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Covarian
e formulas1. Assume that e(t) is white noise of zero mean and unit varian
e. Assumefurther that jaj < 1; jdj < 1. ThenE �1 + 
q�11 + aq�1 e(t)� �b0 + b1q�11 + dq�1 e(t)�= b0 + 
b1 � ab1 � b0
d1� ad (0.1)2. Assume that e(t) is white noise of zero mean and unit varian
e. Assumefurther that the polynomial A(z) = z2 + a1z+ a2 has all zeros stri
tly insidethe unit 
ir
le. ThenE �b0 + b1q�1 + b2q�21 + a1q�1 + a2q�2 e(t)�2 = (b20 + b21 + b22)Q0 + 2(b0b1 + b1b2)Q1 + 2b0b2Q2D (0.2)where Q0 = 1 + a2Q1 = �a1Q2 = a21 � a2(1 + a2)D = (1� a2)[(1 + a2)2 � a21℄When the polynomialA(z) is fa
torized, an alternative form ofD is obtained:A(z) = z2 + a1z + a2 � (z � p1)(z � p2)D = (1� p21)(1� p22)(1� p1p2)
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Example 1Compute the 
ovarian
e fun
tion of the ARMA(1,1) pro
essy(t) + ay(t� 1) = e(t) + 
e(t� 1); Ee(t) = 0; Ee2(t) = 1Solution. Apply (0.1) with b0 = 1; b1 = 
; d = a. This givesry(0) = Ey2(t) = 1 + 
(
� a)� 
a1� a2 = 1 + 
2 � 2a
1� a2Alternatively, apply (0.2) with b0 = 1; b1 = 
; b2 = 0; a1 = a; a2 = 0. This givesQ0 = 1; Q1 = �a; Q2 = a2; D = 1� a2and ry(0) = (1 + 
2)� 1 + 2
� (�a) + 0� a21� a2 = 1 + 
2 � 2a
1� a2To �nd the remaining 
ovarian
e elements, setv(t) = 11 + aq�1 e(t)and note that y(t) = v(t) + 
v(t� 1)Hen
e ry(0) = (1 + 
2)rv(0) + 2
rv(1)ry(1) = (1 + 
2)rv(1) + 
rv(0) + 
rv(2)ry(k) = (1 + 
2)rv(k) + 
rv(k � 1) + 
rv(k + 1); k � 1Either (0.1) or (0.2) gives easilyrv(0) = Ev2(t) = 11� a2Apply (0.1) with 
 = 0; b0 = 0; b1 = 1; d = a to getrv(1) = �a1� a2Alternatively, apply (0.2) with a1 = a; a2 = 0 and note that rv(1) is the 
oeÆ
ientfor (2b0b1 + 2b1b2). It still gives rv(1) = �a1� a2Similarly, rv(2) is the 
oeÆ
ient for 2b0b2. Hen
e,rv(2) = a211� a2 = a21� a22



Using the above results givesry(0) = (1 + 
2) 11� a2 + 2
 �a1� a2 = 1 + 
2 � 2a
1� a2ry(1) = (1 + 
2) �a1� a2 + 
 11� a2 + 
 a21� a2= �a� a
2 + 
+ a2
1� a2 = (
� a)(1� a
)1� a2To treat the general 
ase, 
onsider k � 1. Thenrv(k) = Ev(t+ k)v(t)= E[�av(t + k � 1) + e(t+ k)℄v(t)= �arv(k � 1)= � � � = (�a)krv(0) = (�a)k1� a2Hen
e for k � 1ry(k) = (1 + 
2) (�a)k1� a2 + 
(�a)k�11� a2 + 
(�a)k+11� a2= (�a)k�11� a2 �(1 + 
2)(�a) + 
+ a2
�= (�a)k�1(
� a)(1� a
)1� a2Example 2. Assume y(t) = bq�11 + aq�1u(t)and that u(t) is white noise of zero mean and varian
e �2. Determine the 
ovarian
eelements ry(0); ry(1); ryu(0); ryu(1)Solution. All the 
ovarian
e elements will 
ontain �2 as a s
aling fa
tor. We getdire
tly from Example 1ry(0) = b2�21� a2 ; ry(1) = �ab2�21� a2To get ryu(0), we apply (0.1) with e(t) = u(t); 
 = a; b0 = 0; b1 = b; d = a. Thenryu(0) = ab� ab1� a2 �2 = 0This result 
an also be realized from the de�nition of y(t) asy(t) = bu(t� 1)� abu(t� 2) + a2bu(t� 3) + : : :whi
h is a sum of terms that all are un
orrelated with u(t). Hen
e ryu(0) = 0. Theformula 
an also be used to getryu(1) = Ey(t)u(t� 1) = b�23



Alternatively, use (0.1) with e(t) = u(t); 
 = a; b0 = b; b1 = 0; d = a. Then wehave Eu(t)y(t+ 1) = ryu(1) = b� ba21� a2 �2 = b�2Derivation of (0.1).Alternative 1: Using a state spa
e formulationFirst introdu
e the two signalsy(t) = 1 + 
q�11 + aq�1 e(t) = �1 + (
� a)q�11 + aq�1 � e(t)z(t) = b0 + b1q�11 + dq�1 e(t) = �b0 + (b1 � b0d)q�11 + dq�1 � e(t)We want to 
ompute Ey(t)z(t). Next, introdu
e the state variablesx1(t) = q�11 + aq�1 e(t)x2(t) = q�11 + dq�1 e(t)We then get the following state spa
e modelx(t + 1) = � �a 00 �d � x(t) + � 11 � e(t)� y(t)z(t) � = � 
� a 00 b1 � b0d � x(t) + � 1b0 � e(t)The Lyapunov equation for determining P = Ex(t)xT (t) be
omes� p11 p12p12 p22 � = � �a 00 �d �� p11 p12p12 p22 �� �a 00 �d �+ � 11 �� 1 1 �whi
h has the solution P = � 11�a2 11�ad11�ad 11�d2 �We then get ryz(0) = Ey(t)z(t)= b0 + (
� a)(b1 � b0d)p12= b0 + (
� a)(b1 � b0d)1� ad= 11� ad [b0 � b0ad+ b1(
� a)� b0(
� a)d℄= 11� ad [b0(1� 
d) + b1(
� a)℄4



Alternative 2: Using residue 
al
ulusStraightforward 
al
ulations lead toEy(t)z(t) = 12�i I 1 + 
z�11 + az�1 b0 + b1z1 + dz dzz= 12�i I z + 
z + a b0 + b1z1 + dz dzz= �
b0a + (
� a)(b0 � b1a)�a(1� ad) �= 1a(1� ad) [
b0(1� ad)� (
� a)(b0 � b1a)℄= 1a(1� ad) [b0(
� a
d� 
+ a) + b1a(
� a)℄= 11� ad [b0(1� 
d) + b1(
� a)℄
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