
Adaptivity in 2D

Assignment A3

In this assignment you will extend the code from Computer Lab 2 so that it
can estimate the error and refine the mesh according to the error indicators.

Model problem

We consider the Poisson equation: Find u such that,

−∆u = f, x ∈ Ω (1)

u = 0, x ∈ ∂Ω, (2)

where f is a given function and Ω is a polygonal domain with boundary ∂Ω.
The boundary condition (2) is a homogeneous Dirichlet boundary condition.

Finite element approximation

One way to approximate this problem using the finite element method is to
use Robin boundary conditions n ·∇u = γu, with γ equal to a large number.
Following the computations in Computer Lab 2 we end up with the following
system of equations,

(A + R)c = b (3)
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where the entries of the left and right hand side matrices and vectors are
given by

Aij =

∫

Ω

a∇ϕi · ∇ϕj dx, (4)

Rij =

∫

∂Ω

γϕiϕj ds, (5)

c = (c1, c2, . . . , cN)T , (6)

bj =

∫

Ω

fϕj dx. (7)

All index runs over i, j = 1, 2, . . . , N , where N is the number of nodes in the
mesh. The finite element approximation is the given by U =

∑N
i=1 ciϕi.

Error estimation

There are two different kinds of error estimates, a priori estimates, where
the error is bounded in terms of the exact solution, and a posteriori error
estimates, where the error is bounded in terms of the computed solution.

Problem 1. Show the a priori error estimate,

‖∇(u− U)‖2
L2(Ω) ≤ C

∑
K∈K

h2
K‖D2u‖2

L2(K), (8)

whereK is the triangulation. You can assume that the interpolation estimate,

‖∇(u− πu)‖2
L2(Ω) ≤ C

∑
K∈K

h2
K‖D2u‖2

L2(K), (9)

is known and that U ∈ Vh,0 = {v ∈ Vh : v|∂Ω = 0}.

The corresponding a posteriori error estimate is,

‖∇(u− U)‖2
L2(Ω) ≤ C

∑
K∈K

h2
K‖f + ∆U‖2

L2(K) +
1

2
hK‖[n · ∇U ]‖2

L2(∂K). (10)

This formula is already implemented in the pdetoolbox under Matlab. The
function is called pdejmps and the syntax for this example is,
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indicator=pdejmps(p,t,1,0,f,U,1,1,1);

Given the indicators on can find elements in the mesh to refine (elements
with big error contribution) by letting 0 < kappa < 1 and,

tol=kappa * max(indicator);

elements=find(indicator>tol);

[p,e,t]=refinemesh(geom,p,e,t,elements);

Problem 2. Implement the above described method for adaptive solution of
the Poisson equation. You can reuse the stiffness matrix, boundary matrix,
and load vector from Computer Lab 2. Use the following structure for your
code,

geom=... % define geometry

[p,e,t]=initmesh(geom,’hmax’,.3); % initiate mesh

for i=1:iter % use iter iterations

U = ??? % assemble and solve

indicator=pdejmps... % compute indicators

tol=kappa * max(indicator);

elements=find(indicator>tol); % find elements to refine

pdemesh... % plot before mesh change

[p,e,t]=refinemesh... % refine

end

Let f = 1, γ = 106, kappa = 0.5, and geom be the a unit square with the
upper right quarter taken out, [0, 1]× [0, 1] \ [0.5, 1]× [0, 0.5]. Construct the
corresponding geom file and solve the problem as described above using 8
iterations in the adaptive algorithm. Plot the solution and the mesh after
the final iteration.

Problem 3. Since the exact solution is not known we instead compute
a reference solution on a fine mesh in order to evaluate the solutions on
coarser meshes. Compute the energy norm of the solution En(iter)=U’*A*U
and store the number of nodes nn(iter)=length(p), at each of the 8 iter-
ations. Let the last iterate be the reference solution and plot the result:
plot(nn(1:7),abs(En(1:7)-En(8))).
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Problem 4. How does the error decrease as a function of the number of
nodes? Compare this to non-adaptive uniform mesh refinement. How does
the error depend on the number of nodes for the non-adaptive method?
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