
Uppsala UniversityDepartment of Information Te
hnologySystems and ControlProfessor Torsten S�oderstr�omFinal exam: System identi�
ationDate: Mar
h 18, 2005Responsible examiner: Torsten S�oderstr�omPreliminary grades: 3 = 23{32p, 4 = 33{42p, 5 = 43{50p.Instru
tionsThe solutions to the problems 
an be given in Swedish or in English.Problem 6 is an alternative to the homework assignment. (In 
ase you
hoose to hand in a solution to Problem 6, you will be a

ounted for the bestperforman
e of the homework assignments and Problem 6.)Solve ea
h problem on a separate page.Write your name on every page.Provide motivations for your solutions. Vague or la
king motivations may lead toa redu
ed number of points.Aiding material: Textbooks in system identi�
ation, automati
 
ontrol, statisti
s,signal pro
essing, mathemati
al handbooks, handwritten le
ture notes, 
olle
tionof formulas (formelsamlingar), 
al
ulators. Note that the following are not al-lowed: Solutions manual, 
opies of OH transparen
ies, old exams.Good lu
k!
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Problem 1Consider a system given byy(t) = b1u(t� 1) + b2u(t� 2) + e(t)where the measurement noise e(t) is white with zero mean and varian
e �2. Theparameters b1 and b2 are estimated using the least squares method.(a) Express the asymptoti
 varian
es of the estimates ^b1 and ^b2 as fun
tions ofthe input 
ovarian
e fun
tion ru(�) = Eu(t+ �)u(t). 3 points(b) Assume that the varian
e of the input must be boundedEu2(t) � 1Determine the 
ovarian
e fun
tion of the input so that the parameter esti-mates ^b1 and ^b2 have as low varian
e as possible. 3 pointsProblem 2Consider the model y(t) = b1u(t� 1) + b2u(t� 2)or written as a linear regressiony(t) = 'T (t)�; t = 1; : : : ; N'T (t) = (u(t� 1) u(t� 2))(a) Assume u(t) is a step u(t) = ( 0 t < 0a t � 0and that the data arey(t) = b1u(t� 1) + b2u(t� 2) + e(t); t = 1; : : : ; Nwhere e(t) is white noise of zero mean and varian
e �2.Determine 
ov(^�); var(^b1) and var(^b2) for �nite values of N . 2 points(b) Introdu
e �1 = b1 + b2; �2 = b1 � b2Determine (for �nite N) var( ^�1) and var( ^�2). 1 point
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(
) Rewrite the linear regression asy(t) =  T (t)�; � =  �1�2 !with � as in part (b). What is  (t)? 2 points(d) Determine how the least squares estimate � depends on data. Also �nd
ov( ^�). 3 points(e) If u(t) were white noise of varian
e �2, determine (for large values of N)
ov(^�) and 
ov( ^�). 2 pointsProblem 3Consider identi�
ation of a system as a �nite impulse response modely(t) = b1u(t� 1) + : : :+ bnu(t� n) + "(t)Determine for what model order n the parameters fbigni=1 
an be uniquely de-termined for the following input signals. (Treat the asymptoti
 
ase with dataavailable for t = 1; : : : ; N , where N!1.)X1 u1(t) = 1X2 u2(t) = (�1)tX3 u3(t) = 1 + (�1)tX4 u4(t) = sin!ot 0 < !o < �X5 u5(t) = sin!1t+ 2 sin!2t 0 < !1 < !2 < �X6 u6(t) white noise 6 pointsProblem 4Consider predi
tion error identi�
ation of an ARMA(1,1) pro
essy(t) + ay(t� 1) = e(t) + 
e(t� 1)(a) What is the asymptoti
 varian
es of the estimates ^a and ^
? 4 points(b) What is the asymptoti
 varian
e of the di�eren
e ^a� ^
? 4 points
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Problem 5Consider a �rst order systemy(t) + ay(t� 1) = bu(t� 1) + e(t)where the input u(t) and the disturban
e e(t) are mutually independent whitenoise sequen
es of zero mean, and varian
es �2 and �2, respe
tively.The parameter ve
tor � = ( a b )Tis to be estimated, and its asymptoti
 
ovarian
e matrix to be determined.(a) Assume that the least squares method is applied. Determine the asymptoti

ovarian
e matrix. 2 points(b) Assume that an instrumental variable method is applied with instrumentsz(t) = ( u(t� 1) u(t� 2) )TDetermine the asymptoti
 
ovarian
e matrix. 3 points(
) Assume that an instrumental variable method is applied with instrumentsz(t) = ( �x(t� 1) u(t� 1) )Twhere x(t) = bq�11+aq�1u(t). (We assume that a and b are known when x(t) isgenerated). Determine the asymptoti
 
ovarian
e matrix. 3 points(d) Compare the 
ovarian
e matri
es determined in parts (a) - (
). Can they besorted in some in
reasing order? 2 pointsProblem 6Consider a pure sinewave signaly(t) = A sin(!ot); 0 < !o < �; t = 1; 2; : : :(a) Determine the 
ovarian
e fun
tionry(�) = limN!1 1N NXt=1 y(t+ �)y(t)of the signal. 2 points(b) Of what order is the signal y(t) persistently ex
iting? 2 points(
) Assume that a se
ond order AR modely(t) + a1y(t� 1) + a2y(t� 2) = e(t)is �tted to measurements of the signal. What are the asymptoti
 values(N !1) of the parameter values? 4 points(d) Where are the zeros of the polynomial A(z) determined in part (
) lo
ated.Please interprete! 2 points4



System identi�
ation, Mar
h 18, 2005 | Answersand brief solutionsProblem 1(a) 
ov ^b1^b2 ! = �2N  ru(0) ru(1)ru(1) ru(0) !�1 = �2N 1r2u(0)� r2u(1)  ru(0) �ru(1)�ru(1) ru(0) !Hen
e var(^b1) = var(^b2) = �2N ru(0)r2u(0)� r2u(1)(b) Under the 
onstraints jru(1)j � ru(0) � 1the varian
es are minimized ifru(0) = 1; ru(1) = 0This is a
hieved, for example, if the input signal is white noise.Problem 2(a) � = 0BBBB� u(0) u(�1)u(1) u(0)... ...u(N � 1) u(N � 2) 1CCCCA = 0BBBB� 1 01 1... ...1 1 1CCCCA
ov(^�) = �2 ��T���1 = �2  N N � 1N � 1 N � 1 !�1 = �2  1 �1�1 NN�1 !var(^b1) = �2 var(^b2) = �2 NN � 1(b) var( ^�1) = � 1 1 � 
ov(^�) 11 ! = �2 1N � 1var( ^�2) = � 1 �1 � 
ov(^�) 1�1 ! = �24N � 3N � 1
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(
) b1 = �1 + �22 b2 = �1 � �22y(t) = �1 + �22 u(t� 1) + �1 � �22 u(t� 2) T (t) = 12 � u(t� 1) + u(t� 2) u(t� 1)� u(t� 2) �	 = 0BBBB�  T (1) T (2)... T (N) 1CCCCA = 0BBBB� 0:5 0:51 0... ...1 0 1CCCCA(d) ^� = (	T	)�1	TY=  0:25 +N � 1 0:250:25 0:25 !�1  0:5 1 : : : 10:5 0 : : : 0 !Y= 10:25(N � 1)  0:25 �0:25�0:25 0:25 +N � 1 ! PN1 y(t)� 0:5y(1)0:5y(1) !=  1N�1 PN2 y(s)� 1N�1 PN2 y(s) + 2y(1) !
ov( ^�) = �2 �	T	��1 = �2  0:25 +N � 1 0:250:25 0:25 !�1 = �2N � 1  1 �1�1 4N � 3 !var( ^�1) = �2N � 1 var( ^�2) = �2 4N � 3N � 1as in part (b)!(e) 
ov(^�) = �2N  ru(0) ru(1)ru(1) ru(0) !�1 = �2N�2  1 00 1 !
ov( ^�) =  1 11 �1 ! 
ov(^�) 1 11 �1 ! = �2N�2  2 00 2 !Problem 3If u(t) is p.e. of order n but not of order n + 1, then FIR models of order n (butnot of order n+ 1) 
an be identi�ed. Hen
e,u1 ) n � 1; u2 ) n � 1; u3 ) n � 2;u4 ) n � 2; u5 ) n � 4; u6 ) n arbitrary
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Problem 4(a) 
ov ^a^
 ! = 1N 0B� 11�a2 � 11�a
� 11�a
 11�
2 1CA�1= 1N 1(
� a)2  (1� a2)(1� a
)2 (1� a2)(1� 
2)(1� a
)(1� a2)(1� 
2)(1� a
) (1� 
2)(1� a
)2 !(b) var(^a� ^
) = � 1 �1 � 
ov ^a^
 ! 1�1 != 1N 1(
� a)2 h(1� a2)(1� a
)2 + (1� 
2)(1� a
)2�2(1� a
)(1� a2)(1� 
2)i= 1N (1� a2
2)Problem 5(a) 
ov(^�) = �2N  b2�2+�21�a2 00 �2 !�1 = 1N  �2(1�a2)b2�2+�2 00 �2�2 !(b) Use the results on page 268 in the textbook. The matrix R is as followsR = Ez(t)'T (t) = E  u(t� 1)u(t� 2) !� �y(t� 1) u(t� 1) � =  0 �2�b�2 0 !The 
ovarian
e matrix of the estimates be
omesPIV = 1N �2R�1
ov(z(t))R�T= 1N �2�2  0 1�b 0 !�1 I  0 �b1 0 !�1= 1N �2b2�2  1 00 b2 !(
) The matrix R is as followsR = Ez(t)'T (t) = E  �x(t� 1)u(t� 1) !� �y(t� 1) u(t� 1) � =  b2�21�a2 00 �2 !7

The 
ovarian
e matrix of the estimates be
omesPIV = 1N�2R�1
ov(z(t))R�T= 1N�2  b2�21�a2 00 �2 !�1  b2�21�a2 00 �2 ! b2�21�a2 00 �2 !�1= 1N �2�2  1�a2b2 00 1 !(d) The varian
e of the estimate ^b is the same for all three estimators. Thevarian
e of ^a di�er though. The matri
es 
an be ordered as follows.P(b) � P(
) � P(a)Problem 6(a) ry(�) = limN!1 1N NXt=1 y(t+ �)y(t)= limN!1 1N NXt=1A2 sin(!ot + !o�) sin(!ot)= A22 limN!1 1N NXt=1[
os(!o�)� 
os(2!ot + !o�)℄= A22 
os(!o�)(b) The signal y(t) is persistently ex
iting of order 2. This 
an be seen as follows.det ry(0) ry(1)ry(1) ry(0) ! = r2y(0)� r2y(1)= A22 (1� 
os2(!o)) = A22 sin2(!o) > 0det0B� ry(0) ry(1) ry(2)ry(1) ry(0) ry(1)ry(2) ry(1) ry(0) 1CA = r3y(0) + 2r2y(1)ry(2)� ry(0)r2y(2)� 2r2y(1)ry(0)= ry(0)[r2y(0)� r2y(2)℄� 2r2y(1)[ry(0)� ry(2)℄= [ry(0)� ry(2)℄[r2y(0) + ry(0)ry(2)� 2r2y(1)℄= A68 [1� 
os(2!o)℄[1 + 
os(2!o)� 2 
os2(!o)℄= 0(
) The parameter estimates be
ome ^a1^a2 ! =  ry(0) ry(1)ry(1) ry(0) !�1  �ry(1)�ry(2) !8



=  1 
os(!o)
os(!o) 1 !�1  � 
os(!o)� 
os(2!o) != � 11� 
os2(!o)  1 � 
os(!o)� 
os(!o) 1 ! 
os(!o)2 
os2(!o)� 1 !=  �2 
os(!o)1 !d) The polynomial A(z) = z2 � 2 
os(!o)z + 1has zeros in z = e�i!o. These zeros lie on the unit 
ir
le. Their argument !o
orresponds pre
isely to the angular frequen
y of the sine wave.
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