by solving a tri- or penta-diagonal
system of linear equations at every time-step. Hence, if written in explicit
form, Padé discretizations lead to full-difference stencils, similar to spectral
discretizations.
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Consider the 1-D wave equation

autt = (bux)x , x ∈ [0, 1] (2)

where a(x), b(x) > 0. Multiplying Eq. 2 by ut and integrating by parts
(referred to as “the energy method”) lead to

d

dt
E = 2butux|10 , (3)

where the continuous energy is defined as

E =
(
‖ut‖2a + ‖ux‖2b

)
. (4)

Definition 2.2 Let D
(b)
2 = H−1(−Mb + BS) approximate ∂/∂ x ( b ∂/∂ x),

where b(x) > 0 is a smooth function, using a pth-order accurate narrow

stencil. D
(b)
2 is said to be a pth-order accurate narrow-diagonal second-

derivative SBP operator, if H is diagonal and positive definite, Mb is symmet-
ric and positive semi-definite, S approximates the first-derivative operator at
the boundaries and B = diag (−b0, 0 . . . , 0, bN).

A second-order accurate narrow-diagonal second-derivative SBP operator
D

(b)
2 was presented in [24]. (High-order accurate narrow-diagonal second-

derivative SBP operators for constant coefficients b(x) = 1, denoted D2,
were constructed in [25] and later used in [24]). An example of its use is the

semi-discretization Avtt = D
(b)
2 v of (2), where A is the projection of a onto

the diagonal. Multiplying by vTt H from the left and adding the transpose
lead to

d

dt
EH = 2(vt)0(BSv)0 + 2(vt)N(BSv)N , (5)

where the semi-discrete energy is defined as

EH =
(
‖vt‖2HA + vTMbv

)
. (6)

Estimate (5) is a discrete analog of Eq. 3.

Remark The discrete energy (6) mimics Eq. 4 iff: 1) H is diagonal and
positive definite, and 2) if Mb is positive semi-definite and the interior stencil
is a narrow approximation of −h ∂/∂ x ( b ∂/∂ x). The first condition guar-
antees that the matrix product H A is a norm (i.e., symmetric and positive
definite). The second condition guarantees that vTMbv ≥ 0 with equality iff
v is a constant (such that the quadratic form exactly mimics ‖ux‖b). If Mb

is not narrow vTMbv is zero also for v equal to the highest frequency mode
that can exist on the grid (sometimes referred to as spurious oscillations),
which means that stability is not guaranteed.
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second-order fourth-order sixth-order
1 0.2508560249 0.1878715026

Table 1: α in Eq. 7 for the second-, fourth- and sixth-order accurate narrow-
diagonal second-derivative SBP operators.

The following lemma (first introduced in [24]) is central to the present
study:

Lemma 2.3 The dissipative part Mb of a narrow-diagonal second-derivative
SBP operator has the following property:

vTMbv = h
α

b0
(BSv)2

0 + h
α

bN
(BSv)2

N + vTM̃bv , (7)

where M̃b is symmetric and positive semi-definite, and α a positive constant,
independent of h.

The poof can be found in [24]. For the special but important case of constant
coefficients (b = 1) we have derived numerically the values of α for the second-
, fourth- and sixth-order accurate finite difference SBP discretizations (listed
in [24]) by using the symbolic mathematics software Maple. The results are
presented in Table 1.

Remark The boundary closure for a pth-order accurate narrow-diagonal
SBP operator is of order p/2 (see [25]). This means that the boundary closure
for (D1)

2 is of order p/2 − 1. Hence, for second-order hyperbolic systems
the convergence for wide-stencil approximations (i.e., by replacing D2 with
(D1)

2) drops to (p/2 + 1)th-order, while the narrow-stencil formulations are
(p/2 + 2)th-order accurate (see [37] for more information on the accuracy of
finite difference approximations).

2.2 The SAT method in 1-D

In this method developed by Carpenter et. al. [4], the boundary conditions
are introduced as a penalty term. When the energy method is applied, a
discrete analog to the continuous energy is obtained. However, the treatment
of Dirichlet boundary conditions introduce some difficulties for second order
hyperbolic problems, which is the main focus of the present study.

Consider Eq. 2. General boundary conditions are given by

L0u = β1u− β2bux + β3ut = g0(t), x = 0
L1u = β1u+ β2bux + β3ut = g1(t), x = 1

. (8)

Note that (8) includes the special case of Dirichlet boundary conditions (and
radiation boundary conditions. See for example [39] and [11]).
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2.2.1 Mixed boundary conditions

The case where β2 6= 0 includes the important case of Neumann boundary
conditions (β1 = 0, β2 = 1, β3 = 0). To simplify the analysis we assume that
the boundary data is homogeneous. (The analysis holds for inhomogeneous
data, but introduces unnecessary notation.) The energy method applied to
(2) with the boundary conditions (8) leads to

d

dt

(
‖ut‖2a + ‖ux‖2b +

β1

β2

u2
0 +

β1

β2

u2
1

)
= −β3

β2

(u2
t )0 −

β3

β2

(u2
t )1 . (9)

The problem have an energy estimate if

β1

β2

≥ 0 ,
β3

β2

≥ 0 . (10)

A semi-dicretization of (2) using a narrow-diagonal SBP operator, and the
SAT method to impose the boundary conditions (8), can be written

HAvtt = (−Mb +BS)v + τe0
(
LT0 v − g0

)
+ τeN

(
LT1 v − g1

)
. (11)

The discrete versions of (8) are given by

LT0 v = β1v0 + β2(BSv)0 + β3(vt)0 = g0

LT1 v = β1vN + β2(BSv)N + β3(vt)N = g1 .
(12)

Lemma 2.4 The scheme (11) with homogenous data is stable if D
(b)
2 is a

narrow-diagonal second-derivative SBP operator, τ = −1/β2 and (10) hold.

Proof Let g0, g1 = 0. Multiplying (11) by vTt from the left and adding the
transpose lead to

vTt H Avtt + vTttAHvt =− vTt Mbv − vTMT
b vt + 2(vt)0(BSv)0 + 2(vt)N(BSv)N

+ 2τ(vt)0(β1v1 + β2(BSv)0 + β3(vt)0)

+ 2τ(vt)N(β1vN + β2(BSv)N + β3(vt)N)

.

If D
(b)
2 is a narrow-diagonal second-derivative SBP operator, we obtain

d

dt

(
‖vt‖2H A + vTMbv − τβ1v

2
0 − τβ1v

2
N

)
= +τβ3(vt)

2
0 + τβ3(vt)

2
N

+ 2(1 + τβ2)(vt)0(BSv)0 + 2(1 + τβ2)(vt)N(BSv)N

.

If τ = −1/β2 we obtain an energy estimate completely analogous to (9). If
(10) holds we have a non-growing energy. �
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v0 v v v1 2 3

s s s s0,0 0,1 0,2 0,3

0(v )l− g

Figure 1: An illustration how the (BS)T penalty for weakly imposed Dirichlet
conditions will influence the four points closest to the boundary, using the
fourth-order accurate operator. Here s0,3 = 1

3
is the fourth parameter in S.

2.2.2 Dirichlet boundary conditions

With Dirichlet boundary conditions (β1 = 1, β2 = 0, β3 = 0) and homoge-
nous data, the energy method applied to (2) leads to

d

dt

(
‖ut‖2a + ‖ux‖2b

)
= 0 . (13)

A semi-dicretization of (2) using a narrow-diagonal SBP operator, and
the SAT method to impose the Dirichlet boundary conditions (8), can be
written

HAvtt = (−Mb +BS)v +ε(BS)T e0 (v0 − g0) + σb0e0 (v0 − g0)

+ε(BS)T eN (vN − g1) + σbNeN (vN − g1) .
(14)

Remark The two penalties in (14) that are multiplied by (BS)T will impose
the Dirichlet boundary conditions weakly at all points used in the reconstruc-
tion of the boundary derivatives, i.e., (BSv)0, N . The left boundary derivative
approximation of the fourth-order accurate operator (see for example [24])
requires 4 points in the reconstruction. This means that the four points clos-
est to the boundaries, see Figure 1, will be penalized, with the weights given
by the coefficients in S.

The first main result of this paper is stated in the following Lemma:

Lemma 2.5 The scheme (14) with homogenous data is stable if D
(b)
2 is a

narrow-diagonal second-derivative SBP operator, σ ≤ − 1
αh

and ε = 1 hold.
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Proof Let g0, g1 = 0. Multiplying (14) by vTt from the left and adding the
transpose lead to

vTt H Avtt + vTttAHvt =− vTt Mbv − vTMT
b vt + 2(vt)0(BSv)0 + 2(vt)N(BSv)N

+ 2ε(BSvt)0v0 + 2σb0(vt)0v0

+ 2ε(BSvt)NvN + 2σbN(vt)NvN

.

Two necessary stability requirements are that ε = 1 and that Mb = MT
b

is positive semi-definite. By using Lemma 2.3 and the fact that D
(b)
2 is a

narrow-diagonal second-derivative SBP operator we obtain

d

dt

(
‖vt‖2H A + vTM̃v + wT0 R0w0 + wTNRNwN

)
= 0 ,

where wT0, N = [v0, N , (BSv)0, N ] and

R0 =

[
−σb0 −1
−1 αh

b0

]
, RN =

[
−σbN −1
−1 αh

bN

]
.

Stability follows if σ ≤ − 1
αh

holds. �

We introduce the penalty-strength parameter γ through

σ = −γ 1

αh
.

Hence a value of γ < 1, according to Lemma 2.5, will not result in an energy
estimate and might lead to an unstable scheme. A higher value of γ leads
to a more tight imposition of the Dirichlet boundary condition. This can
potentially lead to a more accurate solution, but will also introduce stiffness.
This is verified numerically in Section 4.

3 The finite volume method

In this section we will extend the present 1-D analysis to 3-D complex geome-
tries utilizing the discrete Laplacian finite volume operator used to develop
the internal discretization and boundary conditions in CDP. The operator
is developed for a node-based discretization on general polyhedral meshes,
where both grid coordinates and the unknowns are collocated at nodes. The
discretization of the Laplacian operator is particularly challenging for un-
structured finite volume methods because it is difficult (see [36]) to simulta-
neously achieve accuracy and stability on general unstructured grids. Details

9



of the discretization is presented in [24]. We begin with a short description
and some definitions. Consider the 3-D wave equation

autt = b∆u (15)

where b, a(x, y, z) > 0. To simplify notation in this section we assume that b
is constant (compare with Eq. 2 in 1-D), although CDP can handle variable
coefficients.

To define the narrow-diagonal Laplacian operator (compare with Defini-
tion 2.2 in the 1-D case.), we present the following two definitions:

Definition 3.1 Let S =
∑
i∈F ′

b

Si, b, where F ′b is the set of all boundary sub-

faces. Si, b is an outward sub-face normal derivative operator associated with
each of the boundary nodes. We say that S approximates the outward normal
derivative operator at the boundary.

Definition 3.2 Let DL = V −1(−L+S) approximate the Laplacian operator.
DL is said to be a narrow-diagonal Laplacian SBP operator, if V is diagonal
and positive definite, L is narrow, symmetric and positive semi-definite, and
S as defined in Definition 3.1.

A semi-discretization of (15), using a narrow-diagonal Laplacian SBP oper-
ator, will have the following matrix form:

V Avtt = b(−L+ S)v . (16)

In Section 4 we will use this operator to simulate wave-propagation in com-
plex 3-D geometry.

The following lemma (first presented in [24]) is central to the present
study:

Lemma 3.3 The dissipative part L of a narrow-diagonal Laplacian SBP op-
erator has the following property:

vTLv = α
∑
i∈F ′

b

Vi, b
Ai, b

(Si, bv)2 + vT L̃v , (17)

where F ′b is the set of all boundary sub-faces and Si, b as in Definition 3.1.
Ai, b is an area magnitude, and Vi, b a nodal volume associated with each of the
boundary nodes. L̃ is symmetric and positive semi-definite and α a positive
constant.
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We omit the proof, since it is similar to the proof of Lemma 2.3. Unlike the
uniform structured 1-D case, it is more complicated to analytically derive a
single sharp value for α, that is applicable to all unstructured grids. A nu-
merical eigenvalue analysis indicate that α ' 0.8 for the problems computed
in this article (compare with the second-order case in 1-D Table 1).

Consider Eq. 15. General boundary conditions are given by ( compare
with (8) in 1-D)

Lu = β1u+ β2b∇ · nu+ β3ut = g(t) x ∈ ∂Ω . (18)

The domain Ω is in R3 and the boundary is ∂Ω. ∇ is the gradient operator
and n is the outward pointing normal.

3.1 Mixed boundary conditions in 3-D

A semi-discretization of (15) using a narrow-diagonal Laplacian SBP oper-
ator, and the SAT method to impose the boundary conditions (18), can be
written as

V Avtt = b(−L+ S)v + τB
(1)
i, b (L

Tv − g) , (19)

where Bi, b picks out the boundary nodes (compare with e0, N in (1)). The
discrete version of (18) is given by

LTv = β1v + β2Sv + β3vt = g . (20)

Lemma 3.4 The scheme (19) with homogenous data is stable if DL = V −1(−L+
S) is a narrow-diagonal Laplacian SBP operator, τ = −1/β2 and (10) hold.

We omit the proof, since it is similar to the proof of Lemma 2.4.

3.2 Dirichlet boundary conditions in 3-D

A semi-discretization of (15) using a narrow-diagonal Laplacian SBP op-
erator, and the SAT method to impose the Dirichlet boundary conditions
(β1 = 1, β2 = 0, β3 = 0 in (18)), can be written as

V Avtt = b(−L+ S) + εSTBi, b(v − g) + σi, bBi, b(v − g) . (21)

The second main result of this paper is stated in the following Lemma:

Lemma 3.5 The scheme (21) with homogenous data is stable if DL = V −1(−L+

S) is a narrow-diagonal Laplacian SBP operator, σi, b ≤ −Ai, b

Vi, b

1
α

and ε = 1

hold.

We omit the proof, since it is similar to the proof of Lemma 2.5. (Note that
σi, b varies along the boundary depending on Ai, b and Vi, b.)
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4 Computations

To verify the accuracy of (11), (14), (19) and (21), we chose an analytic
(standing wave) solution

u = cos(mπ b t) cos(mπ ax), m ∈ Z. (22)

The convergence rate is calculated as

q = log10

(
‖u− v(N1)‖h
‖u− v(N2)‖h

)
/ log10

(
N1

N2

)1/d

, (23)

where d is the dimension (d = 1 in the 1-D case), u is the analytic solution,
and v(N1) the corresponding numerical solution with N1 unknowns. ‖u −
v(N1)‖h is the discrete l2 norm of the error.

Eq. 11, 14, 19 and 21 (with σ = 0) and homogeneous data can formally
be written as an ODE system

vtt = Qv , (24)

where vT is the discrete solution vector. In Sections 2 and 3 we have shown
that the matrix Q have non-positive and real eigenvalues (a necessary sta-
bility condition) by utilizing the energy method. A compact (only two time-
levels have to be stored) and explicit high-order accurate time-discretization
is used (see [26]) for the time advancement. For a Cartesian grid it can be
shown [26] that the time-step restriction (for stability) is inversely propor-
tional to the square root of the spectral radius of Q.

4.1 High-order finite difference method in 1-D

The spectral radius of Q̃ = h2Q for the semi-discrete problem Eq. 14 as
a function of the penalty strength γ is presented in Table 3. We compare
the second-, fourth- and the sixth-order accurate cases, and include the cor-
responding results using the projection method (see [26] for details). The
stiffness increases with a larger γ. (For completeness we also compute the
spectral radius of Eq. 11, using Neumann boundary conditions, presented in
Table 2.) If the conditions in Lemma 2.5 are not fulfilled we might introduce
positive and/or imaginary eigenvalues, resulting in an unstable scheme. This
is verified numerically by computing the eigenvalues to Q̃. The results for
the sixth order discretization of (14) with a = b = 1 are shown in Figure 2.

The convergence results for the Dirichlet case (14) are shown in Tables
4–6 showing the improved accuracy with increased penalty strength γ. A
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Figure 2: The eigenvalues to Q̃ for the sixth order case and different choice
of unstable penalty parameters. (a) with γ = 0.9 and (b) with γ = 1, ε = 0.

direct comparison with the projection method [26] is also presented. The
simulation is run to t = 1.1 ( and we use a = b = 1 and m = 8) with a time
step small enough to make the time discretization error negligible (compared
to the spatial discretization error). The SAT method is slightly less accurate
(for γ > 1) than the projection method. The sixth-order case should in
theory only lead to fifth-order convergence (see [37] for more information on
the accuracy of finite difference approximations), but yields a result closer to
seventh-order (see Table 6). (This is a remarkable result that needs further
study since it contradicts the convergence analysis in [37].)

The convergence results of (11) using Neumann boundary conditions are
shown in Tables 7–9, including a comparison with the projection method
[26]. Again the simulation is run to t = 1.1 using the same small time-step.
The SAT method is now much more accurate than the projection method,
and leads to a higher convergence rate. The spectral radius of Q̃ are now
almost identical (except for the sixth-order case), see Table 2.

To summarize this study. The SAT method is clearly superior when using
Neumann boundary conditions (similar to the results in [24] when focusing on
discontinuous jump conditions). When using Dirichlet boundary conditions
for this particular problem, the projection is slightly more efficient. However,
the projection method is restricted to piecewise constant variables (see [26]).
The SAT method does not have this limitation.
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Order SAT Proj
second 4.00 4.28
fourth 5.33 5.33
sixth 14.18 8.83

Table 2: The spectral radius of h2Q for Eq. 11, sixth order case. Also
comparing to the projection method.

Order γ = 1 γ = 1.2 γ = 5 Proj
second 4.10 4.28 21.14 4.00
fourth 7.70 9.00 49.05 5.33
sixth 17.89 19.05 75.65 13.94

Table 3: The spectral radius of h2Q for Eq. 14 using different strength of
penalty parameter γ, sixth order case. Also comparing to the projection
method.

N γ = 1 q(1) γ = 1.2 q(1.2) γ = 5 q(5) Proj q(P )
51 -1.05 0.00 -1.13 0.00 -1.10 0.00 -1.10 0.00
101 -1.66 2.02 -1.68 1.81 -1.68 1.91 -1.68 1.92
201 -2.27 2.02 -2.28 1.98 -2.28 1.98 -2.28 1.98

Table 4: log(l2 − error) and convergence for Eq. 14, second-order case and
different values of γ. Also comparing to the projection method.

N γ = 1 q(1) γ = 1.2 q(1.2) γ = 5 q(5) Proj q(P )
51 -1.38 0.00 -2.04 0.00 -2.26 0.00 -2.26 0.00
101 -2.07 2.29 -3.41 4.54 -3.55 4.29 -3.55 4.28
201 -2.81 2.45 -4.67 4.19 -4.80 4.14 -4.80 4.14

Table 5: log(l2 − error) and convergence for Eq. 14, fourth-order case and
different values of γ. Also comparing to the projection method.

N γ = 1 q(1) γ = 1.2 q(1.2) γ = 5 q(5) Proj q(P )
51 -1.59 0.00 -2.11 0.00 -2.94 0.00 -3.01 0.00
101 -2.85 4.21 -4.12 6.66 -4.84 6.32 -4.92 6.37
201 -4.19 4.43 -6.16 6.78 -6.89 6.81 -7.03 6.99

Table 6: log(l2 − error) and convergence for Eq. 14, sixth-order case and
different values of γ. Also comparing to the projection method.
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N SAT q(S) Proj q(P )
51 -0.84 0.00 -0.03 0.00
101 -1.50 2.18 -0.91 2.92
201 -2.12 2.05 -1.77 2.87

Table 7: log(l2− error) and convergence for Eq. 11, second-order case. Also
comparing to the projection method.

N SAT q(S) Proj q(P )
51 -2.33 0.00 -0.11 0.00
101 -3.52 3.93 -0.94 2.76
201 -4.75 4.10 -1.83 2.94

Table 8: log(l2 − error) and convergence for Eq. 11, fourth-order case. Also
comparing to the projection method.

N SAT q(S) Proj q(P )
51 -2.88 0.00 -0.56 0.00
101 -5.06 7.23 -2.01 4.83
201 -7.01 6.47 -3.50 4.95

Table 9: log(l2 − error) and convergence for Eq. 11, sixth-order case. Also
comparing to the projection method.
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N log(l2) q
46,680 -1.46 -
373,440 -2.08 2.056
2,987,520 -2.69 2.028
23,900,160 -3.30 2.003

Table 10: Unstructured grid refinement study: reduction in l2 error with
grid refinement, imposing Eq. 22 as boundary and initial data. N is the
total number of tetrahedra in the grid. Errors are reported at the peak in l2
error at t = 0.54..

4.2 Finite volume method in 3-D

The present method has been implemented for unstructured tetrahedral
grids, using the node-based SBP finite-volume discretization (presented in
Section 3). A triply-periodic tetrahedral mesh was generated around a 2 ×
2 × 2 array of three cube compounds. Inspiration for this choice of geome-
try comes from M. C. Escher’s Waterfall (see Figure 4). Our cubes have a
characteristic dimension of 0.2, and have center-to-center spacing of 0.5 in
a 1 × 1 × 1 box. The simulation of the wave equation in the surrounding
volume requires an unstructured mesh to capture the complex polyhedral
boundaries, although at any resolution the boundaries are precisely repre-
sented because all surfaces are planar. This allows us to generate a series of
fine grids starting from a coarse grid by recursively applying a tetrahedral-
splitting algorithm. Some details of the mesh are provided in Figure 5.

In the first test we verify the accuracy of Eq. 21. We chose the analytic 1-
D solution given by Eq. 22, and compute the solution on the geometry defined
by the cube compounds. (As for the 1-D case we use a = b = 1 andm = 8.) A
grid convergence study is shown in Table 10. The exact solution is imposed
as initial- and boundary-data (i.e., also at the boundaries of the complex
3-D cubes). The grid sizes range from 46,680 tetrahedra up to 23,900,160
tetrahedra on the finest grid. To illustrate the importance of choosing γ
large enough, we show in Figure 3 the evolution of l2 error over time. The
time term is discretized using the standard second-order discretization. The
numerical simulations verify that γ ≈ 1 for this particular problem. Further
increases in γ improves the accuracy of the solution, although there is also
an increase in stiffness and a reduction of the computational time step was
required for γ > 5.

In the final test we compute the 3-D propagation of a Gaussian pulse
in the volume surrounding the 2 × 2 × 2 array of 3-cube compounds. The
simulations were initiated with a Gaussian (3-D) profile given by exp(−((x−

16



Figure 3: Time history of l2 error for 4 different values of penalty strength γ
for the standing wave simulation with coarsest triply-periodic unstructured
grid. solidline: γ = 0.99; dashedline: γ = 1; dashed− dottedline: γ = 1.2;
dottedline: γ = 5
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Figure 4: Geometrical details and inspiration for the three cube compounds.

xc)
2 + (y − yc)

2 + (z − zc)
2)/0.032) (centered at (xc, yc, zc)) in the plane

of four of the polyhedra and offset slightly along the diagonal to break the
four-fold symmetry. Hence, the solution should not be entirely symmetric.
We impose the homogeneous Neumann- and Dirichlet-boundary conditions
at the boundaries of the complex 3-D cubes. The simulations presented in
Figure 6 were run on the finest grid (see Table 10) produced by 3 applications
of recursive tetrahedral refinement to this coarse grid. The time step is
∆t = 0.00025. Results are plotted on a plane passing through the center of
four of the polyhedra for three times, t = 0.25, t = 0.5, and t = 0.75. The
location of the center of the initial pulse is in this plane and displaced slightly
toward the upper right, producing the observed diagonal asymmetry.

Remark These last simulations were done primarily to show that the present
SBP-SAT technique can be utilized for large scale simulations using compu-
tational tools from the production code CDP. A grid convergence study for
these problems were not performed, since it would be very costly to derive
reference solutions. An assessment of the number of unknowns needed to
resolve the wave-propagation was not done. Hence, the purpose were not to
resolve any particular physics-application. It was shown as an illustration of
the methods capability and stability properties.

5 Conclusions and future work

We have proven that narrow-stencil approximations of the second-order acous-
tic wave equation with general boundary conditions are time-stable, when
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Figure 5: Plane cut through coarse grid, different views (zoom).

combining narrow-diagonal SBP operators and the SAT penalty technique
to impose the boundary conditions. The accuracy and stability of the present
method have been verified by numerical simulations in 1-D using high-order
finite difference discretizations and in 3-D using the unstructured finite vol-
ume discretization utilized by the production code CDP. A direct comparison
with the projection method was done in 1-D, with the conclusion that the
newly constructed SAT method is much more efficient, except for Dirichlet
boundary conditions.

Future work will include the application of the present SBP-SAT tech-
nique to systems of second-order hyperbolic equations such as the elastic
wave equations, Einstein’s equations and Maxwell’s equations. To further
increase the efficiency of the method we will propose a hybrid discretization,
by combining (using the SAT technique) the high-order accurate SBP dis-
cretizations and the unstructured SBP discretization discussed in the present
study.
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