
Probabilistic Machine Learning
Lecture 8 – Graphical models

Lawrence Murray, Uppsala University
2018-05-15

Outline – Lecture 8

Aim: To understand the language of graphical models for rep-
resenting probabilistic models.

1. Languages for probabilistic models
2. Directed graphical models
3. Undirected graphical models
4. Factor graphs
5. Converting between the different types.
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Languages for probabilistic models

There are many ways of expressing probabilistic models, and
each offers a different, and useful, perspective.

1. Mathematical
Provides the equations that we need for a precise
understanding of a model.

2. Graphical
Visualises the structure of a model for quick
communication and high-level calculations.

3. Programmatical
Provides the means of performing the computations
necessary.
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Example: Polynomial regression

• Let t1:N be the values of a function at the points x1:N.
• Find the Mth degree polynomial approximating the
function, with coefficients w ∈ RM+1
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Example: Polynomial regression

For n = 1, . . . ,N, and ϕ(x) = (1, x, x2, . . . , xM)T:

tn = wTϕ(xn) + vn vn ∼ N (0, σ2),

with
w ∼ N (0,Σ).

The joint distribution can be written:

p(t1:N,w) = p(t1:N |w)p(w) = p(w)
N∏
n=1

p(tn |w).

What is the reason for this last equality?
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Example: Polynomial regression

Whenw is known it renders the variables {tn}Nn=1 conditionally
independent.

• These conditional independencies are usually what we
refer to when talking about the structure of a model.

• Graphical models are visual languages that draw particular
focus to this structure over other aspects of a model.

· · ·

w

t1 t2 tN

· · ·

w

t1 t2 tN
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Types of graphical models

1. Directed graphs (a.k.a. Bayesian
networks) represent a set of random
variables and their conditional
dependence structure.

2. Undirected graphs (a.k.a. Markov
random fields) represents a set of
random variables and their Markov
structure.

3. Factor graphs are a more convenient
form obtained from the above two for
the purposes of inference and learning.
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Figure 8.1 A directed graphical model representing the joint probabil-
ity distribution over three variables a, b, and c, correspond-
ing to the decomposition on the right-hand side of (8.2).

a

b

c

(8.2). Then, for each conditional distribution we add directed links (arrows) to the
graph from the nodes corresponding to the variables on whichthe distribution is
conditioned. Thus for the factorp(c|a, b), there will be links from nodesa andb to
nodec, whereas for the factorp(a) there will be no incoming links. The result is
the graph shown in Figure 8.1. If there is a link going from a nodea to a nodeb,
then we say that nodea is theparentof nodeb, and we say that nodeb is thechild
of nodea. Note that we shall not make any formal distinction between anode and
the variable to which it corresponds but will simply use the same symbol to refer to
both.

An interesting point to note about (8.2) is that the left-hand side is symmetrical
with respect to the three variablesa, b, andc, whereas the right-hand side is not.
Indeed, in making the decomposition in (8.2), we have implicitly chosen a particular
ordering, namelya, b, c, and had we chosen a different ordering we would have
obtained a different decomposition and hence a different graphical representation.
We shall return to this point later.

For the moment let us extend the example of Figure 8.1 by considering the joint
distribution overK variables given byp(x1, . . . , xK). By repeated application of
the product rule of probability, this joint distribution can be written as a product of
conditional distributions, one for each of the variables

p(x1, . . . , xK) = p(xK |x1, . . . , xK−1) . . . p(x2|x1)p(x1). (8.3)

For a given choice ofK, we can again represent this as a directed graph havingK
nodes, one for each conditional distribution on the right-hand side of (8.3), with each
node having incoming links from all lower numbered nodes. Wesay that this graph
is fully connectedbecause there is a link between every pair of nodes.

So far, we have worked with completely general joint distributions, so that the
decompositions, and their representations as fully connected graphs, will be applica-
ble to any choice of distribution. As we shall see shortly, itis theabsenceof links
in the graph that conveys interesting information about theproperties of the class of
distributions that the graph represents. Consider the graph shown in Figure 8.2.
This is not a fully connected graph because, for instance, there is no link fromx1 to
x2 or fromx3 to x7.

We shall now go from this graph to the corresponding representation of the joint
probability distribution written in terms of the product ofa set of conditional dis-
tributions, one for each node in the graph. Each such conditional distribution will
be conditioned only on the parents of the corresponding nodein the graph. For in-
stance,x5 will be conditioned onx1 andx3. The joint distribution of all7 variables
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Figure 8.31 An undirected graphical model representing a
Markov random field for image de-noising, in
which xi is a binary variable denoting the state
of pixel i in the unknown noise-free image, and yi

denotes the corresponding value of pixel i in the
observed noisy image.

xi

yi

indices of neighbouring pixels. Again, we want the energy tobe lower when the
pixels have the same sign than when they have the opposite sign, and so we choose
an energy given by−βxixj whereβ is a positive constant.

Because a potential function is an arbitrary, nonnegative function over a maximal
clique, we can multiply it by any nonnegative functions of subsets of the clique, or
equivalently we can add the corresponding energies. In thisexample, this allows us
to add an extra termhxi for each pixeli in the noise-free image. Such a term has
the effect of biasing the model towards pixel values that have one particular sign in
preference to the other.

The complete energy function for the model then takes the form

E(x,y) = h
∑

i

xi − β
∑

{i,j}

xixj − η
∑

i

xiyi (8.42)

which defines a joint distribution overx andy given by

p(x,y) =
1

Z
exp{−E(x,y)}. (8.43)

We now fix the elements ofy to the observed values given by the pixels of the
noisy image, which implicitly defines a conditional distribution p(x|y) over noise-
free images. This is an example of theIsing model, which has been widely studied in
statistical physics. For the purposes of image restoration, we wish to find an imagex
having a high probability (ideally the maximum probability). To do this we shall use
a simple iterative technique callediterated conditional modes, or ICM (Kittler and
Föglein, 1984), which is simply an application of coordinate-wise gradient ascent.
The idea is first to initialize the variables{xi}, which we do by simply settingxi =
yi for all i. Then we take one nodexj at a time and we evaluate the total energy
for the two possible statesxj = +1 andxj = −1, keeping all other node variables
fixed, and setxj to whichever state has the lower energy. This will either leave
the probability unchanged, ifxj is unchanged, or will increase it. Because only
one variable is changed, this is a simple local computation that can be performedExercise 8.13
efficiently. We then repeat the update for another site, and so on, until some suitable
stopping criterion is satisfied. The nodes may be updated in asystematic way, for
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(a) (b) (c)

Figure 8.43 (a) A directed polytree. (b) The result of converting the polytree into an undirected graph showing
the creation of loops. (c) The result of converting the polytree into a factor graph, which retains the tree structure.

precise form of the factorization. Figure 8.45 shows an example of a fully connected
undirected graph along with two different factor graphs. In(b), the joint distri-
bution is given by a general formp(x) = f(x1, x2, x3), whereas in (c), it is given
by the more specific factorizationp(x) = fa(x1, x2)fb(x1, x3)fc(x2, x3). It should
be emphasized that the factorization in (c) does not correspond to any conditional
independence properties.

8.4.4 The sum-product algorithm

We shall now make use of the factor graph framework to derive apowerful class
of efficient, exact inference algorithms that are applicable to tree-structured graphs.
Here we shall focus on the problem of evaluating local marginals over nodes or
subsets of nodes, which will lead us to thesum-productalgorithm. Later we shall
modify the technique to allow the most probable state to be found, giving rise to the
max-sumalgorithm.

Also we shall suppose that all of the variables in the model are discrete, and
so marginalization corresponds to performing sums. The framework, however, is
equally applicable to linear-Gaussian models in which casemarginalization involves
integration, and we shall consider an example of this in detail when we discuss linear
dynamical systems.Section 13.3

Figure 8.44 (a) A fragment of a di-
rected graph having a lo-
cal cycle. (b) Conversion
to a fragment of a factor
graph having a tree struc-
ture, in which f(x1, x2, x3) =
p(x1)p(x2|x1)p(x3|x1, x2).

x1 x2

x3

(a)

x1 x2

x3

f(x1, x2, x3)

(b)
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Common elements
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The different types have common elements:

• Nodes represent random variables.
• Filled nodes represent observed random variables.
• Empty nodes represent unobserved random variables.
• Edges represent relationships between random variables.
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Scope

P
UD

• The space of all probabilistic models is P.
• The directed (D) and undirected (U) classes of graphical
models intersect.

• Probabilistic programs attempt to fill the whole space P.
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Directed Graphical Models

Directed Graphical Models

• A directed graphical model represents the decomposition
of a joint distribution into a product of conditional
distributions.

• Edges are directed from a parent node to a child node and
represent conditional dependencies.

• It is the absence of an edge that conveys interesting
information regarding conditional independencies.
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Directed Graphical Models

a

b

c

p(a,b, c) =
p(a)p(b |a)p(c |a,b)

a

b

c

p(a,b, c) =
p(a)p(b |a)p(c |a)

In directed graphical models, factorisation of the joint distri-
bution into conditional probability distributions is clear.
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Directed graphical models and conditional independence8.2. Conditional Independence 379

Figure 8.22 Illustration of the con-
cept of d-separation. See the text for
details.

f

e b

a

c

(a)

f

e b

a

c

(b)

be satisfied by any distribution that factorizes according to this graph. Note that this
path is also blocked by nodee becausee is a head-to-head node and neither it nor its
descendant are in the conditioning set.

For the purposes of d-separation, parameters such asα andσ2 in Figure 8.5,
indicated by small filled circles, behave in the same was as observed nodes. How-
ever, there are no marginal distributions associated with such nodes. Consequently
parameter nodes never themselves have parents and so all paths through these nodes
will always be tail-to-tail and hence blocked. Consequently they play no role in
d-separation.

Another example of conditional independence and d-separation is provided by
the concept of i.i.d. (independent identically distributed) data introduced in Sec-
tion 1.2.4. Consider the problem of finding the posterior distribution for the mean
of a univariate Gaussian distribution. This can be represented by the directed graphSection 2.3
shown in Figure 8.23 in which the joint distribution is defined by a priorp(µ) to-
gether with a set of conditional distributionsp(xn|µ) for n = 1, . . . , N . In practice,
we observeD = {x1, . . . , xN} and our goal is to inferµ. Suppose, for a moment,
that we condition onµ and consider the joint distribution of the observations. Using
d-separation, we note that there is a unique path from anyxi to any otherxj 6=i and
that this path is tail-to-tail with respect to the observed nodeµ. Every such path is
blocked and so the observationsD = {x1, . . . , xN} are independent givenµ, so that

p(D|µ) =

N∏

n=1

p(xn|µ). (8.34)

Figure 8.23 (a) Directed graph corre-
sponding to the problem
of inferring the mean µ of
a univariate Gaussian dis-
tribution from observations
x1, . . . , xN . (b) The same
graph drawn using the plate
notation.

µ

x1 xN

(a)

xn

N

N

µ

(b)
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• In the above graph, is a conditionally independent of b
given c? (We write this a ⊥ b | c.)

• To answer this, we will need a concept called
d-separation.

• This is the difficult part with directed models: factors are
clear, but conditional independencies not so much.
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Tail-to-tail nodes
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Figure 8.16 As in Figure 8.15 but where we have conditioned on the
value of variable c.

c

a b

where∅ denotes the empty set, and the symbol6⊥⊥ means that the conditional inde-
pendence property does not hold in general. Of course, it mayhold for a particular
distribution by virtue of the specific numerical values associated with the various
conditional probabilities, but it does not follow in general from the structure of the
graph.

Now suppose we condition on the variablec, as represented by the graph of
Figure 8.16. From (8.23), we can easily write down the conditional distribution of
a andb, givenc, in the form

p(a, b|c) =
p(a, b, c)

p(c)

= p(a|c)p(b|c)

and so we obtain the conditional independence property

a ⊥⊥ b | c.

We can provide a simple graphical interpretation of this result by considering
the path from nodea to nodeb via c. The nodec is said to betail-to-tail with re-
spect to this path because the node is connected to the tails of the two arrows, and
the presence of such a path connecting nodesa andb causes these nodes to be de-
pendent. However, when we condition on nodec, as in Figure 8.16, the conditioned
node ‘blocks’ the path froma to b and causesa and b to become (conditionally)
independent.

We can similarly consider the graph shown in Figure 8.17. Thejoint distribu-
tion corresponding to this graph is again obtained from our general formula (8.5) to
give

p(a, b, c) = p(a)p(c|a)p(b|c). (8.26)

First of all, suppose that none of the variables are observed. Again, we can test to
see ifa andb are independent by marginalizing overc to give

p(a, b) = p(a)
∑

c

p(c|a)p(b|c) = p(a)p(b|a).

Figure 8.17 The second of our three examples of 3-node
graphs used to motivate the conditional indepen-
dence framework for directed graphical models.

a c b

c© Christopher M. Bishop (2002–2006). Springer, 2006. First printing.
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c

a b

• Is a ⊥ b | c? i.e. does p(a,b | c) = p(a | c)p(b | c)?
• Is a ⊥ b? i.e. does p(a,b) = p(a)p(b)?

Rule for tail-to-tail nodes
For conditional independence of two nodes, the tail-to-tail
nodes between them must be observed.

12/35

Head-to-tail nodes
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Figure 8.18 As in Figure 8.17 but now conditioning on node c. a c b

which in general does not factorize intop(a)p(b), and so

a 6⊥⊥ b | ∅ (8.27)

as before.
Now suppose we condition on nodec, as shown in Figure 8.18. Using Bayes’

theorem, together with (8.26), we obtain

p(a, b|c) =
p(a, b, c)

p(c)

=
p(a)p(c|a)p(b|c)

p(c)

= p(a|c)p(b|c)

and so again we obtain the conditional independence property

a ⊥⊥ b | c.

As before, we can interpret these results graphically. The nodec is said to be
head-to-tailwith respect to the path from nodea to nodeb. Such a path connects
nodesa andb and renders them dependent. If we now observec, as in Figure 8.18,
then this observation ‘blocks’ the path froma to b and so we obtain the conditional
independence propertya ⊥⊥ b | c.

Finally, we consider the third of our 3-node examples, shownby the graph in
Figure 8.19. As we shall see, this has a more subtle behaviourthan the two
previous graphs.

The joint distribution can again be written down using our general result (8.5) to
give

p(a, b, c) = p(a)p(b)p(c|a, b). (8.28)

Consider first the case where none of the variables are observed. Marginalizing both
sides of (8.28) overc we obtain

p(a, b) = p(a)p(b)

Figure 8.19 The last of our three examples of 3-node graphs used to
explore conditional independence properties in graphi-
cal models. This graph has rather different properties
from the two previous examples.

c

a b
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• Is a ⊥ b | c? i.e. does p(a,b | c) = p(a | c)p(b | c)?
• Is a ⊥ b? i.e. does p(a,b) = p(a)p(b)?

Rule for head-to-tail nodes
For conditional independence of two nodes, the head-to-tail
nodes between them must be observed.
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Head-to-head nodes
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Figure 8.20 As in Figure 8.19 but conditioning on the value of node
c. In this graph, the act of conditioning induces a depen-
dence between a and b.

c

a b

and soa andb are independent with no variables observed, in contrast to the two
previous examples. We can write this result as

a ⊥⊥ b | ∅. (8.29)

Now suppose we condition onc, as indicated in Figure 8.20. The conditional
distribution ofa andb is then given by

p(a, b|c) =
p(a, b, c)

p(c)

=
p(a)p(b)p(c|a, b)

p(c)

which in general does not factorize into the productp(a)p(b), and so

a 6⊥⊥ b | c.

Thus our third example has the opposite behaviour from the first two. Graphically,
we say that nodec is head-to-headwith respect to the path froma to b because it
connects to the heads of the two arrows. When nodec is unobserved, it ‘blocks’
the path, and the variablesa and b are independent. However, conditioning onc
‘unblocks’ the path and rendersa andb dependent.

There is one more subtlety associated with this third example that we need to
consider. First we introduce some more terminology. We say that nodey is a de-
scendantof nodex if there is a path fromx to y in which each step of the path
follows the directions of the arrows. Then it can be shown that a head-to-head path
will become unblocked if either the node,or any of its descendants, is observed.Exercise 8.10

In summary, a tail-to-tail node or a head-to-tail node leaves a path unblocked
unless it is observed in which case it blocks the path. By contrast, a head-to-head
node blocks a path if it is unobserved, but once the node, and/or at least one of its
descendants, is observed the path becomes unblocked.

It is worth spending a moment to understand further the unusual behaviour of the
graph of Figure 8.20. Consider a particular instance of sucha graph corresponding
to a problem with three binary random variables relating to the fuel system on a car,
as shown in Figure 8.21. The variables are calledB, representing the state of a
battery that is either charged (B = 1) or flat (B = 0), F representing the state of
the fuel tank that is either full of fuel (F = 1) or empty (F = 0), andG, which is
the state of an electric fuel gauge and which indicates either full (G = 1) or empty

c© Christopher M. Bishop (2002–2006). Springer, 2006. First printing.
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• Is a ⊥ b | c? i.e. does p(a,b | c) = p(a | c)p(b | c)?
• Is a ⊥ b? i.e. does p(a,b) = p(a)p(b)?

Rule for head-to-head nodes
For conditional independence of two nodes, the head-to-head
nodes between them must be unobserved.
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Definition: d-separation

Consider a directed acyclic graph in which A, B and C are
arbitrary non-intersecting sets of nodes. We have the property

A ⊥ B | C

if, on all possible paths from any node in A to any node in B:

• all tail-to-tail and head-to-tail nodes are in C, and
• neither head-to-head nodes nor any of their descendants
are in C.
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Examples: d-separation
8.2. Conditional Independence 379

Figure 8.22 Illustration of the con-
cept of d-separation. See the text for
details.
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e b
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e b
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(b)

be satisfied by any distribution that factorizes according to this graph. Note that this
path is also blocked by nodee becausee is a head-to-head node and neither it nor its
descendant are in the conditioning set.

For the purposes of d-separation, parameters such asα andσ2 in Figure 8.5,
indicated by small filled circles, behave in the same was as observed nodes. How-
ever, there are no marginal distributions associated with such nodes. Consequently
parameter nodes never themselves have parents and so all paths through these nodes
will always be tail-to-tail and hence blocked. Consequently they play no role in
d-separation.

Another example of conditional independence and d-separation is provided by
the concept of i.i.d. (independent identically distributed) data introduced in Sec-
tion 1.2.4. Consider the problem of finding the posterior distribution for the mean
of a univariate Gaussian distribution. This can be represented by the directed graphSection 2.3
shown in Figure 8.23 in which the joint distribution is defined by a priorp(µ) to-
gether with a set of conditional distributionsp(xn|µ) for n = 1, . . . , N . In practice,
we observeD = {x1, . . . , xN} and our goal is to inferµ. Suppose, for a moment,
that we condition onµ and consider the joint distribution of the observations. Using
d-separation, we note that there is a unique path from anyxi to any otherxj 6=i and
that this path is tail-to-tail with respect to the observed nodeµ. Every such path is
blocked and so the observationsD = {x1, . . . , xN} are independent givenµ, so that

p(D|µ) =

N∏

n=1

p(xn|µ). (8.34)

Figure 8.23 (a) Directed graph corre-
sponding to the problem
of inferring the mean µ of
a univariate Gaussian dis-
tribution from observations
x1, . . . , xN . (b) The same
graph drawn using the plate
notation.

µ

x1 xN

(a)

xn

N

N

µ

(b)

c© Christopher M. Bishop (2002–2006). Springer, 2006. First printing.
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• The path from a to b is not blocked
by f, since it is a tail-to-tail node and
f is unobserved.

• Nor is it blocked by e, which is a
head-to-head node, and has an
descendant c which is observed.

• Hence, a ⊥ b | c does not follow
from this graph.
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details.
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be satisfied by any distribution that factorizes according to this graph. Note that this
path is also blocked by nodee becausee is a head-to-head node and neither it nor its
descendant are in the conditioning set.

For the purposes of d-separation, parameters such asα andσ2 in Figure 8.5,
indicated by small filled circles, behave in the same was as observed nodes. How-
ever, there are no marginal distributions associated with such nodes. Consequently
parameter nodes never themselves have parents and so all paths through these nodes
will always be tail-to-tail and hence blocked. Consequently they play no role in
d-separation.

Another example of conditional independence and d-separation is provided by
the concept of i.i.d. (independent identically distributed) data introduced in Sec-
tion 1.2.4. Consider the problem of finding the posterior distribution for the mean
of a univariate Gaussian distribution. This can be represented by the directed graphSection 2.3
shown in Figure 8.23 in which the joint distribution is defined by a priorp(µ) to-
gether with a set of conditional distributionsp(xn|µ) for n = 1, . . . , N . In practice,
we observeD = {x1, . . . , xN} and our goal is to inferµ. Suppose, for a moment,
that we condition onµ and consider the joint distribution of the observations. Using
d-separation, we note that there is a unique path from anyxi to any otherxj 6=i and
that this path is tail-to-tail with respect to the observed nodeµ. Every such path is
blocked and so the observationsD = {x1, . . . , xN} are independent givenµ, so that

p(D|µ) =
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p(xn|µ). (8.34)
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• The path from a to b is blocked by f,
since it is a tail-to-tail node and f is
observed.

• It is also blocked by e, since it is
head-to-head node and neither it
nor any of its descendants are
observed.

• Hence, a ⊥ b | c does follow from
this graph.
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Definition: Markov blanket for directed graphical models

xi

In a directed graphical model, a node is conditionally inde-
pendent of all other nodes given its parents, its children, and
its co-parents.

(Co-parents are the other parents of its children.)
17/35

Undirected Graphical Models



Definition: Undirected Graphical Model

• Undirected models are often used in imaging and spatial
applications.

• Nodes are random variables.
• Conditional independence is straightforward, no
d-separation!

• That’s the easy bit: now the factors are tricky.
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Undirected graphical models and conditional independence384 8. GRAPHICAL MODELS

Figure 8.27 An example of an undirected graph in
which every path from any node in set
A to any node in set B passes through
at least one node in set C. Conse-
quently the conditional independence
property A ⊥⊥ B | C holds for any
probability distribution described by this
graph.

A

C
B

is indeed the case and corresponds to undirected graphical models. By removing the
directionality from the links of the graph, the asymmetry between parent and child
nodes is removed, and so the subtleties associated with head-to-head nodes no longer
arise.

Suppose that in an undirected graph we identify three sets ofnodes, denotedA,
B, andC, and that we consider the conditional independence property

A ⊥⊥ B | C. (8.37)

To test whether this property is satisfied by a probability distribution defined by a
graph we consider all possible paths that connect nodes in set A to nodes in setB.
If all such paths pass through one or more nodes in setC, then all such paths are
‘blocked’ and so the conditional independence property holds. However, if there
is at least one such path that is not blocked, then the property does not necessarily
hold, or more precisely there will exist at least some distributions corresponding to
the graph that do not satisfy this conditional independencerelation. This is illus-
trated with an example in Figure 8.27. Note that this is exactly the same as the
d-separation criterion except that there is no ‘explainingaway’ phenomenon. Test-
ing for conditional independence in undirected graphs is therefore simpler than in
directed graphs.

An alternative way to view the conditional independence test is to imagine re-
moving all nodes in setC from the graph together with any links that connect to
those nodes. We then ask if there exists a path that connects any node inA to any
node inB. If there are no such paths, then the conditional independence property
must hold.

The Markov blanket for an undirected graph takes a particularly simple form,
because a node will be conditionally independent of all other nodes conditioned only
on the neighbouring nodes, as illustrated in Figure 8.28.

8.3.2 Factorization properties
We now seek a factorization rule for undirected graphs that will correspond to

the above conditional independence test. Again, this will involve expressing the joint
distributionp(x) as a product of functions defined over sets of variables that are local

c© Christopher M. Bishop (2002–2006). Springer, 2006. First printing.
Further information available athttp://research.microsoft.com/∼cmbishop/PRML

If A, B, and C are arbitrary non-intersecting sets of nodes, we
have A ⊥ B | C if all paths between nodes in A and nodes in B
are blocked by nodes in C.
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Definition: Markov blanket for undirected graphical models

In an undirected graphical model, a node is conditionally in-
dependent of all other nodes given its neighbours.
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Factors of an undirected model

• The joint distribution is a product of potential functions
over the maximal cliques of the graph.

• A clique is a subset of the nodes of the graph that are
fully connected (i.e. edges between all pairs).

• A maximal clique is a clique for which it is not possible to
add any additional nodes without it no longer being a
clique.
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Factors of an undirected model

x1

x2

x3

x4

• {x1, x2} is a clique (there are several others).
• {x2, x3, x4} is a maximal clique (there is one other).
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Factors of an undirected model

• The joint distribution is given by:

p(x) = 1
Z
∏
C
ψC(xC),

where C indexes the maximal cliques, and Z is the
normalizing constant (a.k.a. partition function):

Z =
∑
x

∏
C
ψC(xC).

• If we restrict the potential functions to be non-negative,
then p(x) ≥ 0.

• But it is possible that Z is not finite, in which case the
graph does not represent a probability distribution at all.
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Example: image de-noising

Suppose we have a noisy image
and want to remove the noise.
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Example: image de-noising

Let the true pixel values be xi,j and the observed pixel values
be yi,j.

Choose the potential functions:

ψy(xi,j, yi,j) = exp

(
− 1
β2

(yi,j − xi,j)2
)

ψx(xi1,j1 , xi2,j2) = exp

(
−min

(
1
α2

(xi1,j1 − xi2,j2)
2, γ

))
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Example: Road surface estimation

Estimate road surface using images from a stereo camera.

60 5 Experimental Results

shown in Figure 5.15. A more advanced method for keeping track of different
objects and allowing them to overlap is needed to solve this problem.

Figure 5.14: Example of the object detection marking an obstacle that con-
sists of several different parts. In this case a curb, a speed bump and a traffic
isle. To the left is the dem input and to the right the estimated road surface
(red), the estimated curb line (white) and the detected obstacle (purple).

Figure 5.15: Example of two objects receiving the same label when coming
close to each other. To the left, two vehicles being recognized as different
objects. To the right, the vehicles are too close to be recognized as different
objects using the tracking method described.

5.4 Obstacle Detection Evaluation 59

5.4 Obstacle Detection Evaluation

With height measurements in a horizontal grid and a good estimate of the road
surface available, it is shown that a relatively simple but still effective obstacle
detection can be achieved by comparing a node’s deviation from the road surface
to its estimated height deviation. A requirement is that the estimated height
deviations correspond, or at least come close to the real deviations. It shows that
the variance approximation in Section 3.1.2 provides sufficiently reliable results
for this to work.

Example results showing detected obstacles together with estimated road sur-
faces and curb lines can be seen in Figure 5.13.

(a)

(b)

Figure 5.13: Two example results from the obstacle detection. To the left
are the dem inputs and to the right are the final outputs from the algorithm.
Red areas are the classified road nodes with the estimated road surface. The
white lines are the estimated curb lines. The colored objects mark detected
obstacles, where each color represents a separate object.

The method for detecting and tracking obstacles described in this thesis only
works in relative simple scenarios. Object shapes are not taken into consideration
when distributing their labels, and so several adjacent objects can receive the
same label as shown in Figure 5.14. Another problem is when moving objects,
e.g. vehicles or pedestrians, in some time instance come close to each other they
can be perceived as the same object and will therefore receive equal labels as

Lorentzon, M. and Andersson, T. Road surface modeling using stereo vision, Master’s thesis,

LiTH-ISY-EX–12/4582–SE, Linköping university, Sweden, 2012.

http://liu.diva-portal.org/smash/record.jsf?searchId=2&pid=diva2:532767
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Factor Graphs and Converting
Between Types

Directed graphical model =⇒ undirected graphical model

x1 x2

x3

=⇒

x1 x2

x3

Connect co-parents and drop the arrow heads.
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Directed graphical model =⇒ undirected graphical model

You can’t just drop the arrow heads!

=⇒

Although in the special case of tree-structured graphs, you
can: each node has at most one parent, so there are no co-
parents to join anyway.
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Undirected graphical model =⇒ directed graphical model

• No one actually does this.
• There is a deeper reason for this. Conversions between
graphical model types are not one-to-one, and may
discard information.

• If your factors are conditional probability distributions,
you would use a directed graphical model in the first
place. Undirected graphical models are usually used in
situations where you can’t do this.
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Factor graphs
400 8. GRAPHICAL MODELS

Figure 8.40 Example of a factor graph, which corresponds
to the factorization (8.60).

x1 x2 x3

fa fb fc fd

individual variables byxi, however, as in earlier discussions, these can comprise
groups of variables (such as vectors or matrices). Each factor fs is a function of a
corresponding set of variablesxs.

Directed graphs, whose factorization is defined by (8.5), represent special cases
of (8.59) in which the factorsfs(xs) are local conditional distributions. Similarly,
undirected graphs, given by (8.39), are a special case in which the factors are po-
tential functions over the maximal cliques (the normalizing coefficient1/Z can be
viewed as a factor defined over the empty set of variables).

In a factor graph, there is a node (depicted as usual by a circle) for every variable
in the distribution, as was the case for directed and undirected graphs. There are also
additional nodes (depicted by small squares) for each factor fs(xs) in the joint dis-
tribution. Finally, there are undirected links connectingeach factor node to all of the
variables nodes on which that factor depends. Consider, forexample, a distribution
that is expressed in terms of the factorization

p(x) = fa(x1, x2)fb(x1, x2)fc(x2, x3)fd(x3). (8.60)

This can be expressed by the factor graph shown in Figure 8.40. Note that there are
two factorsfa(x1, x2) andfb(x1, x2) that are defined over the same set of variables.
In an undirected graph, the product of two such factors wouldsimply be lumped
together into the same clique potential. Similarly,fc(x2, x3) andfd(x3) could be
combined into a single potential overx2 andx3. The factor graph, however, keeps
such factors explicit and so is able to convey more detailed information about the
underlying factorization.

x1 x2

x3

(a)

x1 x2

x3

f

(b)

x1 x2

x3

fa

fb

(c)

Figure 8.41 (a) An undirected graph with a single clique potential ψ(x1, x2, x3). (b) A factor graph with factor
f(x1, x2, x3) = ψ(x1, x2, x3) representing the same distribution as the undirected graph. (c) A different factor
graph representing the same distribution, whose factors satisfy fa(x1, x2, x3)fb(x1, x2) = ψ(x1, x2, x3).

c© Christopher M. Bishop (2002–2006). Springer, 2006. First printing.
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p(x1:3) = fa(x1, x2)fb(x1, x2)fc(x2, x3)fd(x3)

• We can convert both directed and undirected graphical
models to factor graphs.

• These have both variable nodes and factor nodes, which
form a bipartite graph.

• The motivation is to make the factors more explicit, and
facilitate inference algorithms based on message passing.
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Directed graphical model =⇒ factor graph

x1 x2

x3

=⇒

x1 x2

x3

fc

fa fb

1. Create a variable node for each node in the original
graph.

2. Create a factor node for each node in the original graph,
where this factor expresses its conditional probability
distribution.
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Directed graphical model =⇒ factor graph

=⇒
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Undirected graphical model =⇒ factor graph

x1 x2

x3

=⇒

x1 x2

x3

fa

fcfb

1. Create a variable node for each node in the original
graph.

2. Create a factor node for each maximal clique in the
original graph.
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Undirected graphical model =⇒ factor graph

=⇒

34/35

A few concepts to summarize lecture 8

Three types of graphical model: These are directed graphical
models, undirected graphical models, and factor graphs.
Conversions between them are not one-to-one.

Graphical models draw focus to structure: By structure, we
mean the conditional independencies of a probabilistic model.

D-separation is used to determine conditional independencies
in a directed graphical model.

Markov blanket is easier to remember, but less general.

Next lecture: Inference algorithms for graphical models, and
probabilistic programming.
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