
Numerical simulation of the non-linear
Schrödinger equation

Background

The nonlinear Schrödinger (NLS) equation describes many physical nonlinear systems. The equa-
tion can for example be applied to hydrodynamics, nonlinear optics, nonlinear acoustics, quantum
condensates, plasma physics and heat pulses in solids. In 1D the non-dimensional NLS equations
is given by

i ut = −uxx ± 2|u|2u . (1)

NLS describe the evolution of modulations of dispersive waves with weak nonlinearity. They
arise for example in the propagation of electromagnetic waves and water waves [3]. In quantum
mechanics the NLS model is similar to the Gross-pitaevskii equation, a model equation for the
single-particle wavefunction in a Bose-Einstein condensate (BEC). A soliton can form in a BEC,
and depending upon whether the interaction is attractive or repulsive (depending on the sign in
front of the term 2|u|2u), there is either a bright or dark soliton [1]. (Various nonlinear wave-type
equations arising in mathematical physics give rise to particle-like traveling wave solutions known
as solitary waves. Solitons, or large pulses of water that appear to travel without distortion in
the open ocean for many miles, were first observed in England in 1834.) In Figure 1 two different
types of 2D solitons in nature is presented.

Figure 1: Examples of solitons in nature. Left: dissipative polariton solitons in a semiconductor
(published in Nature Photonics 6, 6-7 (2012) ). Right: Strait of Gibralter, water wave solitons
(from satellite).

The two-dimensional cubic NLS equation,

i ut = −uxx − uyy ± 2|u|2u . (2)

is found to govern the long-term evolution of the envelope of weakly nonlinear waves, leading to
the possibility of soliton solution formation [4]. The main focus in the present project is to analyze
well-posedness for (2), including the boundary conditions, and to derive a high-fidelity numerical
approximation using a finite difference method.

Motivation for higher order SBP method

It is well known that higher order methods (as compared to first- and second-order accurate
methods) capture transient phenomena more efficiently since they allow a considerable reduction
in the degrees of freedom, for a given error tolerance. In particular, high-order finite difference
methods (HOFDMs) are ideally suited for problems of this type. The major difficulty with HOFDM
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is to obtain a stable boundary treatment, something that has received considerable past attention
A well-proven and stable high-order finite difference methodology, for well-posed initial boundary
value problems, is to combine summation-by-parts (SBP) operators and the projection method [2].

The main focus in the present study is to analyse well-posedness for (2), and implement a stable
and high-order accurate SBP-Projection finite difference approximation.

The project will be implemented using MATLAB or Python. The SBP operators will be
provided .

Relevant courses

The following course is required for the present project: Scientific computing III. (Ideally you have
also take the course Advanced numerical methods.)
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