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Abstract

In this work we benchmark the performance of a preconditioned iterative method,
used in large scale computer simulations of a geophysical application, namely, the
elastic Glacial Isostatic Adjustment model. The model is discretized using the �nite
element method. It gives raise to algebraic systems of equations with matrices that
are large, sparse, nonsymmetric, inde�nite and with a saddle point structure. The
e�ciency of solving systems of the latter type is crucial as it is to be embedded in
a time-evolution procedure, where systems with matrices of similar type have to be
solved repeatedly many times.

The computer code for the simulations is implemented using available open source
software packages - Deal.ii, Trilinos, PARALUTION and AGMG. These packages pro-
vide toolboxes with state-of-art implementations of iterative solution methods and
preconditioners for multicore computer platforms and GPU. We present performance
results in terms of numerical and computational e�ciency, number of iterations and
execution time, and compare the timing results against a sparse direct solver from
a commercial �nite element package, that is often used by applied scientists in their
simulations.

Keywords: glacial isostatic adjustment, iterative methods, block-preconditioners,
inner-outer iterations, multicore, GPU, performance

1 Introduction

Solving realistic, large scale applied problems with the most modern numerical methods
can be seen as a multidimensional optimization problem, with many levels of complexity
that have to be simultaneously taken into account. We do not have anymore just one
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single method to be implemented and optimized on some computer platform. The code
that enables such large scale computer simulations usually requires a whole collection of
algorithms, such as unstructured, adaptive or moving meshes; time-dependent processes
that require the repeated solution of nonlinear and/or linear systems; inner-outer solution
procedures, block preconditioners that utilize internal algebraic structures, methods as
algebraic multigrid that have a recursive nature. All this has to work e�ciently on the
modern computer architectures. Another aspect to mention is that codes at this level of
complexity can no longer be written from scratch.

In this work we consider an example a large scale problem from Geophysics. We imple-
ment it using several publicly available high quality libraries and compare the performance
of the underlying advanced multi-level numerical solver, to investigate the resulting scala-
bility and performance on multicore CPU and GPU.

The paper is organized as follows. Section 2 describes the target problem and the
mathematical model in its full complexity as well as the simpli�ed version of it, used in
the numerical experiments. In Section 3 we outline the numerical solution method and the
chosen acceleration technique - a block lower-triangular preconditioner. We also discuss
the matrix approximations that have a crucial role in preserving the numerical e�ciency
and also for obtaining high quality solution, together with the related computational cost.
Section 4 depicts the most important characteristics of the software packages used for the
computer implementation of the numerical solution procedure. The results of the computer
experiments are shown in Section 5. We illustrate both the numerical and computational
e�ciency of the numerical simulations, as well as the scalability and the parallel perfor-
mance on multicore and GPU platforms. Conclusions are found in Section 6.

2 Description of the problem � discretization and alge-

braic formulation

As already stated, we aim to study the performance of a highly complex numerical solution
procedure. It involves a block-preconditioned inner-outer iteration solver, designed for
large scale nonsymmetric saddle point systems and is implemented on modern multicore
and GPU architectures.

The applied problem, that gives raise to the large scale linear systems of algebraic equa-
tions to be solved, is the so-called glacial isostatic adjustment (GIA) model. It comprises
the response of the solid Earth to redistribution of mass due to alternating glaciation and
deglaciation periods. The processes that cause subsidence or uplift of the Earth surface are
active today. To fully understand the interplay between the di�erent processes, and, for
example, be able to predict how coast lines will be a�ected and how glaciers and ice sheets
will retreat, these have to be coupled also to recent global warming trend and melting of
the current ice sheets and glaciers world wide. The long-term aim is to couple GIA mod-
eling with other large scale models, such as Climate and Sea-level changes, Ice modeling
etc. In this work, however, we consider only GIA models.
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2.1 Mathematical model

Although in the numerical experiments we deal with a GIA model of modest mathematical
di�culty, we describe the applied problem in its full complexity, showing that the part,
handled here, appears as a building block in the extended simulation context.

The mathematical description of GIA processes employs a generalized visco-elastic non-
linear rheology that accounts for viscous �ow as the main mechanism of stress relaxation.
Models, describing the response of the solid Earth to load, are based on the concept of
isostacy, where the weight of the load is compensated for by adjustment in, and buoyancy
of, the viscous mantle. The underlying physics is governed by the following coupled partial
di�erential equations (PDEs):

∇ · σ︸ ︷︷ ︸
(A)

−∇(ρ0u · ∇Φ0)︸ ︷︷ ︸
(B)

− ρ1∇Φ0︸ ︷︷ ︸
(C)

− ρ0∇Φ1︸ ︷︷ ︸
(D)

= 0 in Ω ⊂ Rd, d = 2, 3 (1a)

∇·(∇Φ1)− 4π Gρ1 = 0, (1b)

ρ1 + ρ0∇·u + u· ∂ρ0

∂r
= 0. (1c)

Equation (1a) describes the equilibrium state (conservation of momentum) of a hydrostati-
cally pre-stressed self-gravitating viscoelastic spherical body, where σ,u = [ui]

d
i=1,Φ, G are

the stress tensor, the displacement vector, the gravitational potential and Newton's gravi-
tational constant, respectively; ρ0(r) is the initial density distribution, r is a vector along
the radial direction and r is the radial distance from the centre of the Earth. Subscript '1'
denotes the corresponding perturbed state of Φ and ρ.

Term (A) describes the force due to spatial gradients in stress. Term (B) represents
the so-called advection of pre-stress and describes how the initial hydrostatic background
stress is carried by the moving material. Incorporating term (B) has proven to be crucial
for the successful modelling of the underlying physical processes [36]. Term (C) is the
result of internal buoyancy and term (D) includes self-gravitation e�ects. The density ρ1

is determined by the linearized continuity equation (1c).
In addition, equation (1a) has to be equipped with appropriate constitutive relations.

The general form of these relations, describing stress as a function of strain, respectively,
displacements, is expressed as follows,

σ(x, t) = σE(x)− σI(x, t), (2)

where σE(x) = C(x, 0)εE is the instantaneous stress due to elastic (reversible) response
to load and σI(x, t) = C(x, t)εI is the contribution due to inelastic response. Here ε is
the strain tensor, C(x, t) is the constitutive or stress relaxation tensor, which entries are
functions of the linear elasticity material (Lamé) coe�cients at t = 0 and their viscoelastic
analogues at t 6= 0. Here, the total strain is ε = εE+εI and in�nitesimal strain is assumed,
ε = 1

2
(∇u + (∇u)T ).

Due to stress-strain relations, the form of σI depends on the inelastic strain-rate ε̇,
that contributes to the total stain-rate ε̇ (here the dot denotes time derivative). In general
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ε̇I represents some relaxation process, and can be described in a general form as

ε̇I = γ̇R = f(σ, γ)R, (3)

where γ is the amplitude of inelastic strain and R is a unitary symmetric tensor, represent-
ing local directions of inelastic strain rate. The general form of the rheology γ̇ = f(σ, γ)
allows for expressing various relaxation mechanisms � viscoelastic relaxation, fault creep
and poroelasticity, see, e.g., [12]. Then, the stress evolution is described via a heredity
equation of the form

σ(x, t) = C(x, 0)εE −
t∫

0

γ̇C(x, t)Rdτ. (4)

In this way, the mathematical model (1a),(1c), (4) becomes a coupled system of integro-
di�erential equations of high complexity. The main di�culties when performing computer
simulations of the GIA model lie in the coupled system of equations for u, ρ1 and Φ1,
the very long time period (hundreds of thousands of years), the very large spatial domain,
material inhomogeneity of the crust and the upper mantel, and the necessity to consider
3D spherical Earth models in order to obtain a physically correct behaviour of the model
([34]).

We consider here relation (2) with the following particular choice of σI ,

σ(x, t)I =

t∫
0

∂C(x, t− τ)

∂τ
ε(x, τ) dτ, (5)

referred to as Hooke's law with memory.
Utilizing the standard relations between stress, strain and displacements, given by

Hooke's law for a homogeneous, isotropic, linear, and purely elastic lithosphere, namely,

σ(u) = 2µε(u) + λ(∇ · u)I (6)

we assume that

σE(x) = 2µEε(u(x, 0)) + λE∇ · u(x, 0)I
σI(x, t) = 2∂tµ(x, t)ε(u(x, t)) + ∂tλ(x, t)∇ · u(x, t)I.

(7)

The presence of the memory term (5) couples the displacements in (1a) during the whole
time interval of interest. This requires special care during the modelling as well as in the
discretization and the numerical solution of the arising algebraic systems. To simplify the
numerics, we assume in addition, that the stress relaxation functions obey the so-called
Maxwell model, i.e., the time-dependence in the stress �eld is due to time-dependent
material coe�cients only and is of the form

µ(t, τ) = µEe
−α0(t−τ) = µEχ(α0, t, τ)

λ(t, τ) = λEe
−α0(t−τ) = λEχ(α0, t, τ).

(8)
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In (8), the coe�cients µE, λE and µ(t, τ), λ(t, τ) are Lamé coe�cients in the elastic case
and the viscoelastic case correspondingly, η is the viscosity parameter, and α0 = µE/η is
the inverse of the so-called Maxwell time. We note that µE and λE are related to he Young
modulus E and the Poisson ratio ν as

µ = E/2/(1 + ν), λ = 2µν/(1− 2ν). (9)

In this study we deal with a simpli�ed formulation of the problem. As a �rst reduction of
the complexity, we neglect the self-gravitation e�ects (term (D) in (1a) and equations (1b)
and (1c)) and use a two dimensional model, where the Earth is a �at viscoelastic homoge-
neous material body, that can be modelled as compressible or incompressible. Namely, we
consider the momentum equation for quasi-static perturbations of a homogeneous, elastic
continuum in a constant gravity �eld

−∇ · σ −∇(u · ∇p0)+(∇ · u)∇p0 = f in Ω ⊂ R2 (10a)

with boundary conditions

σ(u) · n = ` on ΓL σ(u) · n = 0 on ΓN (10b)

u = 0 on ΓD, u1 = 0, ∂xu2 = 0 on ΓS. (10c)

The geometry of the problem is shown in Figure 1.

ΓN

x

ΓS

L Γ

ΓN

ΓD

y

Figure 1: The geometry of the problem

In Equation (10a), p0 is the so-called pre-stress, f is a body force, and ` is a surface
load. The third term on the left hand side of Equation (10a) describes the buoyancy of the
compressed material, and it vanishes for purely incompressible material since ∇ · u = 0.

In order to compensate for excluding self-gravitation e�ects, we need to model fully in-
compressible materials, i.e., for which ν = 0.5. Note, however, that for fully incompressible
linear elastic solid the problem is not well-posed, since λ becomes unbounded. It is seen
from the de�nition of the Lamé coe�cient λ in (9) that when ν approaches 0.5, λ becomes
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unbounded. Thus, when ν → 0.5, the problem in Equation (6) becomes ill-posed, and the
corresponding discrete analogue of Equation (10a) becomes extremely ill-conditioned. This
is the mathematical formulation of the phenomenon known as volumetric locking, which
may lead to erroneous results when solving the discretized Equation (10a) in the nearly
incompressible limit. See, for example, [14], for further details on the locking e�ect.

A known remedy to the locking problem is to introduce the so-called kinematic pressure

p = λ
µ
∇ · u, and reformulate Equation (10a) as a coupled system of PDEs, which yields

−∇ · (2µε(u))−∇(u · ∇p0) + (∇ · u)∇p0 − µ∇p = f in Ω (11a)

µ∇ · u− µ2

λ
p = 0 in Ω (11b)

with boundary conditions

[2µε(u) + µpI] · n = ` on ΓL
[2µε(u) + µpI] · n = 0 on ΓN

u = 0 on ΓD
u1 = 0, ∂xu2 = 0 on ΓS.

In the sequel we consider the solution of (11), together with (4), (5), (7) and (8).

2.2 Space discretization and algebraic formulation

We next perform a �nite element space discretization of Ω, namely, consider a discretized
domain Ωh and some �nite dimensional subspaces Vh ⊂ V and Ph ⊂ P . To this end, we use
mixed �nite elements and a stable �nite element pair of spaces for the displacements and
the pressure, in order to satisfy the LBB condition (see, for instance [15] for more details).

The handling of the visco-elastic problem and the corresponding numerical procedure
are described in detail in [24]. In brief, we obtain a matrix-vector form of the problem:

at time tj, �nd the displacements uj and the pressure pj by solving the linear system

Aj
[
uj
pj

]
=

r(1)
j

r
(2)
j

 , (12a)

where Aj = A− ∆tj
2
A0, A =

[
M BT

B −C

]
and A0 =

[
M0 BT

0

B0 −C0

]
. (12b)

The detailed forms of r(1)
j and r

(2)
j and the matrix blocks are given in [24]. The matricesM0,

B0, C0 correspond to certain bilinear forms ã, b̃, c̃, evaluated at τ = t and therefore do not
explicitly depend on t. The blocks in A do depend however on α0, see (8), which in its turn
depends on the problem coe�cients, and the latter might be discontinuous in space. The
problem has been earlier studied in [24, 9, 10], where independence of the convergence of
the preconditioned iterative method of possible discontinuous problem coe�cient is shown.

To summarize, at each time tj we have to solve a linear system with the matrix Aj
given in (12).
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3 Numerical solution method and preconditioning

We assume that ∆tj is small enough and from now on we investigate the solution of one
representative system of equations of type (12b),

Ax =

[
M BT

B −C

] [
x1

x2

]
=

[
b
0

]
, (13)

where M ∈ RNu×Nu is non-symmetric, sparse and in general inde�nite, and CNp×Np is
positive semi-de�nite.

The algebraic problem in (13) is solved with an iterative solution method, precondi-
tioned by the block-lower triangular matrix

D =

[
M̃ 0

B −S̃

]
, (14)

where the �rst diagonal block M̃ approximates M , and the second diagonal block, S̃, ap-
proximates the negative Schur complement of A, S = C+BM−1BT . The block-triangular
matrix D is only one possible choice of a preconditioner for A and we refer to [13, 4] for
an extensive survey over existing preconditioning and solution techniques for saddle point
problems.

A matrix of block-lower triangular form, as in (14), is among the most often used
preconditioners for matrices of saddle point form as in (13). The matrix

DI =

[
M 0
B −S

]
(15)

is referred to as the ideal preconditioner, as it clusters the spectrum of D−1
I A in just two

points, −1 and 1, ensuring that, for instance, GMRES (see [31]) will converge in just two
iterations.

Approximating M and S by M̃ and S̃ causes an increase in the number of iterations of
the preconditioned iterative method. We include a simple eigenvalue analysis to show the
importance of using good approximations of both M and S. Consider �rst

DAE =

[
M̃ 0
B −S

]
(16)

and the generalized eigenvalue problem Av = λDAEv. To simplify the derivations, we
analyse

(A−DAE)v = (λ− 1)DAEv.

In detail, [
M − M̃ BT

0 S − C

] [
v1

v2

]
= (λ− 1)

[
M̃ 0
B −S

] [
v1

v2

]
.
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Equivalently,[
M̃ 0
B −S

]−1 [
M − M̃ BT

0 S − C

]
=

[
M̃−1 0

S−1BM̃−1 −S−1

][
M − M̃ BT

0 S − C

]

=

[
M̃−1M − I1 M̃−1BT

S−1B(M̃−1M − I1) −S−1B(M̃−1M − I1)M−1BT

]
.

Here I1 and I2 are identity matrices of corresponding order.
We see, that even if we use the exact Schur complements in the preconditioner, the

errors due to approximating the �rst block (M) spread out in the whole preconditioned
matrix. Thus, M̃ must approximate M very well. In order to control the quality of this
approximation and the error M̃−1M − I1, in our experiments we use an inner solver for M
with some suitable preconditioner. The usage of an inner solver is denoted in the sequel
by [M ].

Consider next the e�ect of approximating S by S̃, provided that M̃ ≡M , i.e., let

DEA =

[
M 0

B −S̃

]
. (17)

Analogous derivation shows that

D−1
EAA =

[
M−1 0

S̃−1BM−1 −S̃−1

] [
0 BT

0 S̃ − C

]
=

[
0 M−1BT

0 S̃−1S − I2

]
,

i.e., the quality of S̃ as an approximation of S has less profound e�ect, compared with
that of M̃ . This is con�rmed by the rigorous eigenvalue analysis developed in [28] (see in
particular Corollary 4.5).

The preconditioner in (14) originates from the exact factorization of A as

A =

[
M 0
B −S

] [
I1 M−1BT

0 I2

]
For the purpose of this study we compute S̃ using the so-called element-by-element

approach, see for instance, [19, 5, 24, 23] and the references therein. For completeness we
brie�y describe here the construction of S̃. We notice �rst, that for any �nite element pair
of spaces, chosen to approximate u and p, the system matrix A can be assembled from
element matrices that are also of saddle point form. Namely,

A =
m∑
i=1

RT
i A

(e)
i Ri, where A(e)

i =

[
M

(e)
i (B

(e)
i )T

B
(e)
i −C(e)

i

]
, (18)

Ri are Boolean matrices that de�ne local-to-global mapping of the degrees of freedom and
m is the number of the �nite elements in the discretization mesh.
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In this particular case u is discretized using piece-wise quadratic and p - using piece-wise
linear basis functions on quadrilateral mesh.

Based on (18), we then compute element-wise small-sized Schur complements

S
(e)
i = C

(e)
i +B

(e)
i

(
M

(e)
i + h2I(e)

)−1

(B
(e)
i )T , i = 1, 2, · · · ,m, where h is the characte-

ristic size of the spatial mesh. The diagonal perturbation of M (e)
i is needed since these

matrices are singular. Then, S̃ is obtained via �nite element assembly of the local matrices

S
(e)
i , S̃ =

m∑
i=1

R̃T
i S

(e)
i R̃i.

We next describe the solution procedure in more detail. The system A are solved by
GMRES or its �exible variant FGMRES, cf. [30], referred to as the outer solver. The
choice of the outer method is due to the fact that M is nonsymmetric. The preconditioner
is

D =

[
[M ] 0

B −[S̃]

]
. (19)

Systems withM and S̃ are solved by inner iterations, again using GMRES and an algebraic
Multigrid (AMG) method as a preconditioner.

We have some further options regarding [M ]. Most straightforwardly we can construct
an AMG preconditioner for the whole block M . The corresponding inner solver in the
experiments is denoted by [M ]0.

Alternatively, we can use a block-diagonal preconditioner for M . An ordering of the
degrees of freedom of the displacements �rst in x-direction and then in y-direction reveals
a block two-by-two structure of the matrix M itself. For the purely elastic problem (with
no advection terms), the diagonal blocks correspond to (mildly) anisotropic discrete Lapla-
cians. From Korn's inequality we obtain that the block-diagonal part of M is spectrally
equivalent to the whole block. For an explanation, see for instance, [3]. The block-diagonal
part of M can still be used in the presence of advection, as long as it is not dominating.
The resulting block-diagonally preconditioned inner solver in the experiments is denoted by
[M ]1. Again, the diagonal blocks are solved by an AMG-preconditioned iterative method.

We note, that since A can be factored exactly as

A =

[
−Σ BT

0 −C

] [
I1 0

−C−1B I2

]
with Σ = M +BTC−1B, we can analogously precondition A by a matrix of the form

F =

[
F1 BT

0 F2

]
,

where F1 approximates Σ and F2 approximates C. The study of the properties of the
element-by-element approximation of Σ is planned for th future research.

9



4 Implementation details

As already pointed out, computer simulations of realistic applied problems usually result
in very complex coupled models. Implementing a fully functional and �exible code for such
models needs excessive coding and a substantial amount of time. Over the past decades,
many libraries have been developed to ease the development process for scienti�c comput-
ing applications. These libraries include state-of-art numerical solution methods that are
robust and reliable due to many years of development and rigorous testing. Using such
libraries helps the researchers to concentrate on the problem itself and not on implemen-
tation technicalities.

We describe next the software used to implement the solution procedure for (13), pre-
conditioned by (19), using [M ]0 for the solution of systems with M . The implementation
is developed mostly in C++, however, it links some additional solvers that are available in
FORTRAN.

4.1 Deal.II

As a main �nite element software toolbox we use Deal.ii. The name Deal.ii stands for
Di�erential Equations Analysis Library. It is a �nite element library aimed at solving
systems of partial di�erential equations. Deal.ii is publicly available under an Open Source
license.

In this study, Deal.ii is used as a tool for mesh generation, handling of the degrees of
freedom(DOFs), assembling system matrices and computing the element-by-element Schur
complement approximation. For more details on Deal.ii, see [8].

Due to the level of abstraction provided in Deal.ii one can, with minimal amount of
e�ort, change problem speci�cations such as problem dimension, types of solvers and much
more.

Deal.ii expands its functionality by providing interfaces to other packages such as Trili-
nos, PETSc [7], METIS [18] and others. Each package is introduced into Deal.ii as a wrapper
and is utilized indirectly through Deal.ii methods. That is, rather than calling routines
from the packages directly, Deal.ii routines are used which in turn setup and call the
proper method. By using the proper data structure provided by the wrappers, one can
avoid unnecessary data movement between Deal.ii and other packages.

A major ingredient for the preconditioning step in the proposed numerical method is
the solution of systems with M and S̃. For this purpose we use inner solvers with AMG

preconditioning. As Deal.ii does not provide its own AMG, we use that of Trilinos and
AGMG.

To have a cost free transition between Deal.ii methods and Trilinos solvers, we use
the Trilinos data structure for sparse matrices and vectors, that is available in the Deal.ii
wrapper.
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4.2 Trilinos

Trilinos in its whole has a vast collection of algorithms within an object oriented framework
aimed at scienti�c computing problems. More details about Trilinos can be found in [17].
In this study we only use some packages, related to sparse matrix storage and solution of
linear system of equations, namely,

• Epetra for sparse matrix and vector storage,

• Teuchos for passing parameters to solver and preconditioner,

• ML for multigrid preconditioning,

• AZTEC for the iterative solver (GMRES).

Note that all these packages are not used directly, but through Deal.ii wrappers.
Deal.ii con�gures the algebraic Multigrid (AMG) preconditioner from Trilinos using the

following default settings:

• Chebyshev smoother with two pre- and post-smoothing steps

• Uncoupled aggregation with threshold of 0.02

• One Multigrid cycle

We refer to [8] for a detailed description of the settings.

4.3 AGMG

AGMG implements an aggregation-based algebraic multigrid method [25]. It provides tools
for constructing the preconditioner and to solve linear systems of equations, and is expected
to be e�cient for large systems arising from the discretization of scalar second order elliptic
PDEs. The method is however purely algebraic. The software package provides subrou-
tines, written in FORTRAN 90, which implement the method described in [26], with further
improvements from [22, 27].

The parallel performance is tested on up to 370000 cores. However, parallel implemen-
tation only with MPI is available and, therefore, in this study we compare only the serial
performance of this method.

The settings are the following. They all correspond to the AGMG defaults, except the
�rst one (the default being to treat all unknowns uniformly).

• The coarsening is by double pairwise aggregation (with quality control as in [22, 27]),
performed separately on the two components of the displacement vector.

• One forward Gauss-Seidel sweep for pre-smoothing and one backward Gauss-Seidel
sweep for post-smoothing.

• K-cycle [29], i.e., two Krylov accelerated iterations at each intermediate level.

• The main iterative solver is the Generalized Conjugate Residual (GCR) method, [16].
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4.4 PARALUTION

PARALUTION is a sparse linear algebra library with focus on exploring �ne-grained paral-
lelism, targeting modern processors and accelerators including multi/many-core CPU and
GPU platforms. The main goal of the PARALUTION project is to provide a portable library
containing iterative methods and preconditioners for linear systems with sparse matrices,
to be run on state of the art hardware. Details can be found in [21]. The library provides
build-in plug-in to Deal.ii. The plug-in is not a direct wrapper as for Trilinos, but exports
and imports data from Deal.ii to PARALUTION. For solving the linear problem, we use the
preconditioners [M ]0 and [M ]1, and AMG with the following settings:

• Coarse grid size - 2000

• Coupling strength - 0.001

• Coarsening type - smoothed aggregation

• Multi-colored Gauss-Seidel smoother with relaxation parameter set to 1.3, [20]

• One pre-smoothing step and two post-smoothing steps

• One multigrid cycle for preconditioning

• Smoother matrix format - as in ELLPACK (ELL)

• Operator matrix format - compressed sparse row (CSR)

The AMG is constructed entirely on the CPU, while the execution can be performed on
the CPU or on the GPU without any code modi�cation.

4.5 ABAQUS

ABAQUS is a general-purpose �nite element analysis program, most suited for numerical
modelling of structural response. It handles various stress problems, both with static and
dynamic response. The program is designed to ease the solution of complex problems, and
has a simple input language, with comprehensive data checking, as well as a wide range
of preprocessing and post-processing options. However, enhanced numerical simulations of
GIA problems are not straightforwardly performed with ABAQUS since important terms in
the continuous model, such as prestress advection, cannot be added directly, leading to the
necessity to modify the model in order to be able to use the package. These questions are
described in detail in [38]. Further, ABAQUS cannot handle purely incompressible materials
- ν cannot be set to 0.5 but to some closer value, such as 0.4999, for instance.

Nevertheless, ABAQUS o�ers highly optimized numerical solution methods. In particu-
lar, the available sparse direct solver in 2D shows nearly optimal computational complexity,
see the results in [9] and the performance �gures in Section 5. The direct solver can be
executed in parallel and its scalability is also presented. We use here ABAQUS 6.12.

The iterative methods, included in ABAQUS can be tested only on 3D problems. For
further details we refer to ABAQUS' user manual [1].
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5 Performance analysis

In this section we present the results of the numerical experiments with di�erent software
packages. The computations are performed on the following computer resources:

(C1) CPU: Intel(R) Xeon(R) 1.6GHz 12 cores

(C2) CPU: Intel(R) Core(TM) i5-3550 CPU 3.30GHz 4 cores
GPU: NVIDIA K40, 12G, 2880 cores

The performance results for ABAQUS and Deal.ii/Trilinos/AGMG are obtained using the
computer resource (C1). The CPU version of the solver from PARALUTION (ver 0.6.1) is
tested on both (C1) and (C2), and the GPU implementation of it is executed on (C2).
Parallelism is exploited by the built-in functionality of the packages to use OpenMP. The
maximum number of threads used on each device is set to the number of cores available,
thus, on (C1) executions are carried on one, four, eight and twelve threads, while on (C2)
only four threads are used (without Hyperthreading).

>From (11) we observe that while enabling to solution of models with fully incompress-
ible materials, we obtain a system of equation that is about 30% larger that that, solved
with ABAQUS. The problem sizes are shown in Table 1.

It is evident from Table 1 that both solution techniques scale nearly exactly linearly
with the problem size. However, for the two-dimensional problem at hand, the direct solver
from ABAQUS is somewhat faster than the preconditioned iterative solver, implemented
in Trilinos. The iterations presented in the table show the number of outer iterations
and in brackets, the average number of inner iteration to solve with M and with the
approximate Schur complement matrix S̃. The optimal numerical e�ciency of the iterative
solver exhibits itself in the number of iterations, that are constant for the di�erent number
of threads and are nearly constant with increasing the problem size.

No. of Deal.II + Trilinos ABAQUS

Threads DOF Iterations Setup Solve (2/3) DOFs Setup Solve

1 21(6, 6) 3.43 69.9 (46.6) 7.44 59
4 1 479 043 21(6, 6) 3.04 47.3 (31.5) 986 626 7.49 33
8 21(6, 6) 3.00 42.9 (28.6) 7.51 28
1 18(8, 6) 15.4 317 (211) 29.72 269
4 5 907 203 18(8, 6) 14.2 210 (140) 3 939 330 29.93 145
8 18(8, 6) 14.1 297 (198) 29.94 122

Table 1: Comparison between Deal.ii and ABAQUS on (C1)

Table 2 shows a comparison between the performance of the iterative solver using
Trilinos and PARALUTION. We see that PARALUTION solves the system faster than Trilinos
but it uses more CPU time for the setup phase. The implementations both Trilinos and
PARALUTION do not scale to more than four threads, which can be attributed to memory
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bandwidth utilization (all solvers are bandwidth bounded). We also note, that the solution
time for PARALUTION has a better scaling factor compared to Trilinos. Another observation
is that PARALUTION is performing better than the direct solver from ABAQUS.

Threads DOFS Trilinos PARALUTION

Iterations Setup Solve Iterations Setup Solve

1 18(4, 4) 0.0597 0.581 24(5, 5) 0.0955 0.9116
4 23 603 18(4, 4) 0.0596 0.298 24(5, 5) 0.0669 0.5075
8 18(4, 4) 0.136 0.249 24(5, 5) 0.0607 0.5248
12 18(4, 4) 0.134 0.251 24(5, 5) 0.0757 0.5850
1 20(4, 4) 0.228 3.11 25(5, 5) 0.4059 2.9241
4 93 283 20(4, 4) 0.205 2.06 25(5, 5) 0.2459 1.1031
8 20(4, 4) 0.280 1.93 25(5, 5) 0.2259 0.9312
12 20(4, 4) 0.331 1.9 25(5, 5) 0.2154 0.8725
1 21(5, 5) 0.854 14.4 25(5, 5) 1.6689 12.2548
4 370 883 21(5, 5) 0.819 10 25(5, 5) 0.9709 4.9483
8 21(5, 5) 0.947 9.41 25(5, 5) 0.8673 5.1510
12 21(5, 5) 1.33 8.39 25(5, 5) 0.8166 4.5229
1 21(6, 6) 3.43 69.9 26(5, 5) 6.8383 51.6089
4 1 479 043 21(6, 6) 3.04 47.3 26(5, 5) 3.9909 20.9045
8 21(6, 6) 3.00 42.9 26(5, 5) 3.5134 22.4387
12 21(6, 6) 5.37 41.5 26(5, 5) 3.3536 18.5971
1 18(8, 6) 15.4 317 27(5, 5) 31.385 220.1920
4 5 907 203 18(8, 6) 14.2 210 27(5, 5) 16.2374 92.7028
8 18(8, 6) 14.1 297 27(5, 5) 13.9868 92.4935
12 18(8, 6) 22.1 180 27(5, 5) 13.1867 84.2809

Table 2: Comparison between Trilinos and PARALUTION on (C1), CPU only

As there is no GPU accelerator available on (C1), the results of the PARALUTION

solver are reproduced on (C2) and act as a reference to compare the solution time on the
GPU with that of ABAQUS and Trilinos. PARALUTION provides a seamless transition from
running on CPU to running on an accelerator (GPU) and because it is already available on
(C2), it is our CPU solver of choice. We use four threads on the CPU since the hardware
provides only four cores. The results are presented in Table 3. We see that for smaller
problem sizes the GPU solver from PARALUTION is slower than the CPU solver. As the
problem size grows the GPU solver performs better and we obtain a speedup of up to
four times. Solving the largest problem size is not possible on the GPU due to insu�cient
memory.

We note that the discretization of the problem, corresponding to 1 479 043 degrees of
freedom, on the surface of the computational domain agrees with the placement of the
surface sensors that gather data from geophysical experiments. This size �ts on the GPU
and the performance is fastest. Trying to solve problems with larger computational domain
in 2D or 3D problems might fail due to insu�cient memory on the currently available GPUs.
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DOF Outer Time on CPU (s) Time on GPU (s)
iter. Setup Solve Setup Solve

23 603 24 0.04 0.39 0.16 2.8
93 283 24 0.18 1.26 0.27 2.0

370 883 24 0.75 5.07 0.9 3.8
1 479 043 25 2.9 22.4 3.7 5.8
5 907 203 25 18.4 91.5 out of memory

Table 3: Comparison between CPU and GPU on (C2) using PARALUTION

Next, we take a more detailed look at the run time, spent on executing various parts
of the solution procedure. To underline the need for fast preconditioner, on Table 4 we
present the time distribution for the linear system for the Trilinos solver. It clearly shows
that the solution with M takes the largest amount of time and the question how to reduce
this cost naturally arises. The percentage spend on the preconditioner compared to the
total solution time is similar for all other tested packages.

DOF Solution with M Solution with S̃ Total solution time
23 603 0.625 (90%) 0.0286 (10%) 0.687
93 283 3.49 (93%) 0.0983 (7%) 3.72

370 883 15.3 (93%) 0.441 (7%) 16.3
1 479 043 77.2 (94%) 2.22 (6%) 81.8
5 907 203 350 (94%) 10.3 (6%) 370

Table 4: Solution time distribution using Trilinos-AMG

To optimize the solution process, we consider several options. As a �rst option, one
could try to avoid the inner solver with M , replacing it either with one action of the AMG

preconditioner or replace it with its block-diagonal part ([M ]1). Numerical simulations, not
included in the report show that, as indicated by the analysis in Section 3, low accuracy
solution with the top-left pivot block destroy the quality of the preconditioner, which leads
to more outer iterations and requires a smaller stopping tolerance to compensate for the
larger condition number of the preconditioned system. Therefore this approach is not
recommended.

As a second option we can change the AMG implementation to investigate the poten-
tial scalability of the AMG implementation itself. To this end, we replace Trilinos-AMG

by AGMG. The results in Table 5 show that AGMG is both more numerically and compu-
tationally e�cient. The inner solver requires less iterations and those do not grow with
size, the convergence of the inner solver is fast and allows for a smaller stopping tolerance.
That means that for the same computational cost we solve more accurately withM , which,
in turn, decreases the outer iterations and the overall simulation time. Since, we use the
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AGMG only serially (there is no OpenMP implementation yet) we compare the timing with
the Trilinos-AMG only using one thread (see Table 2).

Trilinos AGMG

DOFs Itr. Setup Solve Itr. Setup Solve
23 603 18(4, 4) 0.0597 0.581 16(5, 4) 0.029 0.525
93 283 20(4, 4) 0.228 3.11 16(5, 4) 0.128 2.15

370 883 21(5, 5) 0.854 14.4 17(6, 5) 0.515 10.3
1 479 043 21(6, 6) 3.43 69.9 17(6, 5) 2.09 43.7
5 907 203 18(8, 6) 15.4 317 19(7, 6) 8.69 208

Table 5: Comparison between Trilinos-AMG and AGMG on (C1), CPU, serial mode

6 Conclusion

In this work we present a snapshot of the performance of a large scale computer simulation
in terms of numerical e�ciency, execution time and scalability on multicore platforms as
well as on GPU.

First, we show that large scale coupled problems can be successfully implemented using
publicly available numerical linear algebra software. Compared with highly specialized and
optimized commercial software, the open source libraries, included in this study, allow to
enhance the mathematical model and make it more realistic, adding features that are not
straightforwardly incorporated when using commercial software.

Furthermore, we show that GPU devices can be used in complex numerical simulations
with various combination of solvers and preconditioners. When the problem �ts into the
memory of the GPU, the PARALUTION-GPU implementation performs noticeably faster
than all other tested CPU implementations.

Open source numerical libraries successfully compete with highly e�cient commercial
packages in terms of overall simulation time and show better price-performance ratio.

Due to the fact that all methods are memory bounded, none of the tested OpenMP-
based CPU implementations scale linearly. This makes it necessary to extend the perfor-
mance tests using MPI, which is a subject of future work.
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