UPPSALA UNIVERSITY

Department of Information Technology

Division of Scientific Computing

Exam in Finite element methods 11 2013-03-13
+ Time: 8% —13%

s Tools: Pocket calculator, Beta Mathematics Handbhook

o Maximum number of points: 40

All your answers must be very well argued. Calculations shall be dernonstrated in detail.
Solutions that are not complete can give points if they include some correct thoughts.

Use the Cauchy-Schwarz inequality (v, w)y < v|vijwly for v,w ¢ V (Hilbert space) and
the Poincare-Friedrichs inequality ||v)|z2qy < C[|Vvliz2qy for v € H(Q) without proves.

Problem 1

Consider the Neumann problem on weak form: find u € V = H*(£2) such that,
alu,v) = (AVu, Vo) + (Cu,v) = (Fyv) :=1{v), YweV,

where § ¢ R is a bounded domain, 0 < o < A(z) < 8, 0 < v < Cfz) < 4§, with
o, B,7,8 €R, F € L*(), and (v,w) = [yv-wdz.
a) Use the Riesz Representation Theorem (RRT) to show existence of unigue solution
w € V {o the weak form (you are not supposed to prove RRT but to show that the
assumptions in the statement of the Theorem are fulfilled).
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b) Bound the solution % in the H'{Q)-norm ||v||g2(qy = (H”B%z(g) + ”V”H?W(n)) in

terms of the data,

c) What assumption in the formulation of RRT does not hold in the case when there is
no reaction term {i.e. C = 0)7?

d) Discretize the problem using the finite element method. Present the arising linear
system of equations. What can be said about the solvability of the linear system in
the case C' =07

Problem 2

Let {¢:};_; be the linear Lagrangian shape functions on the reference triangle K with
nodes (0,0), (0,1), and {1,0).
a) Express {¢;}3, as functions of z and y.

b) Let {4;}%.; be the quadratic Lagrangian shape functions on the reference triangle.
Express {1;}%_; in terms of the linear shape functions {¢;}5_;.

¢} Compute mass matrix entry mag = || e Waba dx, where 102 is the shape function that
is equal to one in (1,0).

d} Let f(z) = 2. Compute the nodal interpolant of f onto the space of quadratic
polynomials on K as a linear combination of {3;}5.;.

Problem 3

Let Q ¢ R? and consider the non-linear problem:
V- -Alu)Vu=f, inf, (1)
#=1{, in d%Q,

where ‘A(u) is continuous in 4 and uniformly bounded 0 < o < A() < 3, and f € L*(Q2)
independent of «.
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a) Construct a fixed point iteration by inserting the k:th iterate of u in A4, ie. Alug),
and solve for ug41. Write the arising fixed point iteration on weak form.

b) Show that given uy € HE{f2) there is a unique solution upy1 € HE(Q) to the re-
sulting weak form. You can use the Lax-Milgram Lemma or RRT without proof.
Furthermore show that the H1{(}) norm of ug.: can be bounded independent of uy.

¢) Schauder’s fixed point Theorem states that if ux € By = {v € Hj () : |[vl|lmqay < 7}
leads to upy1 € B, for some r > 0 {independent of 44}, there exists at least one weak
solution to equation (1}. Find such a value 7.

d) Assume now that d = 1. In one spatial dimension the Sobolev imbedding the-
orem gives [[v]peory € Cllvllmrqey for all v € H*(Q). Further assume [|A(u) —
AW)|lzeoy < Ellu — v||pee(ny for all u,v € HY(). Show that if & > 0 is suf-
ficiently small, {uz} is a contracting sequence in HY(R), i.e. |lupr1 — wpllpmayy <
Yllun — ug—1]| v (q) for some 0 <y < 1, independent of k. This result shows existence
and uniqueness of a weak solution to equation (1) (under stronger assumptions than
inc).

Hint: (uw, v} < |lul|pooqoy vl p2qey lwllzey for all v,w € LA() and v € L®(R).

Problem 4
Let © € R? and consider the transport problem:

—eAu+b-Vuteu=f, inf (2)
w=0, indqQ,

where € >0, be {v € L®(Q): V-v =0}, 0< c € L®(f}) and f € L*(Q).

a) Derive the weak form of equation (2) with V = H}(£2).

b} Show that {b- Vu,u) = 0if V- b= 0 and that the bilinear form (arising in the left
hand side of the weak form) is coercive (you may use the fall H1(Q) norm or the
HY(Q) semi-norm, which are equivalent). How does the coercivity constant depend
on €7

c) Derive the Galerkin-Least Squares method for equation (2). Use continuous piecewise
linear basis functions,

Good luck!
Axel Malqvist
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