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Abstract

The Ice Sheet Coupled Approximation Level (ISCAL) method is extended so that the
non-linear Stokes equations governing ice sheet �ow are coupled with a hybrid model. The
hybrid model is a combination of the Shallow Ice Approximation (SIA) and the Shelfy
Stream Approximation (SSA). The Stokes equations are only solved where the hybrid
model is inaccurate, which is determined by an automatic error estimation. The method
is tested on short simulations of coupled ice sheet/ice shelf �ow. The ISCAL method
applies the SIA in the high friction inland areas, the SSA at the margins and the shelf,
and the Stokes equation at the grounding line, and occasionally at the dome. A method
for static load balancing of the ISCAL method is proposed.
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1 Introduction

The coupling between grounded ice sheets and �oating ice shelves is currently a subject of
intense research. Floating ice shelves buttress grounded ice sheets, so that if an ice shelf
disintegrates due to e.g. climate forcings, the drainage of ice from the interior may accelerate.
A key factor to consider is the position of the grounding line, i.e. the line were a grounded
ice sheet beomces a�oat, see Fig. 1. Ice sheets that are grounded below sea level, e.g. marine
ice sheets such as the West Antarctic Ice Sheet, are particularly sensitive to changes in the
grounding line position. This is so because the grounding line of such ice sheets is typically
on a retrograde slope, so that ice sheet retreat feeds into a positive feedback loop (Weertman,
1974; Schoof, 2007; Joughin and Alley, 2011; Gudmundsson, 2013; Ritz et al., 2015). Such
marine ice sheet instability is discussed in a recent study, suggesting that the sea level may
rise up to a meter by year 2100 due to damage to West Antarctic ice shelves in a warming
climate (DeConto and Pollard, 2016).
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Ice sheet modelling, and especially accurate and e�cient simulations of coupled ice sheet/ice
shelf �ow, is a challenging task. The non-linear Stokes equations governing ice dynamics are
complex and computationally demanding. In order to reduce the computational cost of nu-
merical simulations it is common to construct approximations by neglecting the stress or
strain rate components. In high friction areas, where the ice moves faster at the surface than
at the base, and vertically shearing dominates over stretching and horizontal plane shearing,
the Shallow Ice Approximation (SIA) is a good model. In high sliding areas such as in fast
�owing ice streams or in ice shelves, the situation is reversed so that stretching and horizontal
plane shearing dominates over the vertical shearing. In such areas the Shelfy Stream Approxi-
mation/Shallow Shelf Approximation (SSA) may be used. At the grounding line however, the
dynamics is composite, such that all stresses may be of importance and neither SIA nor SSA
is appropriate. Hybrid models that couple these two approximations across the grounding
lines have become popular, (Bueler and Brown, 2009; Pollard and DeConto, 2012). However,
to fully capture grounding line dynamics, the coupling should be modeled by the Stokes equa-
tions. This was shown in the MISMIP (Marine Ice Sheet Instability Model Intercomparison)
benchmark (Pattyn et al., 2012). In this study, we extend the ISCAL (Ice Sheet Coupled
Approximation Levels) method presented in Ahlkrona et al. (2016) so that, essentially, the
SIA is solved in the interior, the SSA in shelves and streams, and the Stokes equations in the
neighbourhood of the grounding line.

The ISCAL method, as it was described in Ahlkrona et al. (2016), coupled the Stokes
equations to the SIA so that the SIA was only applied where it is accurate, and the Stokes
equations were only solved where needed. It is important to note that it is based on an
automatic error estimation, and the user is not required to make any a priori assumptions
on where the SIA is appropriate. In Ahlkrona et al. (2016), fast �owing regions such as ice
streams were automatically modeled by the Stokes equations, while the interior regions were
computed by the SIA. The method was tested in a short simulation of the Greenland Ice Sheet
on a quasi-uniform mesh, proving it to accelerate simulations by a factor four. However, for
an ice sheet connected to large ice shelves or where large regions are occupied by ice streams,
the ISCAL method � as it was in Ahlkrona et al. (2016) � would lose performance.

In this paper a hybrid SIA+SSA model is coupled to the Stokes equations. The hybrid
model is based on the same approach as the model in Bueler and Brown (2009), i.e. the SSA
is used as a basal boundary condition for the SIA. The method is tested on a set-up based
on the MISMIP3D P75S benchmark experiment (Pattyn et al., 2013). In the original set-up,
the friction is low in both the interior and marginal areas, so that the SIA solution is not
relevant. In order to demonstrate the combination of all three models (SIA, SSA and Stokes),
we modify the sliding law so that the friction is high in the interior of the ice sheet. The new
developments are, like the original method, implemented in the community ice sheet model
Elmer/Ice (Gagliardini et al., 2013).
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Figure 1: An ice sheet with connected ice shelves. The characteristics of the ice �ow di�ers
between the interior, the ice streams, and the ice shelves. The ice surface position is described
by h(x, y, t) and the bedrock underneath is given by b(x, y). The normal vector n, is pointing
outwards from the ice. In two dimensions there is one tangential vector t, and in three
dimensions two orthogonal vectors span a tangential plane on the boundary of the ice.

2 Theory

2.1 Governing Equations

Ice sheet �ow can be described as non-Newtonian, creeping, thin �lm �ow over the bed
topography, governed by a non-linear version of the Stokes equations
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where (vx, vy, vz) are the velocity components in a Cartesian coordinate system, p is the
pressure, ρ the density of ice and g is the graviational acceleration. The viscosity depends on
the e�ective strain rate d as,

η =
1

2
A−1/nd−(1−1/n). (5)

The Glen exponent n is usually chosen as n = 3. The rate factor A = A(T ′) couples
the pressure melting point corrected temperature �eld T ′ to the velocity �eld through an
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exponential function (Greve and Blatter, 2009). In this paper isothermal conditions are
considered so that A is a constant. The e�ective strain rate is given by
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By keeping only horizontal stretching and horizontal plane shearing terms, and integrating
over the ice column, the SSA equations are obtained
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where η̄ is the vertically integrated viscosity, h the ice surface position and H the ice thickness.
The SSA equations are solved for (vx, vy) on a two-dimensional plane. If instead, only vertical
shearing terms are kept, the SIA solution may be derived as

vx = vb,x − 2(ρg)n
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p = ρg(h− z). (10d)

The SIA equations do not require the solution of a system of equations system. The integrals
in (11) are computed by the trapezoidal rule, and the basal velocity components, vb,z, vb,z
and vb,z, are given by the SSA velocity, so that

vb,x = vSSAx (11a)

vb,y = vSSAy (11b)

vb,z = 0. (11c)

Although the basal boundary condition vb,z is set to zero, the SSA velocity a�ects the vertical
velocity through mass balance

vHybrid
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)
dz′. (12)

Once the ice �ow equations are solved by either the hybrid model or the Stokes model, the
surface velocity �eld is inserted into the surface evolution equation

∂h

∂t
+ vx|z=h

∂h

∂x
+ vy|z=h

∂h

∂y
− vz = as, (13)

where the accumulation/ablation function as is given by climate forcings. A similar equation
is solved for the position of the interface between the ocean and the base of the ice shelf. The
corresponding forcing term ab is determined by the ocean water. In this study we set ab = 0.
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2.2 Boundary Conditions

At the ice surface, atmospheric stresses and pressure are negligible, which enforces the stress
free condition

σ · n = 0, (14)

where σ is the Cauchy stress tensor and n is the outward pointing normal vector. At the
calving front, the sea exerts a pressure, pw, normal to the ice{

pw = ρwg(l − z), if z < l,

pw = 0, if z ≥ l,
(15)

where l is the sea level position. The water pressure is also applied at the ice shelf base. At
the ice/bedrock interface, the sliding is given by a Weertman sliding law, relating the basal
velocities with basal shear stress as

τb = (ti · σ · n) = C|v · t|m−1v · ti, i= 1, 2 (16a)

(v · n) = 0, (16b)

where ti are tangential vectors spanning a tangential plane and C and m a given parameters.
At the ice shelf, free slip conditions hold. The transition from Weertman sliding to free slip
is discontinous, following the recommendations of Gagliardini et al. (2016).

3 The ISCAL method (extended)

3.1 Discretization and Elmer/Ice

The ISCAL method is built on the algorithm in the �nite element software Elmer/Ice, see
Gagliardini et al. (2013). The ice domain is discretized by creating a two-dimensional footprint
mesh, which is extruded to a three-dimensional mesh. Nodes are aligned in the vertical
direction, which enables e�cient implementation of the SIA vertical integration in (11), and
update of the position of the free surface and shelf/ocean interface in (13). Equal order bilinear
elements are employed, and for the Stokes equations, a Pressure Stabilized Petrov Galerkin
method is used to circumvent the inf-sup condition (Brezzi and Fortin, 1991; Tezduyar et al.,
1992). The non-linearity of the viscosity in the Stokes and the SSA equations is resolved via
a Picard iteration, so that a linear system

A(η)x = b (17)

is solved in each iteration. Note that the sti�ness matrix A depends on the viscosity. For the
stokes equations, the solution vector includes all velocity components x = (vx, vy, vz, p), and
the right hand side b is given by the force of gravity. For the SSA equations, the solution
vector is x = (vx, vy) and the right hand side is given by the force of gravity multiplied by the
free surface gradient, as in (8). Once the velocity is computed, the evolution equations for
the surface and ice shelf base are solved, and the mesh is updated. The model is integrated
in time by the implicit Euler method.
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3.2 Coupling and Error Estimation

First, the hybrid solution is computed on the entire domain Ω. This is done by solving SSA
at the basal surface b and subsequently inserting the solution into (11) and (12). Computing
the hybrid model only requires a fraction of the resources used to solve Stokes equations.
Then, the Stokes equations (1)-(4) are solved in the subdomain ΩStokes, with the hybrid
solution as boundary conditions. The subdomain ΩStokes is de�ned as the set of nodes where
the error in the hybrid is higher than some user-de�ned tolerance. As the Stokes equations
are not solved in the entire domain, the time required for both the assembly of the sti�ness
matrix and the solution of the system (17) is reduced. The complete solution is given by
xISCAL = (xΩ∩ΩStokes

Hybrid ,xΩStokes
Stokes ) .

The error, e, is estimated by comparing the hybrid solution to a reference solution,
ek = ||xk,hybrid − xk,reference||2, where k = x, y, z, p. The reference solution is computed
by assembling and solving the system for the entire domain, once in the end of the Picard
iteration. The sti�ness matrix of this system will depend on the viscosity as given by the IS-
CAL solution, Areference = A(η) = A(η(xISCAL)). Since A(η(xISCAL)) 6= A(η(xStokes)) the
estimated error does not equal the true error. It was however shown by numerical examples
in Ahlkrona et al. (2016), that the estimated error is a good approximation of the true error.

The hybrid model is considered su�ciently accurate if

ek ≤ max (εk,rel‖xk,reference‖, εk,abs) k = x, y, z, p, (18)

where εk,rel and εk,abs are the relative and absolute tolerances in each component k. In the
Greenland simulations in Ahlkrona et al. (2016), the error was measured in the horizontal
velocity components x and y. In this study, we are interested in all velocity components and
set a separate tolerance for each component. As in Ahlkrona et al. (2016) it is also possible to
estimate the error in a functional of the solution or in the residual of the equations, but this
is not within the scope of this study. For a more detailed description of the ISCAL method,
we refer to Ahlkrona et al. (2016).

3.3 Grounding Line Migration with the ISCAL method

Grounding line migration is already implemented in Elmer/Ice (Gagliardini et al., 2013). In
each time step, a contact problem is solved, where the normal force of the ice acting on the
bedrock is compared with the buoyancy force of the water. The normal force is given by
the residual of the Stokes equations. The grounding line migration introduces an additional
non-linearity into the problem, which is resolved inside the same non-linear iteration as the
non-linear viscosity. The residual can also be computed from the hybrid model, but in this
study, we assume that the nodes near the grounding line belong to ΩStokes. Simulations
show that this will happen automatically via the error estimation, but that single nodes may
occasionally be excluded from ΩStokes. In such cases, the error estimation is ignored and the
node is assigned to ΩStokes.

There is a second, more important reason for overriding the error estimation near the
grounding line. In the ISCAL method, the need for full Stokes accuracy is automatically de-
termined by the error estimation. However, the error estimation is based on the con�guration
from a previous timestep Ahlkrona et al. (2016). If the grounding line moves signi�cantly, it,
or the area immediately around it, may not be included in ΩStokes. This was not a problem

6



in the experiments in Ahlkrona et al. (2016), but because of the fundamental importance of
grounding line dynamics, it may be problematic in this study.

To increase accuracy of the hybrid model, we force the SSA at the calving front and
at the grounding line, we force the horizontal velocity to equal the Stokes solution of the
previous time step here. Obviously, this is an approximation, but it was found to increase the
accuracy of the hybrid model. Note that it is possible to make any ad-hoc approximation or
assumption in the hybrid model, as the error estimation detects associated errors, which is
one of the strong points of the ISCAL method.

3.4 The ISCAL method in parallel

With small modi�cations, the ISCAL method inherits its parallelization algorithm from the
original algorithm in Elmer/Ice. For opitmal e�ciency, the partitioning procedure does how-
ever require some extra attention. Normally, each partition is assigned roughly the same
amount of nodes as the work load in each node is assumed to be equal. Since nodes in ΩStokes

are associated with a signi�cantly higher load than a node in Ω ∩ ΩStokes, this leads to poor
a load balance for the ISCAL method. A remedy to this is to run a short pre-simulation
before the main simulation, so that an estimate of ΩStokes is obtained. Based on this esimate,
nodes that are inside of ΩStokes are assigned weights that are higher than nodes outside of
ΩStokes. As meshes for ice sheet modelling are typically partitioned in the two-dimensional
(x, y)-plane, the weights are summed over each ice column. The integrated weights are then
used partition the mesh in MeTis (Karypis and Kumar, 2009). The di�erence in weights
between Stokes and hybrid nodes should not be exaggerated becuase other solvers, such at
the surface evolution equation, are optimal for an equal distribution of nodes. Note also that
if ΩStokes is changed signi�cantly during the simulation, an intermediate re-partitioning may
be required.

4 Numerical Experiments

4.1 Model problem

Except for the sliding parameters, the model problem is identical to the MISMIP3D P75S
set-up (Pattyn et al., 2013). The lateral boundaries of the domain are at x = [0, 800 000],
and y = [0, 50 000] m. The calving front is at x = 800 000 m, and at x = 0, the symmmetry
condition vx = 0 holds. At y = 0 (symmetry) and y = 50 000 (physical border), normal �ux
is zero, vy = 0. The bedrock is given by

b = −100− x, (19)

and the initial surface position is given by the Elmer/Ice outcome of the MISMIP3D stnd
experiment (Favier et al., 2012). In the stnd experient, an ice sheet with connected ice
shelf is built up by an accumulation of 0.5 m/a and with a constant sliding parameter C =
3.165176 · 10−2 MPa m−1/3 a1/3, see (16).

Since the purpose of this experiment is to demonstrate the three-fold coupling of the SIA,
SSA and Stokes equations, and because the P75S results in low friction in the entire domain,
we increase the friction parameter C in the interior of the ice sheet. Furthermore, as in the
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P75S experiment, a Gaussian perturbation is introduced at the initial grounding line position,
to trigger a grounding line migration. The �nal expression for the sliding parameter is

C = 3.165176 · 10−2

(
1− ae

(
− (x−bx)2

2cx2 −
(y−by)2

2cy2

))
+min(0.1, 0.1e(−10−11x2)). (20)

Here a = 0, 75 is the amplitude of the Gaussian perturbation, cx = cy = 150 km governs the
width of the Gaussian, and (bx, by) de�nes the initial position of the grounding line as given
by the stnd outcome. Because (20) is inconsistent with the stnd experiment, a short prior
simulation is run to let the ice sheet relax given C as in (20) and a = 0. After the Gaussian
bump is introduced, the ISCAL method is applied. In this limited study, the simulation was
run from t = 0 to t = 4 years with a timestep of 0.5 years. The simulations are run in parallel
on 24 cores. All nodes within a distance dGL of 40 km from the grounding line, or in which
the hybrid model is inaccurate, are associated to ΩStokes. The error tolerances and other
parameters relevant for the simulations are listed in Table 1. The tolerance for the pressure
is high since the Stokes and the hybrid pressure are almost identical and an error tolerance is
unnecessary.

Table 1: Parameters in the grounding line experiment

Rate factor A 315.36 MPa−3a−3

Ice density ρ 9.049598 · 10−19 MPa m−2 a−2

Water density ρw 1.005511 · 10−18 MPa m−2 a−2

Accumulation rate as 0.5 ma−1

Sliding exponent m 1/3
Stokes distance dGL 40 km
Relative Error Tolerance, x εx,rel 10 %
Relative Error Tolerance, y εy,rel 10 %
Relative Error Tolerance, z εz,rel 10 %
Relative Error Tolerance, p εp,rel 100 %
Absolute Error Tolerance, x εx,abs 10 m/a
Absolute Error Tolerance, y εy,abs 10 m/a
Absolute Error Tolerance, z εz,abs 3 m/a
Absolute Error Tolerance, p εp,abs 1020 MPa
Time step size ∆t 0.5 a
Number of mesh nodes N 8500
Number of cores (for parallel run) 24

5 Results

The hybrid velocity magnitude (i.e. SIA/SSA) and the ISCAL velocity magnitude (i.e.
SIA/SSA/Stokes) after 4 years is shown in Fig. 2. Note the enhanced sliding over the Gaus-
sian bump. The associated (estimated) relative and absolute errors in hybrid x-velocity and
z-velocity for the same timestep are presented in Fig. 3 and Fig. 4. Both the x-component
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(a) ISCAL (b) Hybrid

Figure 2: Velocity magnitude computed by the ISCAL method and the hybrid method after
4 years.

and z-component is high at the grounding l ine. Because the vertical velocity in the ice shelf
is near zero, the z-component of the relative error is aslo high in the entire ice shelf. Near
the dome, both the x- and z-component of the relative error is high. This may be due to
that neither SIA nor SSA is valid near domes. There are indications that the relative error is
slightly underestimated after a few time steps in high sliding regions, but this needs further
investigation. Fig. 5 shows in which areas the SIA, SSA and Stokes equations are applied.
To visualize where the SIA dominates the SSA and vice versa, we computed the ratio R

R =
||vSSAx ||2 + ||vSSAy ||2 + ||

∫ z
b

(
∂vSSA

x
∂x +

∂vSSA
y

∂y

)
dz′||2

||vHybrid
x ||2 + ||vHybrid

y ||2 + ||vHybrid
z ||2

, (21)

so that R = 1 when the SIA solution is zero, and R = 0 when the SSA solution is zero.
As Fig. 5 shows, the SIA and SSA are automatically assigned to the areas where they are
expected to be valid and change as the ice sheet evolves. The Stokes equations are solved at
the grounding line, not only within the 40 km which is forced to be included in ΩStokes, but
also in an area around it.

6 Discussion and Conclusions

The ISCAL method, which was introduced in Ahlkrona et al. (2016) has been further de-
veloped to couple not only the full Stokes equations and the SIA, but also the full Stokes
equations and a SIA/SSA hybrid model. Furthermore, a method for static load balancing
was suggested. The ISCAL method was tested on a modi�ed MISMIP3D set-up to demon-
strate its applicability to ice shelves and grounding line dynamics.

For these short simulations on coarse meshes the ISCAL works as expected. However, the
study is too small to evaluate whether or not it is stable and accurate for long simulations
of coupled ice sheet/ice shelf �ow. Possible extensions of this study is to perform the full
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(a) Absolute error x-velocity (b) Absolute error z-velocity

Figure 3: Absolute error in the hybrid velocity �eld after 4 years.

(a) Relative error x-velocity (b) Relative error z-velocity

Figure 4: Relative error of the hybrid velocity after 4 years.
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(a) t = 0.5 a

(b) t = 1.5 a (c) t = 4 a

Figure 5: Distribution of SIA, SSA and Stokes. The Stokes equations are applied in the red
areas. Blue color indicates that the SIA solution dominates the SSA solution, and green color
indicates that the SSA solution dominates the SIA solution, according to (21).
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MISMIP 3D experiments and compare with the Stokes model. For the ISCAL method to be
e�cient, sub-grid modelling methods are needed to circumvent extremely high resolutions at
the grounding line suggested in Gagliardini et al. (2016).
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