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Abstract

The paper derives a robust networked controller design method for systems with saturation where the delay is large and
unknown, as in unidirectional flow-control. A classical linear robust criterion is first formulated in terms of the sensitivity-
and complementary sensitivity functions. Based on the Popov-criterion a new asymptotic constraint is derived, which specifies
the minimum amount of low frequency gain in the sensitivity function, to guarantee non-linear closed loop L2-stability. This
result guides the selection of the design criterion, thereby adjusting the linear controller design for better handling of delay
and saturation. The controller design method then uses gridding to pre-compute the L2 stability region. Based on the pre-
computed stability region, a robust L2-stable controller can be selected. Alternatively, an adaptive controller could recompute
L2-stable controllers on-line using the pre-computed stability region. Simulations show that the controller meets the specified
stability and performance requirements.
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1 Introduction

The report derives a new low frequency constraint on the sensitivity function valid in case of linear control subject
to saturation and a long uncertain delay. This guides the selection of a robust frequency domain H∞ criterion, to
be consistent with the combined effect of saturation and delay. The L2 stability region of the non-linear closed-loop
system is then pre-computed with an algorithm based on the Popov criterion. An L2 stable and robust feedback
controller can then be selected from the pre-computed stability region, either fixed or adaptively. The problem arises
e.g. in networked control [8], in flow control [13] and in servo design that involves delay [30].

Networked control addresses control over communication channels, with limited information. In networked control
much work has been devoted to finding the minimal information needed for stabilization, see e.g. [2], [9], [18] and [24].
Furthermore, the interplay between the encoding of control information and the controller design provides insights
useful for design, see [4] and [12] for some examples. Delay is another important dynamic effect that is present in
many networked control systems that are distributed between different nodes. Delay also limits information, since
delayed measurements in general become less useful for feedback when the delay increases [5]. Delay problems are
e.g. commonplace in the cellular communication field [16], [19], [25]. One particular such case is the internet data
flow control problem discussed in [31]. There a saturation appears in the loop since the data flow is one-directional.
This is also the case in other types of data flow control problems like in traffic flow control, [14], fluid flow control
[29] and in water flow control in hydro-power plants [26]. Saturation is also present in many servo controllers, since
the actuator hardware performance always needs to be fully exploited [30].

The first technical contribution of the report derives a low frequency limitation on the loop gain, when the plant
delay tends to infinity and the control loop is affected by saturation. The limitation is expressed in terms of the
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poles and zeros of the loop gain and the maximum slope of the saturating nonlinearity. The result states that in
case the static loop gain becomes too large, the Popov criterion [20], [23], [32] does not imply L2 stability. Put
otherwise the low frequency gain cannot become arbitrarily high, a fact that e.g. prevents integrating control. The
second technical contribution builds on the first to obtain a corresponding low frequency limitation on the sensitivity
function [6], [33]. In case the low frequency gain of the sensitivity function becomes less than a value determined by
the maximum slope of the nonlinearity, then the Popov criterion does not imply L2 stability. The third contribution
uses the sensitivity function constraint to design modified frequency domain penalty functions for the applied H∞
loop shaping controller, thereby adapting the linear design criterion towards the situation with a long unknown delay
and saturation. The fourth contribution shows how the L2 stability region can be pre-computed. The combination
of the technical contributions then result in a novel controller design procedure for the problem at hand, by selection
of a controller from the pre-computed stability region. The proposed method accounts for nominal delays by means
of a rational delay approximation [28].

The general literature on linear control with saturation, and linear control with delay is vast, see e.g. [3], [5], [17],
[30]. However, the combined effect of long delay and saturation does not seem to have been much addressed, in
particular not with frequency domain techniques as in the present report. The advantages of the proposed controller
design scheme as compared to the lead-lag controller of [31] include an enhanced robustness. The linear controller
is far less complex than alternatives for robust nonlinear control of the plant in the literature, see e.g. [10], [14],
[15]. The proposed controller is also designed using frequency domain arguments, a fact that is beneficial when
practical engineering problems are encountered. On the downside, the proposed method is not optimal in the L2

sense, meaning that the full performance potential may not be exploited.

The numerical example of the report treats data flow control over the internet [25]. This is particularly difficult
over wireless interfaces due to the rapidly varying radio conditions. Then the adaptive queue management (AQM)
algorithms can benefit from fallback servo control of the priority queues in the base stations, as in [31]. The numerical
evaluation builds on the servo control model of that paper.

The organisation of the report is as follows. Section 2 defines the controller design problem. The linear part of the
joint plant model is derived in section 3. Chapter 4 introduces L2 stability while sections 5 and 6 derive the main
results and formulate the controller design procedure. Section 7 presents the numerical evaluation for the networked
data flow control problem. Conclusions end the report in section 8.

2 The robust networked control problem

2.1 The networked system

The nonlinear networked system treated in the report is depicted in Fig. 1 and Fig. 2. As can be seen the input u(t)
is subject to a static nonlinear saturation and a delay Tp. It is assumed that the delay is uncertain. The output is
also affected by a disturbance w. This disturbance is used to formulate the feedback control objective.

2.2 Controller design outline

The proposed controller design method consists of three main steps.

In the first step a linear single-input-single-output (SISO) control problem is formulated in terms of the penalty
signals z1, z2 and z3 that are augmented to the plant as illustrated in Fig. 1 , see e.g. [6] or [7] for details. The
nonlinearity is not accounted for yet. The applied H∞ controller design method is based on state space techniques,
therefore the quantities of Fig. 1 are used to construct a corresponding joint linear state space model.

In the second step the non-linear closed loop system of Fig. 1 is considered, where a static nonlinear saturation is
present in the feedback path. The controller design is based on a new constraint derived in the report, that specifies
the minimum amount of low-frequency gain allowed in the sensitivity function to enable closed loop L2 stability.

The third step of the controller design applies the input-output stability version of the Popov criterion of [30] to
pre-compute the exact L2 stability region. Controller parameters are then selected in that region, either fixed or
adaptively selected on-line [1], [11].
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Fig. 1. Block diagram of the system, together with the augmented outputs z1, z2 and z3.

In the report vectors and matrices are marked by boldface characters. Furthermore, the Laplace transform variable
s, the differentiation operator p, and the complex angular frequency jω are all used, for transfer functions, the time
domain counterpart and to address frequency responses.

3 Linear H∞ feedback control

3.1 Requirements

The control requirements are first expressed neglecting the nonlinearity. The requirements are given in terms of
penalties on the sensitivity function

S(s) =
1

1 + Fy(s)G(s)
, (1)

the complementary sensitivity function

T (s) =
Fy(s)G(s)

1 + Fy(s)G(s)
, (2)

and the transfer function from w to ū

Gwū(s) = −Fy(s)S(s). (3)

Here the feedback transfer function Fy(s) is to be determined by the controller design, while the plant transfer
function is

G(s) = e−sTpGp(s). (4)

Tp denotes the delay of the plant, where the subscript p indicates the plant. The control objective variables z1, z2
and z3 defined by Fig. 1 are used to formulate the H∞ optimization problem that leads to the controller. The H∞
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Fig. 2. Block diagram of the H∞ feedback control problem. The parts broken out, indicated with dashed lines, show the
details of the plant model. The plant model variables are marked with the subscript p, while the joint model does not have a
subscript. The joint model also contains the dynamics that generate the control objective signals z1, z2 and z3.

requirements on the closed loop system now follow as [7].

|WS(jω)S(jω)| < γ

|WT (jω)T (jω)| < γ

|Wū(jω)Gwū(jω)| < γ.

(5)

The selection of the penalty functions WS(jω), WT (jω) and Wū(jω) are further discussed in section 5, where new
additional constraints on their selection are derived. The quantity γ is a design parameter, also further discussed
below. When the loop of Fig. 1 is closed, neglecting the nonlinearity, it follows that

z(s) =


z1(s)

z2(s)

z3(s)

 =


Wū(s)Gwū(s)

−WT (s)T (s)

WS(s)S(s)

w(s)

= Gec(s)w(s), (6)

where the transfer function Gec(s) can be directly used to quantify criteria on the control objective variables z1, z2
and z3.

3.2 Linear state space model components

A block diagram of the state space model of the closed loop system appears in Fig. 2. The joint linear plant dynamics
is defined by the matrices A, B, and N, while the plant dynamics excluding the delay is given by Ap, Bp and Np.
The plant dynamics is excited by the scalar control signal uTp . The scalar output vector y is a linear function of the
state vector xp, the disturbance vector w, Cp, or equivalently of x, w and C. As shown in Fig. 1 the control signal
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ū is subject to the delay block e−pTp to produce uTp , where p is the differentiation operator with respect to time t.
The control signal u is affected by a saturating static nonlinear function Φ(·). The controller computes the control
signal u from the estimated state vector x̂ and the controller gains L∞ and L∞,r that are computed later in the
report. The state observer performs the estimation based on the joint state space model, ū and y. The reason why
N can be directly used for state observation is that the feedback controller design problem below is formulated on
innovations form [7]. The static nonlinearity is known, hence the controller can generate ū.

The plant model, without delay, is first written in the following state space form.

ẋp(t) = Apxp(t) +BpuTp(t). (7)

Here xp denotes the state of Gp(s) controllable by uTp . The matrix Ap describes the dynamic modes of the plant,
while the control signal gain vector is given by Bp. The output of the plant is

y(t) = Cpxp(t) + w(t). (8)

Here Cp and the disturbance w describe how the states xp affect the output y.

The H∞ controller design accounts for a nominal delay by the use of a rational delay approximation. The Padé
approximation [28] can e.g. be used. Contrary to the plant dynamics, the use of a rational delay approximation
introduces a direct term in the following state space model

ẋTp(t) = ATpxTp(t) +BTp ū(t)

uTp(t) = CTpxTp(t) +DTp ū(t),
(9)

Here xTp are the states needed to describe the delay, ū is the corresponding input, while the approximated delay
dynamics is parameterized by the system matrices ATp

, BTp
, CTp

, and DTp
. See Fig. 2 for details.

The next step is to write down the state space realizations of the performance variables z1, z2 and z3 of Fig. 1. These
models are given by

ẋWū(t) = AWūxWū(t) +BWū ū(t)

z1(t) = CWūxWū(t) +DWū ū(t),
(10)

ẋWT (t) = AWT xWT (t) +BWTCpxp(t)

z2(t) = CWT xWT (t) +DWTCpxp(t),
(11)

ẋWS (t) = AWSxWS (t) +BWSCpxp

+BWS
w(t)

z3(t) = CWS
xWS

(t).

(12)

See Fig. 1 for a detailed explanation of (12). Again, xWū , xWT and xWS represent the states of the performance
variable dynamics, ū, xp and xp represent the corresponding inputs, partly expressed in terms of the state xp of (8),
while the dynamics is parameterized by AWū

, BWū
, CWū , DWū , AWT

, BWT
Cp, CWT

, DWT
, AWS

, BWS
Cp, and

CWS
. See Fig. 2 for details.

3.3 Joint linear state space model

A joint model for the plant is first defined, in order to make the notation more compact. Combining (7) and (9)
gives the following joint model, including the delay.

ẋFB(t)
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=

(
ẋp(t)

ẋTp(t)

)
=

(
Ap BpCTp

0 ATp

)(
xp(t)

xTp(t)

)

+

(
BpDTp

BTp

)
ū(t) = AFBxFB(t) +BFBū(t). (13)

y(t) =
(
Cp 0

)( xp(t)

xTp(t)

)
+ w(t)

= CFBxFB + w(t) (14)

The details of the joint model depicted in Fig. 2 can then be defined as

ẋ(t) = Ax(t) +Bū(t) +Nw(t)

y(t) = Cx(t) + w(t).
(15)

This is the model upon which the controller design is based. Since the delay is replaced by a rational approximation
embedded in the joint state space model (15), a standard H∞ controller design method can be applied.

Using (10)-(13) it follows that the state and the system matrices of (15) can be written as

x =
(
xT
FB xT

Ws
xT
WT

xT
Wū

)T
(16)

A =


AFB 0 0 0

BWS
CFB AWS

0 0

BWT
CFB 0 AWT

0

0 0 0 AWū

 (17)

B =
(
BT

FB 0 0 BT
Wū

)T
(18)

N =
(
0 BT

WS
0 0

)T
(19)

C =
(
CFB 0 0 0 .

)
(20)

Note that there are no direct term in the joint model. This gives a strictly proper joint model, a fact that is used in
the forthcoming analysis. Note also that the model is in the innovations form used in [7] to design H∞-controllers.

3.4 H∞ control

To define the H∞ optimization problem, a criterion penalizing the control objective signals z1(t), z2(t) and z3(t) is
needed. The control objective signals are therefore added to the joint state space model output of (15). The control
objective output equation is given by

z(t) = Mx(t) +Dū(t), (21)
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where x(t) is given by (16). It follows from (10)-(12) and (16) that

M =


0 0 0 CWū

DWT
CFB 0 CWT

0

0 CWS
0 0

 , (22)

D =


DWū

0

0

 . (23)

The following condition is then introduced to simplify the criterion minimization.

A1) DWū > 0.

As outlined in [7], A1 implies that the following change of variables is well defined

ũ =
(
DTD

) 1
2 ū+

(
DTD

)− 1
2 DTMx. (24)

When (24) is applied to (15)-(20) and (21)-(23), the following transformed system results

ẋ(t) = Ãx(t) + B̃ũ(t) + Ñw(t)

z(t) = M̃x(t) + D̃ũ(t)

y(t) = C̃x(t) + w(t),

(25)

where

Ã = A−B
((

DTD
)−1

DTM
)
, (26)

B̃ = B
(
DTD

)− 1
2 , (27)

Ñ = N, (28)

C̃ = C, (29)

M̃ =
(
I−D

(
DTD

)−1
DT
)
M, (30)

D̃ = D
(
DTD

)− 1
2 . (31)

Note that A1 also implies that

D̃T ( M̃ D̃ ) = ( 0 I ). (32)

As a further prerequisite, introduce the condition

A2) (A,B) is stabilizable, (A,MMT ) is detectable, and Ã− ÑC̃ is asymptotically stable.

The H∞-optimization problem and its solution as used in this report can now be stated:
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Lemma 1 ([7], Theorem 10.1): Consider the system (25). Assume that A1 and A2 hold. Let γ̂ be the minimum value
of γ for which S = ST ≥ 0 satisfy the Riccati-equation

ÃTS+ SÃ+ M̃TM̃+ S
(
γ−2ÑÑT − B̃B̃T

)
S = 0.

Assume that the states are estimated by

˙̂x(t) = Ãx̂(t) + B̃u(t) + Ñ
(
y(t)− C̃x̂(t)

)
.

If x(0) = 0, and if the feedback is selected as

ũ(t) = −L∞x̂(t) = −B̃Sx̂(t),

then this feedback minimizes the H∞ criterion

V∞ = ∥Gec∥∞ = max
ω

σ̄ (Gec(iω)) .

Here σ̄(·) denotes the maximum singular value.

In the present report D̃T D̃ = 1 holds. This means that B = B̃ and the feedback gain L∞ can be directly applied to
the original system without any back-transformation using (24).

3.5 The resulting frequency domain closed loop system

In the following sections frequency-domain input-output stability results will be applied to complete the L2-stable
controller design procedure. The transfer function of the feedback controller is therefore needed. To compute it, it is
noted that the state space model that defines the controller of Lemma 1 can be written as

˙̂x(t) =
(
Ã− B̃B̃TS− ÑC̃

)
x̂(t) + Ñy(t)

u(t) = −L∞x̂(t).
(33)

The transfer function from y(t) to u(t) then follows as

Fy(s) = L∞

(
sI − Ã+ B̃B̃TS+ ÑC̃

)−1

Ñ (34)

The control signal u(s) is hence computed as

u(s) = L∞,ryref (s)− Fy(s)y(s). (35)

Equation (35) together with Fig. 1, results in the frequency domain block diagram of Fig. 3. The transfer function
Gp(s) is known and is represented by the states of (7).

4 L2 stability conditions

4.1 Static nonlinearity

The static non-linearity of the loop first needs to be defined. The static nonlinear saturation transforms u(t) into
ū(t) = Φ(u(t)), where

Φ(u) =


ūmax, u ≥ umax

φ(u), umin < u < umax

ūmin, u ≤ umin.

(36)
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Fig. 3. Block diagram of the networked control system in the frequency domain.

4.2 Lp definitions

The linear H∞-controller of Lemma 1 is then applied to the nonlinear system of Fig. 2. To address stability in the
presence of delay it is now suitable to apply the input-output stability version of the SISO Popov-criterion given in
e.g. [30]. The following definitions are needed to state the result.

Definition 1: For all p ∈ [0,∞), Lp[0,∞) denotes the set of all measurable functions f(.) : [0,∞) → R,
such that

∥f(.)∥pp =

∞∫
0

|f(t)|pdt < ∞.

Definition 2: The set of all measurable functions f(.) : [0,∞) → R, such that their truncations

fT (t) =

{
f(t), 0 ≤ t ≤ T

0, t > T
∈ Lp[0,∞),

∀T , is denoted the extension Lpe[0,∞) of Lp[0,∞).
Definition 3: The mapping A : Lpe → Lpe is Lp-stable if i) Af ∈ Lp whenever f ∈ Lp, and ii) there exist

finite constants k, c, such that

∥Af∥p ≤ k∥f∥p + c, ∀f ∈ Lp.

Definition 4: A denotes the set of generalized functions of the form

f(t) =

{
0, t < 0∑∞

i=0 fiδ(t− ti) + fa(t), t ≥ 0

where δ(.) is the unit delta distribution, ti are non-negative constant delays, fa(t) is measurable and∑∞
i=0 |fi| < ∞,

∫∞
0

|fa(t)|dt < ∞.

Definition 5: Â denotes the set of all function f̂ : C+ → C that are Laplace transforms of elements of A.

4.3 The Popov criterion

The Popov criterion can now be formulated:

Lemma 2 (Popov Criterion, [30] Theorem 6.7.63): Consider the system of Fig. 4. Assume that the inverse Laplace
transform of the transfer function ĝ(s) fulfils

g(·) ∈ A, ġ(·) ∈ A,
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Fig. 4. Block diagram for which the Popov criterion is valid.

that the time invariant static nonlinearity Φ(.) fulfils

0 ≤ σΦ(σ) ≤ kσ2,

and that u̇2 ∈ L2. Under these conditions the system is L2-stable if there exist constants q, δ, such that the Popov
plot

ω ∈ [0,∞) → Re[ĝ(jω)] + jωIm[ĝ(jω)] ∈ C

is entirely to the right of a line through −1/k + δ + j0 with slope 1/q, for some q ≥ 0 and some δ > 0.

Proof: See [30], section 6.7.

Note that the geometrical condition on the Popov plot is equivalent to the following inequality

Re[(1 + jωq)ĝ(jω)] +
1

k
≥ δ > 0, ∀ω ≥ 0, q > 0. (37)

5 Low frequency sensitivity function constraints

This section derives the main results of the report and sets the stage for the second step of the proposed controller
design procedure. A first Theorem shows that the Popov criterion is valid for the networked control system. A second
Theorem states how much low frequency loop gain that can be present without invalidating the Popov-criterion of
Theorem 1, in the limiting case when Tp → ∞. This result then leads to a third Theorem that provides new
constraints on the sensitivity function. The sensitivity function constraints in turn lead to new selection principles
for WS(s) and WT (s) of (5). This serves to adapt the linear H∞ controller design to better fit the nonlinear system
of Fig. 2 - Fig. 4.

5.1 Conditions on the control system

This subsection introduces the conditions needed to apply Lemma 2 to the control system of Fig. 2. The analysis
does not allow a time varying system, hence the following condition is needed.

A3) The delay Tp is constant.

Since the sector condition of (36) reads

0 ≤ σΦ(σ) ≤ 1σ2, (38)

it follows from Lemma 2 that the loop gain ĝ(s) needs to be strictly proper and have all poles strictly in the left half
plane. Fig. 3, Fig. 4, and (4) show that the loop gain ĝ(s) is given by

ĝ(s) = G(s)Fy(s) = e−sTpGp(s)Fy(s). (39)

Noting again that (33) has no direct term, Fy(s) s strictly proper by construction. The following conditions are
therefore needed to ensure that g(·) ∈ A and ġ(·) ∈ A
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A4) Gp(s) is proper with all poles of Gp(s) and G−1
p (s) strictly in the left half plane.

A5) Fy(s) has all poles strictly in the left half plane.

In addition to A3, A4 and A5, the following disturbance signal conditions are needed, considering the fact that
u̇2 ∈ L2 is a requirement of Lemma 2.

A6) yref ∈ L2 and ẏref ∈ L2.
A7) w/Gp ∈ L2.

The conditions A3-A7 are straightforward to explain and check. The stability requirements of A4 and A5 can
be checked before and during the controller design. The condition A6 and A7 are needed to ensure that u1, u2

and u̇2 expressed in terms of yref and w all have proper Laplace transforms. Put otherwise A6 and A7 require a
sufficiently large roll-off of the high frequency contents. The reason why A7 needs to involve filtering is due to the
loop transformations performed in the proof below. A7 is also the reason why the plant transfer function Gp(s) needs
to be minimum phase.

5.2 Closed loop L2 stability

The following result now holds:

Theorem 1: Consider the control system of Fig. 2 and assume that the conditions A3)-A7) hold. Then the control
system is L2-stable if there exist constants q, δ > 0, such that the Popov plot of

ĝ(s) = e−sTpGp(s)Fy(s),

given by

ω ∈ [0,∞) → Re[ĝ(jω)] + jωIm[ĝ(jω)] ∈ C

is entirely to the right of a line through −1 + δ + j0 with slope 1/q, for some q ≥ 0 and some δ > 0.

Proof: See appendix A.

5.3 Low frequency loop gain limitation

The interest here is to derive low frequency limitations on ĝ(s), therefore it is desirable to study situations where
Theorem 1 does not hold. The value of the Popov curve is therefore addressed on the negative real axis of the
complex plane. This choice is geometrically obvious since the Popov limitation line is allowed to rotate around the
point −1/k + δ + j0. First, the following condition is needed to ensure that there is at least one intersection with
the negative real axis

A8) The Popov-plot intersects the negative real axis at least once.

The condition for the Popov plot of Theorem 1 to intersect the negative real axis is

arg (Re[ĝ(jω)] + jωIm[ĝ(jω)]) = −π. (40)

Since ω = 0 represents the static gain, this solution can be excluded and it follows that (40) is equivalent to

Re[ĝ(jω)] < 0, Im[ĝ(jω)] = 0. (41)

Defining

ĝ(s) = e−sTp ĝo(s) (42)

implies that

|ĝo(jω)| sin (arg(ĝo(jω)− ωTp)) = 0, (43)
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|ĝo(jω)| cos (arg(ĝo(jω)− ωTp)) < 0. (44)

The blocks Gp(s) and Fy(s) of ĝo(s) are then parameterized in terms of their poles, zeros and a gain parameter

Gp(s) = Gp,o
(s+ b1)...(s+ bnb)

(s+ a1)...(s+ ana)
(45)

Fy(s) = Fy,o
(s+ d1)...(s+ dnd)

(s+ c1)...(s+ cnc)
. (46)

The conditions A9 and A10 are also introduced

A9) Complex poles and zeros of Gp(s) appear in complex conjugate pairs and Gp,o > 0.
A10) Complex poles and zeros of Fy(s) appear in complex conjugate pairs, |Re[di]| > 0, i = 1, ..., nd, Fy,o > 0, and

the number of non-minimum phase zeros of Fy(s) is even.

The following result can now be proved:

Theorem 2: Consider the system given by Fig. 2, (45) and (46). Assume that the conditions A3-A10 hold and that
Tp → ∞. Then the Popov criterion of Theorem 1 cannot imply L2-stability in case

lim
ω→0

Re[Gp(jω)Fy(jω)] = Gp(0)Fy(0)

= Gp,oFy,o
b1...bnbd1...dnd
a1...anac1...cnc

≥ 1

k
.

Proof: See appendix B.

It follows from the derivation, A9 and A10 that the result hold also for pairs of complex conjugate zeros and poles.
It is also stressed that the appearance of the static loop gain in Theorem 2 is a consequence of the proof. It would
not have been possible to start with the static case, since that part of the Popov curve is located at the positive real
axis. Note that the non-minimum phase requirement of A10 ensures the positivity of the low frequency loop gain
limitation of Theorem 2.

Theorem 2 states when the Popov criterion is invalidated, possibly destroying stability of the closed loop system. In
particular, it can be seen that Theorem 2 prevents the poles of the system and the feedback controller to be arbitrarily
close to the imaginary axis. On the negative real axis this represents a direct limitation of the low frequency loop
gain. The result is more restrictive than the Popov criterion itself since poles arbitrarily close to the imaginary axis
is not allowed.

Although the Popov criterion is not necessary for stability, Theorem 2 indicates that integrating control may be
troublesome in combination with saturation and long delays. Although based purely on numerical results, this fact
actually governed the design of [31]. More research is however needed to formally clarify the sufficiency and necessity
of Theorem 2, with respect to L2 stability.

The next question is how the insight provided by Theorem 2 can be used to tune the controller proposed in the
report. This is the topic of the next subsection.

5.4 The low frequency sensitivity function constraint

The performance of the controller proposed in the report is tied to the selection of WS(jω), WT (jω) and Wū(jω)
of (5). Since the low frequency gain can be specified by the selection of the sensitivity function the implications of
Theorem 2 on S(s) is addressed. It holds that

S(s) =
1

1 + e−sTpFy(s)Gp(s)
=

1

1 + ĝ(s)
. (47)
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To see the implications of Theorem 2, (47) is solved for ĝ(s) and the limit when ω → 0 of Theorem 2 is used to
obtain

1

S(0)
− 1 = ĝ(0) = Gp(0)Fy(0)

= Gp,oFy,o
b1...bnbd1...dnd
a1...anac1...cnc

≥ 1

k
. (48)

Solving for S(0) proves

Theorem 3: Consider the system given by Fig. 2, (45) and (46). Assume that the conditions A3-A10 hold and that
Tp → ∞. Then the Popov criterion of Theorem 1 cannot imply L2-stability in case

S(0) =
a1...anac1...cnc

a1...anac1...cnc +Gp,oFy,ob1...bnbd1...dnd

≤ k

k + 1
.

The low frequency gain of the sensitivity function is hence limited from below by the maximum slope of the non-
linearity. The limiting value for k = 1 is -6 dB. Only in case k → 0 is integral control allowed. It can also be noted
that when Tp → ∞ or k → 0 the system tends to open loop operation.

It needs to be understood that Theorem 3 provides an asymptotic result for very large delays. The asymptotic
region is often approached relatively slowly, meaning that for moderate delays and uncertainties the design can be
significantly less restrictive than indicated by Theorem 3. In practice the important thing to keep in mind is to avoid
a too small low frequency gain of the sensitivity function. Ways to achieve this will be addressed next.

5.5 Penalty function selection

It is clear that in order to circumvent Theorem 3 and to enable the Popov criterion of Theorem 1 to be applied to
prove L2 stability, S(0) needs to be prevented from becoming too small. By (5) it then follows that W−1

S (jω) must
remain strictly greater than 0 when ω → 0. Hence the sensitivity function penalty needs to fulfil

W−1
S (0) > w−1

S,o > 0, (49)

where wS,o is a positive scalar selected by the designer. For higher frequencies, S(s) can be designed according to
standard procedures, see e.g. [6], [7]. The requirement provided by WT (s) of (5) on T (s) needs to be consistent with
(49) since S(s) + T (s) = 1.

6 Pre-computed L2-stable controller design

Now, in case a WS(s) is selected such that the limitation of Theorem 3 can be circumvented when computing
the controller using Lemma 1, L2-stability should be attainable using Theorem 1. Note that such a proof is very
important also in engineering applications since a system that is not globally stable cannot be guaranteed to operate
according to the specifications at all times. Theorem 3 therefore provides a way to avoid one potentially very serious
engineering obstacle when the delay is large and a saturation affects the feedback loop. The question that remains
to be solved is then how to select the design variables so that a feedback is obtained that fulfils Theorem 1, robustly
for a range of delays around the nominal one.

13



6.1 Pre-computation of the L2 stability region

The idea is to pre-compute the L2 stability region, as a function of a selected set of design variables and system pa-
rameters. The stability region is here defined by the maximal allowed feedback delay of the actual system, θL2 = Tp,
that renders L2 stability. The use of other variables than Tp to quantify the stability region is of course also possible.
The set of design variables and system parameters is denoted by θd. The algorithm (50) computes max θL2(θd),
such that the closed loop non-linear feedback system is L2 stable for all 0 < θL2 < max θL2(θd). The algorithm is
a straightforward application of Theorem 1 and (37). It is defined as a search over the grid of design variables and
system parameters, θd,gridd

, the grid of the uncertainty, θL2,gridL2
, a grid of the slope of the Popov line, qgridq , and

a grid over the angular frequency, ωgridω . The pseudo-code of the algorithm is

for gridd = 1, · · · , gridd,max

θL2,found = false

gridL2 = 0

while θL2,found = false and gridL2 < gridL2,max

gridL2 = gridL2 + 1

qfound = false

gridq = 0

while qfound = false and gridq < gridq,max

gridq = gridq + 1

if Re[(1 + jωqgridq
)ĝ(jωgridω

, θd,gridd
, θL2,gridL2

)]

+1/k > 0, ∀ ωgridω ≥ 0

qfound = true

end

end

if qfound = false

max θL2,gridL2
(θd,gridd

) = θL2,gridL2

θL2,found = true

end

end

end.

(50)

The subscript found denotes a boolean variable, while max denotes the upper limit of each grid. For each grid point
of θd, the algorithm scans θL2 upwards on the uncertainty grid. For each such point, q of Theorem 1 is scanned
upwards on its grid. For each value of q, (37) is checked for all ω on its grid. If a q is found such that (37) is met,
Theorem 1 holds for the specific value of the uncertainty and the scan proceeds. If no q is found such that (37)
holds, the scan for the particular specification parameter grid point is completed and the maximum uncertainty is
determined. A similar scheme is used in [31].
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6.2 Controller design procedure

The controller design procedure can now be summarized.

First penalty functions WS(jω), WT (jω) and Gwū(jω) are selected that express the control objectives and that also
ensure that (49) is fulfilled. This is done with guidance from Theorem 3, using prior information of the plant. This
defines the joint plant model that is used for H∞ controller design.

Secondly, the set of design variables of the pre-computation is selected and (50) is run. For each set of parameters
on the total grid an H∞ problem is solved and the Popov inequality (37) is checked. The L2 stability max θL2(θd)
is stored for each grid point.

Thirdly, an L2 stable controller can then be selected or computed on-line in an adaptive scheme [1], [11]

7 Numerical results from wireless data flow control

7.1 The plant

Cellular mobile broadband relies on internet flow control to ensure that there is enough data available in the base
station to send over the wireless downlink interface at any point in time. For this reason the base station is equipped
with buffers, often denoted priority queues. These buffers compensate for the rapid variations of the wireless radio
connection that is caused by fading. The level of data in each buffer needs to be controlled tightly, to as low a level
as possibly to minimize delay at the same time as empty buffers are avoided when there is data to transmit in the
upstream node closer to the data source. The requirements on flow control will become more stringent in the 5G
cellular systems that are now in development since the round trip delay requirements are expected to become much
more stringent [22]. The reason for this is to open up for new applications, for example haptic control enabling
remote surgery, advanced gaming, and automotive collision avoidance [21].

Wireless internet flow control exploit so called adaptive queue management (AQM) [25]. AQM operates by intentional
discard of internet packets in the priority queues when there is a need to reduce the incoming data rates to the
priority queues. Recently, it was found that conventional AQM is sometimes unable to meet latency requirements
when internet applications simultaneously start many parallel flows [31]. A networked data flow controller for support
of an underlying adaptive queue management (AQM) controller was therefore developed in [31]. This section builds
on the plant model of [31] for illustration of the controller design method proposed in this report.

The controller is located in a node before the base station node. The base station node contains the priority queues
and the wireless interface. The downlink transport network transports the internet packets to the queues with a
rate equal to the control signal of the controller. Since the data volume of the queue is the integral of the difference
between the control signal bit rate and the emptying bit rate, the low frequency gain conditions of Theorem 3 may
appear to be violated in open loop. However, due to the packet drops introduced by the underlying AQM controller,
there is already a leakage in the integration. A linear model of a queue controlled by AQM is then,

dy(t)

dt
= u(t− Tp)− b(t) + b̂(t)− εy(t) + w(t). (51)

Here y(t) is the data volume of the controlled queue in the base station node, u(t− Tp) is the delayed control signal
(bit rate) from the transmitting node that sends data over the transport network to the base station, Tp is the sum of
packet delay in the downlink transport network (Tdl) and queue level measurements being sent back to the controller
over the uplink transport network (Tul), b(t) is the wireless bit rate emptying the queue, ε is the proportional packet
drop-rate and w(t) is an additive disturbance that models several significant imperfection of (52), discussed in section

7.2 below. The quantity b̂ represents the effect of feed forward control for compensation of b(t) as in [31], see [26] and
[27] for more general techniques for that problem. Since the data flow is one directional there is also a saturation in
the loop, located in the downlink transport network. The feedback plant model of Fig. 2 is therefore applicable with

Gp(s) =
1

s+ ε
e−sTp , (52)

15



Tp = Tdl + Tul, (53)

Φ(u) =


ūmax, u ≥ umax

u, 0 < u < umax

0, u ≤ 0.

(54)

This means that k = 1. umax is large and does not affect the system in this example.

In order to compute the controller for a selected designing delay T d
p , the following rational fourth order Pade

approximation is used to model the delay dynamics

GTp(s) =

(T d
p )

4s4 − 20(T d
p )

3s3 + 180(T d
p )

2s2 − 840T d
p s+ 1680

(T d
p )

4s4 + 20(T d
p )

3s3 + 180(T d
p )

2s2 + 840T d
p s+ 1680

. (55)

The designing delay is in general not equal to the true delay Tp of the plant.

7.2 Controller design

The plant, i.e. the controlled priority queue, is affected by several disturbances. The paper [31] compensated for the
wireless bit rate emptying the queue by means of feed forward control. Feed forward control is not within the scope of
this report. Instead, the focus is on imperfections and disturbances affecting the plant model (52) directly. Therefore,

it is assumed that the feed forward is close to perfect so that b(t) ≈ b̂(t), with imperfections of the feed forward
being absorbed in w(t). The other disturbances modeled by w(t) include the far from perfect linearity assumption
expressed by the constant ε. In practice ε may e.g. vary over time. What is sometimes more important is the fact
that occasional large AQM discards may occur, due to significant overload and other reasons.

To perform the controller design, the transfer functions for WS(s), WT (s) and Wū(s) need to be specified. The key
here is to select WS(s) in line with Theorem 3 and (49). To do so the following penalty can be used

WS(s) =
WS(0)(ω

2
S,den/ωS,num)(s+ ωS,num)

s2 + 2ξS,denωS,den + ω2
S,den

. (56)

Here ωS,num and ωS,den are angular frequency breakpoints, while ξS,den denotes the damping of the filter. The

restriction ωS,den < ωS,num is used, which means that W−1
S (s) starts at the static gain 1/WS(0), then breaks

upwards at ωS,den after which the increase is reduced at ωS,num. The requirement of Theorem 3 can hence be
fulfilled. WT (s) is selected in the usual way to ensure robustness against high frequency dynamics,

WT (s) =
WT (0)(s

2 + 2ξT,numωT,nums+ ω2
T,num)

s2 + 2ξT,denωT,den + ω2
T,den

. (57)

Here ωT,num and ωT,den are angular frequency breakpoints, while ξT,num and ξT,den denote the damping of the filters.

In this case the restriction ωT,num < ωT,den is used, which means that W−1
T (s) starts at the static gain 1/WT (0),

then breaks down at ωT,num after which the increase is reduced at ωT,den. The penalty function WT (s) is selected
to have effect at higher frequencies than WS(s), which is obtained by a proper selection of the frequencies of each
transfer function. Finally

Wū(s) =
s+ ωū,num

s+ ωū,den
, (58)

is selected, where ωū,num and ωū,den are very close angular breakpoints that are much larger than the bandwidths
of WS(s) and WT (s). This ensures that Wū(s) is proper, very close to 1 and hence does not affect the design. The
above selections result in a controller of order 10.
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Table 1

Block Parameter Numerical value

Search gridL2 logspace(-1.5,0.6,25)

Search gridq logspace(-2.0,1.0,25)

Search gridω logspace(-2.0,2.0,25)

H∞ gridγ logspace(-0.5,0.5,500)

Gp(s) ε 0.1 s−1

Fy(s) T d
p logspace(-1.5,0.5,25)

Fy(s) WS(0) logspace(0.0,1.5,25)

Fy(s) ωS,num 6.0 s−1

Fy(s) ξS,den 1.0

Fy(s) ωS,den 0.5 s−1

Fy(s) ξT,num 1.0

Fy(s) ωT,num 6.0 s−1

Fy(s) ξT,den 1.0

Fy(s) ωT,den 60.0 s−1

Fy(s) ωū,num 1001.0 s−1

Fy(s) ωū,den 1000.0 s−1

As a prerequisite for the next step the conditions of the previous analysis are reviewed. A1 holds since the state
space representation of (58) must have a nonzero direct term DWū . A2 is checked in the controller computation since

A and therefore Ã varies when (50) is run. A3 is a system assumption. A4 holds by (52), while A5 is checked in
the controller computation. As stated above the assumptions A6 and A7 are secured by a sufficiently high frequency
roll-off of the frequency functions of the involved signals. A8 is checked in the computation of the stability region.
A9 is implied by (52), while A10 is checked after each H∞ controller computation in the computation of the stability
region. Hence it can be concluded that the underlying assumptions of the analysis are valid for the example system.
Theorem 1, Theorem 2 and Theorem 3 can therefore be used.

In order to be able to select a suitable controller, the L2 stability region was computed using the algorithm (50). To
do so, the transfer functions of (52), (55), (56), (57) and (58) were first written in the state space form of (15)-(20).
The quantities needed for solution of the H∞ problem of Lemma 1 were then computed as described in section 3.4.
Theorem 2 indicates that there are three key parameters that control the L2 stability region. These are the low
frequency gain of the sensitivity function, WS(0), the designing delay of the plant, T d

p and the actual delay of the
plant, Tp. The set of design variables was therefore selected as

θd = (WS(0) T d
p ). (59)

The actual delay Tp quantifies the stability region as stated in (50).

The H∞ controller was computed with a numerical search for the minimal γ that solves the Riccati equation of
Lemma 1, and that results in a well posed and stable system. See e.g. [7] for details on this well known algorithm.
The grids used for computation of the stability region appear in Table 1, together with the parameters of the plant,
delay approximation and penalty functions.

Using the above parameters (50) was run. The resulting L2 stability region is depicted in Fig. 5. The figure supports
the theoretical result of Theorem 2 since L2 stability is not possible for high gains. The approach towards the
asymptotic result is also evident from Fig. 5, since the low frequency gain limitation becomes more stringent with
increasing designing delay. The allowable delay Tp of the plant, i.e. the robustness, decreases when the designing delay
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Fig. 5. The L2 stability region.

Fig. 6. Popov plots for varying Tp.

T d
p increases. This is not surprising since delay compensation for performance necessarily becomes very dependent

on the assumption of the actual delay. The consequence is that robustness may become worse.

To illustrate the obtained result further, the closed loop system was studied for WS(0) = 15dB and T d
p = 0.200s,

using the parameters of Table 1. As can be seen in Fig. 5, the gain and designing delay are close to the region
were the low frequency becomes too large to allow L2 stability. It is therefore of interest to quantify the stability
robustness exactly by means of Popov plots. Such plots appear in Fig. 6, for Tp = 0.2 s, Tp = 0.4 s, Tp = 0.8 s and
Tp = 1.4 s. It can be concluded that the system is globally L2 stable for delays in the interval [0.0, 1.4] s. It can also
be noted that the low frequency shape of the Popov plot is better adapted to meet the Popov criterion than the
corresponding plot of the lead-lag link of [31]. Fig. 5.

The resulting closed loop system dynamics appears in Fig. 7. The bandwidth is about 2 radians/s which indicates a
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Fig. 7. The closed loop gain of the system, disregarding the saturation.

Fig. 8. Step response of the closed loop system.

settling time of a little over 1 s, as shown in Fig. 8. To analyse the low frequency properties and the ability to suppress
disturbances, the sensitivity function depicted in Fig. 9 is useful. The sensitivity function follows the low frequency
specification, thereby supporting the rule to avoid very low low frequency gains and pure integrating control in the
networked situation with long delay and saturation. The robustness specification of WT (s) is also met, as shown in
Fig. 10.

It can be noted that in order to meet the low frequency specification one role of Fy(s) is to attenuate the low
frequency gain, a fact that is evident from (52), Table 1 and Fig. 11. The ripple for higher frequencies reduce the
effect of resonant poles caused by the delay, c.f. [31]. This provides evidence for the difficulty of this misleadingly
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Fig. 9. The sensitivity function of the system (blue), together with the specification W−1
S (s) (green).

Fig. 10. The complementary sensitivity function of the system (blue), together with the specification W−1
T (s) (green).

simple control problem, the reason being the infinite number of poles of e−sTp , some of them very resonant [31].

8 Conclusions

The report treated robust networked feedback control. A case with linear plant dynamics, a long and uncertain
delay, together with a saturating static nonlinearity was considered. Global closed loop stability was a key design
objective, motivated by the fact that in the majority of engineering applications systems need to operate according
to specifications at all times.
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Fig. 11. The transfer function Fy(s) of the controller.

The report first proved that when the delay increases, the Popov criterion can only imply L2-stability if the low
frequency loop gain is bounded. This fact then implies that the low frequency gain of the sensitivity function cannot
be arbitrarily small. This theorem is the main result of the report.

Based on the main result a new constraint on the frequency domain penalty on the sensitivity function was for-
mulated. The proposed controller design strategy first selects frequency domain penalties consistent with the new
constraint, thereby adapting the employed H∞ controller design to the case with long delay and saturation. To select
a controller, the L2 stability region is then pre-computed by a new algorithm, by solving the H∞ control problem
over a multidimensional grid of the most interesting design variables and system parameters. Selection of a point in
the stability region then gives a globally stable controller with well defined robustness properties.

The proposed controller design performed well when tried on a networked data flow control problem between two
internet nodes. The robustness properties appear to be better than for a previously applied lead-lag design. A reason
for this could be the additional degrees of freedom of the robust design, since the higher order e.g. allows much
better high frequency uncertainty attenuation.

A remaining issue is that the Popov criterion is not necessary for stability. Further research is needed to clarify these
aspects. It would also be interesting to apply the methodology to plants with different dynamics. As stated in the
introduction, various flow control problems is one possibility. Also servo control problems with delays are interesting
since a servo controller is often designed for operation with saturation in order to fully exploit the actuator hardware.
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A Proof of theorem 1

It is first noted that Fig. 2 is equivalent to Fig. 3, by (33)-(35). It is hence sufficient to study the block diagram of
Fig. 3. Since Lemma 2 is valid for the block diagram of Fig. 4, the first step of the proof is to transform Fig. 3 to
the structure of the block diagram of Fig. 4.

To achieve this, the delay appearing after the static nonlinearity is moved to appear before the nonlinearity. This is
allowed since the nonlinearity is time invariant. After the transformation the delay operator is moved into the two

22



branches of the summation point. This is represented by a multiplication of Fy(s) and L∞,r with e−sTp . With these
changes, the signal u(s) of Fig. 3 is considered. Since this signal is the same as the signal e2(s) of Fig. 4, it follows
that

e2(s) = u(s) = e−sTpL∞,ryref (s)

−e−sTpFy(s)w(s)− e−sTpFy(s)Gp(s)y2(s), (A.1)

where the signal y2(s) appears at the output of the static nonlinearity as defined by Fig. 4. Rearranging (A.1) then
gives

e2(s) = e−sTpL∞,ryref (s)

+e−sTpFy(s)Gp(s)

(
− 1

Gp(s)
w(s)− y2(s)

)
. (A.2)

A similar calculation based on Fig. 4 gives

e2(s) = u2(s) + ĝ(s)(u1(s)− y2(s)). (A.3)

A comparison of (A.2) and (A.3) then gives

u1(s) = − 1

Gp(s)
w(s), (A.4)

u2(s) = e−sTpL∞,ryref (s) (A.5)

ĝ(s) = e−sTpFy(s)Gp(s). (A.6)

It remains to prove that the technical conditions of Lemma 2 hold. Because of A3, A4 and A5 all poles of the time
invariant transfer function ĝ(s) of (A.6) are in the interior of the left half plane. Since Fy(s) is strictly proper and
since A4 holds it follows that ĝ(s) is strictly proper and hence sĝ(s) is at least proper. It then follows that g(·) ∈ A
and ġ(·) ∈ A, see Definition 4.

By A4 and A7 the right hand side of (A.4) is proper and asymptotically stable and is therefore in L2. It follows
that u1 ∈ L2. This is a necessary conclusion here since it is a prerequisite for stating L2 stability in Lemma 2, cf.
Definition 3.

By A6 yref ∈ L2 and ẏref ∈ L2. The same is therefore true for the right hand side of (A.5). It follows that u2 ∈ L2

and u̇2 ∈ L2.

Observing that the static nonlinearity Φ(.) obeys (38) completes the proof.

B Proof of theorem 2

Since A4, A5, A9 and A10 hold, |ĝo(jω)| ̸= 0, and it follows from (43) and (44) that

arg(ĝo(jωl))− ωlTp = ±lπ, l = 1, ..., n0, ..., (B.1)

where l is odd and n0 is an odd number that is guaranteed to exist due to A8. Note that the evaluation of transfer
function values on the negative real axis are hence tied to ωl.

The conditions A4, A5, A9 and A10, together with (45) and (46) imply that arg(ĝ0(jω)) < φ0 < ∞. Furthermore,
by A4 and since Fy(s) is strictly proper by construction, it follows that |ĝo(jω)| → 0 as ω → ∞. Therefore there is a
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largest n0 of (B.1) and a maximal ωm(n0), for which Re[ĝ(jωm(n0))] ≤ −1/k, i.e for which the Popov criterion does
not hold. The fact that no is finite implies that

ωl =
1

Tp
(arg(ĝo(jωl))± lπ) , l = 1, ...n0. (B.2)

Equation (B.2) applied to ωm(n0) then gives

lim
Tp→∞

ωm(n0) = lim
Tp→∞

ωn0

= lim
Tp→∞

1

Tp
(φ0 ± n0π) = 0. (B.3)

To proceed the following Lemma is useful

Lemma B: Assume that

h(s) = K
(s+ z1)...(s+ zm)

(s+ p1)...(s+ pn)
,

where complex zeros and poles appear as complex conjugate pairs. Then

lim
ω→0

Re[h(jω)] =K
z1...zm
p1...pn

lim
ω→0

Im[h(jω)] = 0.

Proof: A straightforward computation gives

Re[h(jω)] = K
z1...zmp̄1...p̄n + ω2(...

(ω2 + |p1|2)...(ω2 + |pn|2)
(B.4)

Im[h(jω)] = K
ω(...

(ω2 + |p1|2)...(ω2 + |pn|2)
, (B.5)

where p̄i denotes the complex conjugate of pi. Letting ω → 0 gives the result of Lemma B.

Next, using the conclusion (B.3) and applying Lemma B to ĝo(jωl) where ωl ≤ ωm(n0), results in

lim
Tp→∞

arg(ĝo(jωl)) = 0, l = 1, ..., n0. (B.6)

Therefore it follows from (B.1) and (B.2) that

lim
Tp→∞

ωlTp = ±lπ, l = 1, ..., n0. (B.7)

Exploiting (42) and Lemma B implies that

lim
Tp→∞

Re[ĝ(jωl)] = lim
Tp→∞

Re[e−jωlTp ĝo(jωl)]

= lim
Tp→∞

(cos(ωlTp)Re[ĝo(jωl)]− sin(ωlTp)Im[ĝo(jωl)])

= − lim
Tp→∞

Re[ĝo(jωl)], l = 1, ...n0. (B.8)
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By (B.2) and (B.3) the last equation can be written

lim
Tp→∞

Re[ĝ(jωl)]

= − lim
ωl→0

Re[ĝo(jωl)], l = 1, ..., n0. (B.9)

By Theorem 1, the Popov criterion hence cannot hold in the high delay limit if

lim
Tp→∞

Re[ĝ(jωl)]

= − lim
ωl→0

Re[ĝo(jωl)] ≤ −1/k, l = 1, ..., n0, (B.10)

i.e if

lim
ωl→0

Re[ĝo(jωl)] > 1/k, l = 1, ..., n0. (B.11)

By Theorem 1, (45), (46) and Lemma B, the limiting value of (B.11) can be expressed as

lim
ωl→0

Re[ĝo(jωl)] (B.12)

= Gp,oFy,o
b1...bnbd1...dnd
a1...anac1...cnc

, l = 1, ..., n0. (B.13)

This completes the proof of Theorem 2.
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