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System Identi�
ation

Obtain a model of a system from measured inputs and outputs.Type of model depends on appli
ation and system. Often we assumethat the true system 
an be des
ribed as a LTI (linear time-invariant)system: y(t) = G0(q)u(t) + v(t) (1a)or, equivalently, y(t) = 1Xk=1 g0(k)u(t� k) + v(t) (1b)

Question: How do we determine the model G0(q) or fg0(k)g?
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Parametri
 models:Postulate a model G(q;�) parameterized by �.� Easy to use for simulation, 
ontrol design, et
.� Often a

urate models.� Requires some work...� Example: FIR modely(t) = u(t) + b1u(t� 1) + b2u(t� 2)) G(q�1;�) = 1 + b1q�1 + b2q�2; � = [b1 b2℄TQuestion: Can we determine G0(q) or fg0(k)g without postulating aparameterized model?
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Nonparametri
 Identi�
ation

Nonparametri
 models:Determine G0 or fg0(k)g without parameterizing.� Simple to obtain.� Results often in graphs or tables whi
h 
an not easily be used forsimulation, et
.� Often used to validate parametri
 models.� Transient analysis, 
orrelation analysis, frequen
y analysis,spe
tral analysis.
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Transient Analysis

Impulse response analysis: Applying the input

u(t) = 8<:k; t = 00; t 6= 0to (1b) gives the output y(t) = kg0(t) + v(t)whi
h motivates the impulse response estimate^g(t) = y(t)k
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Step-response analysis Applying the input

u(t) = 8<:k; t � 00; t < 0gives the output y(t) = k tXk=1 g0(k) + v(t)whi
h motivates the impulse response estimate^g(t) = y(t)� y(t� 1)k
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Ex: Step-response (true � solid, measured � �)
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Transient analysis� Input taken as impulse or step.� Model 
onsists of re
orded output, or an estimate of g0(k).� Convenient for deriving 
rude models. Gives estimates ofdominating time 
onstants, time delays and stati
 gain.� Sensitive to noise.� Poor ex
itation.
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Correlation AnalysisSystem: y(t) = 1Xk=1 g0(k)u(t� k) + v(t)where u(t) is a sto
hasti
 pro
ess whi
h is independent of v(t).Multiplying by u(t� �) and taking expe
tation yieldsryu(�) = 1Xk=1 g0(k)ru(� � k)whi
h is known as the Wiener-Hopf equation.In pra
ti
e, trun
ate the sum and solve the resulting system of eq.^ryu(�) = MXk=1 ^g(k)^ru(� � k)
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Estimates of the 
ovarian
e fun
tions.� First 
hoi
e: ^ryu(�) = 1N N��Xk=1 y(k + �)u(k) (� � 0)

� Se
ond 
hoi
e:^ryu(�) = 1N � � N��Xk=1 y(k + �)u(k) (� � 0)

Whi
h one to prefer?

Le
ture 3 System Identi�
ation 2005 EKL/TS Page 10/ 38

0 5 10 15 20
−0.2

0

0.2

0.4

0.6

0.8

1

k

h(
k)

Corr. analys N=100

est.
true

0 5 10 15 20
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

k

h(
k)

Corr. analys N=500

est.
true

Le
ture 3 System Identi�
ation 2005 EKL/TS Page 11/ 38

Frequen
y Analysis

Estimate G0(ei!)!PSfrag repla
ements� 
os(!t) �jG0(ei!)j 
os(!t+ ') + v(t)G0(z)

� Repeat experiment for di�erent ! (t = 1; : : : ; N).� Determine the phase shift and the amplitude of the output.� Results in a Bode plot (jG0(ei!)j and argG0(ei!)).� Sensitive to noise. Require long experiments.� Gives basi
 information about the system.
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Spe
tral Analysis

� The 
orresponden
e of the Wiener-Hopf equation in thefrequen
y domain is given by:�yu(!) = G(e�i!)�u(!)� An estimate of the transfer fun
tion 
an be obtained as:^G(e�i!) = ^�yu(!)=^�u(!)� Use estimates of the spe
tral densities, e.g.,^�yu(!) = 12�N NX�=�N ^ryu(�)e�i�!
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� Errors in ^ryu(�) are summed together ) not 
onsistent!� N large ) total (square) error is large even if the error in^ryu(�) is small for all � .� ^ryu(�) de
reases slowly ) poor estimate of ^ryu(�) for largevalues of � .� Better estimates are obtained if a lag window, w(t), is used:^�yu(!) = 12� NX�=�N ^ryu(�)w(�)e�i�!

� Length of lag window (M) - 
ompromise between bias andvarian
e (high resolution and redu
ing errati
 �u
tuations).
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Figure 1: Spe
tral analysis, N = 256: Left: Periodogram. Right:Bartlett window M = 128.

Le
ture 3 System Identi�
ation 2005 EKL/TS Page 15/ 38

Summary - Nonparametri
 Methods

� Results often in graph or table (step response, weightingfun
tion, transfer fun
tion et
.).� Transient analysis (step-response, impulse response).� Frequen
y analysis (sinusoidal input).� Correlation analysis (weighting fun
tion estimate).� Spe
tral analysis (transfer fun
tion estimate).� Useful for obtaining 
rude estimates of time 
onstants, 
ut-o�frequen
ies et
. or for model validation.
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Input Signals (Ch. 5)

The quality of the model is dependent on an appropriate 
hoi
e ofinput signal.Examples of useful input signals are:� Step fun
tion.� Pseudorandom binary sequen
e (PRBS).� Autoregressive moving average pro
ess (ARMA).� Sum of sinusoids.
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Most often the input signal is 
hara
terized by its �rst and se
ondorder moments: m = Eu(t)r(�) = E(u(t+ �)�m)(u(t)�m)Tand/or its spe
tral density:�(!) = 12� 1X�=�1 r(�)e�i�!

Rem: Deterministi
 signals
Eu(t) = limN!1 1N NXt=1 u(t)
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Step Fun
tion
u(t) = 8<:k; t � 00; t < 0Properties� Mostly used for transient analysis: overshoot, stati
 gain, majortime 
onstants.� Limited usability for parametri
 modeling.
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PseudoRandom Binary Sequen
e (PRBS)

A PRBS u(t) is a periodi
, deterministi
 signal with white-noise-likeproperties.u(t) = rem(A(q)u(t); 2) = rem(a1u(t� 1) + � � �+ anu(t� n); 2)Properties� The signal shifts between two levels in a 
ertain fashiondepending on A(q).� Spe
tral 
hara
teristi
s is determined by A(q) and, in parti
ular,by the period length M = 2n � 1.� Deterministi
 sequen
e behaving as noise (reprodu
ibility).
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Figure 2: PRBS sequen
e, p=0.5, M = 1. Left: Example of realiza-tion. Right: Spe
tral density.
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ARMA Pro
ess

A(q�1)y(t) = C(q�1)e(t)where e(t) is white noise with Ee(t) = 0 and Ee2(t) = �2.Properties� The signal y(t) 
an be obtained by �ltering white noise.� The �lters 
an be 
hosen to obtain almost any desired frequen
y
hara
teristi
s.� The spe
tral density of an ARMA pro
ess y(t) is given by:�y(!) = �22� ����C(ei!)A(ei!) ����2
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Figure 3: ARMA(2,2) pro
ess. Left: Example of realization. Right:Spe
tral density.
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Sum of Sinusoids

u(t) = MXm=1 am sin(!mt+ 'm)Properties� User parameters: am, !m and 'm.� Covarian
e fun
tion given by:r(�) = MXm=1 a2m2 
os(!mt+ 'm)

� Spe
tral density given by:�(!) = MXm=1 a2m4 [Æ(! � !m) + Æ(! + !m)℄
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Figure 4: Sum of 4 sinusoids. Left: Signal. Right: Spe
tral density.
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Persistent Ex
itationTo obtain estimates of a parametri
 model the input signal has to be�ri
h� enough to ex
ite all modes of the system.A input signal is said to be persistently ex
iting (p.e.) of order n if:(i) The following limit exists:
ru(�) = limN!1 1N NXt=1 u(t+ �)uT (t)

Rem: u(t) ergodi
 impliesru(�) = E u(t+ �)uT (t)
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(ii) The matrix:
Ru(n) =

0BBBBBB�
ru(0) ru(1) � � � ru(n� 1)ru(�1) ru(0) ...... . . .ru(1� n) � � � ru(0)
1CCCCCCA

is positive de�nite.� Another de�nition: detRu(n) 6= 0.� And another: u(t) is p.e. of order n if �u(!) 6= 0 on at least npoints in the interval �� < ! � �.
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An input signal that is p.e. of order 2n 
an be used to 
onsistentlyestimate a parametri
 model of order � n.� A step fun
tion is p.e. of order 1.� A PRBS with period M is p.e. of order M .� An ARMA pro
ess is p.e. of any �nite order.� A sum of m sinusoids is p.e. of order 2m (if !m 6= 0 and !m 6= �).
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Another important observation!A parametri
 model be
omes more a

urate in thefrequen
y region where the input signal has the major partof its energy.A physi
al pro
ess is often of low frequen
y 
hara
ter ) use low-pass�ltered signal as input.
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Summary - Input Signals

� The 
hoi
e of input signal determines the quality of the �nalparametri
 model.� The obtained parametri
 model is more a

urate in frequen
yregions where the input signal 
ontains mu
h energy.� An input signal has to be ri
h enough to ex
ite all interestingmodes of the system (persistently ex
iting of su�
iently highorder).� In pra
ti
e there might be some restri
tions on the input.
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Model Parameterizations (Ch.6)Mathemati
al models 
an be derived from:- Physi
al modeling- Identi�
ation
Classi�
ation of mathemati
al models- SISO - MIMO- Linear models - Nonlinear models- Parametri
 models - Nonparametri
 models- Time-invariant models - Time-varying models- Time domain models - Frequen
y domain models- Dis
rete-time models - Continuous-time models- Deterministi
 models - Sto
hasti
 models
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General model stru
ture (SISO)y(t) = G(q�1;�)u(t) +H(q�1;�)e(t)G(q�1;�) = B(q�1)A(q�1) = b1q�nk + b2q�nk�1 + : : :+ bnbq�nk�nb+11 + a1q�1 + : : :+ anaq�naH(q�1;�) = C(q�1)D(q�1) = 1 + 
1q�1 + : : :+ 
n
q�n
1 + d1q�1 + : : :+ dndq�nd

where e(t) is white noise with varian
e �2, and� = h a1 : : : ana b1 : : : bnb 
1 : : : 
n
 d1 : : : dnd iTRem: Often �2 = �2(�).
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Assumptions:� Time-delay nk � 1 ) G(0;�) = 0 (also H(0;�) = 1)� H�1(q�1;�) and H�1(q�1;�)G(q�1;�) are asymptoti
ally stable.Often H(q�1;�) also needs to be asym. stable.
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Commonly used simpli�ed models:

ARMAX A(q�1)y(t) = B(q�1)u(t) + C(q�1)e(t)Rem: A(q�1) des
ribes the dynami
s: Here the input and the noiseis governed by the same dynami
s.

ARX A(q�1)y(t) = B(q�1)u(t) + e(t)FIR y(t) = B(q�1)u(t) + e(t)OE y(t) = B(q�1)A(q�1)u(t) + e(t)
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Time series models (no input signal)

ARMA A(q�1)y(t) = C(q�1)e(t)AR A(q�1)y(t) = e(t)MA y(t) = C(q�1)e(t)Appli
ations: Times-series modeling is useful in various dis
iplines,su
h as, e
onomy, astrophysi
s, spee
h, et
.
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Uniqueness and Identi�ability

Uniqueness:Let the true system S be des
ribed by G0, H0 and �20.Introdu
e the setDT = f�jG0 = G(q�1;�); H0 = H(q�1;�); �20 = �2(�)g.� DT empty ) underparameterized model stru
ture.� DT 
ontains several points ) overparameterized modelstru
ture. Numeri
al problems are likely to o

ur.� DT 
ontains one point ) Ideal 
ase! The system is uniquelydes
ribed by the model stru
ture (� = �0).
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Identi�ability:� System Identi�able (SI): DT is nonempty, and ^� ! DT asN !1.� Parameter Identi�able (PI): If the system is SI and DT 
ontainsone point (^� ! �0).In other words, if the 
hoi
e of model, input signal and identi�
ationmethod makes the estimated parameter ve
tor, ^�, 
onverge (withprobability one, as N !1) ) to a parameter ve
tor that perfe
tlydes
ribes the system as the number of data points tend to in�nitythen the system is said to be system identi�able. If the system isuniquely des
ribed by the model and system identi�able then thesystem is said to be parameter identi�able.
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Summary - Model Parameterizations

� It is essential that the model stru
ture suits the a
tual system.� Many standard model stru
tures are available with di�erentapproa
hes of how to model the in�uen
e of the input and thedisturban
es.� Finding the 
orre
t, or best, model stru
ture and model order isnormally an iterative pro
edure (Ch. 11).� A model should ideally be unique and the 
omplete experimentalset-up should be su
h that the system is parameter identi�able.� Not in
luded: Ex 6.3, 6.4, 6.6, 
ontinuous-time models.�Kursivt�: Ex 6.5.
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