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Abstract

We propose a new multiscale method to incorporate active transport of cargo parti-
cles in biological cells in stochastic, mesoscopic models of reaction-transport processes.
Given a discretization of the computational domain, we find stochastic, convective
mesoscopic molecular fluxes over the edges or facets of the subvolumes and relate the
process to a corresponding first order finite volume discretization of the linear convec-
tion equation. We give an example of how this can be used to model active transport
of cargo particles on a microtubule network by the motor proteins kinesin and dynein.
In this way we extend mesoscopic reaction-diffusion models of biochemical reaction
networks to more general models of molecular transport within the living cell.

1 Introduction

The implications of intrinsic noise for the function of biochemical reaction networks in the
living cell has played a central role in computational systems biology in the last decade.
Today it is widely recognized that discrete, mesoscopic models of biochemical kinetics offer
a modeling advantage over the corresponding continuous macroscopic description commonly
referred to as the reaction rate equations (RREs). The most frequently used model on the
mesoscale is a continuous time, discrete space Markov process, realizations of which can
be generated by kinetic Monte Carlo simulations with the stochastic simulation algorithm
(SSA) due to Gillespie [17]. If the number of different chemical species as well as the
(truncated) state space is small enough, direct solution of the chemical master equation
(CME) is possible, see e.g. [8, 31].

The CME describes a well stirred system, and the basic assumption underlying that
formulation is that many non-reactive molecular collisions occur between the reactive ones,
such that each molecule has time to diffuse through the entire volume of the domain before
reacting. When applicable, the well stirred assumption greatly simplifies modelling and
simulation. However, many processes in a living cell can hardly be assumed to take place
in a spatially homogeneous environment. In cell signalling, such as in mitogen activated
protein kinase (MAPK) cascades, some reactions are localized to the membrane through
scaffold proteins, while other reactions between freely diffusing proteins take place in the
cytoplasm. Other components of the signalling cascade are localized to the nucleus. In such
systems, spatial gradients of proteins may be formed, see [26] for a review. Examples of
stochastic, mesoscopic models where spatial homogeneity cannot be assumed are found in
[4, 7, 13, 35].

The CME can be generalized to include spatial effects and transport by diffusion by
introducing a discretization of the computational domain into voxels, or subvolumes [23,
Ch. XIV]. Each voxel in the mesh is assumed to be well stirred, and diffusion is treated as
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jumps from one voxel to an adjacent one. The equation governing the probability density
function (PDF) in this case is called the reaction-diffusion master equation (RDME), and
due to the enormous state space the only feasible approach to study the behavior of well-
resolved models is by stochastic simulation. The next subvolume method (NSM) [7] is an
efficient implementation of SSA for reaction-diffusion models with a fine spatial discretiza-
tion. It has been implemented for structured, Cartesian meshes in the software mesoRD
[19]. For general, unstructured tetrahedral meshes, jump coefficients were proposed in [9]
and implemented in the software URDME [3]. Spatial stochastic simulations are generally
very computationally demanding, and methods to speed up simulation have been proposed
[2, 5, 15, 34]. How to best choose the sizes of the voxels for a given model is an open question.
The smaller the subvolumes, the better the spatial resolution, but the RDME may break
down in the limit of vanishing voxel sizes if the model contains second order reactions [21].
This issue is studied further in [11, 39]. Intuitively, the voxels have to be large enough to be
able to incorporate bimolecular reactions: at least two molecules (and the reaction radius)
must be able to fit inside the voxel, but yet small enough to be considered well stirred.

Even though the RDME offers an improvement over the well stirred model, diffusion is
not the only way matter is transported in the eukaryotic cell: cargo can also be transported
actively by energy dependent processes, utilizing the cytoskeleton structures and molecular
motors. Various cargo such as vesicles, organelles, mRNA and proteins involved in signalling
are transported by motor proteins that bind to the cargo and the cytoskeleton “track” and
moves the cargo in a certain direction depending on the type of motor protein, for reviews
see e.g. [20, 33, 40]. It is also believed that a cargo can bind to multiple, different motor
proteins and in that way move bidirectionally on the microtubule fibers [42].

Theoretical models of MAPK cascades have recieved much attention in systems biology.
Kholodenko suggests that only diffusion may be insufficient to propagate signals efficiently
in MAPK cascades. He proposes that “[a] picture is emerging in which both endocytosis
and scaffolding might be involved in the propagation of intracellular signals in a way such
that vesicles and preassembled signalling complexes might move in a microtubule-dependent
manner to appropriate cellular locations” [24]. In [25] he further argues that “simple diffusion
may have a limited role in intracellular transport of signaling complexes”.

Although active transport likely plays a prominent role in cellular organization and reg-
ulation in eukaryotic cells, mesoscopic models so far have not taken this into account. In
this work, we extend the reaction-diffusion master equation framework to also include ac-
tive transport. We propose a simple mesoscopic model for cargo transport on microtubule
networks by motor proteins and we discuss how this model relates to a corresponding model
and discretization scheme on the continuous, macroscopic scale. The same approach can be
used for other transport processes of convective nature, and the computational framework
we propose here is quite general: to simulate active transport in our framework amounts
to deriving an appropriate macroscopic velocity field that models the microscopic process
of interest via the mesoscale. It is not the purpose of this paper to draw any biological
conclusions about the relative importance of diffusive and active transport in typical models
in systems biology, but rather to introduce one way of incorporating both types of trans-
port in simulations at the mesoscopic level. This will open up for further theoretical and
computational studies of the above mentioned issue.

The remainder of this paper is organized as follows. Section 2 reviews the mathemat-
ical framework for modeling stochastic reaction-diffusion processes on the mesoscale and
it introduces the RDME and its macroscopic counterpart, the reaction-diffusion equation.
In Section 3, active transport is incorporated on the mesoscale. In the following section,
we discuss how that model is related to a first order accurate and stable finite volume
(FV) discretization of the macroscopic convection equation. In doing so we have derived
a multiscale model for active molecular transport by simplifying a microscopic model for
the mesoscale and then interpreted this model on the macroscale. Finally, one numerical
example illustrates the methodology in Section 5.
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2 The spatial master equation

In this section we will review the mathematical framework used to model biochemical
reaction-transport processes on the mesoscale. We will also introduce the macroscopic coun-
terpart. Both will be needed in later sections to develop a multiscale description of active
transport processes inside the living cell.

Our computational domain Ω in space has a polygonal boundary ∂Ω and is covered by
voxels (or subvolumes or computational cells or compartments) Vj , j = 1, . . . ,K, and in
every voxel there are N chemical species Xij , i = 1, . . . , N . The length in 1D, the area in
2D, or the volume of a voxel in 3D is denoted by |Vj |. The species react with each other
and migrate to neighboring voxels e.g. by means of diffusion. The copy number of species
i in voxel j at time t is xij(t) and the time dependent state of the system is given by the
array x(t) with N ×K elements. The jth column of x is denoted by x·j and the ith row
by xi· . A change in the state of the system is caused by chemical reactions between the
molecules in the same voxel and by molecules moving to adjacent voxels. Let p(x, t) be the
probability density function (PDF) for the state x at t conditioned on some initial state.
The time evolution of p satisfies a master equation. We follow the derivation of the master
equation in [9].

2.1 Chemical reactions

A chemical reaction r introduces a change νr in the state in voxel j from x̃·j to x·j =
x̃·j + νr. A reaction occurs in a time interval [0, dt] with probability ar(x̃·j) dt where ar

is the propensity for the reaction. In a system with only chemical reactions, p satisifes the
chemical master equation (CME), see [16, Ch. 7], [23, Ch. V],

∂p(x, t)
∂t

= Mp(x, t) ≡
K∑

j=1

R∑
r=1

ar(x·j − νr)p(x·1, . . . ,x·j − νr, . . . ,x·K , t)

−
K∑

j=1

R∑
r=1

ar(x·j)p(x, t). (1)

The summation over the reactions is restricted to feasible reactions, i.e. those reactions
emanating from or resulting in non-negative copy numbers. For the case of only one sub-
volume, K = 1, (1) describes the time evolution of the PDF in a well stirred system with
volume |Ω|.

2.2 Transport in space

To incorporate transport in the CME framework we take K > 1 and molecules are allowed to
jump between adjacent voxels. In a system without chemical reactions, the state is changed
only by molecules moving between the voxels. An example is diffusion where larger molecules
are pushed by the smaller molecules in the solvent in Brownian motion. The migration of
a molecule of species i from one voxel Vk to another voxel Vj can be written as a linear
chemical reaction Xik → Xij with the propensity

bkj(xi·) = qkjxik . (2)

For this description to make sense, all coefficients qkj should be non-negative, and they
should be non-zero only if Vk and Vj are neighbours and have a face in common. In this
way, jumps are only permitted between immediate neighbours in the mesh. Here, a face is
defined as a point between two voxels in 1D, an edge in 2D or a facet in 3D. The coefficients
may be different for different species and thus depend on i.
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Let the state-change vector associated with the propensity bkj be µkj . The master
equation for the molecular motion can now be written in the same form as the CME in (1),
see [16, Ch. 8], [23, Ch. XIV], [32],

∂p(x, t)
∂t

= T p(x, t) ≡
N∑

i=1

K∑
k=1

K∑
j=1

bkj(xi· − µkj)p(x1·, . . . ,xi· − µkj , . . . ,xN ·, t)

−bkj(xi·)p(x, t). (3)

Most components of µkj are zero except for µkj,k = −1 and µkj,j = 1 if Vk and Vj are
neighbors. For a voxel on the boundary ∂Ω of the computational domain there is no flux of
molecules across the faces on ∂Ω.

The full master equation for a system with both reactions and molecular transport is
obtained from (1) and (3)

∂p(x, t)
∂t

= Mp(x, t) + T p(x, t) (4)

and is widely known as the reaction-diffusion master equation (RDME) when T describes
diffusive motion.

2.3 The macroscopic equations

The familiar reaction rate equations (RRE) for the concentrations φij approximating the
expected values |Vj |−1xij of the species in Vj are obtained from the master equations (1)
and (3) [16, 23]. For a model with only chemical reactions, we arrive at a system of nonlinear
ordinary differential equations (ODEs) in Vj

dφij

dt
= ωi(φ·j) ≡

R∑
r=1

νri

|Vj |
ar(|Vj |φ·j). (5)

If ar in (1) and (5) is replaced by bkj in (2) and (3), then the macroscopic equations in
a system with only molecular transport are

dφij

dt
=

K∑
k=1

µkj,j

|Vj |
bkj(|Vk|φi·) +

µjk,j

|Vj |
bjk(|Vj |φi·)

=
K∑

k=1

|Vk|
|Vj |

qkjφik −

(
K∑

k=1

qjk

)
φij , (6)

since qjj = 0. Let the matrix T have the elements Tjk = qkj |Vk|/|Vj | ≥ 0, j 6= k, and
Tjj = −

∑
k 6=j qjk ≤ 0. Then (6) can be written

dφT
i·

dt
= TφT

i· (7)

for each species i, i.e. as a linear system of ODEs. Depending on the type of transport and
on the type of mesh, qkj are chosen differently. Next, we discuss the case when the transport
process is diffusion.

2.4 Diffusion

In [9] the primal mesh is unstructured and consists of line segments in 1D, triangles in 2D ,
and tetrahedra in 3D. The voxels, or subvolumes, are cells in the dual mesh (see Figure 1).
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(a) (b) (c)

Fig. 1: The vertices (•), the edges in the primal mesh (solid lines) and the edges in the dual mesh
or the voxel boundaries (dashed lines) in 1D (a), a triangular mesh in 2D (b), and Cartesian mesh
in 2D (c).

In the interior of the mesh, the voxels have a vertex of the primal mesh in the center.
If the molecular motion is diffusive then the macroscopic equation for the concentrations
φi(ξ, t), ξ ∈ Ω, is the diffusion equation with the Laplacian ∆ and diffusion coefficient γ

∂φi

∂t
= γ∆φi = γ∇ · ∇φi, i = 1, . . . , N. (8)

With a finite element (FE) approximation of the solution of (8) using linear basis and test
functions, the resulting equation in [9] is

∂φT
i·

∂t
= γDφT

i· , i = 1, . . . , N, (9)

where φij is the concentration of species i at vertex j with coordinates ξj . If the molecular
transport is due to diffusion then T = γD. Collect the coefficients qkj in (2) in a matrix Q
with Qjk = qkj and let the positive elements of the diagonal matrix A be Ajj = |Vj |. Then
qkj is defined by Q = γADA−1, see [9].

The off-diagonal elements of D depend on the mesh and on the basis and test functions
and should be non-negative as required for an interpretation of them as qkj on the mesoscale,
[9]. With a standard linear function space, there are algorithms in 2D for triangulations of
quite complicated domains Ω almost satisfying this requirement, [12]. In 3D, generating
tetrahedra with a FE discretization of the Laplacian with the guaranteed property Djk ≥
0, k 6= j, with linear functions is a more difficult problem but some progress for simple
boundaries is reported in [10].

In our present implementation in URDME [3], if there is a negative Djk, j 6= k, then
−Djk is added to the (j, k) component such that it vanishes and −Djk is subtracted from
the diagonal Djj . The correction is usually small. Since Djk = A−1

jj Sjk and Dkj = A−1
kk Sjk,

the latter is also negative and is changed by −A−1
kk Sjk. The symmetry of S is preserved after

the modification of D. The new D-matrix is no longer a discretization of the Laplacian but
nevertheless it approximates some kind of discretized diffusion with the properties: 1. the
row sum is zero,

∑
j Dij = 0, 2. the off-diagonal elements are non-negative, Dij ≥ 0, i 6= j,

3. a discrete maximum principle is satisfied, [28], 4. the non-negativity of the species is
preserved, [28], 5. the discrete operator is local, and 6. it is conservative,

∑
iAiiDij = 0.
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3 Mesoscale transport of motor-cargo complexes on cy-
toskeletal filaments

Molecular motor proteins transport cargo on the ”tracks” provided by the cytoskeletal fila-
ments in eukaryotic cells. Due to their molecular nature, the fibers have a built-in direction
in which motors travel, but different motors can travel in different directions on the same
fiber type.

Originating from the microtubule organizing center (MTOC) near the cell nucleus, one
type of fibers, microtubules, span the cytoplasm with their minus-end near the MTOC and
the plus-end at the cell cortex. Cytoplasmic dynein motors walk on microtubules in the plus-
to-minus direction. They transport cargo towards the cell interior, while kinesin motors
transport cargo in the opposite direction towards the plasma membrane. For extensive
overviews see e.g. [33, 37, 40] and the references and figures therein.

Another kind of fibers are found in the cortex of the cell immediately inside the outer
cell membrane. Microfilaments made up of F-actin form an irregular meshwork of fibers on
which the myosin family of motor proteins transport cargo. On average, the plus-ends of
the actin filaments are directed towards the cell membrane and the minus-ends towards the
cell interior.

In this section we propose how active transport of cargo-motor complexes on cytoskeletal
fibers can be accounted for in the mesoscopic transport model in Section 2. We will not
specify the type of cargo or the molecular motor protein bound to the cargo at this point.
Initially, one new species, a cargo-motor complex, is introduced and we do not care about
how this species was formed, what kind of cargo it describes and what type and how many
motor proteins that are bound to it. The cargo-motor complex exists in two different forms:
a cargo-motor complex that diffuses freely in voxel Vk is denoted by Xf

k , and a cargo-motor
complex bound to a filament is denoted by Xb

k. The binding of Xf
k to a filament f in

subvolume Vk is modeled as

Xf
k

ωb(xf
k ,ρ̄k)

−−−−−−→ Xb
k, (10)

where ρ̄k is the mean fiber density in Vk. The expression for the propensity ωb is derived in
(57) in Section 4.2.

An actin microfilament is approximately 6 nm wide and the larger microtubules are
24 nm wide. As a typical eukaryotic cell is of size 10 − 30 µm, unless the mesh resolution
is very fine in which case the RDME framework may be inappropriate [11, 21, 39], each
voxel Vk in the mesh is likely to be populated by many fibers. The propensity for a cargo-
motor complex to bind to a fiber in a voxel will be proportional to the total number of
motor-filament binding sites, which is proportional to the total length of the fibers Lk in the
voxel. Most motor proteins, such as conventional kinesin, myosin V or cytoplasmic dynein
are processive: they will take several steps along the filament before detaching. For example,
the in vitro processivity of kinesin is 0.8 – 1.2 µm [18]. In the mesoscopic model, this is
reflected by the rate of an unbinding reaction

Xb
k

kdxb
k−−−→ Xf

k , (11)

where kd is the rate constant and depends on the type of motor.
In Section 2, the mesoscopic model of diffusive transport was reviewed and the diffusion

jump matrix D was introduced as derived in [9] which allowed for sampling of the process on
a general, unstructured mesh. Here we want to arrive at a more general transport operator
T as in (4) accounting for both diffusion and active transport,

∂p(x, t)
∂t

= (M+ T )p(x, t), T = D − C. (12)
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where C describes active transport of the bound cargo-motor complex Xb on the fiber net-
work. We propose how to construct an operator C that approximates the microscopic motion
of the cargo-motor complex on the mesoscale. On the macroscale, there is a matrix C with
the jump coefficients corresponding to D in (9).

As in the diffusive case, the transport process defined by C is modeled as a linear event
in a Markov jump process

Xb
k

ba
kj(x

b
k)

−−−−−→ Xb
j (13)

that takes Xb
k to a neighboring voxel Vj and bakj(x

b
k) = qkjx

b
k, where qkj is the jump rate

constant and the value of the entry −Cjk in the matrix C. Then we will be able to simulate
both diffusion and active transport using existing methods and codes for generating realiza-
tions of the solution to the RDME, such as URDME [3], simply by supplying a more general
Markov jump matrix γD−C as input to the code. The major complication here, compared
to the purely diffusive case, is that the propensity function bakj(x

b
k) will ultimately depend

on the geometry of the fiber network and on the particular model used for describing the
interaction of the molecular motor proteins with the filaments.

As the stochastic model of the transport is a jump Markov process, the inverse of bakj(x
b
k)

is interpreted as the expected time until one of the Xb
k molecules transitions to Xb

j ,

bakj(x
b
k) = (E[τkj ])−1, (14)

where τkj is the exit time

τkj = inf{t ≥ 0 : one Xb
k in voxel Vk leaves to voxel Vj}, (15)

or equivalently,

bakj(x
b
k) = E[the number of Xb

k leaving to Vj per time unit]. (16)

If a detailed model and simulation method for the transport process on the microscale were
available, this quantity could be estimated analytically or by simulation. That would amount
to consider every voxel in the mesh and estimate the expectation in (14) in a Monte Carlo
fashion. This is the idea in the heterogeneous multiscale method [6].

Next, a simple model of transport on microtubules by the motor protein kinesin is pro-
posed. Our first and most fundamental simplifying assumption is to make the cytoskeleton
static. No change in the topology of the network over time is permitted. With this assump-
tion, the propensity function will be independent of time.

Each individual fiber in the computational domain Ω is labeled fm, m = 1, . . . ,M . In
each voxel in the mesh, a subset of the fibers will pass through. The subset associated with
Vk is denoted by Fk. The fibers are not straight, rigid cables. Internal stresses, even caused
by the motor proteins themselves, make the fibers bend, and locally, the network can be
disordered with fibers crossing each other.

A free cargo-motor complex diffuses in Vk until it either exits Vk or until it hits a fiber
fm ∈ Fk and binds to it. When it is bound to the fiber, it stays bound to it for a random
processivity time τp. Then it moves on the filament at a random rate V with the expected
value E[V ] = v. The time τp is exponentially distributed with a parameter determined by
the propensity of (11). If it has not exited the domain in time τp, it is released from the
fiber and starts diffusing until it hits another fiber and rebinds or leaves the voxel (with
propensity given by γD).

A bound cargo-motor complex Xb
k can be bound to any of the individual fibers fm

passing through that voxel. To keep track of which fibers are occupied with cargo, we
introduce the auxiliary species Xb

km to be a cargo-motor complex bound to fiber fm ∈ Fk.
We will also make the simplifying assumption that within the individual voxels, the fibers
can be approximated by the straight line segments defined by the entry points of the fibers,
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ykm,en and exit points ykm,ex, see Figure 2. We can then parametrize fm in Vk as fkm(ζ) =
ykm,en +ζtkm, ζ ∈ [0, lkm], where tkm is the unit tangent vector tkm = l−1

km(ykm,ex−ykm,en)
and lkm is the length of the fiber segment, lkm = ‖ykm,ex−ykm,en‖2. In other words, cargo
particles bound to fm in Vk move on fkm(ζ) in the direction of tkm with the random speed
V .

Fig. 2: Voxel in 2D showing a fiber, its entry and exit points, and the line segment and tangent
vector used to parametrize the motor protein’s movement on the fiber. Which point to define as
the entry and exit point depends on the direction of travel of the motor protein.

Even for the same type of motor protein, e.g. kinesin, there is a variation in the observed
speed with which individual motors travel [38]. In the mesoscopic model, we do not keep
track of the intrinsic properties of individual molecules and fibers: that level of detail would
be characteristic for a microscopic model. Rather, the variation in speed is modeled by
the random variable V with some prescribed distribution and the speed is independent of
the fiber and the position on the fiber. Then, looking at a separate voxel, given that a
cargo particle is bound to a fiber segment fm at the entry point ykm,en at time t = 0, the
probability that the particle exits the voxel at ykm,ex before time s is

P (τkm ≤ s) = P (V ≥ lkm/s). (17)

The expected time until a particle leaves on fiber fm to Vj is

EP [τkm] = lkm/v. (18)

The model on the mesoscale is a Markov process and the exit time distribution of a molecule
is assumed to be exponential

P1(τkm ≤ s) = 1− exp(− s

EP [τkm]
) = 1− exp(− sv

lkm
). (19)

The expression in (19) gives the probability that a single molecule in a voxel leaves before
time s given that it was bound to the entry point ykm,en on fm at time 0.
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Using quantum-dot labelled kinesins, Seitz and Surrey [38] found the in vitro velocity
distribution to be approximately normal with mean 0.56µm/s. A standard deviation of
0.15µm/s gives a distribution close to that in [38, Fig. 1C]. Assuming that the speed follows
a positive normal distribution, V ∼ N+(v, σ2), the exit time from fiber fm is by (17)

P1,N (τkm ≤ s) =
β

σ
√

2π

∫ ∞

lkm/s

exp(− (ξ − v)2

2σ2
) dξ

=
β

2

(
1− erf

(
v

σ
√

2

(
lkm

sv
− 1
)))

, where

β−1 = 1
2

(
1− erf(− v

σ
√

2
)
)
.

(20)

If lkm/sv is small then P1 in (19) is close to 1 and if lkm/sv is large then P1 ≈ sv/lkm.
Similary, if lkm/sv is small in (20), then P1,N is close to 1 and if lkm/sv is large then
according to [1, Ch. 7]

P1,N ≈ βσs

2lkm

√
2π

exp(− l2km

2σ2s2
).

Figure 3 shows a comparison between the exit distribution in (20) and that in (19) for
different values of the parameter lkm/v. The error is the relative error ‖P1−P1,N ‖1/‖P1‖1 in
the `1-norm and we have used σ = 0.15µm/s. As can be seen, the exponential distribution
approximates the distribution in (20) fairly well for a wide range of parameters, but performs
best for small lkm/v. With a finer mesh, lkm is shorter and lkm/v smaller.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

l
km

/v

Fig. 3: The relative difference between the exponential distribution P1 in (19) and the distribution
P1,N in (20) measured as ‖P1 − P1,N ‖1/‖P1‖1.

In a voxel with several cargo-motor complexes bound to fm, let xb
km be the copy number

of Xb
km. Using the fact that the distribution of the minimum of independent exponential

random variables is again exponential with parameter being the sum of the individual pa-
rameters, we obtain the conditional probability that the Xb

km complex that leaves the voxel
first on fm leaves before s

P (τkm ≤ s | Xb
km = xb

km) = 1− exp(−svx
b
km

lkm
). (21)

Note that for xb
km = 0, P (τkm ≤ s | Xb

km = xb
km) = 0 for any finite s. This reflects the fact

that if no molecules occupy the fiber, the mean exit time is +∞, and the propensity in the
Markov process takes the value zero.
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We do not want to keep track of how many numbers of cargo-motor complexes that are
bound to the individual fibers, since this introduces a lot of additional species Xb

km in the
model and increases the computational time. Instead, we introduce the probabilities

pkm = P (Xb
k is bound to the entry point of fiber fm at t = 0) (22)

with pkm > 0. Then, assuming that cargo particles are independent of each other, and given
that Xb

k =
∑

fm∈Fk
Xb

km = xb
k, the random vector X̄b

k = (Xb
km)fm∈Fk

has a multinomial
distribution with probabilities pk = (pkm)fm∈Fk

and total number ofm “trials” xb
k. The

marginal distribution of Xb
km is the binomial distribution with parameters pkm and xb

k and
τkm in (21) is distributed according to

τkm | Xb
km = xb

km ∼ Exp(
svxb

km

lm
) with Xb

km ∼ Bin(xb
k, pkm). (23)

Again, to get the exit time distribution in the Markov model for xb
k ≥ 1, we approximate

the distribution of τkm in (23) with an exponential with mean

E[τkm] = E[E[τkm|Xb
km]] = E[lkm/(vXb

km)] = lkm/(vpkmx
b
k) (24)

and we arrive at

P (τkm ≤ s | Xb
k = xb

k) = 1− e
− svxb

kpkm
lkm . (25)

If xb
k = 0, then P (τkm ≤ s | Xb

k = xb
k) = 0 as in (21).

If the number of molecules xb
k is large, thenXb

km in (23) is approximatelyN (xb
kpkm, x

b
kpkm(1−

pkm)) by the central limit theorem. The conditional distribution in (25) is close to that ob-
tained directly from (23)

P (τkm ≤ s |Xb
k = xb

k) =
xb

k∑
j=0

xb
k!

j!(xb
k − j)!

pj
km(1− pkm)xb

k−j(1− e
− svj

lkm )

≈
∫ ∞

−∞

1
σ
√

2π
e−(ζ−xb

kpkm)2/2σ2
(1− e

− svζ
lkm ) dζ

≈ 1− e
− svxb

kpkm
lkm ,

with σ = xb
kpkm(1− pkm).

Now, pkm is the fraction of the total number of bound molecules in Vk binding to fiber
fm. The distribution of the time τkj when the first cargo-motor complex leaves from Vk to
Vj is the distribution for the minimum exit time among all fibers leaving Vk on the face in
common with Vj

P (τkj ≤ s|Xb
k = xb

k) = 1− exp(−
∑

fm∈Fk∩j

svxb
kpkm

lkm
), (26)

where Fk∩j = Fk ∩Fj is the set of fibers exiting through the face between Vk and Vj . This
means that the propensity function in (14) is given by

bakj(x
b
k) = qkjx

b
k =

∑
fm∈Fk∩j

vxb
kpkm

lkm
. (27)
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We have assumed that there is equal probability for a molecule to enter a voxel on any
of the fibers starting at a face and directed into the voxel. Then the probability to exit
from the voxel must be equal on any of the fibers directed outward from the voxel. The
number of molecules to leave on a fiber in a time interval [0,∆t] is Poisson distributed with
parameter vxb

kpkm∆t/lkm. For the probability to be equal for all fm ∈ Fk∩j we require that
pkm/lkm = pk. Since

∑
m pkm = pk

∑
m lkm = pkLk = 1, we infer

pkm = lkm/Lk. (28)

Hence, the expression for the transport propensity is

bakj(x
b
k) = qkjx

b
k =

∑
fm∈Fk∩j

vxb
k

Lk
=
Nkjvx

b
k

Lk
. (29)

Here, the total number of fibers exiting through the face shared by Vk and Vj isNkj = |Fk∩j |.
Along with the binding reaction (10) and the unbinding reaction (11) this lets us simulate

cargo movement by motor proteins on a network of microtubule filaments. The direction of
motion depends on the type of motor protein. Note that given a filament network structure
and a mesh, the matrix C can be assembled from (29) by counting the number of fibers Nkj

exiting through each face in the mesh and measuring the total length of the filaments in
each voxel. The face between voxels k and j may have fibers going in the opposite direction
with Njk > 0. They give rise to a non-zero bjk and a corresponding non-zero entry Cjk

in the C-matrix. The flow of particles across the interface can then be interpreted as a
combination of convection and diffusion on the filaments.

Whether the fiber is exiting or entering the voxel depends on the nature of the motor
protein that is modeled. Such a procedure could still pose practical difficulties but by
using advanced image analysis techniques it is possible to track the filament fibers in a
3D reconstruction of the cytoskeleton. A method for detailed simulation of fibers at a
microscopic level is developed in [36]. The resulting fiber networks can be used in our
mesoscopic transport model.

The model proposed in this section relies on certain simplifications. For example, there
is evidence that many types of cellular cargo move bidirectionally on microtubules [42]. This
is accomplished by having multiple motors binding to the same cargo. However, it is not
clear how the different motors are regulated to achieve a net transport to a certain location.
One way to incorporate bidirectional transport is by introducing several distinct states for
a cargo-motor complex when bound to the filament. A cargo-motor complex could be in a
kinesin binding state and then converted to a dynein binding state with some probability.
This would be a reasonable treatment if only one motor is interacting with the fiber at any
time. Another possibility is to allow for a more general velocity distribution with diffusion
on the fiber letting the cargo-motor complex move backward with some probability. This
approach is more appropriate if motors bind simultaneously to the filament and engage in
a ”tug of war”. Ultimately, how to model this phenomenon will depend on the underlying
mechanistic model of regulation.

We have tacitly assumed that, whenever a cargo-motor complex encounters a crossing
between two tracks, the complex continues on its present track. In reality, cargo can be
transfered between filaments. A cargo destined for the cell membrane has to switch from
kinesin on microtubules to myosin Va when reaching the actin filaments at the cell cortex.
In vitro studies suggest that both at actin-microtubule intersections and at microtubule-
microtubule intersections, cargo-motor complexes frequently switch tracks [37]. We are not
currently incorporating this feature in this first, simple model, but could do so by assigning
a probability for switching and explicitly accounting for crossings by modifying (18).

11



4 Relation to the macroscale

In this section we show how the mesoscopic molecular fluxes derived in the previous section
relate to a discretization of a convection equation on the macroscale. Mesoscopic fluxes
similar to those in (27) and (29) are obtained from a continuous velocity field suggesting a
simpler way of obtaining mesoscopic jump propensity functions on general meshes.

4.1 Macroscopic transport and the finite volume method

If the chemical species are transported on the macroscale by a velocity field v(ξ) in Ω, then
the equation for the time evolution of φi(ξ, t) is

∂φi

∂t
+∇ · (vφi) = 0, i = 1, . . . , N. (30)

The velocity may be different for different species and can be zero for some i. As an example,
take a spherical cell with a spherical void in the center representing the nucleus and introduce
a spherical coordinate system (r, ϕ, θ). Assume that φi is independent of the angles ϕ and
θ and that species i is propagated by the constant, positive velocity vr along the r-axis. In
that coordinate system, the equation (30) for φi(r, t) is

∂φi

∂t
+
vr

r2
∂r2φi

∂r
= 0. (31)

Let the initial concentration in Ω be zero and let the concentration ψi(t) be generated at
the membrane of the nucleus at r = r0. Then the solution of (31) is

φi(r, t) =
r20
r2
ψi(t− (r − r0)/vr), r ≥ r0. (32)

There is a wave propagating from the inner boundary of the cell cytoplasm at r = r0 to the
outer cell boundary at r = r1 > r0. What was generated at the nucleus appears there with
an amplitude reduced by r20/r

2
1 at a time delayed by (r1 − r0)/vr.

In a finite volume (FV) method, (30) is integrated over one voxel Vj and then Gauss’
theorem is invoked to obtain∫

Vj

∂φi

∂t
dΩ +

∫
Vj

∇ · (vφi) dΩ =
∂

∂t

∫
Vj

φi dΩ +
∫

∂Vj

n · vφi dS = 0. (33)

The unit normal at the face ∂Vj pointing out from Vj is denoted by n. The polygonal ∂Vj

consists of a number of faces shared by voxel j and voxel k which belongs to the set Nj of
immediate neighbors of j. Each section on the boundary ∂Vj ∩∂Vk may consist of a number
of subsections e`

jk, ` = 1, . . . ,Λjk, or edges in 2D and facets in 3D, see Fig. 4.1.a. An edge
in 2D is straight and a facet in 3D is planar with constant normal n`

jk. In order to simplify
the notation, we henceforth assume that Λjk = 1 and drop the superscript ` but all formulas
and results can be generalized to the case with Λjk > 1. Let the average of φi in Vj be

φ̄ij = |Vj |−1

∫
Vj

φi dΩ. (34)

If the integral over ∂Vj in (33) is approximated using φ̄ij , we have derived a discretization
of (30) with the FV method. The simplest choice is to evaluate v at the center of ejk to
obtain vjk and let∫

∂Vj

v · nφi dS ≈
∑

k∈Nj

|ejk|g(vjk · njk, φ̄ij , φ̄ik), (35)
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k

ejk

vjk

njkj

(a)

j,k j+1,kj−1,k

j,k+1

j,k−1

(b)

Fig. 4: (a) The face between voxels j and k. (b) A voxel in a Cartesian mesh with normals on the
edges and the constant velocity field.

where |ejk| is the length or area of ejk and the flux function is

g(x, y, z) =
1
2
x(y + z) +

1
2
|x|(y − z) =

{
xy x ≥ 0,
xz x < 0. (36)

The flux in (35) at a face is the normal velocity x times the average of the concentrations
1
2 (y + z) plus a diffusive term 1

2 |x|(y − z) to stabilize the scheme. The flux is [14, 30]:

1. consistent, ζ(v · n, y, y) = v · ny,

2. conservative, ζ(v · n, y, z) = −ζ(−v · n, z, y),

3. monotone, it is nonincreasing when z increases.

At an outflow boundary of ∂Vj with vjk · njk > 0 the flux is vjk · njkφ̄ij and at an inflow
boundary with vjk · njk < 0 we take vjk · njkφ̄ik. By combining (33), (34), and (35), the
equations for the concentrations are

∂φij

∂t
+ |Vj |−1

∑
k∈Nj

|ejk|g(vjk · njk, φij , φik) = 0, j = 1, . . . ,K, (37)

where the bar denoting the average of φi· has been removed to simplify the notation. The
flux is defined by the conditions at the faces of the voxels and is the same for two adjacent
voxels but with opposite sign.

If the total flux n · vφi across the outer boundary ∂Ω vanishes,
∫

∂Ω
n · vφi dS = 0, then

by Gauss’ formula we obtain

∂

∂t

∫
Ω

φi dΩ +
∫

∂Ω

n · vφi dS =
∂

∂t

∫
Ω

φi dΩ = 0. (38)
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The total amount of species i in Ω is conserved. The discretization (37) shares this property.
Consider the sum of the flux terms on the right hand side in (35) over all the voxels. A
flux over an inner voxel face appears twice in the sum with opposite signs and the sum
of the fluxes over the faces on the boundary ∂Ω is zero. The area weighted sum of the
concentration of species i in the computational domain is then by (37)

∂

∂t

∑
j

φij |Vj |+
∑

j

∑
k∈Nj

|ejk|g(vjk · njk, φij , φik) =
∂

∂t

∑
j

φij |Vj | = 0. (39)

The total amount of φi is preserved also by the FV space discretization in (35) and (37).
The equation for the concentration vector in all voxels φi· is derived from (37)

∂φT
i·

∂t
+ CφT

i· = 0. (40)

The matrix C can be written as C = A−1U where the components of U are obtained from
(37)

Ujk =
{
|ejk|vjk · njk, k ∈ Nj ∩ {k | vjk · njk < 0},
0, otherwise, k 6= j,

Ujj =
∑

k∈Qj
|ejk|vjk · njk, Qj = Nj ∩ {k | vjk · njk > 0}.

(41)

The diagonal elements of U are all non-negative and the off-diagonal elements are non-
positive. Let e1 = (1, 1, . . . , 1)T and eA = Ae1. It follows from (40) and (39) that
∂eT

Aφi·/∂t = 0 and therefore

0 = eT
AC = eT

1 AA
−1U = eT

1 U, (42)

i.e. e1 is a left eigenvector of U with eigenvalue 0 and the column sums of U are zero. The
steady state solution of (40) and the right eigenvector of U corresponding to this eigenvalue
depend on v but in a special case an explicit solution is possible.

Suppose that v and φi are both constant and that φi = ηe1. The normal at ∂Ω pointing
out from Ω is n∂Ω. The inflow boundary of ∂Ω is defined by the parts where v · n∂Ω < 0.
The boundary condition of φij at the inflow boundary is η. For a voxel j in the interior of
Ω or on the boundary ∂Ω

0 =
∫
Vj

∇ · (vη) dΩ =
∫

∂Vj

ηv · n dS =
∑

k∈Nj

η|ejk|v · njk

= η(Ujj +
∑

k∈Nj

Ujk) = η

K∑
k=1

Ujk = η(Ue1)j = ηAjj(Ce1)j .

Thus, e1 is a right eigenvector of U and C with eigenvalue 0 and the row sum of the two
matrices vanishes.

Consider a species with concentration φ in the voxel j, k in the Cartesian mesh in Fig-
ure 4.1b and let v = (v1, v2)T be constant. Then the space discretization according to (37)
is with n = (1, 0), (−1, 0), (0, 1) or (0,−1), the step size ∆x = |ejk|, and |Vj | = ∆x2

∂φj,k

∂t
+ v1

φj,k − φj−1,k

∆x
+ v2

φj,k − φj,k−1

∆x

≈ ∂φ

∂t
+ v · ∇φ =

∂φ

∂t
+∇ · (vφ). (43)

The space discretization in (43) on a Cartesian mesh is an upwind approximation of the
space derivatives in (30). The accuracy is of first order in ∆x.
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If both convection and diffusion are present, then T in (7) is −C+γD, where D is defined
by a FE discretization as in Section 2.4. The total number of i-molecules eT

Aφi· is conserved
with this T since it is conserved by C and D separately, see (41), (42), and [9, (3.4)].

For a meaningful interpretation of the elements of T on the mesoscale, we need a stable
approximation on the macroscale producing non-negative concentrations of the species. The
next theorem shows that our space discretizations C and D indeed have those properties.

The primal mesh can be represented as a graph consisting of the vertices in the mesh
and the edges between them. A graph is connected if there is a path via the edges between
any pair of vertices in the graph [41, p. 20]. If Ω is connected, then there is a mesh with
a connected graph. Let the time-derivative in (7) be approximated by a θ-method at the
discrete time points tn+1 = tn + ∆t, n = 0, 1, . . . with the time step ∆t and θ ∈ [0, 1]. The
recursion for φn+1

i· approximating φi·(tn+1) in (7) is with T = −C + γD

(φn+1
i· )T = (φn

i·)
T + ∆tT ((1− θ)(φn+1

i· )T + θ(φn
i·)

T ), n = 0, 1, . . . (44)

With the notation φ ≥ 0 for an array, the relation holds for every element of φ : φij ≥ 0.
Then the time discretization has the following properties:

Theorem Assume that γ > 0, that Ω is connected and that the mesh has a connected
graph. Let the norm ‖φ‖1A be defined by

‖φ‖1A =
K∑

j=1

Ajj |φj |.

Determine C by the FV method and D by the FE method with D = A−1W where Wjk ≥
0, j 6= k, and Wjj = −

∑
k 6=j Wjk < 0. Then there is one steady state solution φ∞i· satisfying

T (φ∞i· )T = 0 and positivity φ∞i· > 0. Advance the solution in time by (44). If the time step
∆t is sufficiently small then the time integration preserves positivity, i.e. if φn

i· > 0 then
φn+1

i· > 0, and ‖φn
i·‖1A = ‖φ0

i·‖1A, n = 1, 2, . . .

Proof

1. An irreducible matrix is defined in [41, p. 20]. If the mesh has a connected graph, then
γD is irreducible. Since Cjj ≥ 0 and Cjk ≤ 0, j 6= k, T = −C+γD is also irreducible.
Let S = −U + γW such that T = A−1S. Then Sjj < 0 and Sjk ≥ 0, j 6= k. Since
UT e1 = WT e1 = 0, we have ST e1 = 0 and

∑
k(ST )jk =

∑
j Sjk = 0. By Gershgorin’s

theorem, [41, p. 16], an eigenvalue λ(ST ) belongs to the union of circles

|λ(ST )− Skk| ≤
∑
j 6=k

Sjk = −Skk, k = 1, . . . ,K.

Choose α = maxj(−Sjj). Since ST and S have the same eigenvalues and at least one
eigenvalue of S is zero, R = αI+S has the spectral radius ρ(R) = α. Moreover, R ≥ 0
and the matrix is irreducible. It follows from the Perron-Frobenius theorem, [41, p.
30], that there is an eigenvector φα > 0 with a simple eigenvalue ρ(R) = α of R. Then
Sφα = 0 and therefore, Tφα = A−1Sφα = 0.

2. Rewrite (44) in the form

(I −∆t(1− θ)T )(φn+1
i· )T = (I + ∆tθT )(φn

i·)
T . (45)

Let G = I −∆t(1− θ)T and H = I + ∆tθT . We have that G is irreducible, Gjj > 0
and Gjk ≤ 0, j 6= k. If ∆t is so small that G is diagonally dominant, then G−1 > 0
[41, p. 85]. Furthermore, H > 0 if ∆t is sufficiently small. Hence, by (45) (φn+1

i· )T =
G−1H(φn

i·)
T > 0.
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3. By (45), (41), and the properties of D in Section 2.4 we obtain

‖φn+1
i· ‖1A = eT

A(φn+1
i· )T = eT

A(φn
i·)

T + eT
AT ((1− θ)(φn+1

i· )T + θ(φn
i·)

T )
= eT

A(φn
i·)

T = ‖φn
i·‖1A.

Apply this formula recursively. �

The third claim in the theorem shows that the time integration is stable in a weighted
`1-norm.

With a FE discretization of the diffusion and the FV discretization of the convection, it
is proved in 2D in [14] that the solution of (7) with a particular time discretization similar
to (44) converges to the solution of

∂φi

∂t
+∇ · (vφi) = γ∆φi, i = 1, . . . , N, (46)

when the mesh size ∆x → 0 and the time step ∆t → 0. Among the assumptions on the
approximations are that the FV method is consistent, conservative, and monotone, and the
triangles in the primal mesh have non-obtuse angles, cf. (36) and Section 2.4.

The combined macroscopic reaction-convection-diffusion equation (RCDE) for the molec-
ular concentrations in the voxels in the dual mesh is derived from (5), (9), and (40)

∂φT
i·

∂t
= ωi(φ)− CφT

i· + γDφT
i· = ωi(φ) + TφT

i· , i = 1, . . . , N. (47)

It is a space discretization of

∂φi

∂t
+∇ · (vφi) = ωi(φ) + γ∆φi, i = 1, . . . , N, (48)

The corresponding mesoscale equation for the PDF is (4) with T = −C +D. The matrices
T,C, and D in (47) have the same structure as Q defining the mesoscopic coefficients qkj for
the molecular transport in (6). The coefficients defining the propensities on the mesoscale
are then given by the positive off-diagonal elements of

Q = ATA−1 = −ACA−1 + γADA−1. (49)

Suppose that the number of molecules increases in the mesoscale trajectories generated
by the PDFs in (4) for a finite mesh. Then the molecular concentrations converge to a
solution of (47) by the results of Kurtz [29]. See [9, 15] for computational verifications of
this.

4.2 Relations between the micro-, meso- and macroscales

According to the assumptions in Section 3 the fibers are straight lines. Furthermore, assume
that the fibers do not cross each other such that their directions form a continuous vector
field t(x) with ‖t‖2 = 1 in Ω. The directions of each fiber tkm in Section 3 and Figure 2 is
here assumed to vary smoothly in t(x). Introduce a coordinate system ζ1, ζ2, ζ3 in 3D with
the ζ1-axis along t. The fiber density is ρ(x) on a small surface with t(x) as its normal.

Partition a voxel j into cylinders with their axes in the ζ1-direction and let ρ be inde-
pendent of ζ1. The number of fibers in a cylinder α with the bottom and top surfaces ∆Γα

in the ζ2− ζ3 plane is ρ∆Γα and the height is ζ1α. Let the number of cylinders increase and
let ∆Γα → dζ2dζ3. The total length Lj of the fibers in all cylinders in Vj is then

Lj =
∑

fm∈Fj

ljm =
∑
α

ζ1αρ∆Γα →
∫
Vj

ρ dζ1dζ2dζ3 = ρ̄j |Vj |, (50)

where ρ̄j is the mean value in voxel j.

16



The number of fibers crossing the face ejk from Vj to Vk is Njk. The fiber density on
∂Vjk is ρt · njk. The mean value of ρt on ejk is ρjktjk, where tjk is a unit vector. Hence,

Njk =
∫

ejk

ρt · njk dS = |ejk|ρ̄jktjk · njk. (51)

If the sign of t · njk changes on ejk then the mesh should be refined here. The mean ρ̄jk is
approximated by ρ̄j and tjk by t at the midpoint of ejk. By (50) and (51), the mesoscopic
coefficient in the convection propensity in (29) is

qjk =
Njkv

Lj
=
v|ejk|t · njk

|Vj |
> 0. (52)

For fibers entering voxel j from voxel k we have

qkj =
v|ekj |t · nkj

|Vk|
= −v|ejk|t · njk

|Vk|
> 0. (53)

The mesoscopic propensity to transport molecules from one voxel to the adjacent one is
independent of the fiber density but proportional to the number of bound molecules. This
number depends on the number of fibers in the voxel.

The macroscopic interpretation of the mesoscopic coefficients in the convection matrix
C is by (49), (52), and (53)

Cjk = −|Vk|
|Vj |

Qjk = −|Vk|
|Vj |

qkj =
v|ejk|t · njk

|Vj |
< 0, (54)

if the voxels j and k are neighbors and fibers are entering voxel j from k. Otherwise, Cjk = 0.
The diagonal elements of C are

Cjj = −Qjj =
∑

k

qjk =
∑

k

v|ejk|t · njk

|Vj |
> 0. (55)

Comparing (54) and (55) with (41) having the relation C = A−1U in mind, the conclusion
is that the macroscopic velocity v is

v(x) = vt(x), ‖v‖2 = v. (56)

The binding and unbinding events (10) and (11) in a voxel are modeled as chemical
reactions. The propensity for a molecule Xf

j to bind to the fibers in (10) is in d dimensions

ωb(xa
j ) = k̃a

Lj

|Vj |
xa

j = k̃aρ̄jx
a
j = kaρ̄jx

a
j |Vj |−1/dN−1

A , (57)

if k̃a is an association rate per fiber length, NA is Avogadro’s number and ka is expressed
in M−1s−1. The dissociation of the cargo complex from the fiber depends only on the rate
kd and the copy number in (11).

In summary, we have obtained a relation between the microscopic properties of trans-
port on microtubules, the jump coefficients in the mesoscopic propensities in the master
equation (3), and the macroscopic velocity field v and a stable discretization of (30) on an
unstructured mesh by a FV method. This suggests a way of modeling transport on the
mesoscale by specifying a velocity field as in (56) that approximates the detailed properties
of the fiber network. For any given mesh, the correct mesoscopic jump rate constants can
then be obtained simply by discretizing the macroscopic convection equation with the FV
method described above. In the next section we will give a computational example in which
we use this procedure. A more accurate but also more complicated way of determining the
mesoscopic rate constants is directly via (29) where the number of fibers crossing a face
must be counted and their total length estimated.
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5 Numerical example

In this section we consider two simple examples where active transport is modeled by a
velocity field specified on the macroscale. In line with the discussion in the previous section,
we use a FV discretization of the linear transport equation to derive the mesoscopic fluxes
due to active transport. Diffusion events and reactions are treated in the model in the same
way as described in Section 2 or in more detail in [9]. The simulations are carried out using
NSM [7] as implemented in URDME [3].

5.1 Transport of cargo particles inside a cell

In a typical animal cell, the microtubules originate from the MTOC near the nucleus, and
grow radially outwards with the minus end near the MTOC. Depending on the cell type, its
average size is usually in the range 10−30µm. In this numerical example, the computational
domain discretized by tetrahedra is depicted in Figure 5. It consists of two concentric spheres
with its centers at the origin of the coordinate system, the smaller one modeling the cell
nucleus with radius r0 = 2 µm and the larger one, with a radius of r1 = 7.5 µm, modeling the
main cell body. The velocity field that the microtubule network gives rise to is modeled as a
radially directed field. The network is densest near the nucleus, and it becomes progressively
thinner as we approach the cell periphery. We assume that the filament network consists of a
total number of M microtubule filaments originating uniformly from the nuclear membrane,
and that the same number of filaments reach the plasma membrane. Let ξ = (ξ1, ξ2, ξ3) be
a point in a Cartesian coordinate system and let the filament density in the cytosol decay
away from the nuclear membrane

ρ(ξ) = ρ0 + (‖ξ‖2 − r0)
ρ1 − ρ0

r1 − r0
, ρ0 = M/Sn

A, ρ1 = M/Sp
A,

where Sn
A and Sp

A are the surface areas of the nucleus and the cell, respectively. If the model
of the fiber network had been based on an image of the cytoskeleton, the density and velocity
field could have been estimated from that image. For the rate of transport on the fibers, we
take v = 0.5 × 10−6 µm/s, close to the average value for kinesin in [38]. The macroscopic
velocity field is then given by

v(ξ) = ± v

‖ξ‖2
(ξ1, ξ2, ξ3)T .

The velocity field and the filament density for M = 1000 is depicted to the right in Figure
5.

(a) (b)

Fig. 5: Computational domain (a) and velocity field for the cargo bound to a kinesin motor (b).
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Since the focus here is on illustrating the modeling of active transport, we consider a
simplified model consisting of a signal species S emanating at the plasma membrane. That
signal can then be transported to the nuclear region, either by diffusion or active transport by
dynein. To model the different kinds of transport, S will exist in two forms, freely diffusing
Sf , and bound to filament Sb. Once inside the nucleus, the signal will initiate a series of
events, eventually leading to the creation of a response species R. To avoid an unnecessarily
complex model, we model the entry into the nucleus as a diffusion event over the nuclear
membrane. The intermediate events leading to the creation of R are not modelled explicitly.
When R exits the nucleus, it can diffuse through the cytoplasm, or be transported towards
the plasma membrane on the filament network by a kinesin motor. In the same way as for
the signal species, R is present in a freely diffusing state Rf or a microtubule-bound state Rb.
Table 5.1 summarizes the reactions in the model. The parameters for the motor-microtubule
interaction in the model are the binding rate of motor to fiber, ka = 2× 107 M−1s−1 [22],
and the mean processivity time kd. With a mean run length of 0.5 − 2 µm and a mean
velocity of 0.5 − 1 µm/s, a reasonable value of kd for kinesin is kd = 1 s−1. This is also
the value in a simple model of kinesin’s biochemical cycle in [38, Fig. 5]. For cytoplasmic
dynein, it has been observed that the microtubule binding protein dynactin can increase the
motor’s processivity in vitro [27]. We use the same kinetic parameters for the velocity and
processivity time of dynein as those for kinesin, and this is in accordance with the values
obtained in [27] in the presence of dynactin.

Cytosol Sf

ka



kd

Sb Rf

ka



kd

Rb

Nucleus Sf
k2−→ Rf

Table 1: Reactions in the simple signal-response system described above. The rate constant ka will
take the value 2 × 107 M−1s−1 in the experiments below, while kd = 1.0 s−1 and k2 = 1.0 s−1.
The functional form of the propensity function for the forward cytosolic reactions is that given in
(57) with d = 3.

With this construction, there is a one to one correspondence between the signalling
species S and response species R. Whenever a Rf molecule reaches the plasma membrane,
we let it fuse with the membrane and diffuse only on the membrane surface. For a R molecule
to reach the membrane, a S molecule must be transported to the nucleus, be transformed
into R, which then is transported back to the cell periphery. In order to illustrate the
behavior of the system we define the response time to be the time until half of the initial
number of 104S molecules have been converted to R at the plasma membrane. By varying
the total number of fibers M , we modulate the ratio of diffusive and active transport. To the
left in Figure 6, we show for on trajectory the total number of Rf molecules at the plasma
membrane as a function of time when varying the fiber density for a fixed diffusion constant,
and to the right we show a comparison of the diffusion only case for a number of different
diffusion constants to the case with both active and diffusive transport. As can be seen, the
diffusion constant has to be increased one order of magnitude in order to achieve about the
same response time as the case with M = 2000. Moreover, the higher diffusion constant,
γ = 10µm2/s is not physiologically relevant for larger proteins or protein complexes in a
crowded environment such as the cytosol.
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Fig. 6: Response curves showing how the response species R accumulates at the cell membrane with
varying filament density (a) and for different diffusion constants (b).

A key feature of the mesoscopic model is that it is stochastic. The response curves in
Figure 6 all represent a single realization of the stochastic process, and they will vary slightly
for different realizations of the process. To illustrate the kind of questions we can study
using the stochastic model, we show the distribution of the response time for the system
τR, estimated from 1000 realizations in Figure 7. To the left the case when M = 2000
and γ = 1 µm2/s is displayed, and to the right when there is no active transport. From
the CDFs in Figure 7, we obtain information of how likely the system is to show a certain
response before some given time, which is of interest when addressing issues regarding e.g.
robustness of a signalling network to noise.
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Fig. 7: The cumulative distribution function for the response time of the system τR, for M = 2000
and γ = 1 µm2/s (a) and for M = 0 and γ = 1 µm2/s.

This example is fictitious but it retains some key features of signalling cascade models
such as those of MAPK cascades. We cannot draw any conclusions about the functioning
of signalling networks merely from these simulations. However, we clearly see differences in
the system response depending on the ratio of active and diffusive transport for the values
of the constants we consider here.

6 Conclusions

In this paper we have developed a model that extends stochastic reaction-diffusion simula-
tions on the mesoscale to include transport of cargo-motor complexes on filament networks.
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We illustrated how such a mesoscopic description is obtained from the microscale, and fur-
ther, by relating that mesoscale model to macroscale transport and convection, we arrived
at a model of the filament network as a continuous velocity field. That gave us a convenient
computational method in which one can obtain the jump rate constants in the mesoscopic
model simply by assembling the first order upwind FV scheme for the macroscopic con-
vection equation. This approach is very general, works equally well for structured and
unstructured meshes, and integrates in a natural way with existing methodology to simulate
reaction-diffusion processes on the mesoscale.

Throughout this paper we have assumed that the fiber network, and thus the velocity
field, is stationary. During the course of a simulation, we could let the velocity field change
at certain time points by updating the field and reassemble the matrix with jump rates. If
the velocity field changes slowly on the time scale of the reaction dynamics, so that many
stochastic events can be generated in between each velocity field update, this approach is
feasible computationally.

In modeling the mesoscopic propensity due to transport on filaments, we made a few
assumptions and simplifications. However, the computational framework we develop is more
general than that particular model. A more detailed model can be implemented if one de-
rives the mesoscopic propensity coefficients from the microscale description of transport and
possibly also a macroscopic velocity field in the same spirit as we do here by incorporating
more of the microscale features.

Even though the numerical example in this paper is modeling transport on filaments
inside a cell, the same approach can obviously be used in other scenarios. The only require-
ment is that the modeler provides a velocity field that describes the transport process. For
example, to simulate stochastic reaction-diffusion processes in a flowing fluid, the velocity
field can be obtained easily by solving equations for the fluid motion. This approach would
be particularly simple using the URDME software, since it is integrated with the powerful
multiphysics simulation software COMSOL Multiphysics 3.5a (http://www.comsol.com).
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