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Abstract

When recorded signals are corrupted by noise on both input
and output sides, all standard identification methods give bi-
ased parameter estimates, due to the presence of input noise.
This report discusses in what situations such a bias is large
and, consequently, when the errors-in-variables identification
methods are to be preferred.

1 Introduction

All standard identification methods, see for example [21], [37]
yield biased (rather, non-consistent) estimates when the mea-
sured input signal contains additional noise. In case also the
input data are affected by noise, the estimation of the param-
eters for linear dynamic systems is recognized as a more dif-
ficult problem. Representations where errors or measurement
noises are present on both inputs and outputs are usually called
‘errors-in-variables’ (EIV) models. Such models play an im-
portant role when the purpose is determination of the physical
laws that describe the process, rather than the prediction of its
future behavior.

A thorough description of various methods that give consistent
identification of dynamic systems in an EIV setting is given in
the book [32]. See also the survey paper [29]. Aspects from
a user perspective on how to cope with EIV problems are dis-
cussed in [33]. For some further overviews, see [10] and [31].

For static systems, EIV representations are closely related to
other well-known topics such as latent variables models and
factor models, [6], [40], [27].

When the data are noisy data, the user will need to apply some
assumptions. This is needed to distinguish between on one
hand the effects on the recorded output of measurement noise,
and on the other hand the effects of the underlying noise-free
dynamics. The assumptions (prejudices) which lie behind the
identification procedure have been thoroughly analyzed in [12],
[13] with particular attention to the so called Frisch scheme,
[5].

There are many papers and publications where errors-in-
variables methods are used for various types of applications.
As examples, one can mention identifying transmissibility
functions in a mechanical mass-spring system, [41], data-
driven controller design algorithms, [39], [14], [38], [3], elec-
tromagnetic mineral exploration, [17], [15], [16], roll dynamics
of a ship, [18], structural health monitoring used to check the
status of (large) mechanical constructions and buildings, [9],
[11], [26], [1]. Additional applications are listed in e.g. [32].

The focus in this report is somewhat different. Assume that
there is in fact some measurement noise on the recorded input
signal, but that this is neglected when applying a standard sys-
tem identification technique. The problem under discussion is
to find out in what situations the obtained bias will be signif-
icant, or even large. Phrased differently, when is it important
to apply EIV techniques? For example, one may want to know
how the size of the bias is influenced by the system dynamics,
and by the character of the true input. In the report it will be
shown that a critical situation where the standard identification
methods yield highly biased estimates arises when the system
is almost not identifiable due to the presence of a small pole-
zero separation. In this case, it is shown that EIV identification
techniques lead to more accurate results. All these considera-
tions will be supported by simple numerical examples.

The report is organized as follows. The next section describes
the modelling and general problem formulation. The main
ideas behind this paper are presented in Section 3. More spe-
cific and explicit analysis for some typical model structures are
then given in Section 4. Section 5 describes the performance of
EIV based techniques for the situation where standard identi-
fication methods give significantly biased parameter estimates.
Section 6 contains some concluding discussion.

2 Modelling and problem formulations

This section starts off by giving assumptions on the recorded
data. This is formulated as a description of the unknown sys-
tem to be identified. Next a general model description is postu-
lated for identification purposes, and the problem formulation
is given.

Assume that the system (the mathematical description of the



unknown dynamics to be identified) is linear and single input-
single output. Measurements of both input and output are as-
sumed to be noise-corrupted. In mathematical form, these as-
sumptions are expressed as

y(t) = G0(q)u0(t) +H0(q)e(t) , (1)
u(t) = u0(t) + ũ(t) , (2)
u0(t) = F (q)v(t) . (3)

Here u0(t) denotes the noise-free input signal, while u(t) is the
noise-corrupted input and y(t) is the noise-corrupted output.
Further, the transfer functions G0(q), H0(q) and F (q) are all
assumed to be rational functions of the shift operator q. To
simplify expressions in the following the argument q will often
be dropped.

The input noise ũ(t) is assumed to be white with unknown vari-
ance λ2

u. Further, e(t) is assumed to be white noise with vari-
ance λ2

e, and v(t) is assumed to be white noise with variance
λ2
v . The output noise is therefore an ARMA process and it is

white only in the special case H0(q) = 1. Note that the out-
put noiseH0(q)e(t) consists of both process noise affecting the
system as well as measurement noise. The equation (3) means
that the noise-free input u0(t) is an ARMA process.

It is also assumed that the signals e(t), v(t) and ũ(t) are inde-
pendent. This means in particular that open loop operation is
assumed.

Next the model description will be specified. Assume that a
model of the form

y(t) = G(q)u(t) +H(q)ε(t) (4)

is to be fitted to the recorded input-output data. Here G(q) =
G(q, θ) andH(q) = H(q, θ) are parameterized with a vector θ.
The dependence on θ is mostly not spelled out in what follows.

In the study assume that the parameterization is such that there
is a unique value θ∗ that makes

G(q, θ∗) ≡ G0(q), H(q, θ∗) ≡ H0(q) . (5)

This is a form of identifiability assumption.

Let the estimate (in the asymptotic case when the number of
data points N →∞) be denoted by θ̂. The bias of the estimate
is then

θ̃ = θ̂ − θ∗ . (6)

For consistency it is required that the bias is zero. For finite N
the situation is more subtle, and it is then hard to have precise
expressions for the bias. The focus here is therefore on the
asymptotic case, and one may think of the bias in this sense as
a systematic error that does not disappear when the number of
data points tends to infinity.

The problems to be discussed are the following:

• Problem 1. What factors influence the size of the bias θ̃?
This problem involves several aspects. For example, how
is the size of θ̃ is influenced by the filters G0, H0, F ?

• Problem 2. Another aspect concerns the fact that the bias
is a vector. Are there pertinent ways to express the size of
the bias? Can one use a scalar measure? Is it possible to
weight the importance of different components?

• Problem 3. For cases when the bias is large (or signifi-
cant), how does the EIV estimates behave? Assuming that
the presence of input noise is taken into account, what are
the properties of the parameter estimates?

Problems 1 and 2 are treated in Section 3, while Section 4 con-
tains a more explicit and detailed analysis of Problem 1. Sec-
tion 5 is devoted to a treatment of Problem 3.

3 Main ideas

3.1 Treatment of Problem 1

From now on assume that identification is made using the pre-
diction error method (PEM) applied to the data. In the case of
no input noise present it is well-known that PEM gives consis-
tent and statistically efficient parameter estimates, [20], [37].

The PEM means that the parameter estimate can be written as

θ̂ = argmin
θ
V (θ) , (7)

V (θ) =
1

2
E
{
ε2(t, θ)

}
. (8)

In (8) the prediction error ε(t, θ) can be found directly from
(4), leading to

ε(t) = H(q)−1 [y(t)−G(q)u(t)] . (9)

There is no general analytical way to express the bias θ̃. An
approximate way is as follows. The validity of this approxima-
tion will be tested in the next section. Let θ̂ denote the mini-
mum point of V (θ), and assume that the bias θ̃ is small. Then
try a linearization

0 = V ′θ (θ̂) ≈ V ′θ (θ∗) + V ′′θθ(θ∗)(θ̂ − θ∗) , (10)

leading to
θ̃ ≈ − [V ′′θθ(θ∗)]

−1
V ′θ (θ∗) . (11)

Next develop explicit expressions for the terms in the right hand
side of (11). To this aim, use the notations

εθ =
∂ε(t, θ)

∂θ
, (12)

Gθ =
∂G(q, θ)

∂θ
, (13)

Hθ =
∂H(q, θ)

∂θ
. (14)

Direct differentiation gives

V ′θ = E {ε(t, θ)εθ(t, θ)} , (15)
V ′′θθ = E {ε(t, θ)εθθ(t, θ)}+ E

{
εθ(t, θ)ε

T
θ (t, θ)

}
,(16)



and also

εθ(t, θ) = −
Hθ

H2
[y(t)−G(q)u(t)]− Gθ

H
u(t) . (17)

The expressions so far hold for a general value of the parameter
vector θ. Next specialize to the value θ = θ∗ and use the data
description in (1)-(3). This leads to

ε(t, θ∗) ≈ H−1
0 [G0u0(t) +H0e(t)−G0 (u0(t) + ũ(t))]

= e(t)−H−1
0 G0ũ(t) , (18)

εθ(t, θ∗) = −Hθ

H2
0

[G0u0(t) +H0e(t)−G0u0(t)−G0ũ(t)]

−Gθ
H0

[u0(t) + ũ(t)]

= −Gθ
H0

u0(t) +

(
G0Hθ

H2
0

− Gθ
H0

)
ũ(t)− Hθ

H0
e(t) .

(19)

Assume that the system operates in open loop, and thus that
v(t), e(t) and ũ(t) are independent. Then the gradient V ′θ (θ∗)
can be evaluated as follows:

V ′θ (θ∗) = −E
{(
H−1

0 G0ũ(t)
)(G0Hθ

H2
0

− Gθ
H0

)
ũ(t)

}
.

(20)

Recall now (11), which describes the bias error as

θ̃ = Prλ2
u , (21)

where

P = − [V ′′θθ(θ∗)]
−1

, (22)
r = V ′θ (θ∗)/λ

2
u . (23)

It holds that θ̃ → 0 as λ2
u → 0 (the bias will be small, if

the input noise level is small). Further, we can expect r to
be ’modest’ or ’well bounded’ in size. See equation (20), that
shows how r is directly proportional to the input noise variance
λ2
u. Therefore, for the bias θ̃ to be large, it is needed that P is

large. This occurs when V ′′θθ(θ∗) is almost singular. This in turn
happens when the system is (almost) not identifiable. Such a
situation can happen in two different ways:

• (Almost) overparameterization. This will show up in that
some polynomials of the model (one may think of an AR-
MAX model or an output error model) have (almost) a
common factor. See Section 4 for explicit details.

• The noisefree input u0 is (almost) not persistently excit-
ing of enough order. One can think of extreme cases such
as u0(t) ≡ 1, or even u0(t) ≡ 0. This reason for (al-
most) loss of identifiability is not examined in further de-
tails here. Some relevant papers for studying the problem
of identification under poor excitation include [19], [25],
[4], [7], [24], [22]. Typically, one can expect all parameter

estimates to be (very) uncertain. A low order of excitation
means that the input signal is (almost) the sum of a few si-
nusoids. One can expect that the system transfer function
is reasonably well estimated for precisely the frequencies
of these sinusoids, and will have large uncertainties other-
wise.

To sum up so far, what can be expected is very natural: When
the system is almost not identifiable several things happen:

• The Hessian V ′′θθ(θ∗) will be almost singular.

• The bias θ̃ will be large.

• The covariance matrix of the parameter estimate θ̂ will be
large.

3.2 Treatment of Problem 2

Next consider the possibility to use a scalar measure for ex-
pressing the size of the bias vector. The norm ‖ θ̃ ‖ is not
a good measure of the size of the bias. Indeed, the different
components of the parameter vector should not and cannot be
compared directly. Indeed they may represent different physi-
cal quantities, and how to compare ’apples’ and ’pears’ is then
nontrivial. Some sort of weighted norm is therefore a better
alternative, such as

W = θ̃TQθ̃ . (24)

whereQ is a nonnegative weighting matrix. Further, a measure
like the one in (24) should have a physical meaning, which im-
plies that the elements of the weighting matrixQ have different
physical units.

Example 1. One way to express the size of the bias vector is
to compare the true transfer function G with the one associated
with the parameter estimate θ̂. As a measure of the difference
between the true and the estimated transfer function, one may
use theL2-norm, and assume that the bias vector is small. Then
using linearization,

W =

∫
|Ĝ(eiω)−G(eiω)|2dω ≈

∫
|Gθ(eiω)θ̃|2dω

= θ̃T
∫
GTθ (e

−iω)Gθ(e
iω)dω︸ ︷︷ ︸

Q

θ̃ , (25)

and (25) can be taken as a definition of a weighting matrix Q.
In general Q in (25) will be positive semidefinite (and singu-
lar), unless the transfer functionG explicitly depends on all the
components of the parameter vector θ.

Example 2. Another way of introducing a weighting matrix Q
is to consider predictability. How much is the prediction error
variance degraded when an estimated model is used, instead of
a true system description? Again by linearization, assuming a
small bias, one can obtain

V = E
{
ε2(t, θ̂)

}
≈ E

{[
ε(t, θ∗) + εθ(t, θ∗)θ̃

]2}



= E
{
e2(t)

}
+ θ̃T E

{
εTθ (t, θ∗)εθ(t, θ∗)

}︸ ︷︷ ︸
Q

θ̃ . (26)

4 Detailed analysis of Problem 1

4.1 Preliminaries

This section gives more explicit forms of the analysis of Sec-
tion 3.1. Specialization to the output error model structure is
given in Section 4.2, and the case of the ARMAX model struc-
ture is described in Section 4.3. Section 4.4 generalizes the
output error model structure to a general linear model with cor-
related output noise. Section 4.5 is devoted to the case of al-
most unidentifiable systems, and what happens when they are
identified using reduced order models.

First some preliminaries for the so called Sylvester matrices are
given in this subsection.

Consider two polynomials

A = a0z
na + a1z

na−1 + . . .+ ana
, (27)

B = b0z
nb + b1z

nb−1 + . . .+ bnb
. (28)

Then the associated Sylvester matrix is the square matrix of
dimension (na + nb)× (na + nb) given by

S(A,B) =



b0 b1 . . . bnb
0

0
. . . . . .

b0 b1 . . . bnb

a0 a1 . . . ana 0

0
. . . . . .

a0 a1 . . . ana


. (29)

The properties of Sylvester matrices have been investigated in
many sources. Some basic properties are, for example, consid-
ered in [37]. Among the properties are the following:

• If A and B are coprime (that is, have no common zero),
then the Sylvester matrix S(A,B) is nonsingular.

• If A and B have precisely k > 0 common zeros, then
the Sylvester matrix S(A,B) singular. Further, its null
space has dimension k. The null space of ST (A,B) can
be characterized, see [37].

• Assume that A has zeros in αj , j = 1, . . . , na and that B
has zeros in βk, k = 1, . . . , nb. Then one can show that it
holds

det (S(A,B)) = (−1)na×nbanb
0 bna

0

na∏
j=1

nb∏
k=1

(αj − βk) .

(30)
Observe that (−1)na×nb = 1 unless both na and nb are
odd numbers. A proof of (30) is given in the appendix.

4.2 The output error model structure

The case of output error (OE) model structure is charaterized
by the following equations

y(t) = y0(t) + ỹ(t), E{ỹ2(t)} = λ2
y , (31)

u(t) = u0(t) + ũ(t), E{ũ2(t)} = λ2
u , (32)

Ay0(t) = Bu0(t) , (33)
A = 1 + a1q

−1 + . . .+ anaq
−na , (34)

B = b1q
−1 + . . .+ bnb

q−nb . (35)

The equation (33) refers to the model to be fitted. The true data
(’the system’) is assumed to also fulfil (33), but the polynomials
are then denoted A0, B0. Compared to (1) it here holds that
H0 = 1, i.e. the output noise is assumed to be white.

The asymptotic error criterion for OE is

V =
1

2
E{ε2(t)} , (36)

where the output error ε(t) is

ε(t) = y(t)− B

A
u(t) =

(
B0

A0
− B

A

)
u0(t) + ỹ(t)− B

A
ũ(t) .

(37)
Its gradient is easily found to be

ε′θ(t) =
(

B
A2 q
−1u(t) . . . B

A2 q
−nau(t)

− 1
Aq
−1u(t) . . . − 1

Aq
−nbu(t)

)T
= S(−A,B)

1

A2

 u(t− 1)
...

u(t− na − nb)


∆
= S(−A,B)ϕu(t) . (38)

One can now write the Hessian V
′′

θθ and the gradient V
′

θ as

V
′′

θθ(θ∗) = S(−A0, B0)PϕuST (−A0, B0)

= S(−A0, B0)Pϕu0
ST (−A0, B0)

+S(−A0, B0)PϕũST (−A0, B0) , (39)
V ′θ (θ∗) = E{ε(t)ε′(t, θ∗)}

= −S(−A0, B0)E{
B0

A0
ũ(t)ϕũ(t)}

∆
= −S(−A0, B0)r0 . (40)

An approximation of the expected bias then becomes, accord-
ing to (11),

β1 = −
(
V

′′

θθ(θ∗)
)−1

V ′θ (θ∗) = S−T (−A0, B0)P
−1
ϕu
r0 .

(41)
A somewhat cruder approximation is obtained by neglecting
the influence of the input noise in the matrix P−1

ϕu
, which would

lead to
β2 = S−T (−A0, B0)P

−1
ϕu0

r0 . (42)

One can now see that



• β2 increases linearly with λ2
u.

• β1 ≈ β2 for small values of λ2
u.

The true value of the (asymptotic) bias can be found by numer-
ically minimizing the loss function (36).

Both the more exact expression β1 and the cruder approxima-
tion β2 include the matrix inverse S−T (−A0, B0). When the
system has almost a pole-zero cancellation, this matrix inverse
will have large elements. To be specific, let the system have
poles pi, i = 1, . . . , na and zeros zj , j = 1, . . . , nb. Then set

δ = min
i,j
|pi − zj | (43)

which is a measure of the pole-zero separation. It now
follows from (30) that for small values δ the determinant of
the Sylvester matrix is proportional to δ. The inverse of the
Sylvester matrix will therefore generally have elements of the
order O(1/δ). Also the bias expressions (41) and (42) will be
of the order O(1/δ).

Numerical example

To explore the above results in more detail consider a simple
numerical example with na = 1, nb = 2 and where u0(t) is an
AR(1) process,

u0(t) = Fv(t), F =
(
1− 0.9q−1

)−1
, E{v2(t)} = 1 .

(44)
The other parameters in the numerical example are

a1 = −0.8, λ2
y = 10, b1 = 2 . (45)

In the numerical study the input noise variance λ2
u was varied.

So was also the coefficient b2 = 2(−0.8 − δ). Note that the
value δ = 0 corresponds to A0 and B0 having a common zero,
and identifiability is then lost.

In the numerical study the approximate bias expressions β1,
see (41), and β2, see (42) were computed. They are compared
to the ’true’ bias βt, computed by minimizing the loss func-
tion (36). The results were also compared numerically to some
Monte Carlo simulations, where the output error identification
method was applied to a number of realizations.

In the numerical examples, 100 realizations, each of length
1000 input-output pairs were used.

In Figure 1 the parameter biases versus the parameter δ are
displayed.

In Figure 2 the parameter biases versus the input noise variance
λ2
u are displayed.

As a further examination of how the bias errors are influenced
by the pole-zero separation δ, and by the input noise variance
λ2
u let both these two quantities vary, and examine the contour

levels of the biases.

Figure 1: Parameter biases versus δ. The true biases (βt) are
shown with solid lines. The approximate biases (β1) are shown
with dashed lines. The cruder approximate biases (β2) are
shown with dashdotted lines. The circles show the empirical
biases obtained by the Monte Carlo simulations from 100 real-
izations of length 1000. The value of the input noise variance
was λ2

u = 0.1.

Figure 2: Parameter biases versus λ2
u. The true biases (βt)

are shown with solid lines. The approximate biases (β1) are
shown with dashed lines. The cruder approximate biases (β2)
are shown with dashdotted lines. The circles show the empir-
ical biases obtained by the Monte Carlo simulations from 100
realizations of length 1000. The values of the parameter δ is
δ = 0.1.



Figure 3: Contour levels for parameter biases and the total bias
measure δG as functions of δ and λ2

u, δ > 0.

Figure 4: Contour levels for parameter biases and the total bias
measure δG as functions of δ and λ2

u, δ < 0.

In addition explore a scalar measure of the total parameter bias.
To that aim consider the relative error in the transfer function
G, taken as

δG =

∫
|B(eiω)
A(eiω) −

B0(eiω)
A0(eiω) |

2dω∫
|B0(eiω)
A0(eiω) |2dω

. (46)

This is indeed a scaled version of the criterion W in (25).

The study of how the biases of a1, b1 and b2 as well as δG
depend on δ and λ2

u is displayed in Figures 3 and 4, for positive
and negative values of δ, respectively.

The contour plots looked quite distorted for small positive val-
ues of δ. This is the reason why the δ axis starts at δ = 0.05 in
Figure 3. It seems reasonable to expect that this is connected
to false local minima.

Figure 5: The graph of W (a) for various values of the param-
eters δ and λ2

u.

A further examination of false local minima was undertaken
in the following way. The asymptotic loss function (with the
constant λ2

y subtracted) can be written as

V (a, b1, b2) = E{[y(t)− B

A
u(t)]2} − λ2

y

= E{[
(
B0

A0
− B

A

)
u0(t)−

B

A
ũ(t)]2} .

(47)

As the loss function V is quadratic in b1, b2, this minimization
can be done analytically and one can consider

W (a) = min
b1,b2

V (a, b1, b2) . (48)

Apparently, a local minimum of V (a, b1, b2) has a correspond-
ing local minimum of W (a). The behaviour of the concen-
trated loss function W (a) for some various values of δ and λ2

u

are given in Figure 5.

It is clear from Figure 5 that there are ’false’ local minima of
W (a), and hence also of V (a, b1, b2) for small positive values
of δ. Note that the true value of the parameter a is -0.8.

4.2.1 Some observations

• For the given example the experimental and numerical re-
sults coincide well with what could be expected from the-
ory.

• The approximate values for the biases coincide well with
the ’theoretical values’, especially for small values of λ2

u.

• Also for moderate values of λ2
u, the approximate bias val-

ues (β1 and β2) give fairly good approximations of the
biases.



• It is shown in Figure 1 that the biases grows without bound
when δ → 0. This is fairly natural. The limiting case
δ = 0, corresponds to a non-identifiable system, as then
there is a pole-zero cancellation in the transfer function
B/A.

• In the Monte Carlo simulations, when λ2
u was chosen

higher (in Figure 2), the output error estimates often
failed, and in quite a number of the realizations the param-
eter estimates were indeed (very) far from the true values.
This may be due to convergence to a ’false’ local mini-
mum.

• The cases displayed in Figure 1 show that indeed when the
system becomes unidentifiable (in this case due to pole-
zero cancellations), then the parameter biases will become
large.

• Some MC simulations were also tried for the case when
δ = 0.02, but it was then hard to get similarities to the
theoretical parameter biases.

4.3 The ARMAX model structure

Consider now an ARMAX model. This means that G and H in
(4) are given the same denominator.

This case is characterized by the following equations

y(t) = y0(t) + C/Aỹ(t), E{ỹ2(t)} = λ2
y , (49)

u(t) = u0(t) + ũ(t), E{ũ2(t)} = λ2
u , (50)

Ay0(t) = Bu0(t) , (51)
A = 1 + a1q

−1 + . . .+ anaq
−na , (52)

B = b1q
−1 + . . .+ bnb

q−nb , (53)
C = 1 + c1q

−1 + . . .+ cncq
−nc . (54)

Assuming that the unperturbed input signal u0(t) is persistently
exciting, the model is nonidentifiable precisely when all the
three polynomials A,B,C have a common factor. This corre-
sponds to the case of over-parameterization.

Assume that the true data corresponds to the transfer functions

G =
B1

A1
, H =

C1

D1
. (55)

This leads quickly to the following ARMAX model polynomi-
als

A = A1D1, B = B1D1, C = C1A1 . (56)

In case the two transfer functions G and H has some joint
poles, this means that the polynomials A1 and D1 are not co-
prime. In fact, the characteristic polynomial formed from these
joint poles will be a joint factor of A,B,C.

The asymptotic error criterion can still be written as in (36),
but now the error (in fact, the one-step ahead prediction error)
should instead of (37) be written as

ε(t, θ) =
A

C
y(t)− B

C
u(t)

=
AB0 −A0B

A0C
u0(t) +

A

C

C0

A0
ỹ(t)− B

C
ũ(t) .

(57)

Needless to say, (57) leads to various changes in the expression
for the gradient of ε(t) with respect to the parameters.

In this case the parameter vector θ is given by

θ =
(
a1 . . . ana b1 . . . bnb

c1 . . . cnc

)T
.

(58)
The derivatives of the polynomials can be written as

Aθ =
(
q−1 . . . q−na O1×(nb+nbc)

)
, (59)

Bθ =
(
O1×na

q−1 . . . q−nb O1×nc

)
, (60)

Cθ =
(
O1×(na+nb) q−1 . . . q−nc

)
. (61)

When evaluating an expression in (19) one gets

GHθ −GθH =
B0

A0

(
−C0Aθ

A2
0

+
Cθ
A0

)
−C0

A0

(
−B0Aθ

A2
0

+
Bθ
A0

)
= −C0

A2
0

Bθ +
B0

A2
0

Cθ . (62)

Using the above expressions in (18), (19) leads to

ε(t, θ∗) = e(t)− A0

C0

B0

A0
ũ(t) = e(t)− B0

C0
ũ(t) , (63)

εθ(t, θ∗) = −−B0Aθ +A0Bθ
A0C0

u0(t)

+
−C0Bθ +B0Cθ

C2
0

ũ(t)

−−C0Aθ +A0Cθ
A0C0

e(t) . (64)

The gradient of V in (11) becomes

V ′θ (θ∗) = −E
{[

B0

C0
ũ(t)

] [
−C0Bθ +B0Cθ

C2
0

ũ(t)

]}
, (65)

while the Hessian will be

V ′′θθ(θ∗) = cov

[
−B0Aθ +A0Bθ

A0C0
u0(t)

]
+cov

[
−C0Bθ +B0Cθ

C2
0

ũ(t)

]
+cov

[
−C0Aθ +A0Cθ

A0C0
e(t)

]
. (66)

A further simplification is possible using Sylvester matrices.
For example, consider the expression

φ1(t) =
−C0Bθ +B0Cθ

C2
0

ũ(t) . (67)



Figure 6: Parameter biases versus δ. The true biases (βt) are
shown with solid lines. The approximate biases (β1) are shown
with dashed lines. The cruder approximate biases (β2) are
shown with dashdotted lines. The circles show the empirical
biases obtained by the Monte Carlo simulations from 100 real-
izations of length 1000. The value of the input noise variance
was λ2

u = 0.1.

It follows from (60) and (61) that φ1(t) is an 1 × (na + nb +
nc) vector, with the first na elements being zero. The vector
composed of the elements na + 1, . . . , na + nb + nc can be
written as(
−C0q

−1 . . . −C0q
−nb B0q

−1 . . . B0q
−nc

) 1

C2
0

ũ(t)

=
1

C2
0

(
q−1ũ(t) . . . q−nb−nc ũ(t)

)
ST (−C0, B0) .

(68)

Numerical example

As a numerical illustration one can now consider the same ex-
ample and data as examined for the output error case in Sec-
tion 4.2. Note that the output error model corresponds to the
ARMAX model with the constraint C = A. Expressed differ-
ently, for the example studied here, it holds for the true data
A = 1− 0.8q−1 = C, while B = 2(1− (0.8 + δ)q−1).

The numerical investigations are displayed in Figures 6 and 7.

4.3.1 Some observations

• The OE and ARMAX models have mostly similar quali-
tative properties.

• The ARMAX models seem to be more robust than the OE
models, in the sense that no problems with false local min-
ima were observed.

• The Monte Carlo simulations give mostly (but not always)
similar results to those predicted by theory.

Figure 7: Parameter biases versus λ2
u. The true biases (βt)

are shown with solid lines. The approximate biases (β1) are
shown with dashed lines. The cruder approximate biases (β2)
are shown with dashdotted lines. The circles show the empir-
ical biases obtained by the Monte Carlo simulations from 100
realizations of length 1000. The value of the parameter δ is
δ = 0.1.

4.4 A general linear model structure

Consider in this subsection the general linear model structure
(4), where G and H are assumed to be rational functions with
independent parameters. One may thus regard this case as an
output error structure with correlated noise.

Specifically, assume

G(q) =
B(q)

A(q)
=

b1q
−1 + . . .+ bnb

q−nb

1 + a1q−1 + . . .+ ana
q−na

, (69)

H(q) =
C(q)

D(q)
=

1 + c1q
−1 + . . .+ cncq

−nc

1 + d1q−1 + . . .+ dnd
q−nd

. (70)

Then the prediction error becomes

ε(t, θ) =
D

C

[
y(t)− B

A
u(t)

]
(71)

=
D

C

[
B0

A0
u0(t) +

C0

D0
e(t)− B

A

(
u0(t) + ũ(t)

)]
.

(72)

Its gradient fulfils

∂ε

∂ai
(t) =

DBq−i

CA2
u(t) , (73)

∂ε

∂bi
(t) = −Dq

−i

CA
u(t) , (74)

∂ε

∂ci
(t) = −Dq

−i

C2

(
y(t)− B

A
u(t)

)
, (75)

∂ε

∂di
(t) =

q−i

C

(
y(t)− B

A
u(t)

)
. (76)



This leads to

ε′θ(t) =

 S(−A,B)ϕ1(t)

S(C,−D)ϕ2(t)

 , (77)

where

ϕ1(t) =
D

A2C

 q−1

...
q−na−nb

u(t) , (78)

ϕ2(t) =
1

C2

 q−1

...
q−nc−nd

(y(t)− B

A
u(t)

)
. (79)

When evaluating V
′

θ (θ∗) and V
′′

θθ(θ∗) one then gets

V
′

θ (θ∗) =

(
S(−A0, B0)r0

S(C0,−D0)r1

)
, (80)

r0 = −E

B0

A0
ũ(t)

D0

A2
0C0

 ũ(t− 1)
...

ũ(t− na − nb)


 ,

(81)

r1 = E

e(t) 1

C0D0

 e(t− 1)
...

e(t− nc − nd)


 , (82)

V
′′

θθ(θ∗) =

(
V11 0
0 V22

)
, (83)

V11 = S(−A0, B0)Pϕ1
ST (−A0, B0) , (84)

V22 = S(C0,−D0)Pϕ2
ST (C0,−D0) . (85)

4.4.1 Some observations

• As V
′′

θθ(θ∗) is block diagonal, the estimates of A and B
are (asymptotically) uncorrelated with the estimates of C
and D.

• If A0 and B0 have almost a pole-zero cancellation, then
the estimates of A and B are quite uncertain, just as in the
output error case.

• Similarly, If C0 and D0 have almost a pole-zero cancella-
tion, then the estimates of C and D are quite uncertain.

4.5 Using a reduced model structure

It was found above that when the pole-zero separation δ is small
is can be very hard to identify the system using the postulated
model structure. For identification, it may be an alternative to
instead using a reduced model where a pole-zero cancellation
is enforced. This idea is examined in this subsection.

As models of different orders are to be compared it is then
meaningful to use the criterion (46) as a measure of fit.

Figure 8: Frequency plots of the true system (dash-dotted lines)
and the approximate models (solid lines) for some different val-
ues of λ2

u and δ.

Figure 9: Contour plots of the criterion δG.

Numerical example

The same numerical example as in (44), (45) is considered.

Figure 8 shows the frequency plots of the true system (dash-
dotted lines) and the approximate models (solid lines) for some
different values of λ2

u and δ. As the true system is of first or-
der, the reduced model will be a constant in this case. Its value
is determined as the minimizer of the (asymptotic) output er-
ror criterion, taking the character of the noise-free input into
account.

Figure 9 shows contour plots of the criterion δG which ex-
presses the deviation of the estimated transfer function G of
the reduced order model from the true system transfer function
G0.



Figure 10: The criterion δG as a function of δ for some dif-
ferent values of λ2

u. The dashed lines refer to the deviation
between the true system and the reduced order model. The
solid lines refer to the deviation between the true system and
the full order model. The irregular behaviour of the solid lines
for small positive values of δ is due to the existence of local
minimum points, cf the discussion in Section 4.2.

Finally, Figure 10 shows how the criterion δG varies with the
pole-zero separation δ for some different values of the input
noise variance λ2

u.

4.5.1 Some observations

• The difference between the true system transfer function
and that of the reduced order model is increasing when the
noise variance λ2

u is increasing. It is also increasing when
the pole-zero separation δ is increasing.

• When the pole-zero separation δ is small, a reduced order
model gives a better fit than a full order model. This phe-
nomenon happens to be more pronounced in the example
for negative values of δ.

5 Treatment of Problem 3: How accurate are
EIV estimates for small pole-zero separa-
tions?

5.1 Introduction

So far it was shown that when a system is almost not identi-
fiable due to an almost pole-zero cancellation, then there will
be a considerable bias in the parameter estimates when EIV
aspects are not taken into account. Concerning the covariance
matrix a crude approximation would be that it is proportional
to V

′′

θθ(θ∗) just as in the case of no input noise.

More specifically, assume that there is a pole-zero distance δ
that is small. It was shown that, when neglecting that there is
input noise in the measurement and applying a standard identi-

fication method:

• There will be a bias that is O(1/δ).

• The estimates will have a standard deviation that is
O(1/δ).

What happens if an identification method taking the EIV as-
pects into account is applied? When δ → 0, identifiability is
lost. On the other hand, for small δ there should not be any
systematic estimation errors. One would therefore expect:

• There will be no asymptotic bias.

• The estimates will have a standard deviation that is
O(1/δ).

The purpose of this section is to examine and illustrate the stan-
dard deviation of the parameter estimates, for small values of
the pole-zero separation, for a simple example.

5.2 The example

Consider the following case, a first order output error model
structure. This is the same example as studied earlier in the
report.

y(t) = y0(t) + ỹ(t), E{ỹ2(t)} = λ2
y , (86)

u(t) = u0(t) + ũ(t), E{ũ2(t)} = λ2
u , (87)

Ay0(t) = Bu0(t) , (88)
A = 1 + a1q

−1 , (89)
B = b1q

−1 + b2q
−2, b2 = b1(a− δ) , (90)

u0(t) = Fv(t), F =
(
1− 0.9q−1

)−1
, E{v2(t)} = 1 ,

(91)
a1 = −0.8, λ2

y = 10, b1 = 2 . (92)

It is assumed that both the input noise ũ(t) and the output noise
ỹ(t) are white.

A number of different identification methods are considered.
They all apply to EIV models, and their asymptotic distribu-
tion of the parameter estimates are known. The asymptotic
normalized standard deviations of the estimates are computed
numerically, and the influence of the pole-zero separation δ is
examined in particular.

The following methods are considered:

1. Generalized IV estimates (GIVE), see [30]. This class of
identification methods include the Frisch scheme, see [2],
[8], [5], as well as the bias-eliminating method (BELS),
see [43], [42]. An overview of how these seemingly dif-
ferent method can be viewed as alternative algorithms for
solving the same set of nonlinear equations, such as (93)
below, appear in [34].



In GIVE, the following, possibly overdetermined, system
of equations is considered:

1

N

N∑
t=1

z(t)y(t) =
1

N

N∑
t=1

z(t)ϕT (t)θ , (93)

ϕT (t) =
(
−y(t− 1) u(t− 1) u(t− 2)

)
,

(94)
z(t) =

(
y(t) . . . y(t− 1− sy)

u(t− 1) . . . u(t− 2− su)
)T

,

(95)

with θ, λ2
y, λ

2
u as unknowns.

GIVE is applied here for two cases:

• GIVE1, with a minimal number of equations (su +
sy = 1). This choice is taken as

sy = 1, su = 0 . (96)

• GIVE2, which corresponds to an overdetermined
system of equations. The selected choice corre-
sponds to

sy = 3, su = 2 . (97)

2. Covariance matching method (CM), see [36], [35].

The GIVE estimates are obtained as a weighted nonlinear
least squares solution to a system of equations, see (93),
formed by covariance elements ry(τ), ru(τ), ryu(τ), for
a number of τ values. The aim of the CM method is to
make a more efficient use of the information in these sam-
ple covariance elements.

In the general CM case (as implemented) the used covari-
ance elements are

ry(τ), τ = 0, . . . , py, ru(τ), τ = 0, . . . , pu,
ryu(τ), τ = p1, . . . , p2 .

(98)

CM is applied for two cases:

• CM1, which corresponds to the same covariance el-
ements as GIVE1. This choice corresponds to

py = 2, pu = 1, p1 = −1, p2 = 2 . (99)

• CM2, which corresponds to the same covariance el-
ements as GIVE2. This choice corresponds to

py = 4, pu = 3, p1 = −3, p2 = 4 . (100)

3. ML, the maximum likelihood estimate, [20] using the full
EIV model structure. In this case also the input model
u0(t) = Fv(t) is estimated from the data. Assuming
v(t), e(t), ũ(t) are independent white and Gaussian noise,
the asymptotic covariance matrix is given by the Cramér-
Rao lower bound. A way to compute it is presented in
[28].

The asymptotic covariance matrices of all the parameter es-
timates are computed numerically for a number of δ values.
The matrices are normalized, such that for a large N the result
should be divided byN . The standard deviations are computed
for the estimates of a1, b1, b2, λ2

y and λ2
u.

The results are plotted in Figures 11 and 12.

5.2.1 Some observations

• The ML estimates are much more accurate than those of
the other methods. Further, for ML only the estimates of
a1 and b2 are sensitive to the pole-zero gap δ.

• Similarly, for GIVE2 and CM2, only the estimates of a1

and b2 are sensitive to the pole-zero gap δ.

• It is fairly natural that the estimates of a1 and b2 are sen-
sitive to the pole-zero gap δ, as they are linked to the pole
and zero positions. The parameter b1 on the other hand is
primarily linked to the static gain of the system.

• Both GIVE1 and CM1 are quite sensitive (show large
standard deviations) for small values of δ.

• GIVE2 shows great improvement over GIVE1. Similarly,
CM2 shows great improvement over CM1.

It was thus found that when there is a small pole-zero separa-
tion, the parameter estimates become uncertain, which is fairly
natural. In fact, for the model structure of this subsection one
can show by straightforward, but lengthy, calculations that for
small δ

std(â1) = O(1/δ), std(b̂1) = O(1), std(δ̂) = O(1) .
(101)

A much more general of the accuracy of estimated poles and
zeros can be found in [23].

6 Conclusions

When standard identification methods are applied to input-
output data that are noise-corrupted, biased parameter esti-
mates occur due to the presence of input noise. This paper has
addressed what factors that influence the size of this bias. It
has been assumed that a regular prediction error method is ap-
plied. When the input noise variance λ2

u is small, the bias will
be small and O(λ2

u). When the system is close to not identifi-
able due to almost pole-zero cancellation, the bias will be large.
It was shown that the bias is O(1/δ) where δ is the pole-zero
separation. Finally, when there is a small pole-zero separation
and some input noise, a reduced order model will typically give
a better fit than using the ’true’ model order.

If instead a model structure incorporating the presence of input
noise is applied, the estimates are consistent, but some of the
estimates show a standard deviation O(1/δ) for a small pole-
zero separation.



Figure 11: Standard deviations of the estimated a1, b1 and b2.

Figure 12: Standard deviations of the estimated λ2
y and λ2

u.
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A Proof of (30)

First note that for any given zero αj . the coefficients ak, k =
0, . . . , na are affine functions of αj . This means just that they
have one constant term and one linear term. For example, it
holds

a1 = −a0

∑
k

αk, ana = (−1)naa0αj

na∏
k 6=j

αk .

Then consider the determinant as a function of αj . Due to the
above observation it follows that it must be a polynomial in αj ,
and the order is na. This is true for all j = 1, . . . , na.

Further, as the determinant is zero as soon asA andB have any
joint zero, it now follows that the determinant can be written as

det(S(A,B)) = C

na∏
j=1

nb∏
k=1

(αj − βk) ,

where C is a constant, that remains to be determined.

To find C, consider the product of highest powers of the zeros
αj , j = 1, . . . na among all terms summing up to the deter-
minant. The highest powers will be obtained precisely when
considering the main diagonal. This leads to

C

na∏
j=1

nb∏
k=1

αj = bna
0 anb

na

⇒

C

 na∏
j=1

αj

nb

= bna
0

(
a0(−1)na

na∏
k=1

αk

)nb

= bna
0 anb

0 (−1)na×nb

(
na∏
k=1

αk

)nb

⇒
C = (−1)na×nb ,

which finally proves (30).


