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Abstract

We present a hybrid method combining a level set model with a phase field
model. Contact line dynamics are represented by the full phase field model,
whereas the convective interface transport and the evaluation of surface tension
in the bulk of the domain are realized by a conservative level set model. This
combination avoids the singularity at the contact line that is present in classical
level set models with no-slip boundary conditions. The hybrid method relies on
the similar shape of the concentration variable in the phase field model and the
level set function. The terms specific to the phase field model are disabled away
from the contact region by using a switch function. The benefits of using the level
set model instead of the phase field model in the bulk of the domain are quantified
by two extensive numerical benchmark computations. The conservative level set
method gives considerably higher accuracy at the same mesh size than the phase
field method. For the phase field method, a range of interface thicknesses and
the mobilities are considered. The best values of these parameters for the two
test cases are used in the comparison. Further, the well-posedness and stability
of the hybrid method are shown using an a priori energy estimate. Numerical
simulation of channel flow with the hybrid method demonstrates the increase in
computational efficiency compared to a plain phase field model.

Key words. Contact line dynamics, phase field method, level set method, bench-
mark computation.

1 Introduction
The simulation of multi-phase flow with moving contact lines is of great practical
importance in a wide range of applications, for instance for ink-jet printers, the pre-
diction of subsurface flow and biomedical applications. However, the modeling of
contact line dynamics requires special numerical treatment. The no-slip boundary
condition that is used at solids for single-phase flow breaks down in the vicinity of
contact lines, as shear stresses become singular [24]. It has been demonstrated that
the singularity can be avoided if slip is allowed at the contact line [12, 23]. However,
imposing slip velocities is delicate because a numerically feasible slip parameter can
not easily be determined in experiments [11]. An additional modeling step is required
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when wetting forces influenced by the alignment of the interface with the solid need
to be represented. Wetting phenomena arise in case the interface alignment with the
solid deviates from the equilibrium position, the so-called static contact angle.

Several techniques have been proposed for numerically handling this setting. For
example, the magnitude of slip has been proposed to depend on the apparent contact
angle [49]. Alternatively, interface diffusion has been proposed as a tool for impos-
ing contact angles and allowing the contact line to move in boundary integral [35],
volume-of-fluid [45], and level set [55] simulations, respectively. Common to these
approaches is an ad-hoc inclusion of the wetting mechanism, steered by some numer-
ical parameters. Approaches for imposing contact line dynamics in a more physical
way can be based on diffuse interface models, so-called phase field methods [26, 53].
These methods come with a built-in mechanism for contact line dynamics through
a boundary condition on the underlying partial differential equations. However, dif-
fuse interface models have higher numerical costs than other interface representation
techniques like the level set method, the volume-of-fluid method, or surface tracking
schemes. Also, the phase field method is often used for simulation of flows where the
diffuse interface thickness and intermolecular mobility do not correspond to the under-
lying physics, but are rather numerically dictated by the available grid resolution. The
behavior of discrete approximations with respect to the sharp-interface limit has been
analyzed in [54]. Other approaches to contact line dynamics are multiscale methods.
One variant is to combine a standard continuum model on the macroscopic scale with
molecular dynamics simulations in order to represent mass diffusion over the interface
around the contact line [41, 43, 44]. In another recently proposed multiscale model
[32], the phase field model is used on the micro scale. This micro simulation deter-
mines an effective slip velocity, which is used as a boundary condition in the macro
model.

In this work, we propose a hybrid method that combines the computational effi-
ciency of the level set method with the contact line features of a phase field method.
A hybrid approach combining level set and phase field features has been proposed
previously [29], where the focus was to combine continuous surface tension models
[8] popular in the level set community with the interface evolution of the phase field
model. In the present work, the focus is instead on the region close to boundaries
where the phase field model is a well-established approach for contact line dynamics.
In regions away from the boundary, the complex processes for the interface evolution
in the phase field method are both unnecessary and give rise to modeling errors due
to the intermolecular mixing. We therefore disable the phase field interface diffusion
away from the interface by using a switch function. Instead, we employ a conserva-
tive level set model with similar form of the interface profile [37] in the bulk region.
We also provide a convergence study of the level set and phase field approaches when
combined with the same flow solvers. This comparison quantifies the benefits from
the combination of the two models in our hybrid approach.

The outline of this article is as follows. In Sec. 2, we present the two-phase flow
models this work is based upon, the level set model and the phase field model. The
numerical discretization is outlined in Sec. 3. In Sec. 4, we perform an in-depth con-
vergence study of bubble dynamics for the two models on benchmark problems, the
rise of a bubble due to gravity as well as the oscillations of a bubble due to surface
tension. Sec. 5 presents the realization of the hybrid method, including a stability ar-
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gument. Sec. 6 shows a numerical test of the hybrid method and concluding remarks
are given in Sec. 7.

2 Multiphase flow models
We consider two-phase flow of immiscible incompressible fluids in a connected com-
putational domain Ω ⊂ Rd (spatial dimension d = 2 or 3). The governing equations
are the incompressible Navier–Stokes equations

ρ

(
∂u
∂ t

+u ·∇u
)
−∇ · (2µ∇

su)+∇p = f, (1)

∇ ·u = 0. (2)

The vector u denotes the fluid velocity and p denotes the fluid’s (dynamic) pressure.
The rate of deformation tensor is denoted by ∇su = 1

2

(
∇u+(∇u)T

)
, the fluid density

by ρ , and the fluid (dynamic) viscosity by µ . We denote by Ωi the region occupied
by fluid i with material parameters ρi and µi, and by Γ the free surface between the
fluids. So-called jump conditions describe the relation of variables over the interface
(see e.g. [13]),

JuK
Γ
= 0,

J−2µε(u) ·n+ pnK
Γ
= σκ ·n,

J−2µε(u) ·nK
Γ
· t = 0.

Here, σ is the surface tension coefficient, n denotes the unit normal on the interface
pointing into fluid 1, and κ denotes the curvature. The notation JuK = u1−u2 denotes
the jump of quantities from one fluid to the other. In this work, we replace the explicit
evaluation of jump conditions by posing the problem on the whole domain Ω and
introducing surface tension as a volume force of the form

fst = σκnδΓ, (3)

see, e.g., [39]. Here, δΓ is a delta function the localizes the force to the interface.
Other body forces like gravity complement the forcing f in the momentum equation.
The Navier–Stokes system is closed by a divergence-free initial velocity field and
suitable boundary conditions.

We also need to represent the interface, model its evolution, and specify how to
implement the surface tension. In this paper we consider two models, the conservative
level set model and the phase field model.

2.1 Conservative level set model
The conservative level set model, introduced in [37, 38], relies on a smoothed color
function c instead of the signed distance function used in other level-set-based ap-
proaches as the ones described in [40, 51, 47, 39]. We assume a color function that
takes the value −1 in the first fluid and +1 in the second one. The interface transport
is expressed by an advection equation,

∂c
∂ t

+u ·∇c = 0. (4)
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Due to the incompressibility condition (2), the interface transport can be equivalently
be written as a conservation law. The shape of the interface profile is controlled by a
reinitialization equation of the form

∂c
∂τ

+∇ ·
(
n
(
1− c2))−∇ · (nε(∇c ·n)) = 0, (5)

where τ is an artificial time and ε ∼ h controls the interface thickness. The reinitial-
ization process involves solving the reinitialization equation (5) to steady state, where
a balance between a compressive flux (second term) and diffusive flux (third term)
normal to the interface is reached. For a plane interface normal to the x-direction, the
interface profile is given by

c(x) = tanh
( x

ε

)
. (6)

We model the interface force by a continuous interface approach [8] based on the
smoothed color function c,

fst = σκ∇Hε(c), (7)

where the curvature is computed from κ = −∇ ·n = −∇ · (∇c/|∇c|) and Hε denotes
a discrete Heaviside function. The gradient of the Heaviside ∇Hε approximates n ·δΓ

and has been demonstrated to give balanced forces when the finite element function
spaces match [56]. Throughout this work, we use (c+ 1)/2 as an approximation of
the Heaviside. For this method, convergence to a sharp interface representation is
expected as the interface thickness ε = h approaches zero.

We note that the models for interface evolution and reinitialization are conserva-
tion laws, for which volume conservation is straight-forward, as opposed to standard
level set methods where additional measures need to be taken, see, e.g., [50, 22, 28].
This simplicity comes at the price of higher resolution requirements when extracting
curvature information from the steep profile around the interface.

2.2 Phase field model

Diffuse interface methods are based on the van der Waals hypothesis [52] that immis-
cible fluids actually mix on a molecular level. The concentration order parameter c
of the phase field is defined by a balance of random molecular motion and molecular
attraction, expressed by the molecular free energy density

f (c) = β1Ψ(c)+
β2

2
|∇c|2, (8)

which is a sum of the bulk energy β1Ψ(c) and the gradient energy β2
2 |∇c|2. In this

article, we assume a double well potential Ψ(c) = 1
4 (c+1)2(c−1)2 (see [26, 36] for

different formulations of the bulk energy). The double well potential represents the
separation into two stable states at c = ±1, balanced by the gradient that enforces a
smooth transition. The system seeks to minimize the energy (8). The energy min-
imization over time is mathematically expressed by taking the variational derivative
of the free energy

∫
f dΩ with respect to c and requiring conservation of the mass
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fractions in the individual fluids. This gives the Cahn–Hilliard equation [9],

∂c
∂ t

= ∇ · (m∇φ) , (9)

φ = β1Ψ
′(c)−β2∇

2c, (10)

where φ denotes the chemical potential and the mobility factor is given by m. Different
forms of the mobility, including a dependence on c, have been proposed, cf. [36], but
we assume it to be constant in this work. The phase field method has been proposed
for simulation of two-phase flow, e.g., in [2, 26, 27], see also [15, 48]. In the coupled
Navier–Stokes/Cahn–Hilliard model, convective transport of the interface is included
by adding the term u ·∇c to the left hand side in (9).

The surface tension along the interface according to (3) can be approximated by

σκnδΓ = φ∇c, (11)

which is of similar form as the one used for the continuous surface tension (7). We
refer to [27, 7] for a comparative discussion of different forms for the interfacial force
and [1] for a benchmark comparison. The strength of surface tension is encoded by
the parameters β1,β2. For a plain interface in x direction, it is given by

σ = β2

∫
∞

−∞

(
∂c
∂x

)2

dx =
√

β1β2
2
√

2
3

,

where the equilibrium interface profile for a plane interface is

c(x) = tanh

(√
β1

2β2
x

)
.

In order to effectively use the similar shape of the phase field concentration vari-
able and the color function used in the level set formulation, we reformulate the Cahn–
Hilliard equation by introducing the interface width ε and the surface tension σ . To
this end, define β1 = 3σ/2ε and β2 = 3σε/4, which gives the diffuse interface evolu-
tion equation

∂c
∂ t

+u ·∇c−m∇
2
φ = 0, (12)

φ − 3σε

4

(
2
ε2 (c

3− c)−∇
2c
)
= 0. (13)

In a non-dimensional form of (12)–(13), the Cahn number quantifies the interface
width ε through Cn = ε/Lc and the Péclet number gives an expression of the mobility,
Pe = LcUcε/(mσ), using for a reference length Lc and reference velocity Uc, as used,
e.g., in [53]. Note that the diffusion length S =

√
mµ/Lc has been proposed as an

alternative non-dimensional number for mobility [54].

Treatment of contact line dynamics. Consider the alignment of the interface at the
boundary, which in static case is given by the static contact angle θ0, see Fig. 1. The
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Figure 1: Static contact line with the static contact angle θ0.

phase field model can represent this setting through its boundary conditions, which
are derived from a free surface energy (see [26, 53]),

n ·∇c+σ cos(θ0)g′(c) = 0,
n ·∇φ = 0,

(14)

where g′(c) = 1− c2. We refer to [10] for a more general condition that includes
hysteresis effects. The vector n denotes the unit outer normal on the boundary. The
built-in mechanism for moving contact lines in the phase field method and the related
experimental work for finding appropriate material parameters is the main motivation
for the hybrid method proposed in this work.

Convergence of the phase field model. For the phase field method (12)–(13), the
parameters ε and m have a physical meaning as diffuse mixing lengths. Nonetheless,
the method is designed as a tool for two-phase flow in the sharp interface limit ε → 0
and m→ 0, see, e.g., the work by Jacqmin [26, Secs. 3, 4] and Lowengrub & Truski-
novsky [33, Sec. 5]. The surface tension coefficient σ is the only parameter that is
associated with a macroscopic value and retained in the limit. From a physical point
of view, both ε and m are length scales of the order of magnitude of some tens of
nanometers [11]. These values are often several orders of magnitude smaller than the
size of the simulation domain and beyond the available numerical resolution. For this
reason, the question of accuracy of the phase field model for finite values of ε and
m with respect to the limit behavior has gained considerable attention. The work by
Jacqmin [26] used an asymptotic analysis to relate the decay of m as ε→ 0 of the form

m = O
(

ε
δ

)
. (15)

Many numerical studies have been performed to evaluate this limit behavior, see, e.g.,
[33, 26, 53, 54] and references therein. The recent study [54] demonstrated conver-
gence as ε → 0 for fixed m for contact-line driven flow, i.e., δ = 0 in (15). That study
also identified an upper bound on the non-dimensional Cahn number Cn for getting
converged results, which was found to be Cn < 4S, with S =

√
µm/L the diffusion

length scale, in the examples considered in [54].
When interpreting ε and m as numerical parameters perturbing the sharp interface

limit, their value is usually set according to the available resolution. Previous works
have used fixed relations of the form ε = ch [1] or ε = chγ , where γ ≤ 1 is chosen
depending on the convergence rate of the numerical scheme [26]. In this article, we
numerically determine the value of these quantities which give best accuracy. Since
we are interested in the best possible accuracy for bubble dynamics, i.e., for flow that
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is not in contact with solids, we include this test in the convergence study in Sec. 4.1.2
and Sec. 4.2.2 below.

3 Discretization

For time discretization, an implicit BDF-2 scheme [21] is employed, using a backward
Euler step for the first time step when only one previous solution value is available. In
order to avoid a nonlinear iteration due to the coupling of velocity and concentration,
an explicit segregation approach is taken. For advancing from time level tn to tn+1, the
velocity u is first extrapolated to the new time level by the formula un+1,∗= 2un−un−1

(assuming a constant time step size). Then, the transport equation (4) or (12)–(13) is
propagated to time tn+1. The new values for cn+1 and ψn+1 are eventually used in
the propagation of the Navier–Stokes system. Note that this approach introduces a
capillary time step limit for the level set implementation, see [18] for discussion.

For spatial discretization, we use the finite element method, which is implemented
using routines of the deal.II library [3, 4]. For efficient evaluation of finite element
operators, we use the approach presented in [30]. The domain Ω is subdivided into
quadrilateral/brick elements of size h. Our implementation allows for adaptive mesh
refinement, which is used to improve the resolution around the interface in several of
the test cases considered below. We use the same mesh for both the flow variables and
the level set/phase field variables.

3.1 The level set equation

For discretization of the level set advection (4) and reinitialization, (bi-)linear Q1
elements are chosen. Let us denote by (·, ·)Ω the standard L2 inner product on the
domain Ω. The discrete version of (4) is to find, at each time step, an approximation
ch,n+1 such that(

vh
c ,

1
2∆t

(
3ch,n+1−4ch,n + ch,n−1

)
+un+1,∗ ·∇ch,n+1

)
Ω

= 0 (16)

holds for all discrete test functions vh
c ∈ V h

c ⊂ H1(Ω), defined by (bi-)linear polyno-
mials within elements and continuity over element boundaries. The resulting linear
system is dominated by the mass matrix for small to moderate time steps and solved
with a generalized minimum residual (GMRES) method [46]. All linear systems in
this article are solved to a discrete l2 residual of 10−9.

In each time step, a fixed number of pseudo time steps of the reinitialization equa-
tion (5) is performed. Typically, three steps of size min(∆t,0.3h) are used to retain a
uniform shape of the color function c throughout the simulation. The interface thick-
ness in the reinitialization is chosen to be ε = h in all the examples with the level set
method. The discretization is done with diffusion treated implicitly and convective
compression explicitly. The normal n is computed by first projecting ∇ch,n+1 on the
discrete space given Qd

1 elements,(
vh

n, n̂
h
)

Ω

+
(

∇vh
n,ηnn̂h

)
Ω

=
(

vh
n,∇ch,n+1

)
Ω

, (17)
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which has to hold for all test functions on the finite element space associated to the
normal. In this equation, ηn = 4h2 is a small diffusion to damp high frequency oscil-
lations in the normal [56]. From the projected and filtered gradient, the filtered normal
is computed by point-wise scaling nh = n̂h/

∣∣n̂h
∣∣. Based on the normal after reinitial-

ization, we finally evaluate the curvature κh =−∇ ·nh, using a filtering with diffusion
ηκ = 1

2 h2. The linear systems are solved with the conjugate gradient (CG) method
[46].

3.2 The Cahn–Hilliard equation
In order to solve the Cahn–Hilliard equation (12)–(13) with standard bilinear Q1 finite
elements which are only H1-conforming, the equation is discretized as a system and
solved for ch,n+1,φ h,n+1 in each time step.

We consider two variants for treating the nonlinear term (cn+1)3 in the equation for
the chemical potential (13). The first variant is a fully implicit BDF-2 discretization
of the Cahn–Hilliard system with a Newton iteration to resolve the nonlinearity. The
second variant is to treat the convective term explicitly by extrapolation and approxi-
mate the nonlinear potential term by a linearly stabilized splitting scheme as proposed
in [16].

In the context of the BDF-2 scheme where two old solution values are available,
the approximation introduced by the linearly stabilized scheme reads

(c3− c)(n+1) ≈ 2(c3−3c)(n)− (c3−3c)(n−1)+2c(n+1). (18)

The idea of the linearly stabilized scheme is to dominate the non-convex part in the
double-well potential 1

4 (c+ 1)2(c− 1)2 by the convex function c2, based on the in-
terpretation of the Cahn–Hilliard equation as a gradient system. Likewise, the non-
linearity in the boundary term (14) is approximated by the linearly stabilized splitting
scheme

(1− c2)(n+1) ≈ 2(1+2sθ c− c2)(n)− (1+2sθ c− c2)(n−1)+2sθ c(n+1),

where sθ = sign(cos(θ0)).
After introducing the finite element approximation similar to the one for the level set
part, we obtain a 2×2 block matrix system(

M (2∆t/3)mK
−(3σ/ε)M− (3σε/4)K M

)(
Cn+1

Φn+1

)
=

(
Fc
Fφ

)
, (19)

where M denotes a mass matrix and K a Laplace matrix. The discrete solution values
are denoted by Cn+1 and Φn+1. This system is solved with GMRES using the block
preconditioner proposed in [6]. The application of this preconditioner only requires
vector operations and two evaluations of the inverse of the matrix M+

√
σεm∆t/2K.

The inverse of this matrix is approximated by one V-cycle of the algebraic multilevel
approach ML-AMG [19]. With this preconditioner, GMRES converges in 5–10 iter-
ations for the problems considered in this article. The constant coefficient matrices
in the linearly stabilized approach (together with an optimal linear solver) make the
evolution of the phase field part comparably efficient, despite the fourth order spatial
derivatives and the nonlinear double well potential.
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In the fully implicit approach, a convective matrix (2∆t/3)C(un+1,∗) is added in
the upper left block of the matrix and the matrix M in the lower left matrix is replaced
by a potential matrix J(c) that represents the double-well term. The evaluation of
these matrices slightly increases numerical costs. However, larger time steps are pos-
sible with the fully implicit approach compared to the linearly stabilized scheme, as
demonstrated in Fig. 8 below. Nonetheless, the same preconditioner as for the linearly
stabilized case can be used for the fully implicit approach. Unless stated otherwise,
the computational results with the phase field method are obtained with the linearly
stabilized scheme.

3.3 Flow solver

In order to evaluate the interface representation accuracy of the level set model and the
phase field model, we discretize the equations of incompressible flow with the same
scheme for both models. We use the inf–sup stable element Qd

2Q1, i.e., biquadratic
elements for each component of the velocity and bilinear elements for the pressure
[14]. A fully implicit coupled discretization for the flow variables is chosen where
the convective term is discretized in skew-symmetric form [42]. The nonlinear con-
vection terms are resolved in a Newton iteration which usually takes 1–2 iterations
to converge. The resulting saddle point linear system is solved with GMRES precon-
ditioned by a Schur-complement based block triangular preconditioner. The Schur
complement is approximated by a scheme based on the underlying time-dependent
Stokes operator [34, 5]. This gives convergence in 5-25 iterations when using an in-
complete LU decomposition for the velocity block and an ML-AMG [19] V-cycle on
the pressure Laplacian.

4 Accuracy of level set and phase field methods
In this section, we evaluate the performance of the phase field model compared to the
level set model. For both models, the flow solver dominates the computational costs
when efficient linear solvers for the level set and phase field variables are used. Hence,
the accuracy on a given mesh size is a good indication of the numerical efficiency of
the respective numerical method. We also note in our simulations that the computing
time of the phase field part and the level set part in the two models are very similar.
This illustrates the efficiency of the iterative solver presented in Sec. 3.2, which makes
the costs for the more complicated Cahn–Hilliard system comparable to the level set
evolution and the curvature evaluation. We collect results for two test cases, a rising
bubble test according to the benchmark defined in [25] in Sec. 4.1 and an oscillating
bubble in Sec. 4.2.

4.1 Rising bubble test

We consider one of the rising bubble tests proposed in [25] and recently evaluated
for the phase field method in [1]. A bubble of light fluid of diameter d0 = 0.5 is
surrounded by a heavier fluid (density contrast ρ1/ρ2 = 10) and rises due to grav-
itational forces. The motion gives rise to a deformation of the bubble shape. The
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domain size d0 ρ1 ρ2 µ1 µ2 g σ Re Eo

1×2 0.5 1000 100 10 1 0.98 24.5 35 10

Table 1: Parameters for the rising bubble test [25].

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

y

x

t = 3
t = 1.5
t = 0

Figure 2: Schematic view of the domain for the rising bubble test [25] with bubble location at times 0, 1.5,
and 3.

parameters for the benchmark test are summarized in Table 1, with subscript 1 denot-
ing material properties of the outside fluid and subscript 2 those of the bubble. The
fluid is characterized by a Reynolds number Re = ρ1Ugd0/µ1 = 35 and Eötvös num-
ber Eo = ρ1U2

g d0/σ = 10, where the gravitational velocity is denoted by Ug =
√

gd0.
For this choice of the parameters, surface tension forces are strong, which makes this
benchmark suited for evaluating the behavior of phase field and the level set models
for flows with medium to high surface tension effects.

Symmetry boundary conditions are set on the left and right boundaries at {x =
0} and {x = 1}, and no-slip velocity boundary conditions on the lower and upper
boundaries. Since the fluid pressure is only determined up to a constant, it is fixed to
0 in the lower left corner of the domain. For the level set and phase field part, no-flux
conditions are used all over the domain boundary. The simulation is run until time
t = 3.

As in [25], we record three scalar quantities in each time step,

• the degree of circularity of the bubble,

c =
perimeter of area-equivalent circle

perimeter of bubble
=

√
πAB

PB
, (20)

where PB denotes the perimeter of the bubble and AB the area of the bubble
(compare with Fig. 3(a)),
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(a) Degree of circularity of bubble
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(b) Mean rise velocity of bubble

Figure 3: Quantities considered in the rising bubble test. The graphs include numerical results at h= 1/160
for the conservative level set model (LS), see Sec. 2.1, and the phase field model (CH), see Sec. 2.2.

• the mean rise velocity of the bubble,

VB =

∫
Ω1

u2 dx∫
Ω1

dx
, (21)

where Ω1 is the region occupied by the bubble (compare with Fig. 3(b)), and

• the location of the center of mass of the bubble,

yc =

∫
Ω1

x2 dx∫
Ω1

dx
. (22)

The region Ω1 is defined as the fraction of the domain where c > 0 for both models.
In our implementation, this domain is computed by finding zeros of the linear finite
element interpolants on element edges.

Our evaluation compares the prediction of the benchmark quantities at a certain
resolution level to a numerically computed reference solution. The reference solution
has been obtained on a fine mesh solution with the conservative level set method, using
a mesh size h = 1/2560 around the interface and h = 1/320 away from the interface,
and with time step ∆t = 0.00025. The reference solution is based on a grid that is two
or more levels finer than the quantities that are compared against it. We found that
this yields better error approximations and more realistic convergence rates than if the
refinement level was only required to differ by one (as, e.g., in [25]). We evaluate
relative discrete errors in time ‖e‖p = ‖q−qref‖p/‖qref‖p for p = 1,2,∞ for the three
benchmark quantities. Moreover, estimated rates of convergence (ROC) and extreme
values of the benchmark quantities are reported.

4.1.1 Results for the level set method

Table 2 shows the number of degrees of freedom (velocity, pressure, level set vari-
able), the number of time steps, and computing times used at different mesh sizes for
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1/h NDOF NTS CPU
40 18,000 200 22
80 42,000 375 109

160 96,000 750 450
320 240,000 1,500 2,600
640 680,000 3,000 10,000

1280 1,020,000 6,000 31,000
2560 1,750,000 12,000 110,000

Table 2: Number of degrees of freedom (NDOF) for all three variables (velocity, pressure, level set),
number of time steps (NTS), and CPU time in seconds for the conservative level set method. Adaptive
mesh refinement is used and average numbers of degrees of freedom are given.

1/h cmin t|cmin VB,max t|VB,max yc(t = 3)

Ref. [25]
0.9012 1.90 0.2419 0.925 1.081
±0.0001 ±0.02 ±0.0002 ±0.005 ±0.001

40 0.7543 2.620 0.2456 0.970 1.0868
80 0.8931 1.926 0.2428 0.942 1.0825

160 0.8992 1.895 0.2420 0.930 1.0814
320 0.90046 1.901 0.24174 0.924 1.0813
640 0.90089 1.900 0.24168 0.924 1.08146

1280 0.90106 1.898 0.241663 0.923 1.08156
2560 0.90114 1.898 0.241660 0.921 1.08162

Table 3: Minimum circularity and maximum rise velocity, with corresponding time of incidence, and the
final position of the center of mass for the level set method for the rising bubble benchmark [25]. The time
step size is chosen to be ∆t = 0.64h.

the level set method (similar to the data collected in [25]). The computing times are
recorded on an Intel i7-2620M notebook processor at 2.7 GHz when running the pro-
gram in serial. Note that the results in Fig. 8 suggest that the time step sizes could be
increased without compromising accuracy, see Sec. 4.1.3 below. This would result in
a reduction of computing times. Table 3 compares level set results at different mesh
sizes for the minimum circularity over time, the maximum rise velocity and the center
of mass at the final time t = 3, also including the highly resolved reference results.

Next we justify the use of adaptively refined meshes around the interface. Starting
from a coarse mesh that represents the geometry, the mesh is hierarchically refined up
to the finest level on which computations are performed. In order to concentrate the
work to the representation of the interface, the mesh is adapted dynamically during
the simulation. For a given fine mesh size hmin associated with hierarchical level lmax,
we flag a cell K for coarsening if

‖c2−1‖∞,K < 0.001 ·10lK−lmax ,

where lK denotes the level of cell K, and mark a cell for refinement if the value has
become larger than this threshold. This algorithm keeps a band of successively finer
cells around the interface using the value of the level set function. In order to prevent
cells from becoming too coarse, we do not allow coarsening when some maximal
mesh size hmax is exceeded. The deal.II library refinement and coarsening routines [3]
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Figure 4: Error depending on the coarsest allowed mesh size in adaptive algorithm in level set method.

1/h NDOF NTS CPU
40 36,000 500 36
80 140,000 750 210

160 570,000 1500 1,600
320 2,260,000 3,000 9,900
640 9,020,000 6,000 69,000

Table 4: Number of degrees of freedom (NDOF) for all four variables (velocity, pressure, concentration,
chemical potential), number of time steps (NTS), and CPU time in seconds for the phase field model.
Uniform meshes are used.

have a smoothing effect on the mesh. They ensure that two neighboring cells differ
by at most one grid level, which can limit the coarsest cell size actually present in the
simulation. In Fig. 4, we compare computations where we vary the coarsest allowed
mesh size, using two different values of the finest mesh size hmin. It can be seen that
the results are insensitive to the mesh size in the far field. For the case h = 1/160,
the results with coarse meshes in the far field have around 8,000 cells, whereas a
homogeneously refined mesh at h = 1/160 has 51,200 cells. These results suggest
that the given test case has very low resolution requirements in the far field.

4.1.2 Results for the phase field method

In Table 4, we summarize the number of time steps taken for the computations with
the phase field model. The tests presented in this section are based on uniform meshes
in order to exclude mesh effects when testing the accuracy for different values of the
interface thickness ε and the mobility m. Therefore, the computing times for a given
mesh size are larger compared to the ones for the conservative level set method in
Table 2. However, we have also tested adaptive meshes with a refinement strategy
based on gradient jumps over faces [17] for the concentration variable c. A similar
strategy has been used in [1]. Similarly to the test with the conservative level set
method in Fig. 4, we observed very little sensitivity of the accuracy on the mesh size
away from the interface.
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Figure 5: l2 errors in time for the phase field method for three different mesh sizes at fixed mobility constant
m(h) (according to the best value found in Fig. 6) and varying diffuse interface width ε .
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Figure 6: l2 errors in time for the phase field method for three different mesh sizes at fixed diffuse interface
width ε(h) (according to the best value found in Fig. 5) and varying mobility.
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1/h ε m cmin t|cmin VB,max t|VB,max yc(t = 3)
Ref. 0.9012 1.90 0.2419 0.925 1.081
[25] ±0.0001 ±0.02 ±0.0002 ±0.005 ±0.001

40 2h 2.2e-5 0.9403 2.028 0.2415 1.068 1.0929
80 2h 1.0e-5 0.9159 1.921 0.2420 0.965 1.0892

160 1.9h 6.4e-6 0.9072 1.923 0.2420 0.942 1.0856
320 2.6h 2.5e-6 0.9048 1.912 0.2423 0.934 1.0851
640 3.2h 1.6e-6 0.9040 1.926 0.2411 0.931 1.0830

Table 5: Minimum circularity and maximum rise velocity with corresponding time of incidence, and the
final position of the center of mass for the phase field method with parameters for ε and m that give best
results for the rising bubble benchmark [25]. The time step size is chosen to be ∆t = 0.32h.

In order to find the values that give best agreement with the reference solution, we
run simulations for a range of parameters m and ε . For each mesh size, we find an
optimal pair (ε,m) by varying one quantity at a time while keeping the other fixed.
This process is performed in two iterations in order to account for the fact that the best
value of ε is to be found for an optimal value of the mobility m. In the following, we
only show the final results with the best values for the parameters.

Fig. 5 shows numerical errors for different values of the interface thickness ε at
three different mesh sizes. On a given mesh, the mobility m is kept constant for all
values of ε and chosen to the value which gives the smallest error. The values of the
mobility m that have been used can be found in Table 5. It can be seen that the best
results are obtained for an interface width ε between 2h and 3h, which is somewhat
smaller than the value ε = 5h used in [1]. In Fig. 5, we can see that the quality of
the solution is similar over a range of the interface thickness ε between 2h and 4h.
This suggests that for ε < 4h, the interface dynamics are not completely resolved.
Nonetheless, a reduction of the diffuse interface width still has a beneficial effect on
the accuracy as the perturbation of the sharp interface limit becomes smaller.

Fig. 6 shows the numerical error when the interface thickness ε is kept fixed and
the mobility is varied. The interface thickness has been chosen to the value that gives
the least error as reported in Table 5. The minimum error in the benchmark is obtained
for values of the mobility between 10−5 and 10−6, scaling approximately as h.

4.1.3 Convergence comparison

Let us now compare the accuracy provided by the conservative level set model and the
phase field model for this test case. We also include the best results from the bench-
mark study [25], namely those obtained with the TP2D code, in our comparison.1 We
compare all results against the highly resolved level set computation with h = 1/2560
around the interface. Convergence rates with the level set model are linear for the cen-
ter of mass and more than linear for the circularity and the rise velocity. Note that the
large improvements in the level set results for circularity at coarse meshes are due to
oscillations of the level set function c around the interface in regions where κ ' 0.2/h.
For the phase field model, we observe linear speed of convergence on all benchmark
quantities.

1Downloaded on 5 November 2011 from
http://www.featflow.de/en/benchmarks/cfdbenchmarking/bubble/bubble_reference.html
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Figure 7: Convergence of discrete l2 error in time of the conservative level set method, the phase field
method, and the level set approach TP2D from [25, group 1].

Compared to the TP2D code which is based on a standard level set method, our
method needs more than twice as much resolution for the circularity around the inter-
face and almost twice as much resolution for the rise velocity and center of mass at
most grid levels in the test. However, the conservative level set method shows a faster
speed of convergence. The use of adaptivity in our implementation allows to con-
centrate the resolution to a region around the interface without compromising overall
accuracy. In our computations, we allowed the mesh far away from the interface to
be by up to a factor 8 coarser as the mesh around the interface. However, we would
expect similar gains with the standard level set model as well.

Finally, we quantify the error made by the time stepping scheme for the two mod-
els in Fig. 8 by comparing different sizes of the time step ∆t. Note that the time step
size is restricted by a capillary limit due to the explicit treatment of surface tension
for both methods [18]. The results show that the BDF-2 time discretization allows for
relatively large time steps without notable effect on the accuracy. The same holds true
for the phase field method when a fully implicit Newton approach is used. If instead
the linearly stabilized scheme for the double-well potential (18) is employed, a sub-
stantial time error at larger step sizes is observed. However, one often uses small time
steps for phase field implementations in the range ∆t < 0.1h/‖u‖∞, a case where the
splitting error in this linearization is small.
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Figure 8: Error for two different mesh sizes in the conservative level set method (LS) and the phase
field method (CH). For the phase field method, a linearly stabilized scheme according to (18) that treats
convection and nonlinear term explicitly (CH SP) and a fully implicit BDF-2 time stepping with Newton
iteration (CH FI) are compared.

When comparing the error between the two models, Fig. 8 shows that the con-
servative level set model remains stable for larger values of the time step. Also, the
level set model gives more accurate results already for substantially larger values of
the time step size compared to the phase field model. Hence, the possibility of larger
time steps increases the efficiency gain with the level set model compared to the phase
field model further.

4.2 Oscillating bubble
As a second test, we consider the relaxation of an ellipse to circular shape at zero
gravity. As an initial condition, we choose an ellipse with main axes 0.75 and 0.3333,
see Fig. 9. The computational domain is [−2.5,2.5]2 and the simulation is run to time
t = 2. We choose ρ = 1 and µ = 0.1 for both fluids. The surface tension coefficient is
set to σ = 10. In this example, surface tension is the only active forcing, and the flow
is characterized by the Ohnesorge number

Oh =
µ√
ρσL

= 0.0316, (23)

where L = 1 is the diameter of the circle with the same area as the initial ellipse.
Compared to the rising bubble test which mainly stresses the interface representation
and interaction between inertial forces and surface tension, this test case puts more
emphasis on the interplay between viscous forces and surface tension.

Similarly to the rising bubble test, we consider two scalar quantities to determine
the quality of the solutions,
• the mean velocity in x-direction of the right half of the bubble,

UB =

∫
Ω1∩{x>0} u1 dx∫

Ω1∩{x>0} dx
, (24)

compare with Fig. 10, and
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Figure 9: Configuration for the ellipsoidal bubble at the start of the simulation (thick line) and at times
t = 0.05,0.1,0.15,0.2,0.25 (thin lines), i.e., until the first turning point.
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Figure 10: Time evolution of benchmark quantities for the oscillating bubble test case. The plots show a
reference solution at a fine mesh and a phase field (CH) and level set (LS) result at h = 1/40, respectively.

• the diameter dB of the bubble along the x-axis at y = 0.

The benchmark quantities are displayed in Fig. 10, including two numerical solu-
tions at h = 1/40. As a reference result for evaluating errors, we again use a highly
resolved level set result, this time with mesh resolution h = 1/160 away from the
interface and h = 1/640 close to the interface.

4.2.1 Convergence comparison

For both methods, we first consider the accuracy of extremal point quantities on the
oscillating bubble test case. We show the prediction of

• the first maximum of the mean velocity in the right half of the bubble Umax,1
B ,

• the first minimum in the diameter of the bubble along the line {y = 0}, dmin,1
B ,

and
• the period between oscillations measured as the time between the third and the
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1/h Umax,1
B t|Umax,1

B
dmin,1

B t|dmin,1
B

period3

20 0.4941 0.430 0.7821 0.284 0.535
40 0.5641 0.386 0.7523 0.259 0.476
80 0.5617 0.373 0.7496 0.248 0.463

160 0.5549 0.3695 0.7514 0.2435 0.460
320 0.5524 0.3683 0.7522 0.2425 0.4588
640 0.5516 0.3678 0.7524 0.2423 0.4587

Table 6: Oscillating bubble with level set method. Value of velocity of right bubble half at first maximum,
diameter of bubble at the first minimum point, and period between the third and fourth diameter minimum.
Times of incidence are also given.

1/h ε m Umax,1
B t|Umax,1

B
dmin,1

B t|dmin,1
B

period3

20 1.2h 2e-4 0.5142 0.369 0.7690 0.246 0.425
40 1.2h 1e-4 0.5331 0.377 0.7612 0.251 0.447
80 1.6h 5e-5 0.5418 0.372 0.7570 0.248 0.456

120 2.4h 3.3e-5 0.5471 0.368 0.7549 0.246 0.458

Table 7: Oscillating bubble with phase field method, using the best parameters for ε and m, cf. Figs. 12 and
13. Value of velocity of right bubble half at first maximum, diameter of bubble at the first minimum point,
and period between the third and fourth diameter minimum. Times of incidence are also given.

fourth minimum of the bubble diameter at {y = 0} (minima at times t = 1.175
and t = 1.634, respectively),

see also Fig. 10. Table 6 shows results with the conservative level set model and
Table 7 shows the respective results with the phase field model. As for the rising
bubble test case, we summarize the convergence behavior of the two methods by a
plot with rates of convergence in Fig. 11. For this test case, the phase field method
performs considerably better than the conservative level set method for coarse meshes.
However, the level set method again converges more quickly as the mesh is refined,
and it gives better results at finer meshes size. By comparing Tables 6 and 7, one can
see that the level set method poorly predicts the period in the oscillations at coarse
meshes. This indicates that the effect of surface tension force is not as accurately
represented on coarse meshes compared to the phase field method.

4.2.2 Phase field parameters

As before, we test the sensitivity of the phase with respect to the interface thickness
ε and mobility m. In Fig. 12, we display the error compared to the highly resolved
level set reference solution when ε is varied. The mobility is kept constant in this test
at the value that gives the smallest error, see the discussion in Sec. 4.1.2. In Fig. 13,
we display the respective experiments when ε is kept fixed for a given mesh and the
mobility m is varied. We observe best results when the interface thickness is chosen
between 1.2h and 2.4h and when the mobility is proportional to h. Compared to the
rising bubble test, the interface thicknesses ε that give best results are closer to h. This
suggests that the diffuse interface representation is simpler in this case and can be
represented accurately already for smaller values of ε/h.
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Figure 11: Convergence of discrete l2 error in time of the conservative level set model and the phase field
model on the oscillating ellipse test case.
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Figure 12: l2 errors in time for oscillating bubble for three different mesh sizes at fixed mobility m(h) (see
Table 7) and varying diffuse interface width ε .
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Figure 13: l2 errors in time for oscillating bubble for three different mesh sizes at fixed diffuse interface
width ε(h) (see Table 7) and varying mobility.
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Figure 14: Schematic illustration of the switch function α(x) in one dimension.

5 Hybrid method
The two benchmark tests of bubble dynamics illustrate the superior convergence prop-
erties of the conservative level set method compared to the phase field method. In par-
ticular for the rising bubble test where external forces (gravity) are active, the level set
method gives considerably better results than the phase field method. This observation
suggests to construct a method that retains the level set method for representing the
interface away from contact lines. However, we want to use the phase field method
around the contact region in order to directly account for contact line dynamics, since
the level set method combined with no-slip boundary conditions includes no mecha-
nism for handling this setting [24]. The combination is realized by a switch function,

α(x) = r
(

s1−dw(x)
s2

)
, r(y) =


1, y≤ 0,
(y+1)2(y−1)2, 0 < y < 1,
0, else,

(25)

where dw(x) denotes the closest distance from the point x to a wall. The switch func-
tion α can be used to select between phase field terms and level set terms. A smooth
transition ensures that the regularity of the solution is retained. The switch function is
inspired from filtering functions proposed for hybrid RANS/LES modeling in turbu-
lence research [20]. Fig. 14 gives an illustration of the switch function α in one spatial
dimension. We note that α ∈C1(Ω).

By using the switch function, we modify the evolution equation from the phase
field model (12)–(13) to the following hybrid form:

∂c
∂ t

+u ·∇c−∇ · (αm∇φ) = 0,

φ − 3σ

4ε

(
2Ψ
′(c)− ε

2
∇

2c
)
= 0.

(26)

In regions away from the boundary, the switch function α = 0 disables the diffuse
interface transport and the plain level set advection equation is used. In regions close
the contact point, however, the switch function α = 1 gives the full phase field model.

In order to accurately capture the contact line dynamics, the phase field region
needs to be chosen large enough. At the same time, we do not want to make it un-
necessarily large in order to retain the efficiency of the level set model in the bulk of
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Figure 15: Representation of the phase field diffusive interface transport close to the contact line including
the phase field region in the hybrid method. The thick line represents the position of the interface {c = 0}.
Isocontour lines of the chemical potential are represented by thin lines.

the domain. The size of the region over which diffusive interface transport is rele-
vant is proportional to

√
µm as motivated in [54], see Fig. 15. Therefore, we choose

s1 = 4
√

µm in our computations. In another region of size s2 = 2
√

µm, we let the
switch function α change from value one to zero. If the diffusion length is chosen
proportional to the mesh size, this approach effectively limits the size of the phase
field region.

In the hybrid approach presented in [29], the surface tension force is computed
using the continuous surface tension form of the level set computations using the
curvature κ = −∇ · n. However, the full phase field method is used for the inter-
face evolution. Compared to that approach, our hybrid method avoids the modeling
perturbations of magnitudes O(ε)+O(m) in regions away from the contact line. In-
stead, the error made by the conservative level set model compared to a sharp interface
limit is purely numerical and decreasing quickly. According to the accuracy tests in
Sec. 4, this gives considerably faster convergence than the phase field method, which
promises higher accuracy than when using the phase field evolution everywhere.

In addition to the evolution of the interface, we also need to evaluate interfacial
tension and reinitialize the level set function. We propose the following algorithm:

(i) Advance the hybrid equation (26).
(ii) Reinitialize level set equation using the modified reinitialization equation

∂c
∂τ

+∇ ·
(
n(1−α)

(
1− c2))−∇ · (n(1−α)ε∇c ·n) = 0.

(iii) Compute normal vectors n = ∇c/|∇c| and curvature κ = −∇ ·n using the fil-
tered projection (17) in the whole domain.

(iv) Evaluate the modified surface tension force in the momentum equation,

fst = (αφ +σ(1−α)κ)∇c.

(v) Advance velocity and pressure through the Navier–Stokes equations.
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5.1 Analysis of stability
In this section, we discuss the stability of the hybrid method. We assume the diver-
gence-free velocity field u to be given. In other words, we neglect the nonlinear cou-
pling to the Navier–Stokes equations in the analysis presented in this section. The
weak form of the Cahn–Hilliard equation with modified mobility is to find c ∈ Vc =
H1(Ω) and φ ∈Vφ = H1(Ω) such that(

vc,
∂c
∂ t

+u ·∇c
)

Ω

+(∇vc,αm∇φ)
Ω
= 0, (27)(

vφ ,φ −β1Ψ
′(C)

)
Ω
−
(
∇vφ ,β2∇c

)
Ω
−
(
vφ ,β2 cos(θ0)(1− c2)

)
Γwall

= 0, (28)

holds for all test functions vc ∈ Vc associated to the concentration variable c and all
vφ ∈ Vφ associated to the chemical potential variable φ . The double well potential is
given by Ψ(c) = 1

4 (c−1)2(c+1)2 as before. For simplicity of notation, we write the
equation with parameters β1 = 3σ/2ε and β2 = 3σε/4 as in Sec. 2.2 instead of σ and
ε .

Proposition 1 (Continuous a priori energy estimate). Assume c,φ ∈H2(Ω), sufficient
regularity on u, and α(x)≥ 0. Further assume that cos(θ0) = 0. We define the Cahn–
Hilliard internal energy as

F (c) = β1Ψ(c(:, t))+
β2

2
|∇c(:, t)|2.

Then, the solution to the system (27)–(28) satisfies the energy inequality

E (c; t) :=
∫

Ω

F (c(:, t)dx≤ E (c;0)−
∫ t

0

∫
∂Ω

u ·nF (c(:,τ))dsdτ, (29)

where the last term on the right hand is the energy production due to inflow and the
energy loss due to outflow.

Proof. We follow the concept of energy estimates for the Cahn–Hilliard equation writ-
ten as a system, discussed, e.g., in [36]. Since the parameters β1,β2 are positive and
the double-well potential is non-negative for all concentration functions c, it holds that
E (c; t)≥ 0 and hence the energy is well-defined.

At a given time instance t, we choose the particular test function vc = φ(:, t) in
(27). This gives (

φ ,
∂c
∂ t

+u ·∇c
)

Ω

+(∇φ ,αm∇φ)
Ω
= 0. (30)

Likewise, we choose the test function vφ equal to ∂c
∂ t +u ·∇c in (28), yielding(

∂c
∂ t

+u ·∇c,φ −β1Ψ
′(c)
)

Ω

−
(

∂

∂ t
∇c+∇(u ·∇c),β2∇c

)
Ω

= 0. (31)

We use the smoothness of c to rewrite Ψ′(c) ∂c
∂ t =

∂

∂ t Ψ(c) and ∇c ∂

∂ t ∇c = 1
2

∂

∂ t |∇c|2. If
we then subtract (31) from (30), we get

(∇φ ,αm∇φ)
Ω
+β1

∫
Ω

∂

∂ t
Ψ(c)dx+

β2

2

∫
Ω

∂

∂ t
|∇c|2dx

+
(
u ·∇c,β1Ψ

′(c)
)

Ω
+(∇(u ·∇c),β1∇c)

Ω
= 0.
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Using the Gauss–Green theorem and that ∇ ·u = 0, the terms on the second line can
be simplified to(

u ·∇c,Ψ′(c)
)

Ω
+
(
∇ ·u,Ψ′(c)

)
Ω
=
∫

Ω

∇ · (uΨ(c))dx =
∫

∂Ω

u ·nΨ(c)ds,

(∇(u ·∇c),∇c)
Ω
+

1
2
(
∇ ·u, |∇c|2

)
Ω
=

1
2

∫
Ω

∇ ·
(
u|∇c|2

)
dx =

1
2

∫
∂Ω

u ·n |∇c|2ds,

where n denotes the unit outer normal on the boundaries. Hence, the energy in (29)
satisfies the equality

(∇φ ,αm∇φ)
Ω
+

∂E (c; t)
∂ t

+(u ·n,F (c))
∂Ω

= 0. (32)

The term (∇φ ,αm∇φ)Ω is a dissipative term that is non-negative in Ω because αm≥ 0
by construction of the switch function α . Hence, we have that

∂

∂ t
E (c; t)≤−

∫
∂Ω

u ·nF (c(:,τ))ds,

which shows the assertion.

Corollary 2. Assume sufficiently smooth initial data and a sufficiently smooth switch
function α . Then, the description of the coupled level-set-phase-field equation (27)–
(28) is a well-posed system.

Proof. For α(x) ≥ α0 > 0, the problem is well-posed by the standard Cahn–Hilliard
theory [36]. It remains to show that α(x)≥ 0 suffices for well-posedness.

Since E (c; t) ≤ E (c;0), we know that ‖c‖H1 ≤C, where the constant C only de-
pends on initial data and boundary data but not on α and the solution c. For sufficiently
smooth initial data, it follows that higher derivatives ‖c‖Hk , k ≥ 1, are bounded in a
similar way. From the definition of the chemical potential (13), it follows that

‖φ‖Hk−1 ≤Ck, (33)

which shows that both c and φ as well as their derivatives are bounded by initial
and boundary data, independently of α . We can construct a sequence of problems
with αn(x)> 0, where limn→∞ αn(x) = α(x) satisfies the relaxed condition α(x)≥ 0.
Since the corresponding solutions are bounded independently of α , the result follows
by a compactness argument.

Remark 3. Proposition 1 can be extended to the case with non-perpendicular contact
angle, which yields an additional energy production term

∫
Γwall

β2 cos(θ0)(c− 1
3 c3)ds.

The result from Proposition 1 shows that the Cahn–Hilliard energy E (c) only in-
creases because of inflow through boundaries where u · n < 0 and possibly by con-
tact line dynamics with non-perpendicular static contact angles according to Remark
3. There is no internally generated energy production due to the switch function α .
Rather, the energy is decaying due to the Cahn–Hilliard diffusion in regions where
α > 0 and unchanged elsewhere.

In the discrete case, we enforce the weak form (27)–(28) in discrete admissible
function spaces V h

∗ ⊂H1(Ω). These discrete spaces are defined by Q1 finite elements
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on a given mesh. Below, we show stability of the function switch if we disregard the
effect of fluid velocity. To account for fluid velocity is more challenging in the discrete
case because the term ∂c

∂ t +u ·∇c is discontinuous over element boundaries for stan-
dard H1 finite elements. Hence it is not in the function space V h

φ
, which is necessary

for establishing equation (31). However, the realization of the switch function does
not depend on velocity and hence, we disregard it in the stability proof.

Proposition 4. Assume that u ≡ 0 in (27) and cos(θ0) = 0. Then, the numerical
approximation to system (27)–(28) satisfies the energy inequality

E (ch; t) :=
∫

Ω

F (ch)dx≤ E (ch;0), (34)

and hence the discretization of the switch function is stable.

Proof. We proceed similarly as in the proof of Proposition 1. At a given time instance
t, we choose the particular test function φ(:, t) ∈V h

c in (27). This gives(
φ ,

∂c
∂ t

)
Ω

+(∇φ ,αm∇φ)
Ω
= 0. (35)

Likewise, we choose the test function vφ equal to ∂c
∂ t ∈V h

c in (28),(
∂c
∂ t

,φ

)
Ω

−
(

∂c
∂ t

,β1Ψ
′(c)
)

Ω

−
(

∂

∂ t
∇c,β2∇c

)
Ω

= 0. (36)

Subtracting (36) from (35), we get

(∇φ ,αm∇φ)
Ω
+β1

∫
Ω

∂

∂ t
Ψ(c)dx+

β2

2

∫
Ω

∂

∂ t
|∇c|2dx = 0.

Since αm≥ 0 in Ω by construction of α , we have that

∂

∂ t
E (c; t) =−(∇φ ,αm∇φ)Ω ≤ 0,

which shows the assertion.

6 Numerical results with the hybrid method
For testing the hybrid approach, we consider two-phase flow in a channel, see Fig. 16.
The computational domain consists of two cylindrical regions of diameter 1 and 2,
respectively, which are connected by a conical part of length 1. We consider materials
that correspond to oil for the first fluid and water for the second fluid, see Table 8. The
flow is driven by inflow of water from the left boundary and, to a lesser extent, forces
introduced by the contact line. The inflow velocity is given by a laminar profile of the
form

u1(x, t) =
{

4sin(πt)(0.5− x2)(0.5+ x2), 0 < t < 0.5,
4(0.5− x2)(0.5+ x2), else.

The Reynolds number computed for material parameters of oil with unit length and
unit velocity scale is equal to 10. The simulation starts with a straight interface located
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ρ1 ρ2 µ1 µ2 σ Re θ0

1000 1370 100 33 100 10 140◦

Table 8: Parameters for channel flow.

Figure 16: Computational domain with interface position at three different times.

at x1 = 0. The imposed contact angle is 40 degrees, measured from the water side (i.e.,
water is wetting). In the simulation, this condition is imposed by setting cos(θ0) =
−0.766 where water corresponds to c = 1 and oil to c = −1. Since the static contact
angle is different from the interface alignment of the initial condition, the interface
quickly adopts a skew profile, as illustrated in Fig. 16 at t = 0.1. After the initial
transient, the profile keeps its shape and moves with steady speed according to the
inflow velocity until it reaches the sharp corner at x1 = 0.5. Here, the interface changes
shape in order to adopt to the different angle of the wall. The interface then continuous
moving with decreasing speed as the channel gets wider. At x1 = 1.5, the second sharp
corner requires a second change in the angle. We run the simulation until time t = 4.5
when the contact region is close to the right end of the channel at x1 = 2.5.

In Fig. 17, we show results from computations using the phase field model in the
whole domain at three different mesh sizes. We use a computational mesh that consists
of square elements of length h for x1 ∈ (−0.5,0.5) and extend the mesh through the
conical part by using elements of trapezoidal shape. In the cylindrical part at the
right, the resulting elements have aspect ratio 1 : 2 between x1 and x2 direction. As a
time step size, we use ∆t = 0.1h. We choose the phase field parameters to be ε = 2h
and m = 10−4h. During the simulation, we record the location of the interface at the
wall, defined as the point where c = 0. The irregularities as the interface moves over
the corners at times t1 ≈ 0.75 and t2 ≈ 2.7 are distinctive features of this example.
In particular when moving over the second corner, some oscillations of the interface
develop due to inertial effects. The numerical errors introduced at these irregular
points are relatively large, which is clearly visible in Fig. 17. We will use the solution
on the finest mesh as reference solution.

In Fig. 18, we compare the results of the hybrid method with the phase field model
at a mesh size h = 0.025. It can be seen that the hybrid solution is considerably
closer to the reference solution. This is particularly evident from the detailed view
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Figure 17: Location of the interface at the wall boundary as a function of time using the phase field method
at three different resolutions.

0 1 2 3 4
0

0.5

1

1.5

2

2.5

time

In
te

rf
ac

e 
po

si
tio

n 
at

 w
al

l

phase field 1/h = 40
hybrid 1/h = 40
reference phase field 1/h = 160

(a) Interface position at wall
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(b) Closeup for time interval (3,4.3)

Figure 18: Comparison of the hybrid solution and the phase field solution at h = 0.025. As a reference
result, we include phase field results at h = 0.00625. It can be seen that the hybrid solution is very close to
the highly resolved phase field solution, compared to the global phase field solution.

in Fig. 18(b). The results show that for this example the hybrid method gives con-
siderably better prediction of the accumulated effect of the interface motion along the
wall.

Efficient implementations of the hybrid method can be devised by combining a
relatively coarser mesh in the level set domain with higher resolution around the con-
tact region. This way, the increased resolution requirements in the phase field method
can be balanced with the requirements in the level set part, as demonstrated in [31].

7 Conclusions
We have presented a hybrid method for the simulation of incompressible immiscible
two-phase flow where the interface is in contact with solid walls. The method com-
bines a level set model in the interior of the domain with a phase field model close
to contact lines. This combination is made possible by a specific choice of the level
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set function as a smoothed color function that has a similar shape as the concentration
parameter in the phase field method. Computational tests on channel flow with strong
surface tension illustrate the beneficial properties of this combination, compared to
using a phase field model all over the domain. This approach promises increased
computational efficiency for problems where the phase field method alone is expen-
sive because of excessive resolution requirements. In particular, we expect even better
effects for three-dimensional simulations where mesh resolution is more limited.

The accuracy of the level set model and the phase field model for representing bub-
ble dynamics, i.e., flow without contact lines, has been evaluated on two benchmark
examples. We have performed simulations with both models using the same solver for
the Navier–Stokes equations in order to specifically test interface representation and
evolution as well as the evaluation of surface tension. We found the level set model
to show better convergence speed and to give more accurate results for the same mesh
size than the phase field model in many cases. We also evaluated the impact of the
time step size on the accuracy of the two methods. The results indicate that large time
steps are possible also for the phase field method, as long as a fully implicit Newton
scheme is used. A linearly stabilized splitting approach gives a faster implementa-
tion but requires smaller time steps in order not to perturb the results. Moreover, a
systematic study for finding the best size of the diffuse interface thickness and mobil-
ity for the test cases has been performed. Values of ε between 2h and 3h have been
found to give a good compromise between accurate interface representation and small
modeling errors due to the diffuse interface thickness.

The evaluation of the rising bubble benchmark test has also illustrated the im-
proved accuracy of standard level set methods based on a signed distance functions
from the work in [25]. Therefore, a hybrid method using signed distance functions for
the level set part promises even better accuracy. However, such a formulation does not
allow for straight-forward combination with the phase field function because the solu-
tion variables do not have a similar shape. One alternative would be to introduce the
level set as an additional variable that is kept in the whole domain, together with the
concentration parameter c. In order to keep the variables synchronized, an approach
similar to the conservative strategy presented in [28] is conceivable.
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