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Numerical Solution of a BVP
And its applications to particle filters

BVP:

—MV' (p(z)Vo(z)) = (h(z) —h) on R
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Numerical Solution of a BVP
And its applications to particle filters
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Numerical Solution of a BVP
And its applications to particle filters

BVP:

Weighted Poisson equation: — A,¢=h — h, on R¢

Weighted Laplacian: A ¢ := 1V - (pV o)
p

Assumptions/Notation:
u Density p = e where | llim [-AV (z) + %|VV($)|2] = oo and D*V € L™
x| — o0
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Numerical Solution of a BVP
And its applications to particle filters

BVP:

Weighted Poisson equation:

Weighted Laplacian:

Assumptions/Notation:

—A,,d)zh—iz, on R

Bybi= 2V (7V9)

_ 1
m Density p = e~ where lim [~AV(z)+ §|VV(CE’)|2] = o0 and D’V € L™

|z| =00

= Function h is given with h, Vh € L*(p;R?)

m b= h(z)p(x)dx
RA

Problem:

(X1, xNyRR,

Algorithm

_.¢N

Convergence and error analysis for ¢" — ¢ as N — oo
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Feedback Particle Filter
A numerical algorithm for nonlinear filtering

Problem:
Signal model: dX; = a(X;)dt+ dB; Xo ~ po
dZ: = h(Xy)dt + dW;

Observation model:
Posterior distribution of X; given Z; :=0(Zs : 0 < s < t)?

3/26

Yang, Mehta and Meyn. Feedback particle filter. IEEE Trans. Aut. Control (2013)
P. G. Mehta
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Feedback Particle Filter
A numerical algorithm for nonlinear filtering

Problem:
Signal model: dX; = a(X;)dt + dB; Xo ~ py
Observation model: dZ; = h(X;)dt + dW;
Posterior distribution of X, given Z; := 0(Z, : 0 < s < t)7?

Solution: Feedback particle filter

P(X:|Z,) ~ empirical dist. of {X/,..., XV}

i i i i h(X{ h i *
dXt :a(Xt)dt“r dBt+Kt<Xt)O<dZt_ %dt), XO ~ Do
N—————
Propagation Update

{x*,...,.x"}

Yang, Mehta and Meyn. Feedback particle filter. IEEE Trans. Aut. Control (2013)
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Why it works?
Exactness

m Fokker-Plank equation for the conditional density of X;:
dp: = Lpedt — V- (piKy)dZy + (...)dt, po = pp
= Nonlinear filtering equation for the conditional density of X;:

dp; = Lp; dt + pe(h — he)(dZy — hedt),  p5 = pp
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m Fokker-Plank equation for the conditional density of X;:
dp: = Lpedt — V- (piKy)dZy + (...)dt, po = pp
= Nonlinear filtering equation for the conditional density of X;:

dp} = Lp} dt + pe(h — he)(dZe — he dt), G = p§

The easy part

If K, satisfies the following linear pde
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Why it works?
Exactness

m Fokker-Plank equation for the conditional density of X;:
dp: = Lpedt — V- (piKy)dZy + (...)dt, po = pp
= Nonlinear filtering equation for the conditional density of X;:

dp} = Lp} dt + pe(h — he)(dZe — he dt), G = p§

The easy part

If K, satisfies the following linear pde
V. (pth) = —(h — ilt)pt Vit>0

then
pe=pi V1>0

The hard part: Computing the gain function K¢(-) |
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Why is it useful?
Analogy with the Kalman filter

Problem:

Signal model: dX; = AX;dt+ dB;,
Observation model: dZ; = HX,dt + dW;

Posterior: N (X, ;)

Gain function approximation in FPF

Xo ~ N(Xo,Xo)
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Why is it useful?
Analogy with the Kalman filter

Problem:

Signal model: dX; = AX:dt+ dB;, Xo ~ N(Xo, o)
Observation model: dZ; = HX,dt + dW;
Posterior: N (X;,%:)

Solution:

Kalman filter: dX; = AX, dt + K,(dZ; — HX; dt)
N

update

X = a(X) + K1

N . ——>O
’— ¥, = h(X0) Y, - |1,

Kalman Filter
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Why is it useful?
Analogy with the Kalman filter

Problem:

Signal model: dX; = AX:dt+ dB;, Xo ~ N(Xo, o)
Observation model: dZ; = HX,;dt + dW;
Posterior: N (X;,%:)

Solution:

Kalman filter: dX; = AX, dt + K;(dZ; — HX, dt)
N— ———

update
: ; ; : X))+ h
FPF: dX{ = a(X{)dt + dB; + K(X}) o (dZ; — % dt)
update
: Y, o ; -
X =a(Xy) + K1, (£+ ¢ Xt = a(X}) + K(AXg)I; N _ (ngt
T ¥i = h(X) v F T Yi=smxh+hy TR
Kalman Filter Feedback Particle Filter
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Literature survey

| V - (p(x)K(z)) = (rhs) also arises in particle flow algorithmsl

Continuous-time: Crisan and Xiong (2009) Approximate McKean-Vlasov representations
for a class of SPDEs.

Ensemble Kalman filter (discrete-time): Reich (2011) A dynamical systems framework
for intermittent data assimilation; Reich (2012,2013); Bergemann and Reich (2010,
2012); Reich and Cotter (2013, 2015).

Homotopy/Optimal transport (discrete-time): Daum and Huang (2010- ); Moselhy
and Marzouk (2012); Reich (2013); Heng, Doucet and Pokern (2015) and others.

Since 2013, an invited session “Homotopy methods for Bayesian Estimation” is a regular
fixture at the International Conference on Information Fusion.

Applications of FPF: Satellite tracking (Berntrop, 2015); Dredging (Stano, 2013);
Motion sensing (Tilton, 2013).
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Feedback particle filter
Numerical Problem

BVP:

_ﬁv ~(p(x)Vo(z)) = (h(z) — iz) on RY

[ o@p()dz =0
RA

Problem:
Given: {X' ..., x"V} W

Compute: {K(X"),...,K(X™)}
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Outline

Ensemble Kalman filter +

Kernel Algorithm

Taghvaei, A., J de Wiljes, P. G. Mehta, and S. Reich, Kalman Filter and its Modern Extensions for the Continuous-
time Nonlinear Filtering Problem, ASME Journal of Dynamic Systems, Measurement, and Control (2017).
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(1) Non-Gaussian density, (2) Gaussian density
(1) Nonlinear gain function, (2) Constant gain function = Kalman gain

h(X{) + he
2

(1) FPF:  dX{ = a(X})dt + dB; + K¢(X{) o (dZ; — dt)

update

Gain function approximation in FPF P. G. Mehta 9 /26



(1) Non-Gaussian density, (2) Gaussian density
(1) Nonlinear gain function, (2) Constant gain function = Kalman gain

I

(1) FPF:  dXi = a(X}) dt + dB} + Ky(X}) o (42 — XD Fhe 4y
2
update
(2) Linear Gaussian: dX; = AX;dt+ dB; + K¢(dZ; — w dt)
update

K; = Kalman gain

X}
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Non-Gaussian case
Formula for constant gain approximation

E[K] — / Bl — el da % S o(h(x) - )X’

S. Reich. A dynamical systems framework for data assimilation. BIT Numerical Mathematics (2011).
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Non-Gaussian case
Formula for constant gain approximation

E[K] — / i) — Bl da % S (h(x) - )X’

Using the constant gain approximation, linear FPF is the ensemble Kalman filter

S. Reich. A dynamical systems framework for data assimilation. BIT Numerical Mathematics (2011).
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Non-Gaussian case
Galerkin approximation

¢ € Hy(p,RY)
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Non-Gaussian case
Galerkin approximation

¢ € Hy(p,RY)

E (space of const. fns)

E[K] = [(h(x) — h)p(x)dx = 5 i
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Non-Gaussian case
Galerkin approximation

¢ € Hy(p,RY)

S =span{...} K(z)

E[K]
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Non-Gaussian case
Galerkin approximation

¢ € Hy(p,RY)
10

K=Vo¢

¢ K(z)

S = span{...} .

0

E
E[K] -1 o !

Ye{l,z,... M}
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Non-Gaussian case
Galerkin approximation

¢ € Hy(p,RY)

S =span{...}

Gain function approximation in FPF P. G. Mehta 11 / 26



Non-Gaussian case
Galerkin approximation

¢ € Hi(p, RY)

K=V¢

10

’ S = span{...} ‘o

| I
E[K]

Moral of the story: basis function selection is non-trivial!
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More to the story
Bias-variance tradeoff

Special case: The basis functions are the eigenfunctions of A,

€ (196 - 6Vl < =

Total error

1 1
IT oo —
I = Tshilee + 7 lbllny 3 3

Bias 3
Variance

M=1
M=2
M=3
e M=4

Error
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Outline

Kernel Algorithm
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What are we looking for?
Ensemble Kalman filter +

1

EIK] = / (h(z) — h)zp(z) dz ~ Z (X" —h)X*
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What are we looking for?
Ensemble Kalman filter +

E[K] = / ) — ) alls) s 7 % (X — byx’

| Question: Can we improve this approximation? |
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Kernel Algorithm
First the punchline

No basis function selection!
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Kernel Algorithm
First the punchline

No basis function selection!

Simple formula®

N
Ki = Z Sinj
j=1

“Reminiscent of the ensemble transform
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Kernel Algorithm
First the punchline

No basis function selection!

Simple formula
N
Kl = Z Sin
j=1

Reduces to the constant gain in a
certain limit

N .
Z h(XJ h(N))XJ
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Kernel Algorithm
First the punchline

No basis function selection!

Simple formula

— Exact
N Y
Kl _ Z XJ 0 €=0.8
= Sij
g=1 K(z)
Reduces to the constant gain in a o8 ae se |
certain limit
N -1 0 1
Z (h(X7) — A X7 :
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Outline

Kernel Algorithm

m Concept
m Algorithm
m Error analysis
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(2) Kernel Approximation of V- (pV¢) = —(h — h)p

These are Markov operators!

Notation: FAWRGRES %V - (pV o)
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(2) Kernel Approximation of V- (pV¢) = —(h — h)p

These are Markov operators!

Notation: FAWRGRES %V - (pV o)
BVP: App=—(h—h)
eA,

Semigroup: e for e >0
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(2) Kernel Approximation of V- (pV¢) = —(h — h)p

These are Markov operators!

Notation: Ay = %V - (pV o)
BVP:  A,p=—(h—h)
eA,

Semigroup: e for e >0

Examples:
A
(=1) @) = [ go.0) F0)o(0) dy
——
Gaussian
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(2) Kernel Approximation of
These are Markov operators!

Notation:
BVP:

Semigroup:

Examples:

V- (pVe) = —(h

eA,

e for e >0

—h)p

(p=1) e2f()= / o2y F@)p()dy

Gaussian

(p=general) e f(z) = / R )R e )y

Gain function approximation in FPF

P. G. Mehta
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Kernel Algorithm
Concept

Poisson equation: — Ay,¢p=h — h

Semigroup identity: e“*? = —|—/ e*2r A, ds
0
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Kernel Algorithm
Concept

Poisson equation: — Ay,¢p=h — h

€
Semigroup identity: e“*? = —|—/ e*2r A, ds
0

Fixed-point equation: _
p=ep+h

where h := / 27 (h — h)ds
0
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Kernel Algorithm
Concept

Poisson equation: — A,¢=h—h

Semigroup identity: ¢““* = I+/ e*2r A, ds
0

Fixed-point equation: _
p=ep+h

where h := / e*®0(h — h)ds
0

Kernel representation: ¢(z) = /Izre(x, y)b(y)p(y) dy +h(z)

e“2r ()
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Kernel Algorithm
Concept

Poisson equation: — A, =h—h

Semigroup identity: €% = I—i—/ 2 A, ds
0

Fixed-point equation: ~
p=ep+h

where h := / e*®¢(h—h)ds
0

Kernel representation: ¢(z)

Il
poull
o
N
8
<
Y
<-
=
S
=
)
BN
S
~—
(o}
<
_|_
S
=
8
N

Empirical approximation: ¢(z) =

2|~
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Kernel Algorithm
Concept

Poisson equation: — A ¢ =h— h

Semigroup identity: ¢“” = I—I—/ 2 A, ds
0

Fixed-point equation: ~
¢ — eeAp¢ +h

where h := / e*®¢(h—h)ds
0
Kernel representation: ¢(z) = /l%s(ac7 v)b(y)p(y) dy + h(z)
1L . .
Empirical approximation: ¢(z) = Z ke(z, X")d(X") + h(z)
Analysis: e“®*is a contraction
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Kernel Algorithm
Concept

Poisson equation: — A, =h—h

Semigroup identity: €%’ = I—l—/ e*2r A, ds
0

Fixed-point equation: ~
$p=erg+h

where h := / e*®¢(h—h)ds
0
Kernel representation: ¢(z) = /lNc6 (z,9)(y)p(y) dy + h(z)

N
Empirical approximation: ¢(z) = N Z Ee(z, X")(X") + h(z)

esAp

Analysis: is a contraction

But ];‘(({L‘, y) =7
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Kernel Algorithm
Heat kernel approximation of the semigroup

Special case: p=1

1) = [ 9.y @) dy. (orall > 0)

where g. is the Gaussian kernel.

R. Coifman, S. Lafon, Diffusion maps, Applied and computational harmonic analysis, 2006,
M. Hein, J. Audibert, U. Von Luxburg, Convergence of graph Laplacians on random neighborhood graphs,
JLMR, 2007
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Kernel Algorithm
Heat kernel approximation of the semigroup

Special case: p=1
1) = [ 9.y @) dy. (orall > 0)

where g. is the Gaussian kernel.

In general:

e f@) [ 2O pp)ay (for el 0)
ne(®) /] ge(y, 2)p(2) dz

where n. is the normalizing constant.

R. Coifman, S. Lafon, Diffusion maps, Applied and computational harmonic analysis, 2006,
M. Hein, J. Audibert, U. Von Luxburg, Convergence of graph Laplacians on random neighborhood graphs,
JLMR, 2007
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Kernel Algorithm
Heat kernel approximation of the semigroup

Special case: p=1

1) = [ 9.y @) dy. (orall > 0)

where g. is the Gaussian kernel.

In general:

e f@) [ 2O pp)ay (for el 0)
e (z)dz

%) ] gy, )z

where n. is the normalizing constant.

Empirical approximation:

eA s 1 ge(z, X7) j
IO mer F(X?) (for N 1 0)
j=t ™ \/NZl 19¢(X9, X1)
(N

where n; ) is the normalizing constant.

R. Coifman, S. Lafon, Diffusion maps, Applied and computational harmonic analysis, 2006,

M. Hein, J. Audibert, U. Von Luxburg, Convergence of graph Laplacians on random neighborhood graphs,
JLMR, 2007
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Kernel-based Algorithm
Procedure

Input: ¢, (XU XN XY, k(X)) =h

kernel bandwidth

Output: Approximate solution ¢€’N

Compute the (Markov) matrix T € RN *™N:

T.. — 1 QE(Xi:Xj)
ij = (X :
n( )\/%Ellilge(Xl,Xl)

Solve for ® € RY: .
® =T+ e(h—h)

Express the approximate solution:

oM (z) = Z k) (2, X°)®; + e(h(x) — h)

Gain function approximation in FPF P. G. Mehta 20/ 26



Representation of the gain function

Simple formula:

N
= E Sin
Jj=1

— Exact

In the (e = o0) limit:

N .
Z (h(X7) — A X7
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Simple formula:
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= E Sin
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— Exact

In the (e = o0) limit:

Z (h(X7) — A X7
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Representation of the gain function

Simple formula:

N
= ZsinJ :
10
Jj=1

— Exact
e ¢=0.01

In the (e = o0) limit:

N .
Z (R(X7) — AN X7 0
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Representation of the gain function

Simple formula:
N
“ S
j=1
In the (e = o0) limit:

N .
Z (h(X7) — A X7

Gain function approximation in FPF

Exact
€=0.01

P. G. Mehta
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Error Analysis
Metric

Exact: o(x) = —A, "h(z)
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Error Analysis

Metric
Exact: o(x) = —A, "h(z)
Kernel approx. 6:@) = s [ K@ )o0)ol) dy + eh(o)
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Error Analysis

Metric
Exact: o(x) = —A, "h(z)
Kernel approx.: pe() = %@) [ k@ )ocwpt) dy + eh(a)
(M) R
- . N)/ oy _ N i B
Empirical approx.: (@) = MO izzlke (2, X*)pe(X*) + €h(x)
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Error Analysis

Metric
Exact: ¢(z) = —A,  h(z)
Kernel approx.: 6:@) = s [ K@ )o0)ol) dy + eh(o)
(M) R
- . N)/ oy _ N i B
Empirical approx.: (@) = MO ;ke (2, X*)pe(X*) + €h(x)

Error metric:

E[lo) — @llL2(py] < ElGT — bell 2 ()] + llde — dllL2(0)

variance bias
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Main Result

10t
—— Kernel-based
variance bias
dominates |[dominates
—
o) < O(—=L ) 106 5}
error —_— €
- VN el+d/4 ~—~—~ o
Bias
Variance
-1
10 1072 101 10° 10!
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Details appear in
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m A. Taghvaei, P. Mehta and S. Meyn, Error Estimates for the Gain Function
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Error Analysis

Bias
(exact) o(x) = —A, h(z)
(kernel approx.) 6u@) = s [ Rl 1) 0)olo) dy-+eh(a)

Tepe(x)

S. Meyn, R. Tweedie, Markov chains and stochastic stability (2012

Gain function approximation in FPF



Error Analysis
Bias

(exact)

(kernel approx.)

Proof steps:

p(z) = —A, ' h(z)

6:@) = s [ E@)ocu)oty) dy-+eh(a)
Tege(2)
pe=(I—T) "ech

S. Meyn, R. Tweedie, Markov chains and stochastic stability (2012
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Error Analysis

Bias
(exact) o(x) = —A, h(z)
(ernel approx.) 6u@) = s [ Rl 1) 0)olo) dy-+eh(a)
Tepe ()
b =I—T.) "eh

Proof steps:
Te is a Markov operator with finite invariant measure

S. Meyn, R. Tweedie, Markov chains and stochastic stability (2012
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Error Analysis

Bias
(exact) o(x) = —A, h(z)
(ernel approx.) 6u@) = s [ Rl 1) 0)olo) dy-+eh(a)
Tepe ()
b =I—T.) "eh

Proof steps:
Te is a Markov operator with finite invariant measure
T. satisfies the (geometric ergodic) Lyapunov criteria

[ Telln2(p) < 1—€eX+ O(e?)

S. Meyn, R. Tweedie, Markov chains and stochastic stability (2012
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Error Analysis

Bias
(exact) o(x) = —A, h(z)
(ernel approx.) 6u@) = s [ Rl 1) 0)olo) dy-+eh(a)
Tepe ()
b =I—T.) "eh

Proof steps:
Te is a Markov operator with finite invariant measure
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