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Abstract

System identification in a narrow sense is concerned with tasks of parameter estima-
tion based on observations originating from a dynamical system. System identification
in a broad sense deals with many subtleties coming up when designing, conducting and
interpreting results from such an experiment. The purpose of this text is to survey the
collection of ideas, insights, theorems, intuitions, language and practical experiences
which constitute the art of system identification. In this course we will guide you along
the basic methods and concepts, as well as show you the many connections to related
fields of applied science.
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Chapter 1

Aim

”Say we study an unknown dynamic system. How to design, conduct, process and
interpret the results from an experiment applied to this system such that we will get an
accurate model of its internal working?”

This question expresses the goal of system identification techniques. The actual answer to this
question lies in how the different terms are translated mathematically. This course intends to
illustrate the spectrum of choices one can make here. In order to bootstrap this course, let us give
a working (’intuitive’) definition of those:

"Unknown’:

"Dynamic System’:

"Model’:

"Experiment’:

"Design’:

"Process’:

Interpret’:

Here we assume that a precise description of the system is not available. This might be as
(i) the system is too complex to derive completely from (physical) laws; (ii) the system might
behave different from what would be expected from a theoretical description (e.g. due to
aging, unaccounted effects, or conversion from continuous to discrete time); (iii) we only need
to have a 'good’ approximation of the system which serves our purpose well.

The actual behavior relating input signal to output signal, often using a physical process. The
keyword ’dynamic’ is understood here as follows: ’output values depend on present as well as
past inputs given to the system’.

A mathematical representation of the studied system. Many different flavors of models exists
(see next chapter): this course will study mathematical models relating input and output
signals using equations. (Logic, software, language or intuition can be used alternatively).

A datum collected when feeding the system with a predesigned input signal. This book will
often be concerned with signals taking continuous values in R. (Alternatively, values of signals
can be binary, categorical, strictly positive, or taking elements in other structured sets).

How to choose the input signals in order to optimize the result of the overall analysis?
In which shape should the signals be (pre-)processed before submitting to analysis?

In what sense is the identified model accurate and reliable, and which results might be due
to unknown disturbances, noisy measurements or artificial model structures?

9



1.1. SYSTEMS & MODELS

In a specific sense, system identification is concerned with coming with an accurate model given
the input-output signals recorded during working of the studied system.

Hence, it becomes plain that system identification is closely related to other fields of math-
ematical modeling. We mention here the various domains concerned with parameter estimation
including statistical inference, adaptive filtering and machine learning. Historically, system identi-
fication originates from an engineering need to form models of dynamical systems: it then comes
as no surprise that traditionally emphasis is laid on numerical issues as well on system-theoretical
concerns.

Progress in the field has much been reinforced by introducing good software to execute the
various algorithms. This makes the methodology semi-automatic: that is a user needs still have
a conceptual overview on what is to be done, but the available software tools take care of most
technical details. In this course, the use of the MATLAB System Identification toolbox is discussed
in some detail.

System Identification as a field came only in existence in the 60s, while its roots can be traced
back to the Least Squares techniques, other techniques of statistical inference. The field however
originated from an engineering need to have good models for use in automatic control. 'Modern’
system identification is often attributed to the work of Astrém and Bohlin [1], while contemporary
system identification is often associated to the work as reviewed in Ljung [4] or Séderstrom and
Stoica [5]. The latter work will be the basis of this course.

1.1 Systems & Models

Figure 1.1: As a medical doctor you get to study the human body. As a doctor you work with an
internal representation (=model) of how the body (=system) works.

10



1.1. SYSTEMS & MODELS

Definition 1 (System or Model) The overall behaviors you get to study is referred to as the
system. The internal (mental) representation you as an researcher use in order to study the system,
is called the model.

Op T Viocal chords
Cone.e

| Figure 1.7 Specch generation.

(a) (b)

—03
04
—05
—0.6

0

50 100 150 200 250
ms

Figure 19 The speech signal (air pressure). Data sampled evexy 0125 ms. (8 kHz
sampling rate).

(c)

Figure 1.2: (a) Schematic representation of a stirred thank process. (b) representation of a speech
apparatus. (¢) Example of a generated acoustic signal with two different filters shaped by intention
(’k’ versus 'a’)

Let us begin by describing some of the systems which are being studied in the context of this
course.

Stirred Thank: The following is a prototypical example in the context of process control. Consider a bio-
chemical reactor, where two different substances go in via respective pipelines. Both inflows
comes at a certain flow-rate and have a certain concentration, either of which can be controlled
by setting valves. Then the substances interacts inside the stirred tank, and the yield is
tapped from the tank. Maybe the aim of such process is to maximize the concentration of
the yield at certain instances. A mathematical approach to such automatic control however
requires a mathematical description of the process of interest. That is, we need to set up
equations relating the setting of the valves and the output. Such model could be identified by
experimenting on the process and compiling the observed results into an appropriate model.

Speech: Consider the apparatus used to generate speech in the human. In an abstract fashion, this

11



1.1. SYSTEMS & MODELS

can be seen as a white noise signal generated by the glottis. Then the mouth are used to filter
this noise into structured signals which are perceived by an audience as meaningful. Hence,
this apparatus can be abstracted into a model with unknown white noise input, a dynamical
system shaped by intention, and an output which can be observed. Identification of the filter
(dynamical system) can for example be used to make a artificial speech.

Lateron in this course, you will be asked to study how techniques of system identification can be
applied in a range of different applications.

Industrial:

The prototypical example of an engineering system is an industrial plant which is fed by an
inflow of raw material, and some complicated process converts it into the desired yield. Often
the internal mechanism of the studied process can be worked out in some detail. Nevertheless,
it might be more useful to come up with a simlpler model relating input-signals to output-
signals directly, as it is often (i) easier (cheaper) to develop, (ii) is directly tuned to our need,
and (iii) makes abstraction of irrelevant mechanisms in the process, and (iv) might better
handle the unforeseen disturbances.

Figure 1.3: Illustrative examples: (a) A petrochimical plant. (b) An application of a model for
acoustic signals. (c¢) An example of an econometric system. (d) Signals arising from TV can be
seen as coming from a system.

Acoustic:

Econometric:

Multimedial:

The processing of acoustical signals can be studied in the present context. Let us for example
study the room which converts an acoustic signal (say a music signal) into an acoustic signal
augmented with echo. It is then often of interest to compensate the signal sent into the room
for this effect, so as to ’clean’ the perceived signal by the audience. In this example, the room
is conceived as the dynamical system, and it is of interest to derive a model based on acoustic
signals going into the room, and the consequent signals perceived by an audience.

The following example is found in a financial context. Consider the records of the currency
exchange rates. This multivariate time-series is assumed to be driven by political, socio-
economic or cultural effects. A crude way to model such non-measurable effects is as white
noise. Then the interesting bit is how the exchange rates are interrelated: how for example a
injection of resources in one market might alter other markets as well.

Finally, consider the sequence of images used to constitute a cartoon on TV say. Again,
consider the system driven by signals roughly modeling meaning, and outputting the values
projected in the different pixels. It is clear that the signals of neighboring pixels are inter-
related, and that the input signal is not as high-dimensional as the signals projected on the
screen.

12



1.2. THE SYSTEM IDENTIFICATION PROCEDURE

1.2 The System Identification Procedure

Let us sketch a prototypical example of the different steps taken in a successful system identification
experiment. The practical way to go ahead is typically according to the following steps, each one
raising their own challenges:

1.

Description of the task. What is a final desideratum of a model? For what purpose is it to
be used? How will we decide at the end of the day if the identified model is satisfactory? On
which properties to we have to focus during the identification experiments?

Look at initial Data. What sort of effects are of crucial importance to capture? What are
the challenges present in the task at hand. Think about useful graphs displaying the data.
Which phenomena in those graphs are worth pinpointing?

Nonparametric analysis. If possible, do some initial experiments: apply an pulse or step to
the system, and look at the outcome. Perhaps a correlation or a spectral analysis are possible
as well. Look at where random effects come in. If exactly the same experiment is repeated
another day, how would the result differ? Is it possible to get an idea of the form of the
disturbances?

. Design Experiment. Now that we have acquired some expertise of the task at hand, it is

time to set up the large identification experiment. At first, enumerate the main challenges
for identification, and formalize where to focus on during the experiment. Then design an
experiment so as to maximize the information which can be extracted from observations made
during the experiment. For example. make sure all the dynamics of the studied system are
sufficiently excited. On the other hand, it is often paramount to make sure that the system
remains in the useful ’operation mode’ throughout the experiment. That is, it is no use to
inject the system with signals which do not apply in situations where/when the model is to
be used.

Identify model. What is a good model structure? What are the parameters which explain
the behavior of the system during the experiment.

Refine Analysis: It is ok to start off with a hopelessly naive model structure. But it is
then paramount to refine the model structure and the subsequent parameter estimation in
order to compensate for the effects which could not be expressed in the first place. It is for
example common practice to increase the order of the dynamical model. Is the noise of the
model reflecting the structure we observe in the first place, or do we need more flexible noise
models? Which effects do we see in the data but are not captured by the model: time-varying,
nonlinear, aging, saturation,... 7

Verify Model: is the model adequate for the purpose at hand? Does the model result in
satisfactory results as written down at the beginning? Is it better than a naive approach? Is
the model accurately extracting or explaining the important effects? For example, analyze
the residuals left over after subtracting the modeled behavior from the observed data. Does it
still contain useful information, or is it white? Implement the model for the intended purpose,
thus it work satisfactory?

A flowchart of the typical system identification experiment is shown in Fig. (1.2.a). The identifi-
cation procedure can be compared to an impedance meter (see Fig. (1.2.b)) which measures the

13



1.3. A SIMPLE EXAMPLE

impedance of a system by comparing the current measured at input with the corresponding voltage
at the output line of a system. Similarly, system identification tries to figure out the dynamics of a

system by relating input signal to corresponding output, i.e. from observed input-output behavior.

Dresign of A priori knowledge
cxpc%hmc-n[ Planned use of the
madel
Perform
I
Collect data
3
Determine!
choose model +
structure
3
Choose method
Estimate
parameters
Madel
validation S ———
Mo w Mew data set
Yes

FIGURE 1.3 Schematic flowchart of system identification.

(a)

1.3 A simple Example

The code of a simple identification experiment in MATLARB is given. The task is to identify a model
for a hairdryer. This system fans air through a tube which is heated at the inlet. The input signal
u(t) reflects the power of the heating device. The output signal y(t) reflects the temperature of the
air coming out. The data used for identification is displayed as follows.

>> load dryer2
>> z2 = [y2(1:300) u2(1:300)];
>> idplot(z2, 200:300, 0.08)

14



1.3. A SIMPLE EXAMPLE
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1.4. NOTATION

At first, the structural properties of the system are displayed using nonparametric tools as follows

>> z2 = dtrend(z2);

>> ir = cra(z2);

>> stepr = cumsum(ir);
>> plot(stepr)

Inspection of those properties suggest the following parametric model relating input to output
signals.

y(t) + a1yt — 1) + agy(t — 2) = byu(t — 3) + bou(t — 4) (1.1)
Here {aj,as,b1,ba} are to be estimated based on the collected data as given before.

>> model = arx(z2, [2 2 3]);
>> model = sett(model,0.08);
>> u = dtrend(u2(800:900)) ;
>> y = dtrend(y2(800:900));
>> yh = idsim(u,model);

>> plot([yh y1);

The dynamics of this estimated model are characterized as the poles and zeros of the system. This
is given as

>> zpth = th2zp(model);
>> zpplot(zpth) ;

The transfer function corresponding to the estimated model, and derived from the non-parametric
method is compared as follows

>> gth = th2ff (model);
>> gs = spa(z2); gs = sett(gs,0.08);
>> bodeplot([gs gthl);

Many open questions on the studied system remain after this simple analysis. For example 'Is
the estimated model accurate enough (model validation)?’, 'Is the model structure as given in eq.
(1.1) appropriate?” If we can freely choose the input signals, what would the optimal inputs be
(experiment design)?’, ....

1.4 Notation

Hardly any non-mathematician will admit that mathematics has a cultural and aes-
thetic appeal, that it has anything to do with beauty, power or emotion. I categorically
deny such cold and rigid view. [N.Wiener, 1956]

Mathematical manuscripts tend to scare people away because of their intrinsic technical nota-
tion. However, mathematical notation is carefully crafted over the years to express ideas, inventions,
truths, intuitions and reasonings of exact sciences better than any spoken language could do. Sim-
ilar to spoken languages, mathematical notation comes in many different dialects, obstructing the
fluent interaction between different groups of researchers. Dialects may differ in subtle issues as e.g.

16



1.4. NOTATION

the use of capital symbols for certain quantities or in indexing systems, or in capital difference as
the use of operators versus explicit representations of transforms. As for any compiler, ideas might
not work out properly if the syntax is not as intended. As such, it really pays off to get familiar
with different notational conventions.

In this course we adapt the following notation.

(Constant):

(Vector):

(Matrix):

(Random variable):

A constant quantity will be denoted as a lower-case letter in an equation. For example scalars
(e.g. ¢,a,b), indices (as e.g. i,7,k,n,...), functions (as e.g. f,g,...) and so on.

A vector - an array of scalars taking value in R? - is denoted as a boldface lowercase letter
(e.g. a,b,c,...).

A matrix - a tableau of scalars taking values in R”* - is denoted as a boldface capital letters
(e.g. A,B,M,))

Random quantities will be noted as capital letters in equations. Random quantities need a
proper stochastic setting to be well-defined (see chapter 4), in practice they can be recognized
as they can take different values (realizations).

(Set): Sets of elements are denoted using curled brackets: e.g. {a,b,c} is a set of three constant
values. Sets are referred to using mathbb letters, e.g. R,N,C, ... .
erator): An operator is a mapping of a function to another. An operator is denoted as a calligraphic
(Operator): An operator i pping of a function t ther. An operator is denoted lligraphi
letter, e.g. £: {f} — {f} is a mapping from the set of functions into the same set.
(Reserved): In order to ease notational load, a number of symbols connect (in this course) to a given
meaning. An overview of those is given in Table (1.1).
Symbol Type Meaning
R,N,C Set Set of real, integer or complex values.
n Scalar Number of observations.
0 Vector Unknown parameters of the problem to be estimated.
T Scalar Delay of the model/system.
i,j=1,...,n Index Index ranging over the n observations.
i Imaginary number i=v-1
d Scalar Order of Input Response, or dimension.
U, u function and vector Continuous and discrete input signal.
Y,y function and vector Continuous and discrete output signal.

Operator

An estimate, that is f and f, are both an estimate of the quantity f.

Table 1.1: Enumeration of symbols taking a fixed meaning in this text.
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Chapter 2

Least Squares Rules

”Given a set of observations, which model parameters gives a model which approxi-
mates those up to the smallest sum of squared residuals?”

Least squares estimation serves as the blueprint and touchstone of most estimation techniques,
and ideas should be mastered by any student. The purpose of this chapter is to survey results, to
review the geometric insights and to elaborate on the numerical techniques used. In order to keep
the exposition as simple as possible (but no simpler), we suppress for the moment the ’dynamic’
nature of the studied systems, and focus on the static estimation problem.

2.1 Estimation by Optimizaztion

At first, let us introduce the main ideas behind different estimators. Informally:
We choose model parameters 6 which explain the data as well as possible.

To formalize this, we need to think about the following ideas:

(Model): What is a good set of functions {fp} which gives plausible models?

(Objective): In what sense do we need (formulate) the estimate be optimal?

(Optimization): How do we compute the minimization problem?

So the generic problem becomes
ézargﬂlo}HLi(fa(ﬂfiae),yi)- (2.1)

This formulation makes the fundamental transition from observed input-output behavior to internal
parameters which are not directly observed. Following the above discussion, this can be made
explicit in various ways. Some common choices are

LS : The archetypical Least Squares (LS) estimation problem solves

0= argngnz (fo(x:) —vi)” (2.2)
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WLS : The Weighted Least Squares (WLS) estimation problem solves
n
A . 2
_ E , N 2.
0 = arg r%ln 2 w; (fo(wi) — i) (2.3)

TA : The Tchebychev Approximation (TA) problem solves

0 = arg mein Inax | fo(zi) — il (2.4)
L1 : The Ly estimation problem solves
n
0= i i) — Yi 2.5
argngnglfe(x) vil (2.5)
LO : A robust approximation problem solves
f = arg meinzl |fo (i) = wilg (2.6)

where |z|o equals one if z # 0, and |z|o = 0 if and only if z = 0.

It depends on application specific considerations which one to choose. For example, if one wants
to model in the context of peaks which are important to catch one may prefer (2.4). Fig. (2.1)
exemplifies the different estimators.

2.2 Least Squares (OLS) estimates

2.2.1 Models which are Linear in the Parameters

This chapter studies a classical estimators for unknown parameters which occur linearly in a model
structure. Such model structure will be referred to as Linear In the Parameters, abbreviated as
LIP. At first we will give some examples in order to get an intuition about this class. Later sections
then discuss how those parameters can be estimated using a least square argument. It is important
to keep in the back of your mind that such least squares is not bound to LIP models, but then one
ends up in general with less convenient (numerical, theoretical and conceptual) results.

Definition 2 (LIP) A model for {y;}; is linear in the unknowns {0;}9_, if for each y; : i =

1,...,n, one has given values {mij}‘]?lzl such that
d
Yi = injaj + e, (2.7)
j=1

and the terms {e;} are in some sense small. Such model can be summarized schematically as

Y1 T11 ... Tiq]| [0 e1
1k SIEE S (28)

Yn Tpl .- Tnd ad €n
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40

© samples
351 1
] (-]

30 = = =linf s 1

> 20} Ps Phs 1

Figure 2.1: An example of an estimation problem. Assume that {fp : R — R} equals the straight
lines passing through the origin, with slope # € R. Assume that there are n = 10 samples (indicated
by the black dots), with the 9th one containing a disturbance. Then the different estimators would
give different solutions: (blue dashed-dotted line): the best § according to the least squares criterion
as in eq. (2.2), (red dashed line): the best § according to the TA criterion as in eq. (2.4), (black
solid line): the best 6 according to the Ly criterion as in eq. (2.6).
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2.2. LEAST SQUARES (OLS) ESTIMATES

or in matrix notation
y = X0 +e. (2.9)

where the matriz X € R™"*4, the vectors § € R? and e € R™ are as in eq. (2.8). In case d is small’
(compared to n), one refers to them as the parameter vector.

If the input-output data we try to model can be captured in this form, the resulting problems |,
algorithms, analysis and interpretations become rather convenient. So the first step in any modeling
task is to try to phrase the model formally in the LIP shape. Later chapters will study also
problems who do not admit such parameterization. However, the line which models admit such
parameterizations and which do not is not always intuitively clear. We support this claim with
some important examples.

Example 1 (Constant Model) Perhaps the simplest example of a linear model is
Y =0+ e (2.10)
where 6 € R is the single parameter to estimate. This can be written as in eq. (2.7) as
ye=%x"0+ey. (2.11)
where x; = 1 € R, or in vector form as
y=1,0+e, (2.12)
where y = (y1,...,yn)T € R", e = (e1,...,e,)T € R® and 1,, = (1,...,1)T € R™. Hence, the
‘inputs’ take the constant value 1. This thinking is also used in order to express a model of d inputs
X; =xI €R? for allt =1,...,n with a constant intercept term 6y given as
Yy = xtTH + 0o + e;. (2.13)
In matriz form one has
y=X'0 +e, (2.14)
where now §' = (076p)" € R¥ and X' = [X  1,].

Example 2 (Polynomial Trend) Assume the output has a polynomial trend of order smaller
than m > 0, then it is good practice to consider the model

d m
Y = meﬂj —&—Ztk@; tep. =x10+2 ()0 + ey, (2.15)
j=1 k=0
where z(t) = (1,t,¢%,...,t™)7T € R™ and 0/ = (6},0}...,0,)T € R™ 1. Again, in matriz
notation one has
y=X¥ +e. (2.16)

where X, = (x],1,t,...,t™) and 0' = (67 ,0},0,,...,0,)T € RI+m+1,
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Example 3 (A Weighted sum of Exponentials) It is crucial to understand that models which
are linear in the parameters are not mecessary linear in the covariates. For erxample, consider a
nonlinear function

Yy = f(Xt) —+ €, (217)

where f : R — R is any function. Then one can find an arbitrary good approximation to this model

ye =Y or(xe)0r + e = p(x0)0 + ey, (2.18)
k=1

where {¢1,...,0m} C {f : R* = R} are an appropriate set of basis functions. Then ¢(x) =
(1(X), ..., om(x))" € R™. There are ample ways on which form of basis functions to consider. A
method which often works is to work with exponential functions defined for any k =1,...,m as

pr(x) = exp (—lx_x'“”> ; (2.19)

Ok

where oy, > 0 and x;, € R? is chosen suitably. Specific examples of basis functions are the orthogonal
polynomials (e.g. Chebychev, Legendre or Laguerre polynomials). More involved sets lead to methods
as wavelets, splines, orthogonal functions, or kernel methods.

Figure 2.2: A Simple Example of a representation of a function f(z) in panel (a) as the sum of two
basis functions ¢; (b) and ¢5 (c).
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Example 4 (Dictionaries) FElaborating on the previous example, it is often useful to model

yr = f(xe) + e, (2.20)

as -
ye =Y fu(x)0k + e, (2.21)

k=1
where the set {f1,..., fm} is assumed to contain the unknown function f : R? — R up to a scaling.

If this is indeed the case, and the f o< f; then eq. (2.20) can be represented as
Yt = Fn(Xi)exa + ey, (2.22)

where a # 0 is a constant, ex € {0,1}™ is the kth unit vector, that is e = (0,...,1...,0)T
with unit on the kth position, and zero elsewhere. F,, denotes the dictionary, it is Fp,(x) =

(f1(x),.. -7fm(X))T € R™ for all x € R?.

In practice, if the model which is proposed to use for the identification experiment can be written
as an expression which is linear in the parameters, then the subsequent analysis, inference and
interpretation are often rather straightforward. The first challenge for successful identification is
hence to phrase the problem in this form. It is however not always possible to phrase mathematical
models in this form as indicated in the following example.

Example 5 (Nonlinear in the Parameters) Consider the following model for observations {y: }7—,
yr = asin(bt + ¢), (2.23)

where (a, b, c) are unknown parameters. Then it is seen that the model is linear in a, but not in b, c.
A way to circumvent this is to come up with plausible values {b1,..., by} for b, and {b1,...,bm}
for ¢, and to represent the model as

Y = Z a; j sin(b;t + ¢;), (2.24)
ij=1

where the model (2.23) is recovered when a; ; = a when b; =b and ¢; = ¢, and is zero otherwise.

Example 6 (Quadratic in the Parameters) Consider the following model for observations {(y:, x)}7—,
Y = ary + e; + bep_1, (2.25)

where {e;}+ are unobserved noise terms. Then we have cross-terms {be;_1} of unknown quantities,
and the model falls not within the scope of models which are linear in the parameters.

Other examples are often found in the context of grey-box models where theoretical study (often
expressed in terms of PDEs) decide where to put the parameters. Nonlinear modeling also provide
a fertile environment where models which are nonlinear in the parameters thrive. One could for
example think of systems where nonlinear feedback occurs.
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2.2.2 Ordinary Least Squares (OLS) estimates

Example 7 (Univariate LS) Suppose we have given n samples {(z;,y;)}7,, where z;,y; € R.
We suspect that they are strongly correlated in the sense that there is an unknown parameter 6 € R
such that y; ~ Ox; for alli=1,...,n. We hope to find a good approximation to 6 by solving the
following problem

0 = argmin » (y; — 0;)°. (2.26)

At this stage, we have done the most work - i.e. converting the practical problem in a mathematical
one - and what is left is mere technical. In this particular case, the solution is rather straightforward:
first note that eq. (2.26) requires us to solve an optimization problem with (i) optimization criterion
Jn(0) = 37 (yi — 0x;)%, and (ii) 0 € R the variable to optimize over. It is easily checked that in

aJ,, (0
general there is only a single optimum, and this one is characterized by the place where 89( ) =0.
Working this one out gives

=2 “myi +2) i =0, (2.27)
i=1 i=1
or
b = i=1 Tili (2.28)

That is, in case Y, x2 # 0! This is a trivial remark in this case, but in general such conditions
will play a paramount role in estimation problems.

Example 8 (Average) Consider the simpler problem where we are after a variable 8 which is
‘close’ to all datasamples {y;}_, taking values in R. Again, we may formalize this as

0 = argmin z:(yZ —0)2. (2.29)

0eR  —

Do check that the solution is given as
n

0=-> u. (2.30)
i=1
In other words, the sample average is the optimal least squares approximation of a bunch of samples.
This is no coincidence: we will explore the relation between sample averages, means and least squares
optimal estimators in depth in later chapters. Note that in this particular case, there is no caveat
to the solution, except for the trivial condition that n > 0.

S|

The extension to more than one parameter is much easier by using matrix representations.

Example 9 (Bivariate Example) Assume that we have a set of n > 0 couples {(x;.1,Ti2,yi) } ey
to our disposition, where x; 1,x; 2,y € R. Assume that we try to fit a model’

0171 + 0oz 2 + 5 = yi, (2.31)
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Bivariate Least Squares

J(6)

Figure 2.3: Illustration of the squared loss function in function of 6. The arrow indicates 6 where
the minimum to J(6) is achieved. Panel (a) shows the univariate case, or # € R as in Example 2.
Panel (b) shows the bivariate case, or § € R? as in Example 3.

where the unknown residuals {e;}_, are thought to be ’small’ in some sense. The Least Squares
estimation problem is then written as

n

(él, él) = argmin Z(yl — 011'1'1 — '92171'2)2- (232)
01,02€R i—1

This can be written out in matrix notation as follows. Let us introduce the matrix and vectors
X, €R™™2 y e € R and 0 € R? as

1,1 X1,2 1 €1
X, = x21 xn ., y= yf , e= y_2 ., 0= [gj ) (2.33)
Tn1l Tn2 Yn €n
Then the model (2.81) can be written as
Xof+e=y. (2.34)
and the Least Squares estimation problem (2.32) becomes
0 = argmin J, (0) = (X260 — )7 (X20 — y) (2.35)

0€R?

where the estimate 0 = (01,0,)T € R? is assumed to be unique. Taking the derivative of J,(0) and
equating it to zero (why?) gives the following set of linear equations characterizing the solution:

(XTX,)0 = XTy. (2.36)

This set of linear equations has a unique solution in case the matriz (X3 Xy) is sufficiently ‘infor-
mative’. In order to formalize this notion let us first consider some examples:

1. Assume x;0 =0 foralli=1,...,n.
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2. Assume x; 0 =x;1 foralli=1,...,n
3. Assume x;9 = ax;1 for alli=1,...,n, for a constant a € R.

How does the matriz
(XTX,) = Do ATl Y T 1T -
’ Z?:l Z4,2T4,1 Z?:1 T4,2%4,2 :

look like? Why does (2.36) give an infinite set of possible solutions in that case?

This reasoning brings us immediately to the more general case of d > 1 covariates. Consider
the model which is linear in the parameters

d
j=1
Defining
X,{ (E171 e xlyd
Xn Tnl .- Tn,d

or Xy € R4 with X4 ;; = ;. Note the orientation (i.e. the transposes) of the matrix as
different texts use often a different convention. Equivalently, one may define

y = Xq0+e, (2.40)

where § = (01,...,0)T e R?and y = (y1,...,yn)T € R” and e = (ey,...,e,)T € R". The Least
Squares estimation problem solves as before

min J,,(0) = (X0 — y)" (X40 —y) (2.41)
6eRd
where the estimate is now 6 = (él, . ,éd)T € R?. Equating the derivative to zero gives a charac-

terization of a solution f in terms of a set of linear equations as
(X3 Xa)f = X7y, (2.42)

this set of equations is referred to as the normal equations associated to (2.41). Now it turns out
that the condition for uniqueness of the solution to this set goes as follows.

Lemma 1 Let n,d > 0, and given observations {(;1,...,%ia,Yi) iy satisfying the model (2.40)
for a vector e = (e1,...,en)T € R™. The solutions {0} to the optimization problem (2.41) are
characterized by the normal equations (2.42). This set contains a single solution if and only if (iff)
there exists no w € R® with ||w|l2 = 1 such that (XTX4)w = 04.

Proof: At first, assume there exists a w € R? with ||w||z = 1 such that (XTX,)w = 04. Then it
is not too difficult to derive that there has to be many different solutions to (2.41). Specifically, let
6 be a solution to the problem (2.41), then so is # + aw for any a € R.

Conversely, suppose there exists two different solutions, say 6 and 6, then w # 04 is such that
(XTX4)w = 04. This proofs the Lemma.
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O

It is interesting to derive what the minimal value J(6) will be when the optimum is achieved.
This quantity will play an important role in later chapters on statistical interpretation of the result,
and on model selection. Let’s first consider a simple example:

Example 10 (Average, Ct’d) Consider the again the case where we are after a variable 0 which
is ‘close’ to all datasamples {y;}_, taking values in R, or

n

0 = argmin J(0) = > (y; — 0)*. (2.43)
9eR p

The solution is characterized as 6 = %Z:;l yi. Then the achieved minimal value J(é) equals

n

JO)=> (v —0) = ZyQ *QZydﬂOA? = ny - (Zy> : (2.44)

i=1
as verified by straightforward calculation.

In general, the value .J(0) is expressed as follows.

2.2.3 Ridge Regression

What to do in case multiple solutions exists? It turns out that there exists two essentially different
approaches which become almost as elementary as the OLS estimator itself. we consider again the
estimators solving
Q = argmin J,,(0) = (X460 — y)T (X460 — y), (2.45)
OeRd

where Q C R? is now a set.
e Select the smallest solution amongst the set of all solutions €.

e Modify the objective such that there is always a unique solution.

The first approach is very much a procedural approach, and details will be given in the section
about numerical tools. It is noteworthy that such approach is implemented through the use of the
pseudo-inverse.

The second approach follows a more general path. In its simplest form the modified optimization

problem becomes
min J3(60) = (Xab = y)" (Xaf = y) +76"6, (2.46)
where v > 0 regulates the choice of how the terms (i) || X460 — y||2 and (ii) ||0||3 are traded off. If
~ is chosen large, one emphasizes ’small’ solutions, while the corresponding first term (i) might be
suboptimal. In case 7 & 0 one enforces the first term to be minimal, while imposing a preference on
all vectors {6} minimizing this term. It is easy to see that in case v > 0 there is only a single solution
to (2.46). Indeed equating the derivative of (2.46) to zero would give the following characterization
of a solution § € R?
(X3 Xa+71a)0 = Xy, (2.47)
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and it becomes clear that no w € R? with ||w|s = 1 exist such that (XTX, + vIy)w = 04. in
case there is only a single # which achieves the minimum to || X460 — y||%, a nonzero v would give a
slightly different solution to (2.46), as opposed to this 6. It would be up to the user to control this
difference, while still ensuring uniqueness of the solution when desired.

Recently, a related approach came into attention. Rather than adding a small jitter term 676,
it is often advantageous to use a jitter term |0y = ijl |6;]. The objective then becomes

min J3(0) = (Xa0 = y)" (Xa0 = y) + 010l (248)
The solution to this problem can be computed efficiently using tools of numerical optimization as
surveyed in Chapter 15. Why to prefer (2.48) over (2.46)? Denote the estimates resulting from
solving (2.46) as 0, and the estimates based on the same X,y obtained by solving (2.48) as 6;. Then
the main insight is that the latter will often contain zero values in the vector 6;. Those indicate
often useful information on the problem at hand. For example, they could be used for selecting
relevant inputs, orders or delays. Solution 6, in contrast will rarely contain zero parameters. But
then, it is numerically easier to solve (2.46) and to characterize theoretically the optimum.

2.3 Numerical Tools

The above techniques have become indispensable tools for researchers involved with processing
data. Their solutions are characterized in terms of certain matrix relations. The actual power of
such is given by the available tools which can be used to solve this problems numerically in an
efficient and robust way. This section gives a brief overview of how this works.

2.3.1 Solving Sets of Linear Equations

A central problem is how a set of linear equations can be solved. That is, given coefficients
{aij}i=1,....dj=1,...a and {b;}¢_,, find scalars {; € R}%, such that

ay1fy +...a190y = by

(2.49)
agif1 + ... aqq 01 = by.
This set of linear equations can be represented in terms of matrices as b = (b1, ...,bq)T € R? and
ayp ... aqq’
A=|: Sl (2.50)
ady .- - Qdd’
The set of linear equations is then written shortly as
A6 =h. (2.51)

Now we discriminate between 3 different cases:
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d < d’ Then the matrix A looks fat, and the system is underdetermined. That is, there are an infinite
set of possible solutions: there are not enough equality conditions in order to favor a single
solution.

d > d’ Then the matrix A looks tall, and the system is in general overdetermined. That is, there is in
general no solution vector § = (6y,...,04)7 € R? which satisfies all equations simultaneously.
Note that in certain (restrictive) conditions on the equality constraints, it is possible for a
solution to exist.

d = d' This implies that A € R¥*? is square. In general, there is exactly one vector § = (61, ...,04) €
R? which obeys all the equality constraints at once. In some cases this solution is however
not unique.

As explained in the previous section, a vector 6 € R? can satisfy more than d’ equalities (i.e.
d > d') only when at least one of the equalities can be written as a linear combination of the other
equalities. Numerical solutions to solve this system of equations include the Gauss Elimination or
the Gauss-Newton algorithms. It is found that both theoretical as well as practical advantages are
achieved when using a Conjugate Gradient Algorithm (CGA). Plenty of details of such schemes can
be found in standard textbooks on numerical analysis and optimization algorithms, see e.g. [].

In case that there is no exact solution to the set of equality constraints, one can settle for the
next best thing: the best approximate solution. If 'best’ is formalized in terms of least squares
norm of the errors needed to make the equalities hold approximatively, one gets

2

d d
Hleinz Zaiﬁj — bi = m@in HAQ — b||§ (2.52)
i=1 \j=1

which can again be solved as ... an OLS problem, where the solution in turn is given by solving
according normal equations ATA8 = ATb of size d'.
A crucial property of a matrix is its rank, defined as follows.

Definition 3 (Rank) A matriz A € C"*? with n > d is rank-deficient if there exists a nonzero
vector x € C? such that

Ax =0, (2.53)

where 0, € R™ denotes the all-zero vector. Then the rank of a matriz is defined as the number of
nonzero linear independent vectors {Xi,...,X,} C R? which have that Ax; #0,, or

rank(A) = max |{x; € R? s.t. Ax; #0p,xix=0;_j, Vi,j=1,... 7} < min(n,d).  (2.54)

2.3.2 Eigenvalue Decompositions

The previous approaches are mostly procedural, i.e. when implementing them the solution is com-
puted under suitable conditions. However, a more fundamental approach is based on characterizing
the properties of a matrix. In order to achieve this, the notion of a n Eigen Value Decomposition
(EVD) is needed.
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Definition 4 (Eigenpair) Given a matriz A € C¥*d which can contain complez values. Then a
vector x € R? with ||x||2 = 1 and corresponding value X € C constitutes an eigenpair (x,\) € C¢x C
if they satisfy

Ax = )x, (2.55)

That is, if the matrix A applied to the vector x transforms into a rescaled version the same vector.
It is intuitively clear that working with such eigenpairs simplifies an analysis since it reduces to
working with scalars instead. Suppose we have d’ such eigenpairs {(x;, A;)}_, then those can be
represented in matrix formulation as

A [Xl, N 7Xd/] = [/\1)(17 ey )\d’Xd’] = [X1, ce ,Xd/] diag()\l, ey >\d’); (256)
or
AX = XA. (2.57)
where A = diag(\1, ..., Aa) € C¥*? is a diagonal matrix, and X = [x1,... x| = [x1,...,xa] €
Rdxd’.

The eigenvalues have a special form when the matrix A has special structure. The principal
example occurs when A € C¥? and A = A*, i.e. the matrix is Hermitian. In case A € R4*?, this
means that A = AT is squared and symmetric. In both above cases we have that

(Real) All eigenvalues {\;}; are real valued.
rtho eligenvectors are orthonormal to each other, or x; x; = 0;_.
Ortho) All ei h 1 h oth ZT ;= 0i—j

Such orthonormal matrices are often represented using the symbol U, here for example we have
that X = U. The last property means that UTU = I;, where I = diag(1,...,1) € {0,1}%*? is the
identity matrix of dimension d. But it also implies that UUT = U(UTU)UT = (UUT)2. Then,
the only full-rank matrix C € R?*? which satisfies the problem CC = C is I, such that we have
also that UUT = I,;. As such we can write

UTAU = A. (2.58)
That is, the matrix of eigenvectors of a symmetric matrix diagonalizes the matrix. The proof of
the above facts are far from trivial, both w.r.t. existence of such eigenpairs as well as concerning

the properties of the decomposition, and we refer e.g. to [9], Appendix A for more information and
pointers to relevant literature. Then we define the concepts of definiteness of a matrix as follows.

Definition 5 (Positive Definite Matrices) A square matriz A € R?*? is called Positive Defi-
nite (PD) iff one has for all vectors x € R that

xTAx > 0. (2.59)
A matriz A = A* is called Positive Semi-Definite (PSD) iff one has for all vectors v € R? that

xTAx > 0. (2.60)
The notation A = 0 denotes the A is PSD, and A = 0 means that A is PD.
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In the same vein, one defines negative definite, negative semi-definite and non-definite matrices.
It turns out that such properties of a squared matrix captures quite well how different matrices
behave in certain cases.

Lemma 2 (A PD Matrix) A matriv A = A* € C4*9 is positive definite if any of the following
conditions hold:

(i) If all eigenvalues {\;} are strictly positive.
(i3) If there exist a matriz C € R™? of rank rank(A) where

A=cC'cC. (2.61)

(iii) If the determinant of any submatriz of A is larger than zero. A submatriz of A is obtained
by deleting k < d rows and corresponding columns of A.

This decomposition does not only characterize the properties of a matrix, but is as well optimal
in a certain sense.

Lemma 3 (Rayleigh Coefficient) Let Ay > --- > Ay be the ordered eigenvalues of a matric
A =AT ¢ R4, Then

 xTAx
A, = min 7
x  xT'x

: (2.62)

and this minimum is achieved when x < X1, that is, is proportional to an eigenvector corresponding
to a minimal eigenvalue.

T
x' Ax
A\, = in——— 2.
n = Maxmin —z——, (2.63)
Moreover, one has for alli=1,...,d that
T T
x' Ax x' Ax
A; = max min =  min max ———, (2.64)
WERIx(d-1) x:WTx=0 XIX WERIX(i-1) x:WTx=0 XX
which is known as the Courant-Fischer-Weyl min-maz principle.
This is intuitively seen as
T x; Ax; T i L
N =x; Ax; = 55—, XX, V] #1, (2.65)
X X;

K3

for all i =1,...,d, by definition of an eigenpair. Equation (2.64) implies that the eigenvectors are
also endowed with an optimality property.

2.3.3 Singular Value Decompositions

While the EVD is usually used in case A = A* is Hermitian and PSD, the related Singular Vector
Decomposition is used when A € C"*¢ is rectangular.
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Definition 6 (Singular Value Decomposition) Given a matriz A € C**?, the Singular Value
Decomposition (SVD) is given as

A =USV*, (2.66)
where U = (uy,...,u,) € C™" and V = (vy,...,vq) € C¥*? are both unitary matrices, such
that UTU = UUT =1, and VIV = VVT =1,. The matriz ¥ € R™*? which is all zero except
for the elements ¥;; = o; for i = 1,...,min(n,d). Here, {o;} are the singular vectors, and the

corresponding vectors {u;} C C" and {v;} C C? are called the left- and right singular vectors
respectively.

The fundamental result then goes ass follows.

Lemma 4 (Existence and Uniqueness) Given a matriz A € C"*4¢, the Singular Value Decom-
position (SVD) always exists and is unique up to linear transformations of the singular vectors
corresponding to equal singular values.

This implies that
rank(A) = |{o; # 0}, (2.67)

that is, the rank of a matrix equals the number of nonzero singular values of that matrix. The
intuition behind this result is that the transformations U and V do not change the rank of a matrix,
and the rank of ¥ equals by definition the number of non-zero 'diagonal’ elements. Similarly, the
"best’ rank r approximation of a matrix A can be computed explicitly in terms of the SVD. Formally,

B = argmin [|[A — B||; s.t. rank(B) =r. (2.68)
Be([:nxd

where the Frobenius norm of a matrix A is defined as ||A||r = tr(AT A). For simplicity, assume that
the singular values which are not equal to zero are distinct, and sort them as o1y > ...0@) >0
where min(n,d) > d’ > r. This notation is often used: a1, ...,a, denoted a sequence of num-
bers, and a(y), ..., a(,) denotes the corresponding sorted sequence of numbers. The unique matrix
optimizing this problem is given as

B = ZU(Z-)LI(Z-)VEFZ-). (2.69)
i=1

where u;), v(;) are the left- and right singular vector corresponding to eigenvalue ;. In matrix
notation this becomes

Bo[Uy Ui {zr 0] [v;

0o V,J — US,)V, (2.70)

where X" denote the matrix consisting of the first 7 rows and columns of ¥, and ¥,y € R"™*4 equals
¥ except for the singular values 0,1y, 0(r42),... Which are set to zero. This result appeals again
to the min-max result of the EVD. That is, the EVD and SVD decomposition are related as

Proposition 1 (SVD - EVD) Let A € C"*? let then A = UXV* be the SVD, then
ATA = v*yTUUTSV = V¥ (2Tn)V. (2.71)
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Let XA = AX be the EVD of the PSD Hermitian matriz ATA. Then ¥7% = A and X = V. That
is 02 = \; for all i =1,...,min(d,n) and \; = 0 otherwise. Similarly,

AAT = UxvrveTUur =uExhu. (2.72)

and V as such contains the eigenvectors of the outer-product AAT, and the subsequent eigenvalues
are \; = o2 for alli =1,...,min(d,n) and \; = 0 otherwise

2.3.4 Other Matrix Decompositions

There exist a plethora of other matrix decompositions, each with its own properties. For the sake
of this course the QR-decomposition is given. Let A = AT € R%*? be a symmetric positive definite
matrix (i.e. without zero singular values). Then we can decompose the matrix A uniquely as the
product of an uppertriangular matrix R € R?¥¢ and a unitary matrix Q € R4 or

i1 --- qid 1 ... Tid
A= : .. 1| =QR, (2.73)

Gd1 -+ Qdd 0 Tdd
where QQT = Q7TQ =1,.

2.3.5 Indirect Methods

Let us return to the question how to solve the normal equations (2.42) associated to a least squares

problem, given as
(XTX)9 = X"y, (2.74)

Rather than solving the normal equations directly by using numerical techniques, one often resorts
to solving related systems. For example in order to achieve numerical stable results, to speed up
multiple estimation problems. Some common approaches go as follows

QR: If A6 = b is a set of linear equations where A is upper-triangular, then the solution 6 can
be found using a simple backwards substitution algorithm. But the normal equations can be
phrased in this form using the QR decomposition of the covariance matrix as (X7 X) = QR
where Q is orthonormal (unitary) and R is upper-triangular. Hence

(XTX)0 = (XTy) & QT(XTX)0 = Q" (X"y) & RO = b, (2.75)

where b = QT (X”Ty). Hence the solution # can then be found by backwards substitution.
The QR decomposition of the matrix (X7 X) can be found using a Gram-Schmid algorithm, or
using Householder or Givens rotations. Such approaches have excellent numerical robustness
properties.

SVD: Given the SVD of the matrix X € R"*¢ as X = UXV7, and assume that all the singular
values {o; > 0} are strictly positive. Then the solution 6,, to (2.74) is given as

(XTX)0 = (XTy) & (VvETUTUSVT)) = vETUTy & 9 = v~ 1UTy, (2.76)

where Y1 = diag(oy !, . .. ,cr;l) € R%¥4 and the inverses exist by assumption.
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t: In case the matrix X is not full rank, one has to modify the reasoning somewhat. That is, it
is not guaranteed that there exists a solution 6,, to the normal equations of eq. (2.74). And
in case that a solution 6, exists, it will not be unique: assume that a € R? is a nonzero vector
such that Xa = 0, then 6,, + a solves the normal equations as well as

(XTX)(0,, + an) = (XTX)0,, = X y. (2.77)

So it makes sense in case X is rank-deficient to look for a solution 6,, which is solves the
normal equations as good as possible, while taking the lowest norm of all equivalent solutions.
From properties of the SVD we have that any vector § € R? solving the problem as well as
possible is given as

r d—r
0= Z v(i)a(_i)lug;)y + Z ajv(r+j)ajug;+j)y, (2.78)
i=1 j=1
where {0(1),...,00} denote the r non-zero singular values. The smallest solution ¢ in this
set is obviously the one where a1 = -+ =aq_, =0, or
0, = Zv(i)o(_i)luz)y. (2.79)

i=1

Note that this is not quite the same as the motivation behind ridge regression where we want
to find the solution trading the smallest norm requirement with the least squares objective.

From a practical perspective, the last technique is often used in order to get the best numerically
stable technique. In common software packages as MATLAB, solving of the normal equations can
be done using different commands. The most naive one is as follows:

>> theta = inv(X’*X) * (X’y)
But since this requires the involved inversion of a square matrix, a better approach is
>> theta = (X’*X) \ (X’y)

which solves the set of normal equations. This approach is also to be depreciated as it requires the
software to compute the matrix (X7X) explicitly, introducing numerical issues as a matrix-matrix
product is known to increase rounding errors. The better way is

>> theta = pinv(X)*Y
MATLAB implements such technique using the shorthand notation

>> theta = X \ Y

2.4 Orthogonal Projections

Let us put our geometric glasses on, and consider the calculation with vectors and vector spaces.
A vector space A C R™ generated by a matrix A € R™"*™ is defined as

A=<a ‘ a= ZWjAj =Aw,Yw e R™ 3. (2.80)

Jj=1
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Consider the following geometric problem: ”Given a vector x € R™, and a linear space A, extract
from x the contribution lying in A.” Mathematically, this question is phrased as a vector which can
be written as X = Aw, where

(x— Aw)TA =0, (2.81)

saying that ”the remainder x — X cannot contain any component that correlate with A any longer”.
The projection Aw for this solution becomes as such

Aw = A(ATA) 'Ax, (2.82)

that is, if the matrix (A7 A) can be inverted. Yet in other words, we can write that the projection
X of the vector x onto the space spanned by the matrix A can be written as

x=Iax=A((ATA) 'Ax) = (A(ATA)'A)x, (2.83)
and the matrix II4 = (A(ATA)"1A) is called the projection matrix. Examples are

e The identity projection IIo = I,,, projecting any vector on itself.

e The coordinate projection IT5 = diag(1,0,...,0), projecting any vector onto its first coordi-
nate.

o LetIl,, = w%w (ww?) for any nonzero vector w € R™, then Il,, projects any vector orthogonal
onto w.

e In general, since we have to have that IIoIIax = IIaox for all x € R™ (idempotent property),
a projection matrix 1o has eigenvalues either 1 or zero.

xIA

X/A

Figure 2.4: Orthogonal projection of vector x on the space A, spanned by vector a;

2.4.1 Principal Component Analysis

Principal Component Analysis (PCA) aims at uncovering the structure hidden in data. Specifically,
given a number of samples D = {x;}I"; - each x; € R? - PCA tries to come up with a shorter
description of this set using less than d features. In that sense, it tries to 'compress’ data, but
it turns out that this very method shows up using other motivations as well. It is unlike a Least
Squares estimate as there is no reference to a label or an output, and it is sometimes referred to
as an unsupervised technique, [?]. The aim is translated mathematically as finding that direction
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Figure 2.5: Schematic Illustration of an orthogonal projection of the angled upwards directed vector
on the plane spanned by the two vectors in the horizontal plane.

w € R? that explains most of the variance of the given data. 'Explains variance’ of a vector is
encoded as the criterion Y | (x7 w)2. Note that multiplication of the norm of the vector w gives a
proportional gain in the 'explained variance’. As such it makes sense to fix ||w]|js = 1, or wl'w = 1,
in order to avoid that we have to deal with infinite values.

This problem is formalized as the following optimization problem. Let x; € R? be the observation
made at instant i, and let w € R? and let z; € R be the latent value representing x; in a one-

dimensional subspace. Then the problem becomes

n
. 2 T

E i — Wz .t. =1 2.84

wellg}}?zq;}i i—1 ”Xl sz”2 i v ( )

In order to work out how to solve this optimization problem, let us again define the matrix X,, €
R™*4 stacking up all the observations in D, and the matrix z,, € R™ stacking up all the corresponding
latent values, or

X1 Z1
Xg Z9
X’I’L = . bl Zn = . . (2.85)
xT Zn
Then the problem eq. (2.84) can be rewritten as
min  J,(2,,w) = tr (Xn — anT) (Xn — zan)T st. wlw=1, (2.86)

weR? z, eR™

where tr G = Y. | G;; where G € R"*". Suppose that w satisfying w”w = 1 were known, then
we can find the corresponding optimal z,(w) as a simple least squares problem: as classically we

derive the objective to eq. (2.86) and equate it to zero, giving the condition for any ¢ = 1,...,n
that
0T (2 (W), W) - . T
—— = =0& -2 Xi — W2y i(W))” w =0, 2.87
oty > (w)) (287
or .
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Now having this closed form solution for z,, corresponding to a w, one may invert the reasoning and
try to find this w satisfying the constraint w’'w = 1 and optimizing the objective J,,(2,(w), w) as
min I (W) = Jn(2n (W), w) = tr (X, — 2o (W)W') (X, — 2, (W)w?) " . st wiw=1. (2.89)
weR
Working out the terms and using the normal equations (2.88) gives the equivalent optimization
problem

min J), (w) = HX” - (WWT)X,,LHF st. wiw=1. (2.90)
weRd
where the Frobenius norm || - ||% is defined for any matrix G € R"*9 as

n
IGlr =trGG" =) GG =) G}, (2.91)
i=1 ij
and where G; denotes the ith row of G. It is useful to interpret this formula. It is easy to see
that the matrix I, = (ww’) as a projection matrix as (ww)~! = 1 by construction, and as
such we look for the best projection such that IIX,, is as close as possible to X,, using a Euclidean
norm. To solve this optimization problem, let us rewrite eq. (2.90) in terms of the arbitrary vector

v € R? such that w = m has norm 1 by construction. We take care of this rescaling by dividing

the objective through v7v. Recall that linearity of the trace implies tr GGT = tr GTG. Since
(ww)T(ww) = (ww) (idempotent), one has

Ty, _ TxTXn TXTXn
min J' (v) = min —— v X Xe)y V(X Xy

(2.92
vERd vERd viv veRd vTy ’ )

and w solving eq. (2.84) is given as w = ™~

T T
Now luckily enough maximization of v Xy XV s a wellknown problem, studied for decades in

analyses and numerical algebra as the problem of maximizing the Rayleigh coefficient. From this
we know not only how the maximum is found, but how all local maxima can be found. Equating
the derivative of the Rayleigh coefficient to zero gives the conditions

vI(XTX, v

Alv) = — Ty AV)(vTv) =vI(XTX,,)v. (2.93)

Now deriving to v and equating to zero gives the conditions
Av)v = (XIX,,)v, (2.94)

and we know that the d orthogonal solutions {v;}; and corresponding coefficients {\(v;)} are
given by the eigenvectors and eigenvalues of the matrix X’ X,,, such that v v; = d§;; (ie. is
one if i = j, and zero otherwise), and vI (XXX, )v; = A\i(v;)d;;. We will use the notation that
{(NXEX,), vi(XEX,))} to denote this set. In fact, the relation PCA - eigenvalue decomposition
is so close that they are often considered to be one and the same. That is if an algorithm performs
an eigenvalue decomposition at a certain stage of a certain matrix, one may often think of it as a
PCA of this matrix thereby helping intuition.
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Figure 2.6: (a) An example of n = 13 and d = 2, where all the samples 'x’ lie in a two-dimensional
linear subspace denoted as the filled rectangle. PCA can be used to recover this subspace from the
data matrix X € R3*3. (b) An example of the results of a PCA analysis on 2000 of expression
levels observed in 23 experiments. The 3 axes correspond with the 3 principal components of the
matrix X € R23%2000,
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Chapter 3

Flavors of Dynamic Systems and
Models

"How can we mathematically represent and characterize a dynamical system? And
what is a good representation for a certain task?”

This chapter is a survey of some important results in systems theory, and will serve to fix ideas,
notation and language to be used in later chapters. Models come in many different flavors. We
will mainly be interested in models relating input to output signals using formal equations. But
keep in mind that this is but one choice. In some cases it is good practice to express models using
predicate logic, software code, graphs and pictures, human language or even intuitions. At the end
a model is only an internal representation of the actual system, and is as good proportionally to
how well it serve its final purpose.

3.1 General Characterization of Dynamic Systems

In the context of this course, we are interested in dynamic systems, i.e. systems which have a
nontrivial dependence on its past (future) signals. To make the ideas in this chapter easier to
present, we will restrict ourself to systems accepting a univariate input signal {u;}; C R, and
outputting a univariate signal {y;}; C R. Such systems are called SISO (’Single Input, Single
Output’). It is not to hard then to figure out what MIMO, MISO, TITO stands for, is it?

Dynamic models come in different forms, but arguably the largest watershed is drawn between
models represented in continuous-time, or in discrete-time. While in the physical sciences one
often builds up models based on first-order principles expressed as continuous Ordinary Differential
Equations (ODEs) or Partial Differential equations (PDEs), in the context of system identification
one typically chooses discrete representations.

(Digital): The system’s input-output behavior is recorded as numerical values, The keyword ’digital’
suggests often a discrete nature either in time scale, or in the values of the signals.

(Parameters): The unknown quantities in the assumed model structure which is used to describe the system
of interest. Those parameters will be estimated based on the collected input-output data of
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Figure 3.1: A Taxonomy of Systems
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the systems. In general, the there are only a small, constant number of such parameters (as
e.g. compared to n) to be estimated.

(White-box): Sometimes a model can be formalized in terms of physical laws, chemical relations, or other
theoretical considerations for the studied system. Such a model is called white-box, as the
intern model description directly appeals to the intern mechanism supposed to underly the
system. As such, the system explains (in a sense) why it operates as is seen in input-output
behavior.

(Black-box): A black-box model does not directly appeal to the actual mechanisms which are supposed to
underly the studied system. A black-box model merely intends to make good predictions of
the (future) system behavior: the internal description merely serves to relate input signals to
output signals.

(Grey-box): Grey-box models are a mixture between black-box and white-box models. Some of the internal
working of the system can be assumed to be dictated by laws, The complete input-output
behavior is only known however up to some gaps. Those blanks can then be modeled using
black-box techniques.

In the context of this course, mainly black-box models are considered. Section 5.3 will discuss how
techniques can be extended to white- and grey-box models.

o pAaaa, Crown wheel

Plate 6% L center wheel pinion

=
Ratchet ey VLY \/lv’\/‘/);:. - J"f)

/ s Center wheel

Z
G y/
Barrel arbcrl:}\{\\\ 44 Balance sprng
& ) alance
Click spring___é& o o
‘e -

Spring barrel
Barrel
Third wheel
Third wheel pinion .
Fourth wheel a1 = S \ Pallet staff
Fourth wheel pinion Escape wheel Entry pallet
pinion Escape wheel

(a) (b)

Figure 3.2: Metaphorical representation of a (a) white-box model where you see the internal work-
ing, (b) black-box model where you only see the output of the system, and (c) grey-box model
where both are present to some degree.

The conversion of continuos time-models into an (approximate) discrete-time counterpart falls
within the area of systems theory. This overall challenge is historically and research-wise related
to numerical solvers used for finding solutions for sets of differential equations. Again, this book
will adopt the convention to denote continuous signals using its ’argument form’, e.g. wu(t). Its
discrete counterpart are denoted as u; where now ¢ becomes an index taking integer values, i.e.
t=1,2,3,....

3.2 LTI Systems

The following definitions help us to narrow down the class of models studied here. The central
notion is the idea of an impulse response, intuitively the timely effect observed at the output of a
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system when injecting a pulse signal into the system. An example is given in Fig. (3.3).

-
T

i J

Figure 3.3: An intuitive illustration of an impulse response: a sound beep ripples an acoustic signal
through a room.

Definition 7 (Time-invariant System) A system is called time-invariant if its response to a
certain input signal does not depend on absolute time.

Formally, the properties of the model (e.g. the orders, parameters or sampling time) do not depend
on the precise index t. An example of a time-invariant model is y; = 0 + e;. If this model were
time-varying it would be denoted as y; = 0; + e;.

Definition 8 (Causal System) A system is called causal if an output response at a certain in-
stant depends only on the inputs up to that time. That is, if a useful prediction can be made based
on the past signals only.

Definition 9 (Superposition Principle) The superposition principle states that for any linear
system the net response at a given place and time caused by a linear combination of different input
signals equals the same linear combination of the output responses which would have been caused by
individual application of each input signal.

Theorem 1 (Continuous Impulse Response (IR) representation) Given a causal LTI sys-
tem S, then its mapping from any continuous input signal {u(s)}s<; to a corresponding output y(t),
for any such t, can be represented using a fized function h: Ry — R as

y(t) = / h(r)u(t — )dr. (3.1)
7=0
The function h is called the continuous Impulse Response (IR) function.
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{Ut} {yt}
———— LTI System —M8M—
{u} ¢t
@
——» LTISystem — —»
{Ut"'ut'} {yt"’yt‘}

Figure 3.4: Tllustration of the superposition principle as in Def. (9).

Theorem 2 (Discrete Impulse Response (IR) representation) Given a causal LTI system
S, then its mapping from any input signal {... , us—1,us} to a corresponding output y; can be rep-
resented using a fized sequence {ho,hi,...,hq} as

d
Yo=Y hou_p, V=1, (3.2)
7=0

with order d which is possibly infinite. The (infinite) vector h = (hg, h1,...,hq)T € R? is called the
discrete Impulse Response (IR) vector.

This step from continuous representation (or 'model’) to a discrete representation ('model’) is
intuitively seen as follows: As working assumption we take that we sample the (continuous) time as
every other A > 0 period, such that the sample after a time A correspond with the zeroth sample.
Formally, this is written as the relation for every ¢’ = ..., —2,—-1,0,1,2,... as

uy =u(t’'A+7), VO <7 <A, (3.3)

and up = u(0). Note the use of the symbol ¢ and t’ for differentiating between continuous time and
discrete index. In the rest van this text we will use ¢ in both cases as its meaning is almost always
clear from its context.

y(t'A) = / h(T)u(t’A — 7)dr
7=0
o0 A
= Z/ hMr)u(t' A —7)dr
=/ T=(""=1)A
o0 A
= Z (/ h(T)dT) U g
=1 T=(t'"-1)A

= i hT/ut/_T/, (34)
T/=1
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where we define for any p =1,2,3,... that

A
s = / h(r)dr. (3.5)
T=(1'"—1)A
Again we will use 7 in general to denote both the displacement in the continuous case (i.e. 7), as

the distant in the discrete case (i.e. 77).

Observe that no approximation need to be made if one assumes eq. (3.5), and that it is sufficient
in the sense that {h,}, fully specifies the (continuous) response to the input signal. Even if eq.
(3.5) does not hold, {h,}, might still give a good discrete to what is happening in continuous
time, provided the signal u(t) does not change too much during intersample intervals. The study
of different sampling schemes and the influence on subsequent analysis steps goes to the heart of
digital control theory and signal processing, and has its obvious relevance in the design of A/D
convertors.

The following two examples are prototypical.

Example 11 (A First Order Example) At first an example is given of a continuous time first
order linear system. Assume a system is modeled as a first order differential equation, or
dy(t
Tizjlsf ) +y(t) = Ku(t — 1), (3.6)

for a time delay 7 > 0, a gain K > 0 and time constant T > 0. Then the impulse response
can be computed by equating the signal u(t) to an impulse 6(t), and to solve for the corresponding
y(t). Similarly, one can compute the solution when the system is excited with the step signal
{u(t) = 1(t > 0),t = —00,...,00}. This solution is given in Fig. (3.5).

Conversely, one can determine the parameters 7, K,T by looking at the step response. Fig-
ure (3.5) demonstrates a graphical method for determining the parameters K,T,T from the step
response:

o The gain K is given by the final value.
e DBy fitting the steepest tangent, T and T can be obtained. The slope of this tangent is %

e This tangent crosses the time-axis at T, the time delay.

Example 12 (Step Response of a damped Oscillator) Consider a second-order continuous
system characterized by a differential equation, or

d dytg’f) dfif) +u2y(t) = Kou(t). (3.7)

After some calculations, the solution of the differential equation when exited with a step input is
found to be

+ 250)0

e—&wot
y(t) =K (1 - \/17752 sin (wot 1-&2+ T)) , (3.8)
where the time delay is T = arccos&. Here the gain is parametrized by K, and the timescale is
parametrized by wo. The parameter £ requlates the damping of the oscillation of the system, hence
the name. This step response is illustrated in Fig. (3.6) for different values of € = 0.1,0.2,0.5,0.7,0.99.
In the example, the gain is fired as K = 1 and the timescale as wy = 1.
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Step Response

.. time

Figure 3.5: Example of a first-order system given in eq. (?7)

step response

2 4 6 8 10 12 14 16 18 20

Figure 3.6: Example of a step response of a second-order system given in eq. (3.7) In this example
K =1 and wy = 1.
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Chapter 13 discusses how one can extend this model class to account for nonlinear effects. That
is, how identification techniques can be applied when the Linear superposition property is not valid
any longer.

3.2.1 Transforms

In order to get insight into why, how and what a certain model is capable of, it turns out to
be quite useful to express the dynamics using different languages. That is, the model dynamics
are transformed to various descriptions. This amounts in general to the theory and practice of
transforms.

Sinusoid Response and the Frequency Function
Let us elaborate on the simple case where the input of a system is a cosine function:
uy = cos(wt), Ve =...,-2,-1,0,1,2,.... (3.9)
It will be convenient to rewrite this as
up = Ret Vet =-2,-1,0,1,2,.... (3.10)

wot

with R- denoting the ’real part’. This follows from Fermat’s equality that e = cos(iwgt) +

isin(iwgt) as depicted in Fig. (3.7).

A maginary Ax

eV = cos(w) + i sin(w)

Real Ax

Figure 3.7: The Complex unit-circle.
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Then given a (discrete) system {h,}, we have for any t = ..., —1,0,1,... that
yr = Z hr cos(wt — 7)
T=1
_ Z th%eiw(tfr)
=1
— %ZhTeiw(t—T)
T=1

R (e"wt > hTe—W> ; (3.11)
T=1

the second equality follows as h. is real. Using the definition

H (%) =Y hee ™, (3.12)
=1
one can write further
v = m(eith (eiw))
= |H (ei“’)‘ cos (wt + @), (3.13)
where
p=argH (ei“’) . (3.14)

And the absolute value and the argument of a complex value = + iy € C are defined as

|z + iy| = Va2 + y?, (3.15)

and
| 2arctanﬁ x>0,y#0
arg(z +1iy) = { z<0,y=0 (3.16)
00 else.

This follows from the rules of complex calculus. This derivation is paramount into understanding
how LTIs work. The engineering view is that an LTI H is a mapping from a sinusoid with frequency
—7m < w < m, to a corresponding one with the same frequency, but with amplitude magnified by
|H (ei“’) , and phase increased by arg H (ei“’). For that reason, the function H (e“) is denoted as
the frequency function or transfer function of the LTI H. The method of transforms - coming in
the form of Laplace, z- or Fourier transforms is then all about the concept of H (e“"), as will be
elaborated in the remainder of this section.
History has provided us with many graphical tools to characterize LTIs, amongst which

(Bode) Represents the amplitudes ’H (ei“’)’ and phases arg H (ei‘*’) as a function of the frequency
—nm<w<T.
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(Nyquist) Represents for any —7 < w < 7 the complex numbers

(|H ()] arg H (")) (3.17)
as curves in the 2D graph.

These concepts are often studied in the continuous-time case, but their basic properties carry over
to the discrete-time case as well.

Now, those reasonings motivate us to decompose the given signals into contributions of sinusoids
with various phases and amplitudes. Indeed if we know this decomposition it is straightforward
to characterize the system from observed input- and output signals. Let us consider first the case
where this decomposition is performed on a input-signal {u:} ; of finite length (!). Now define
the function U,, : R — C for any —7m < w < 7 as

R~ ot
=— > e (3.18)
v

The values obtained for w = %27rk; for k = 1,...,n form the Discrete Fourier Transform of the

”,’Z’“)}Zzl as

finite sequence {u;}} . We can reconstruct the original sequence {u;}7 ; from {U(

n

u = \FZu <2”k) ei2mht (3.19)

for any t =1,...,n. Indeed

z”: (27rk;> p— %izu exp (W(t—s) Zusmst c=u. (3.20)

k=1s=1

where

Op—s = — Zexp (zZ:’er) {é : ; 8 (3.21)

This follows in turn as the different functions {exp(i2mwk/n)}}_, are carefully crafted as orthonormal
functions.

As such, we have found a good decomposition of the signal {u;} in its frequency components
{Un(wi)}k. Tt is instructive to consider the ’energy’ of the different frequencies. This notion is
captured by the periodogram, which is a function defined for any —7m < w < 7 as

Un (wi)[*, Veor. (3.22)

()]

Parseval’s equality gives then that

Zn:l = uj. (3.23)




3.3. USEFUL REPRESENTATIONS

3.3 Useful Representations

3.3.1 Disturbances

Again, we will focus on the LTI model

Y = Z howe—r = H(qg™ " uy. (3.24)
7=0

A disturbance refers to the collection of effects such that the system at hand is not entirely described
as in eq. (3.24). Herefor, the model of eq. (3.24) is extended as

ye = H(q" g + dy, (3.25)

where {d;}; C R denote the disturbances. It is often realistic to have such terms as in practice one
may be faced with data which is perturbed by

(Random Noise):

(Under-modeling):

(Nonlinear Effects):

(Time Varying):

The observations made during the experiment are often due to stochastic signals influencing
the system during operation. Effects are roughly called stochastic if they differ from experi-
ment to experiment. That is, if they result in different signals even when the experiment is
repeated under identical circumstances. Noise terms may be due to inaccuracies in the mea-
surement devices, or to external influences which are not directly measured, and which are
beyond control of the designed experiment. Often, the stochastic framework and statistical
models provide a reasonable description of such effects.

In case the system does not quite fit the model structure which is chosen, disturbance terms
might reflect the ’residual’ dynamics of the system. Those are often present as a model is a
useful abstraction of the studied system, and a complete modeling is in many real-world cases
beyond reach.

A model satisfying the superposition principle is often accurate (convenient) enough for our
purposes. However, most systems reflect some sort of deviation of this mathematical principle,
in general denoted as a 'nonlinear effects’. In process industry for example, saturation effects
often occur. But in case the system remains at more or less the same operation regime the
system can be expected to behave linear. A disturbance term can absorb the occasional
nonlinear effects nonetheless.

In the same spirit as the nonlinear effects, any real system displays non time-invariant effects.
But if one remains more or less in the same operation regime and avoids structural changes
during the experiment, a disturbance term might get rid of minor time-varying effects. A
particular time-varying effect is due to aging of the experimental setup, which can be avoided
by collecting data in a relatively short timespan.
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USEFUL REPRESENTATIONS

3.3.2 Polynomial Representations

Consider the SISO case. Then any LTI can be represented as

Yt

) )
= Z hTut—T + Z gr€t—1
7=0 7=0

=A4+hg ot he g e+ L 9T e
= H(g Yus +G(g Ver.  (3.26)

with suitable polynomials H(z) and G(z). The former characterizes the dynamics of the (observed)
input signals, the latter captures the dynamics of the disturbances to the system. Now there
exists a wide spectrum of models which parameterize this general description in some convenient,
appropriate way. A few are enumerated here:

FIR (my):

ARX(mg, myp):

ARMAX (mg, mp, me):

Yo = bour + b1ug—1 + -+ + by Uy, + €1 = B(g™uy + e, (3.27)
where
B(g ") =bo+big "+ + byyg ™. (3.28)
An Auto-Regressive model with eXogenous inputs is specified as
Al "ye = B(q~uy + ey, (3.29)
where
Al =14+ai¢g '+ +amq ™. (3.30)
and B(q™!) is given as in eq. (3.28). This implies that the model equals

_ B, 1
Y= A" T A

and the noise influences the outcome in a nontrivial way. This is typical for situations where
the disturbances come into the dynamical systems at earlier stages, i.e. the noise shares some
important aspects of the dynamics with the influence of an input. Its appeal in practice comes
however from a different phenomenon. This model fits straightforwardly a model description
which is linear in the parameters.

€, (331)

yi = /0, (3.32)
where

{(]St = (_yt—17 .. 7yt—7na7ut7 .. aut—’mb)T S Rma+mb+1 (333)

T 1
9:(al,...,ama,bo,bl,...,bmb) GRma+ml’+ .

An Auto-Regressive model with eXogenous inputs and Moving Average model for the distur-
bances is given as

Alg " ye = Blg e + Clg e, (3.34)

where
ClgH=14cgt+-+ Cm.q~ . (3.35)
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3.3. USEFUL REPRESENTATIONS

OE(mg, myp):

(ma7mba Me, Md, mf)

and A(g™!) is as in eq. (3.30) and B(g~?!) is given as in eq. (3.28). This model fits the
description of eq. (3.26) as
B(gt C(qg!
= (q_l)ult n (q_l)
Alg™) — Alg™)
where the dynamics of the noise are parametrized more flexible than in the ARX(mg,mp)
model.

et (3.36)

The Output Error model of order m,, my is given as

B —1
_ (qql)“t“tv (3.37)

where A(g™1!) is as in eq. (3.30) and B(g~!) is given as in eq. (3.28). This model is often
used in case the noise comes only in at the end-stages of the process to be modeled: it does
not share many dynamics with the input.

The general fractional representation of a polynomial model is refered to as a Box-Jenkins
(BJ) model structure of orders mg, my, me, mq, my defined as

B(q™) Clg™)
Fl " D

Alg 'y = er. (3.38)

where

DY) =1+diqg " + -+ dpm,qg ™

Flg™) =1+ fig 4+ fmy g™,
and A(g~!'),B(¢g7!),C(¢7!) are as defined above. It should be stressed that its not often

useful to use this model structure in its general form. On the contrary, it is good practice to
reduce it by setting one or more of the polynomials to unity.

3.3.3 Models for Timeseries

W enow study some common model structured useful for characterizing timeseries {y;}. The input
signals to such systems are not observed, and are commonly assumed to be noise signals. In general,
we consider the model

MA(m):

AR(m):

Yt = nget—r =(1+ Gg 4T+ Jer = G(q_l)et. (3.40)
=0

A Moving Average model of order m:
Yr =€+ crep_ 1+ -+ emer_m = C(qil)et. (3.41)

Such an all-zero model is useful to model signals with power spectra which have sharp valleys
toward zero.

An Auto-Regressive model of order m:
Yt +aryr—1 + -+ amYt—m = A(qil)yt = C¢. (3.42)
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3.3. USEFUL REPRESENTATIONS

Equivalently, one writes
ye = A" (g Vey. (3.43)

Such an all-pole model is useful to model signals with power spectra which have sharp upward
peaks.

ARMA (mg, m.): An Auto-Regressive Moving Average model of orders m, and m.:

Alg™Yye = Clg ey, (3.44)
where
-1y _ -1 —
(e
Equivalently, one has
Ye = met’ (3.46)
and this model as such uses a fractional noise model.
ARIMA(d, mg,m.): An Auto-Regressive Integrated Moving Average model of orders m, and m..:
(1 —a H%Alg ye = Cla™Her, (3.47)

with A(¢~1) and C(¢~?) the polynomials as defined in (3.45). In case d = 1, this is equivalent
to the model

Alg )y —ye-1) = Clg Ve, (3.48)

hence explaining the naming convention.

3.3.4 Stability and Minimal Phase

A system S is called Bounded-Input, Bounded Output (BIBO) stable if any input signal of bounded
input can only imply an output which is bounded.

Definition 10 (Minimum Phase) A polynomial A(z) = 1+ a1z + -+ + amn 2™ with real-valued
coefficients {a1,...,am} is called minimum phase if it has all its zeros {z € C} strictly inside the
unit circle. This naming convention is as for any other polynomial with real-valued coefficients and
such that |B(e')| = |A(e!?)| for all w has larger or equal phase lag — arg B(e'). That implies in
turn that a minimal phase system has zero delay, and is causally invertible. That is the inverse
system is BIBO stable.

This nomenclature is used as polynomial with minimal phase does imply the smallest phase-lag

of all polynomials sharing the same characteristics in terms of the magnitudes of the frequency
responses. A model is in minimal phase if its zeros lie strictly inside the unit circle.
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3.4. SIMULATION AND PREDICTION

3.4 Simulation and Prediction

A model is often used in two different regimes in order to forecast what is going to happen next.

(Simulation): The most basic use of model is to simulate the system’s response to various input scenarios.
This simply means that an input sequence {uj}}; is chosen by the user, and and is applied
to the model H(g~1!) in order to obtain the undisturbed output

yi = H(g Y}, vt=1,...,n. (3.49)

This is the output produced by the model when there are no external disturbances which
need to be taken into account.

(Prediction): Given the input-signals and the past output signals recorded before instant ¢, as well as the
model, what will the outcome be at instance t? That is, in this case we have some knowledge
about the disturbances which acted in the past on the system, and hence for the disturbance
terms in the model.

Let us now see how the latter can be formalized. We shall start by discussing how a future value
of v; can be predicted in case it is described as

oo
Uy = H(qil)et = Z hrei—r. (350)
=0
For this equation to be meaningful we assume that H is stable, that is
> |he| < 0. (3.51)
7=0

A crucial property of eq. (3.50) which we will impose is that it should be invertible, that is, if v,
is known for all s < ¢, then we should be able to compute e; as

e = ﬁ(q_l)vt = Z hovr (3.52)
=0
with -
> ke < oo (3.53)
7=0

The filters H and H are related as follows. Conider the polynomial in z € C defined as
H(z) =Y h.2", (3.54)
=0

and assume that the inverse function ﬁ is analytic in |z| > 1, or

1 =~ _.
) - ;hTz . (3.55)
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3.4. SIMULATION AND PREDICTION

Define then the filter H (¢ 1) as

H ¢ => hq (3.56)

=0

Then H-'(¢g~') = H(g~"). The proof of this result needs quite a few subtle reasonings. However,
this result is quite powerful as it indicates that the properties of the filter H(g~!) are similar to

those of the function H(z). All that is needed is that the function % be analytic in |z| > 1. That

is, it has no poles on or outside the unit circle. We could also phrase the condition as H(z) must
have zeros on or outside the unit circle.

Example 13 (Moving Average) Suppose that one has for all t = —o0, ..., 00 that
v = e + cep_1, (3.57)

That is
H(g™ ) =1+cq (3.58)

that is the process {v}+ is a MA(1) process of order 1. Then
z+c

H(z)=1+cz ' = pot (3.59)
H™'(z) = H% => (=o)7z77, (3.60)
7=0

where we use the geometric series expansion. Then e; can be computed from {v }s<; as

oo

e=3 (—0) Vs (3.61)

7=0

Suppose now that we have observed only {v;}s<:, and that we want to predict the value of v; based
on these observations. We have then that, since H(z) is assumed to be monic, that

Ve = Z hTet,T =e; + Z h‘,-etff. (362)
7=0 T=1

Now, knowledge of v, implies knowledge of e, for all s < t as v; = H(q!)e; or
e = H (g Yy, (3.63)
and thus a prediction of v; is made as
b1 = (H(g ") = 1)H (g v, = (1= H (g "or. (3.64)

This is in a sense the best one can do in case {e;}; contains no information information which
contains information to predict next values. That is, the information of e; is not predictable based
on {es}s<t, nor of linear combinations of those (as e.g. {vi}s<¢). Such terms are denoted as
mnovations.
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3.5 Identifiability Issues

System identification is concerned with finding appropriate models from experimental input-output
behavior of the system. Conversely, an essential limitation of tools of system identification is that
they cannot be used to recover properties of the system which are not reflected by its input-output
behavior. The formal way to characterize this notion is by using the following definition

Definition 11 (Globally Identifiability at 6* of a Model Structure) Consider a class of mod-
els parameterized by a vector 0, or H = {H(z,0),G(z,0) : ¥0}. Identification then tries to recover
0 using observations of {(us,yt)}e. where yo = H(z,0)us + G(z,0)v; for all t. Then the model class
H is globally identifiable at 0% if and only if

0 =0 < H(2,0) = H(z,0%),G(2,0) = G(z,0%), Vz € C. (3.65)

This property comes also in a global flavor.

Definition 12 (Globally Identifiability of a Model Structure) Consider a class of models
parameterized by a vector 8, or H = {H(z,0),G(2,0) : V0}. The class H is globally identifiable if
and only it is globally identifiable at any possible value 6.

Or in other words, no two different sets of parameter 6 # 6’ can express models having the same
LTI. Both notions are used as asymptotically, we are only interested at global identifiability at the
actual parameter 6y, a property which is obviously implied by global identifiability. The following
counterexample is informative.

Example 14 (Sequence of LTIs) Consider two LTI models given as

_ 1
YT M Tmapg T (3.66)
Y = b1 (1 — baq™ " )uy,

where ay # by. Then samples {(ug, yt)}+ originating from joining the two systems sequentially would
obey the relation )

yr = (blal)%ut, (3.67)
and the outcome is identifiable up to the term (a1by). That is, merely looking at the input-output
behavior, one cannot recover which part of the overall gain is to the first subsystem, and which is
due to the second one.

In case as = ba, the overall model behaves as

yr = (brar)uy. (3.68)

Conversely, if one does not know the orders of the subsystems, and whether they do share common
factors, then an input behavior {(u¢,y¢)}: described as eq. (3.67) could as well be caused by the
systems

— 1
Yo = N —azg HI—crg Nl—cag 1) M (3.69)
ye = bi(1 = bag™ ") (1 = crg™ ") (1 — coq™ My,

for all ¢1,cq € C where |c1] <1 and |co| < 1, as far as we know.
Hence a sequence of two LTIs is only identifiable up to the gains of the subsystem and under the
assumption that the models do not share canceling factors.
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The following example gives a flash-forward of the difficulties we will discuss in the context of
state-space models

Example 15 (Identifiability of State Space Systems) Consider a sequence of data (u1,y1), (u2,y2), ..., (us, yr
which obey the difference equations for allt =1,2,...,t,...

x; = Axs_1 + bu
t . t—1 t (3.70)
Yt = C Xt
with X, X1, X2, ..., Xy, ... which are elements of R a sequence of (unknown) state vectors Then the
input-output behavior is determined up to a linear transformation of the system matriz A € R¥*?,

That is, let G € R¥? be a matriz which is full rank such that its inverse G~ exists, then the
sequence (u1,y1), (u2,y2), ..., (U, yt),... obeys as well the equations

x; = GAG™'x;, 1 + Gb
{Xt g 1~Xt 1+ Gbug (3.71)
yr=c GTIxy
where now Xy = Gx;. We say that a state-space system is only identifiable up to a (full rank) linear
transformation.

3.5.1 Persistency of Exitation

As seen in the previous chapter, in order for the LS estimate to give unique solutions, we need
to have that the associated sample covariance matrix is full rank. The notion of Persistency of
Excitation (PE) is an interpretation of this condition when the LS estimate is applied for estimating
the parameters of a dynamical model based on input- and output behavior. Let us first illustrate
this with the following example

Example 16 (PE for a FIR(d) Model) Let us consider signals {u:}+ and {y:} of length n, and
suppose their relation can adequately be captured using the following model structure

d
Yyt = Z horut—r + €x. (3.72)
T=1
where 6y = (ho 1, - -, ho’d)T € R? are unknown. Stacking all n — d such equalities yields the linear
system
! d ho1 Ydt1 €d+1
U2 Ud+1
= ] (3.73)
h e
Up—di1 - - U, 0,d Yn n

or shortly ®0y = y + e, using appropriate definitions of the matriz ® and the vectors y,e. Then
the LS estimate of those parameters is given as 0, which solves the system

N O =Rabp=| ... | =1a, (3.74)
Fuu(d—1) ... #uu(0) Fuy(d)

Fuu(0) e Puu(d—1) f’“/(l)
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where Fu,(7) = L30T wugyr and Py (1) = L30T wyiy s, and where R, € R4 gnd £, € RY
are defined appropriately. Then, this set of equations has a unique solution if and only if Ry is
of full rank, e.g. invertible. This requires in turn that the input signals are sufficiently rich: for
example if d > 1 and uy =1 for all t =1,...,n, this condition is obviously not satisfied.

This intuition leads to the general definition of PE:

Definition 13 (PE) A signal {u:}; of infinite length is called Persistently Exciting (PE) of order
d in case the following two conditions are satisfied.

(i): For any 7 =0,...,d — 1, the limit

n—Trt

. 1
’)"uu(’r) = nlL)ngo ﬁ tzzl UtUt 7 (375)
exists.
(i1): The matriz
T (0) cee Tuu(d=1)
R, = -0, (3.76)
run(d—1) ... T (0)

i.e., this matriz is positive definite, and hence is of full rank.

Example 17 (White Noise) Let {U:}+ be a sequence of zero mean white noise with variance
02 >0, then r (1) = E[U;U;s_,| = 020,, and the matriz Ry = 01, and is thus of full rank for any
d. That means that a sequence of white noise {U;}; is PE of any order.

Example 18 (Step) Let {u:} be a step function where the step is made att =1, i.e. ug = I(t > 1).
Hence for finite n the matriz R, is full rank for d < 2, but when considering the limit for n — oo,
the initial difference at step t = 0,1 is averaged out, and the matriz Ry is only full rank for d = 1.
Hence the step function is PE of order 1.

Example 19 (Finite Impulse) Let {u:} be a finite impulse function, such that uz = 1 only if
t =0, zero otherwise. Then this signal is not PE of any order as Rg = 0. Note that the situation
is entirely different when uy = a,, with a,, — oo when n — oo, as then the excitation in the initial
steps is not necessarily averaged out.

The notion of PE is not restricted to the use of FIR models, but one has that a model of order
d is identifiable in case the input signal {u;}; is PE of order d when using the IV or PEM method
as will be introduced in later chapters. However, if the model can be written as a FIR model of
order d, PE of order d is already sufficient for identifiability (uniqueness) of the solution.

Also observe that the concept of PE is useful for noisy systems. If the system is noiseless, one
can obtain identifiability using less restrictive conditions on the input signal. Specifically, one does
not have to consider the limiting behavior. For example, if the given signals {u;}; and {y;}+ obey a
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FIR system without noise, i.e. y; = Zi:l ho,rut—q, the parameters can be recovered ezactly from
the system
Uy ... Uq

h
Uy U1 0,1 Yd+1
h
Ug ... Upgi 0,d Y24
in case the matrix ®; € R¥*? were full rank.

Let us now exemplify PE conditions derived for more complex ways used to generate signals.
The proofs as in the SI book, albeit simple, are not reproduced here.

Example 20 (PE for d distinct frequencies) Let {U;} be a (multivariate) ergodic stochastic
process. Assume the its spectral density (matriz) is positive (definite) in at least d distinct frequen-
cies, then {U;} is PE of at least order d.

Example 21 (frequency of a PE signal) Let {u:}; be a signal which is PE of at least order d,
then its spectral density is nonzero in at least d different frequencies.

Example 22 (PE for filtered signals) Let {u;} be a signal which is PE of order d. Let H(q™1)
be an asymptotically stable, linear filter with k zeros on the unit circle, then the filtered signal
{ys = H(qg~Y)us} is PE of order m with d —k < m < d.

Example 23 (PE and zero filtering) Let {U;}; be a stationary stochastic process which is PE
of order at least d. Define

d
Zy =Y h:Up_,. (3.78)
T=1
Then the condition that E[Z,Z;] = 0 implies (if and only if) that hy = --- = hq = 0.

3.5.2 Input Signals

It is hence clear that a successful SI experiment relies on a good input signal. We already mentioned
that a stochastic white noise sequence has good properties w.r.t. PE. Again, we use capital letters
to denote random quantities (i.e. depending on some sort of sampling mechanism), and lower case
letters indicate Some other examples are given here.

Example 24 (A PRBS) A Pseudo Random Binary Sequence (PRBS) is a signal that shifts be-
tween two levels (typically +a) in a deterministic fashion. Typically, such signals are realized by
using a circuit with shift registers such that the outcome ’looks similar to white stochastic noise’.
However, the essential difference is that when computing a PRBS again on a different occasion,
the signal will be exactly the same. The signal is necessarily periodic, that is, it repeats itself after
a given period. In most practical cases however, the period would be chosen such that it exceeds
the number of samples, such that no artifacts come up in the analysis due to such property. When
applying a PRBS, the user has to design the two levels, the period as well as the clock period. The
clock period is the minimal time the signal varies its level. Typically, the clock period is taken equal
to one sampling interval.
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Example 25 (A PRBS of period m) Let {u:}; be a signal which is generated as a pseudo-
random binary sequence (PRBS) with period m, and magnitude a, that is one has

1. The signal is deterministic (e.g. not depending on any sampling mechanism,).

2. The magnitudes of the signal are a, such that uy = £a.

3. The autocovariances are almost zero for T =1,...,m—1, specifically one has that lflr_nl equals
2 2 2
a L e
—a® a? L —a®
R I=|" ) m (3.79)
2 2
= - 2
= W a

4. The signal repeats itself exactly after m time instances.

Then this signal is PE of order exactly m.

Example 26 (An ARMA PRBS Process) Let {e;} be a PRBS. Then this process filtered by
an ARMA model gives {us}+ such that

A(g Yus = Blg ey (3.80)
such that one may tune the properties of the filter by design of appropriate A, B polynomials

Example 27 (An ARMA Process) Let {D;} be a white, zero mean stochastic process. Then
this process filtered by an ARMA model gives {U;}:+ such that

A(q~")Uy = B(q~ ") Dy (3.81)
such that one may tune the properties of the filter by design of appropriate A, B polynomials

Then we have the property that

Example 28 (PE for an ARMA process) A stochastic process following a nontrivial ARMA
system is PE of any order.

Another example which is often used is

Example 29 (A Sum of Sinusoids) The following deterministic signal {ui}+ is often used:

m
up = Z a;sin (wjt + ¢;) , (3.82)

j=1
with amplitudes a = (a1, ...,am)", frequencies w = (w1, ...,wn)" and phases ¢ = (p1,...,0m)T.
A term with w; = 0 will give a constant contribution a;sin(y;), a term with w; = w gives a

contribution which will oscillate in two sampling intervals, or
ajsin(w;(t +1) + ¢;) = —a; sin(w;(t + 1) + ;). (3.83)

for any t.
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finally, it is often useful to design the input signals such that the resulting identified model is
adequate w.r.t. a certain frequency range. In most cases, the input signal must emphasize the
low-frequency properties during the modeling. There are different ways of obtaining such inputs,
including

e Standard Filtering. This can be done by pre-filtering the input signals such that the result-
ing signal has the desirable property in frequency domain. An example is given during the
computer labs.

e Increasing the clock period. If keeping the input signal constant over an increased amount of
time exceeding the sampling interval, it must be clear that in that way one reduces the rapid
fluctuations (high-frequencies) present in the original signal. This reasoning makes it clear
that if the given sampling interval of the case at hand is relatively large, there is not so much
hope to recover the dynamics of the system corresponding to the high-frequencies.

e Decreasing the probability of changing level. Consider the case of a binary Stochastic sequence
{U;} taking values in {—a, a} for a > 0, which has the stochastic model for 0 < p <1 as

(3.84)

—Ui—1 with probabilityp
U, =
Ui_1 else.

and Uy = a. Then by increasing p, the signal reflects more rapid fluctuations. By decreasing
p, the signal has a larger power in the low-frequency area.
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Chapter 4

Nonparametric Techniques

”Which experiments reveal structural properties of the studied system?”

Now let us look at a converse problem. Here we do not look at the properties of the assumed
model class, but we compute such properties based on experiments carried out on the studied
system. In general, such methods are not tied to a specific (parameterized) model, but neverthe-
less embody a description of the system. Such method have the denominator 'non-parametric’ or
‘distribution-free’. They often come in the forms graphs, curves, tables or other intuitive represen-
tations, and give as such structural information of the system. Their use is often found in

(Preprocess) Indicate important effects present in the studied system.
(Model class) Suggest a suitable class of parametric models which can be used to capture such effects.

(Validate) Check whether the identified model behaves similarly than the actual system.

4.1 Transient Analysis

A first approach is to inject the studied system with a simple input as a pulse or a step, and to
record the subsequent output of the system. This gives then an impression of the impulse response
of the studied system. Let us look further into the pros and cons of this strategy. Formally, let the
following input signal {u;}; be injected to the system H

K t=0
= 4.1
h {0 else. (4.1)

Then, if the system could be described exactly (i.e. without any effect of unknown disturbances)
as H(g7Y) = ho+---+ h,q"7 + ..., then the output of the system becomes

he t>0

4.2
0 else. (42)

?JtZH(Q)UtZK{

So conversely, if one knows that the system follows very closely an LTI description H(q™!) =
ho+ -4+ h,q"7 + ..., the different unknowns {h,}, can be observed directly when injecting the
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studied system with a pulse signal as in eq. (4.1). The pros of this approach are that (i) it is
simple to understand or to (ii) implement, while the model need not be specified further except
for the LTT property. The downsides are of course that (i) this method breaks down when the LTT
model fits not exactly the studied system. Since models serve merely as mathematical convenient
approximations of the actual system, this is why this approach is in practice not often used. (ii) It
cannot handle random effects very well. (iii) such experiment is not feasible in the practical setting
at hand. As for this reason it is merely useful in practice to determine some structural properties
of the system. For example consider again the first order system as in the previous example, then
a graph of the impulse response indicates the applicable time-constants and gain of the system.
Similarly, consider the step input signal {u;}; defined as

K t>
U = - 0 (43)
0 else.

Then, if the system could be described exactly (i.e. without any effect of unknown disturbances)
as H(g7Y) = ho+---+ h,q"7 + ..., then the output of the system becomes

t
h, t>0
yr = H(g ur = K 20 - (4.4)
0 else.
or equivalently
h t>1
Y — Y1 = K (4.5)
0 else.
System >
Input Signal {u} Output Signal {y}

(a)

Figure 4.1: (a) A Block Representation of a system. (b) An impact hammer used for modal analysis
of bridges and other large constructions.

4.2 Frequency Analysis

As seen in the previous chapter, an LTI is often characterized in terms of its reaction to signals
with a certain frequency and phase. It is hence only natural to try to learn some properties of the
studied system by injecting it with a signal having such a form. Specifically, let {u;} be defined for
t=...,—1,0,1,... as

up = asin(wt). (4.6)
where a > 0 is the gain of the signal. Then as seen in the previous chapter the corresponding

output of the system H is given as
yr = K sin(wt + ¢), (4.7
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where

J— w
{K = alH(c™)| 48)
¢ = arg G(e™).
Note that normally the phase ¢ will be negative. By measuring the amplitude a, K and the phase
¢ for for given w, one can find the complex variable H(e) from (4.8). If repeating this procedure
for a range of frequencies w, one can obtain a graphical representation of H(e™). Such Bode
plots (or Nyquist or related plots) are well suited for the design and analysis of automatic control
systems. The procedure described above is rather sensitive to disturbances. This is not difficult to

understand. If one has disturbance terms with Laplace transform E(s), one gets
Y(s) = H(s)U(s) + E(s). (4.9)

Then when injecting the system with a signal {u;} as in eq. (4.6) one gets the output signal {y;}
where
yr = K sin(wt + ¢) + ey, (4.10)

and due to the presence of noise it will be difficult to extract good estimates of K and ¢ from those
signals.

4.3 A Correlation Analysis

The above ideas are taken a step further into a correlation analysis. But instead of using simple
input signals, the system is injected with a random signal {u;}; which has zero mean or

n

1
Efu] = lim > ur, (4.11)

i=1
which has finite values. A formal definition of such white noise sequence is given in Chapter 4,
but for now it is sufficient to let the expectation E[-] denote an limit of an average, or E[u:] =
lim,, o0 % Z?:l ug. Then the output which is recorded at the output of the system

Y=Y _ hou,. (4.12)
7=0

When taking multiplying both sides by u; for any ¢/, and taking expectations one gets

E[ut/yt] = E

Z h-,—ut_-,—ut/‘| = Z hTE [ut_rut/] . (413)
7=0 =0

Summarizing this for all ¢,¢' and canceling the cross-terms gives the linear system

ruug(l); Tuug(l)g ruu(2) ... T?U(T)l) A
r©] g ™ R A I
Tuy(l) TW(Q) h(l)
: — : . : (4.14)
Tuy (T) ' ' hr
Tuu (T) ruu(T - 1) ’I"uu(O)
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where .
1
ruu(T) = E[utut—T] = lim — Z UtUt—7 - (415)
n—oo N
i=1
and
) 1 n
ruy(r) = Elyeus -] = Jm — ypup . (4.16)
i=1

Since this limit cannot be computed explicitly in practice, one settles for working with the estimates

Auu = — —T- 4.17

P (T) P Up g ( )
and

A 1 <

Fuy(T) = T 2 Y= (4.18)

Secondly, rather than solving the infinite system (4.19), one solves the corresponding finite linear
system for appropriate m > 0 given as

Puy (0) L T Puulm = h
Fa(1) Fuu(2) h
- : (4.19)
Fuy(m — 1) : h oot
| Puu(m — 1) ryu(m —2) Tuu(0) ]

in order to get an idea about {h,}7_,. Those equations are known as Wiener-Hopf type of equations.
This technique is related to the Least Squares estimate and the Prediction Error Method in Chapter
5.

4.4 Spectral Analysis

Now both the correlation technique and the frequency analysis method can be combined into a
signal nonparametric approach as follows. The idea is to take the Discrete Fourier Transforms
(DFT) of the involved signals, and find the transfer function relating them.

(buu((u) = % Zf_iioo Tuu(,]—)e—iw'r
{‘bw(w) = % 2 Tuy(T)eT T, (4.20)

Then the previous chapter learns us that we have that for all w one has

¢uy(w) = H(e_iw)(buu(w)a (4.21)

where .
H(e™™) = hpe ™. (4.22)

7=0
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Figure 4.2: (a) A vibration Hammer (b) A circuit scheme for realizing a Pseudo Random Binary
Sequence.

Consequently, a reasonable estimate for H would be

Aoty = Sul®) (4.23)
¢uu (W)
where QAS are reasonable estimates of ¢. A straightforward estimate would be
in 1 - ~ —iTw
Puy = Py T;n Tuy€ ) (4.24)

and similarly for qguu Working out 7, gives

max(7,0)

Puy = Y. Z > vewe (4.25)

T=—nt=1—min(7,0)

Then change of indices 7 and ¢ gives

n n

o1 —i(s—tw _ 1 _
¢uy = omn ;;y sUt€ = Yn(W)Un( OJ), (426)

where

Yo (w) = >0 yse 5.
Those are the Discrete Fourier Transforms of the signals {u,;} and {y,;} (padded with zeros). For

{Un (w) = Doy use™ ™ (4.27)

w =0, 27“, 47”, ..., those can be estimated efficiently using the Fast Fourier Transform (FFT)
algorithms. In a similar fashion one has
D = 5 Un(@)Un( ) = 5| ()] (1.25)
we = opp YR T = o YWl ’
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This estimate is called the periodogram. From the derivations above it follows that

H(e™™) = 5’;8

This estimate is sometimes called the empirical transfer function estimate.

However the above estimate to the spectral densities and the transfer function will give poor
results. For example, if u; is a stochastic process, then the estimates eq. (4.28) and (4.26) do not
converge in (the mean square sense) to the true spectrum as n, the number of datapoints tends to
infinity. In particular, the estimate éuu will on average behave as ¢,,,, but its variance does not
tend to zero as n — 0o. One of the reasons for this behavior is that ¢¢,,,(7) will be quite inaccurate
for large values for 7, but all covariance elements 7,,(7) are given the same weight in eq. (4.26)
regardless of their accuracy. Another more subtle reason goes as follows. In eq. (4.26) 2n+ 1 terms
are summed. Even if the estimation error of each term goes to zero, there is no guarantee that the
global sum goes to zero. These problems may be overcome if the terms of eq. (4.26) corresponding
with large 7 are weighted out. Thus, instead of eq. (4.26) the following improed estimate of the
cross-spectrum can be used

(4.29)

In 1 - o —iTw

Oy = 5= D Fuy(Mw(r])e™™, (4.30)
where w : R — R is a socalled lag window. It should w(0) = 1, and decreasing. Several forms of
the lag window have been proposed in the literature. Some simple lag windows are presented in

the following example.

Example 30 (Lag Windows) The following lag windows are often used in the literature.

e Rectangular window:

wn(r) = {; o (1.31)
e Bartlett window: o < M
wa(|7]) = {O M 7] ; u (4.32)
o Hamming and Tukey
wsllr) = {01 ressn el (1.33)

Note that all the windows vanish for |t| > M. If the parameters M is chosen to be sufficiently
large, the periodogram will not be smoothed very much. On the other hand a small M may mean
that essential parts of the spectrum are smoothed out.It is not trivial to choose the parameter M.
Roughly speaking M should be chosen according to trading off the following two objectives:

e M should be small compared to n:
o |Fuy(T)] K 74y (0) for 7 > M so as not to smooth out the parts of interest in the true spectrum.

The use of a lag window is necessary to obtain a reasonable accuracy. On the other hand, sharp
peaks in the spectrum might be smeared out. It may therefore not be possible to separate adjacent
peaks. Thus the use of a lag window will give a limited frequency resolution. The effect of a lag
window is illustrated in the following example.
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4.5 Nonparameteric Techniques for Timeseries

Let us study a similar technique for estimating the transfer function of a timeseries. Here, we do
not have an input sequence available, but we assume that the observed sequence {y;}: is driven
by unobserved white noise {e;}. The previous chapter enumerates some common models for such
systems. Here we will give a main nonparametric technique useful for recovering the underlying
structure. Again such approaches are based on working with the covariances observed in the system.

4.5.1 Yule-Walker Correlation Analysis

Let’s consider the equivalent of the correlation approach when timeseries are concerned. At first,
assume the studied timeseries follows an AR(m) model as

Yt —a1yYt—1 — -~ AmYt—m = €, (4.34)
where {e;} is zero mean white noise such that

{E[et] =0 (4.35)

Eleter_ .| = 026,

with J, equal to one if 7 = 0, and equals zero otherwise. Note that then {y;} can be seen as a linear
combination of past values of the noise {es}s<;. B multiplication of both sides of eq. (4.34) with a
(delayed) value of the process y;—, for all 7 =0,1,2,..., and taking the expectation one gets

]E[yt—f(yt —a1Yt—1 — - — amyt—m)] = E[yt—Tet]a (436)

or
o2 if 7=0

ry(T) —a1ry(t — 1) — -+ — @pryT —m = ) (4.37)
0  otherwise,

where we defined as before

. 1
ry(r) = Ely—-] = lim — > v (4.38)
t=7+1
Assuming those are given for all 7 = 0,1,2,..., those can be organized as a system of linear
equations as follows
[7,(0) ry(1) ry(2) ... Ty (M) 1
o2 Tyg; 7y (0) Ty (M —1) ao
0 "y a1
= . (4'39)
0 am
Lry (M) 7y (M —1) ry(0) |
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Those are known as the Yule-Walker (YW) equations. Conversely, if one knows the parameters

{a1,...,am,}, the covariances {ry(7)} are given as solutions to the system
1 ay az ... am, 7y(0) o?
a1 l4+as as 0 ry(1) 0
. . . =1 (4.40)
A, 0 e 1 Ty (M) 0
Next, assume that the timeseries follows an ARMA (m,, m.) model given as
Yt — Q1lYp—1 — = Gy Yt—m, = €t + C1€—1 + -+ Cm €., (4.41)

and where {e;} is a white zero mean process satisfying the conditions (4.35). Then, again multi-
plying both sides of eq. (4.41) with y;—, and taking the expectation gives the relations

ry(T) —a1ry (T — 1) — -+ — A Ty T — Mg = Tey(T) + C1Tey (T — 1) + - -+ + 1y (T — Me). (4.42)

The cross-correlations r.,(7) are found as follows. Multiply both sides of eq.(4.41) with e;,—, and
take expectations, then we have that

Tey(T) —@1rey(T —1) — - — A Ty T — Mg = o2 (codr 4+ + Ccm, 0r—m,), (4.43)
where
1 n—rt
rey(7) = Elery7y:] = lim -~ z; €ttrYt- (4.44)
t=

As y, is a linear combination of {e,}s<¢, we have that r.,(7) = 0 for 7 > 0. It as such follows that
for all 7 > m, one has

Ty (T) —a1ry (T — 1) — - = @y, 7y (T — My) = 0. (4.45)

Note that those equations involve only the AR parameters of the ARMA process.

4.5.2 Spectral Factorization

In order to get an initial estimate of the MA parameters the following technique is often used.
Rather than setting up the YW equations, one extracts the MA part from the covariance structure
using the following Lemma.

Lemma 5 (Spectral Factorization) Let ¢ : C — C be a spectrum that can be written for all

z€C as
'l'ﬂﬂ 6kzk

k=—
$(2) = mm———, (4.46)
k=—mg Rz
Jor Bomgs -y Bmgs @—mys -+ m, € R. Then there exists two functions

(4.47)

A(z)=1+a1z+ -+ ap 2
Clz)=14crz+ -+ cpmy2™,

with a1, ..., am,,C1,-..,cm, € C, and a constant o > 0 such that
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1. A(z) has all zeros inside the unit circle.
2. C(z) has all zeros inside or on the unit circle.

3. one has for all z € C that

(4.48)

where A*(z) =1+ajz+---+ayp, and C*(z77) =1+ cjz+ -+ ¢, and with z* denoting
the conjugate of z € C.

The proof of this result hinges on complex algebra, see e.g. [5].
Example 31 (MA Process) Suppose one has given a MA(m) process such that

Yt =€+ cre—1+ -+ Cm€rom, (4.49)
and where {e;}; is zero mean, white noise with standard deviation o. Then the covariances of this

process are given as
o2c? T <m
ry(T) = { s (4.50)

0 elsewhere.

The spectral density is then given for any w €] — 7, 7| as

Py(w) = % > ry(r)e T = % <ry(0) + ) RleT R 4 eiwk)>

k=1

= % <ry(0) + Zci cos(wk)) . (4.51)

k=1
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Chapter 5

Stochastic Setup

Niels Bohr, 1986 - as reply to a visitor to his home in Tisvilde who asked him if he
really believed a horseshoe above his door brought him luck: ”Of course not ... but I am
told it works even if you don’t believe in it.”

The framework of stochastic models is often useful for implementing the following two philoso-
phies:

(Analysis): The primary use of a stochastic framework is to assume that the experiments involved in
a certain estimation task follow a proper stochastic rule set. In this way one can abstract
away much of the technical irregularities while making life much easier for the analysis of
the techniques. The price one has to pay in general for this convenience is that the results
‘only’ hold ’almost surely’, that is, there is an extremely small chance that results go bogus.
(Computer scientists like to use the phrase 'with overwhelming probability’).

(Constructive): Recent work has shown that the device of randomisation is useful in the design of algorithms.
It turns out that this way one can push the boundaries of feasible computation tasks much
further theoretically (w.r.t. computational complexity) as well as practically (w.r.t. large-
scale computation tasks).

The predominant setup in the analysis of estimation, identification or filtering techniques is
that where the involved signals are considered (partially) stochastic. Intuitively this means that
the signals itself can be unspecified (to a certain degree), but that the mechanism generating the
signals is fixed. In practice, stochastic properties manifest themselves as follows: when performing
a stochastic experiment twice under exactly the same conditions, results could possibly differ. If
performing the same experiment twice and results would always be equal, we say that the experiment
were deterministic.

While I assume that the reader experienced already an introductory class in probability theory
or statistics, we will spend some effort in reviewing the basics once more. Not only for the sake of
expressing results unambiguously, but also in order to pinpoint the power and limitations of the
surveyed results later.
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5.1 Getting the Basics Right

5.1.1 Events, Random variables and Derived Concepts

The following definitions establish a proper setup, as introduced by N. Kolmogorov in the 30s.
Abstracting from applications, probability theory studies an experiment with a number of possible
outcomes {w}. The totality of such outcomes is the sample space Q@ = {w}. An event - say A is
a subset of the sample space. A probability measure P is a function from an event to a number
between 0 and 1, or P : {Q} — [0, 1], with properties:

1.0< P(A) <1
2. P(Q)=1
3. Let {A;}; be any (countable many) set of disjunct events, then ). P(A4;) = P (U;4;).

Not all possible subsets of €2 need to be events, but the universe of events must form a sigma-field:
'if Ais an event, so is 2\ A’ and ’the union of any countable number of events must be an event’,
and () is an event’. Let’s give some examples.

Example 32 e Sample w = images on web. A corresponding sample space Q0 contains all
images present on the web. An event A is e.g. ’all the images in Q which are black and white’
(informally, an image w € Q is black-and-white iff w € A.)

e Sample w = speech signals. A corresponding sample space € is the collection of all possible
speech signals. An event A is e.g. the subset of speech signals only containing background
noise. (informally, a speech signal w contains only background noise iff w € A.)

e Sample w = weather in Uppsala. A corresponding sample space S is the collection of all
possible weather regimes in Uppsala. An event A here is e.g. those cases where the weather
is called sunny. (informally, a weather regime w is called sunny iff w € A.)

e Sample w = external force on a petrochemical plant. A corresponding sample space ) is the
collection of all possible external forces which could act on the studied plant. An event A here
is e.g. the collections of all those external forces which may drive the plant to an unstable
working. (informally, an external force w results in unstable working iff w € A.)

There are a number of derived concepts which we merely summarise:
(Joint): Let A, B C 2 be two events, then the joint probability is defined as
P(A,B) 2 P(AuB). (5.1)
(Independence): Let A, B C 2 be two events, then they are called mutually independent if
P(A,B) £ P(A)P(B). (5.2)

(Conditional): Let A, B C © be two events where B # {}, then the conditional probability is defined as

P(A|B) 2 PI(;?J’BJ)B)' (5.3)
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(Bayes): Let A, B C 2 be two events, then Bayes’ law says that

P(A|B)P(B) = P(B|A)P(A) = P(A, B). (5.4)

Often, we are interested in quantities associated with the outcome of an experiment. Such quantity is
denoted as a random variable. Formally, a random variable is a function defined for any possible w €
Q. If the random variable is evaluated at the sample w which actually occurred (the observation),
we refer to it as a realisation of this random variable. This quantity is what we intend with a
value of a random variable. Following the convention in statistical literature, we denote a random
variable as a capital letter. This notational convention makes it easier to discriminate between
random variables and deterministic quantities (denoted using lower case letter). This motivates the
use of the following notational convention:

P(X =1z)2 P({w|X(w) =1}). (5.5)

where {w|X (w) = x} is the set of all samples w which has a random value X (w) equal to z. We
have as before that P : {2} — [0, 1], and as such P ({w|X (w) = z}) gives a number between 0 and
1. Likewise, P(X > 0) means that P ({w|X (w) > 0}) etc. If X denotes a random variable defined
over the outcome space 2, then X (w) denotes a realization measured when w is sampled from €.
Sometimes, X can only take a finite number of values, and X is as such called discrete. If not so,
X is called a continuous random variable.

Example 33 The following example illustrates ideas using a simple urn model.

1. Consider an urn containing m = 10 balls, one ball labeled ’2’, three balls labeled ’1°, and 6 of
them labeled ’0°. The set of all 10 balls is called the ’sampling space’ €.

2. Randomness samples a ball in  denoted as w. This sampling is essentially uniform, any
sample comes up equally probable.

3. 'The subset of balls with label 0’ or informally A ball with label "0’ is drawn’, is an event.

4. Then the label of this 'random’ ball - denoted as the function Z - is a random variable. The
actual value Z(w) is called a realization of this random variable.

5. Before the actual sampling, one could expect a value Z of %(6 x0+3*x1+1%2) = 0.5 denoted
as E[Z] = 0.5.

6. If repeating the experiment n — oo times independently, one would end up with the ball labeled
2’ in a fraction of % of the times. This is captured by the law of large numbers.

At this elementary level, we make already important conceptual steps:
e The sample space describes the physical reality.
e A random variable is a mapping of a sample to its corresponding label.

e 'Randomness’ picks any sample with equal probability, while the probability of the corre-
sponding labels is governed by the frequency of the samples with identical labels. This means
that the law of probability corresponding to Z is implied by the definition of the random
variable, not in the way randomness were implemented!
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e Expectations are evaluated before the actual experiment is carried out. When doing the
calculations when knowledge exists on which w actually occurred in reality (the observation),
the notion of probability is contaminated! In general, a statisticians job is finished right before
the actual experiment is implemented (except for the consultancy part).

5.1.2 Continuous Random Variables

However, the above setup does not entirely characterise the intuitive concepts that we were after:
a stochastic setup is adopted in order to characterise the mechanism generating the data. This
probability function P is however not suited to explain the likelihood of a single sample, but
focusses on sets and subsets of events. This subtle difference leads easily to a paradox, as seen
in the following example. Consider an event-space such that an infinite number of events may
occur. For example, consider the events of all possible 'weathers’ in Uppsala: an infinite number
of variations can occur, and assume (for the sake of the argument) that any 'weather’ is equally
probably to occur at an instance. Lets represent the weather which actually occurred as w. Then
P(w) = 0 necessarily, and the probability of this event equals zero. So it seems that this precise
sample (the observation) was not possible to occur after alll This paradox arises as working with
infinite sample spaces is not as straightforward as in the discrete case, and a proper notion of ’the
probability of a single event’ needs an additional apparatus as shown in the following subsection.

In case the sample space {2 contains an (uncountable) infinite number of elements, the above
framework needs to be extended slightly in order to deal properly with measurability issues. Let
us first look towards the case where a random value X defined over such a sampling space takes
values in R.

Definition 14 (CDF and PDF) The laws of probability associated to a continuous, univariate
random variable go as follows:

(CDF): The Cumulative Distribution Function F': R — [0,1] (CDF) of a univariate random variable
X :Q — R is defined as

F(z)2 P(X <2) 2 P({w|X(w) <z}). (5.6)

Consequently, one has that F(—oc0) = 0, F(o0) = 1 and the function F is monotonically
increasing. An example is given in Fig. (5.1.a)

(PDF): The Probability Density Function f : R — Ry (PDF) of a univariate random variable X :
Q — R with a differential CDF F is defined as

floy 2 X2 _ @)

(5.7)

Those definitions are not mere academical, but clarify for example that a density function does not
equal a probability law. Both notions lead also to different tools to estimate the probability laws
underlying data.

(HIST): Given a sample of n samples taking values in R, or {y;}?; C R, the histogram counts
the frequency (normalized number) of samples occurring in a given interval (bin) of R. For
example, if we have 5 samples {1,2,3,4,5}, and two intervals (bins) (—o0, 3] and (3, 00), then
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the histogram would say (3/5,2/5). This is then an estimate of the PDF. A graphical example
is given in Fig. (5.2).a of a histogram with 20 bins, and using a sample of n = 100. The bins
are usually chosen to make the picture look ’pleasing’ (ad hoc).

(ECDF): Given a sample of n samples taking values in R, or {y; }_; C R, then the Empirical Cumulative
Distribution Function (ECDF) is a function F), : R — [0, 1] which is defined as

n

z I(y; < x), (5.8)

=1

F,(x) = %

where I(z) equals one if z holds true, and zero otherwise. Note that in order to set up this
function, one does not need to make choices as the location or size of the bins. This estimator
is far more efficient than the histogram, albeit the latter is more often used as it is visually
more appealing. A graphical example is given in Fig. (5.2).b of the ECDF using a sample of
n = 100.

5.1.3 Normal or Gaussian Distribution

Of special (practical as well as theoretical) interest is the Gaussian or Normal distribution with mean
1 and standard deviation ¢ > 0. Those quantities are also referred to as the first two moments of
the distribution. The PDF is given for any x as
2
T —
exp (_(,u)) . (5.9)

202

f(xsp,0) =
( ) 2mo?
The quantity o2 is also known as the variance and characterizes the spread of the PDF (see Fig.
(5.1).a) This specific distribution is of practical as well as theoretical interest for many reasons,

perhaps the most important ones being:

(CLT): (the Central Limit Theorem): This classical result states that the average of a large number
n of random variables arising from independently samples tends to a normal distribution with
standard deviation O(y/n). This theorem has a long history, but is now often connected to
J.W. Lindenberg.

(Closed): The Gaussian distribution is remarkably stable, meaning that a convolution of two Gaussians
is still Gaussian. Often, when performing calculations with Gaussian distributions one can
easily derive that the resulting distribution is Gaussian as well. Since the Gaussian is charac-
terized by their first two moments only, one consequently needs only to calculate with those
and sidestep working with the functional form for the rest.

(Convenience): A third reason one has for using the Gaussian distribution is its convenience. For example,
from a practical point of view many related tools are available in statistical software environ-
ments. From a more pen-and-pencil perspective it is plain that it is more easy to work with
the two first moments than to work with the full functional form of a distribution.

The first reason also implies that the Gaussian distribution will often turn up as a limit distribution
of an estimator.
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Figure 5.1: (a) PDF of the normal distribution with mean 0 and unit variance. (b) CDF of the
normal distribution with mean 0 and unit variance.

Figure 5.2: Illustration of difference of CDF versus PDF based on a sample of n = 100 standard
Gaussian distributed values. The histogram - displaying the relative frequency of samples falling
within each bin - is the better-known estimate of the pdf. The empirical CDF - defined for each
z € R as the relative frequency of samples smaller than x - is however much more accurate and
fool-proof, but is perhaps less intuitive.
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Example 34 The following examples are instructive. Assume Z is a random variable taking values
inRe, following a Gaussian distribution with the PDF as given in (5.9) for given parameters u € R?
and covariance ¥ € R¥™4, Then

E[Z] = p, (5.10)

and
E[(Z— u)(Z - )] = . (5.11)

and
Z~N(pla) & Z— p~ N(p, La). (5.12)

Let z € R? be a realization of the random variable Z, then

E[z] = z, (5.13)
and
E[zTZ] = 2" p. (5.14)
Hence
E[(Z - w)(z—w)"] =04 (5.15)

5.1.4 Random Vectors

A random vector is an array of random variables. In general, those random variables are related,
and the consequent probability rules governing the sampling of the random vector summarizes both
the individual laws as the dependence structure inbetween the different elements. This then leads
to the notion of a joint probability distribution functions. Again, we make a difference between
the joint Cumulative Distribution Function (joint CDF') and the joint Probability Density Function
(joint PDF). Those are also referred to as multivariate distribution functions.

The canonical example is the multivariate Gaussian distribution. The Multivariate Gaussian
PDF in d dimensions with mean vector 1 € R% and covariance matrix ¥ € R%*¢ is given for any
x € R? as

fxp, %) = p(—(x—p)'S (x—p), (5.16)

—)— X
EDE

where |X| denotes the determinant of the matrix 3, and we assume that ¥ has a unique inverse (or
the determinant does not equal 0). Figure (5.3) gives an example of the CDF and the PDF of a
Multi-Variate Normal (MVN) distribution with mean p = (0,0)7 and ¥ = I5.

5.1.5 Stochastic Processes

In the context of this course we stick to the following definition of a stochastic process.
Definition 15 (Stochastic Process) A stochastic process Z is a sequence of random variables
Z ={Z1,Z,...,Z,} where each Z; takes values in R. It is entirely defined by its joint probability

distribution. A sequence of values {z1,...,zn} is a realization of this process if it is assumed to be
sampled from mentioned stochastic process.
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x -4 4

(a) (b)

Figure 5.3: Example of a Multivariate Normal Distribution of two independent random variables.
(a) the CDF, and (b) the PDF.

Formally, we consider again an experiment with sample space ). Now, a stochastic process is a
mapping from a sample w into a path, i.e. a possibly infinite sequence of numbers. The mathemat-
ical description of a path is as a function mapping time instances into its corresponding element in
the array of numbers. For example let z = (21, 22,...) denote such an array, then there z(t) = z;
for each t = 1,2,.... This indicates that there is no formal difference between a function and an
indexed array, either concept is a mere notational convention. Since in the context of this course we
will primarily be interested in discrete stochastic processes where ¢ could take a finite or countably
infinite number of values, we will stick to the indexing notation.

While this looks like a very general definition, it excludes quite some cases which are of interest
in different situations. Firstly, we restrict attention to finite sequences of random variables, where
the index ¢ ("time’) runs from 1 to n. Alternatives are found when the index ¢ can take on continuous
values ("Continuous stochastic processes’), or even more complex objects belonging to a well-defined
group ("Empirical processes’).

The subtlety of such processes goes as follows. A stochastic process is a mapping from an
event w to a corresponding time-series, denoted as a realization of this process. The expected
value of a stochastic process is the average of all time-series associated to all possible events. That
is, the expected value of a stochastic process is a deterministic timeseries! Let this timeseries be
denoted as m = (..., mg,my,ma,...). In general, one is interested of a value of one location of
this timeseries, say m; Similarly, one can come up with a definition of the covariance associated
to a stochastic process, and the covariance evaluated for certain instances. Often, one makes a
simplifying assumption on this series by assuming stationarity:

Definition 16 (Stationary Process) A stochastic process {Z:}; is said to be (wide-sense) sta-
tionary in case the first two moments do not vary over time, or

{E[Zt] =...E[Z]=--=E[Z,)] =m (5.17)

E[(Zt — mt)(th—,— — mt,‘,-)] = ]E[(Zt/ — mt/)(Zt/,T — mt/,,,-)] = ’]"(7'),
for all t,t', where one has |m| < C and |r(7)| < ¢ for some finite constants C,c.
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This implies that the covariance structure of a stochastic process has a simple form: namely, that
all covariances associated to two different locations are equal. This structural assumption makes
stochastic processes behave very similar as the LTIs as studied before (why?). In the context of
system identification, one is often working assuming a slightly weaker condition on the involved
stochastic processes:

Definition 17 (Quasi-Stationary Process) A stochastic process {Z;}+ is said to be quasi-stationary
in case one has

]E[Zt] = My
E[Z:Zs) = r(t, s) (5.18)
lim,, s o0 % S r(tt—71)=r(1),

where for all t one has |m| < C and |r(7)| < ¢ for some finite constants C,c.

That is, we allow the mean of the signal to vary over time, but assume the average covariance be
independent over time. The reason that this definition is quite useful is that systems will typically

be expressed as stochastic process Y satisfying for all t =1,...,n that
E[Y—t] = ht(ulv"'vut)v (519)
where h; is a filter, and {uq,...,u,} are deterministic. That means that the mean is almost never

time-invariant.

An important problem is that in practice we are only given a single realization of a stochastic
process. This observation seems to imply that there is nothing much we as a statistician can do.
Surely, we must work with expectations of stochastic quantities for which we have only one sample
from. And we know that a average of only one sample gives a very poor estimate of the expectation
of this sample. Luckily, there is however a way to go ahead. We can shift a bit further in the
stochastic process, and uses the so collected samples to build up a proper estimate. If such estimate
would indeed converge to the expected value, one says that the process under study is ergodic:

Definition 18 (Ergodic Process) A stochastic process {Z:}: is said to be ergodic if for any 7 =
0,1,... one has

{hmn%@ + i1 Ze = E[Z] (5.20)

lim,, % Zzlzl i Ly = E[thtfv'}

This notion turns out to be quite fundamental in the analysis of stochastic processes, but in practice
it is often (assumed to be) satisfied.
Practically, perhaps the most useful stochastic process is the following.

Definition 19 (Zero Mean White Gaussian Noise) A stochastic process Z = {Zy,...,Z,} is
called a zero mean white Gaussian noise in case

(Zero Mean): For each t one has E[Z;] = 0.
(Gaussian): Each subset of elements is jointly Gaussian distributed with zero mean.
(White): The different elements are uncorrelated.

slightly weaker is
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Definition 20 (Zero Mean White Noise) A stochastic process Z = {Zy,...,Z,} is called a
zero mean white noise in case (i) For each t, E[Z;] = 0, (ii) the variances of the elements are
bounded (i.e. the first two moments exists), and (iii) the different elements are uncorrelated.

The naming ’white’ is historically connected to the related Brownian motion, having a non-
vanishing correlation matrix. A popular motivation is that such *white’ noise signal has no ’colour-
ing’ due to the fact that all frequencies in its spectrum are equally present.

5.1.6 Interpretations of Probabilities

While notions of probability, random variables and derived concepts were formulated rock-solid
(i.e. axiomatic) by A.N. Kolmogorov in the 1930s, there is still ample discussion of what those
quantities stand for. This discussion is not only to be fought by philosophers of science, but ones’
position here has far-reaching practical impact as well. Rather than surveying the different schools
of thought on this matter, let us give the following example by Chernoff suggesting that one should
not be guided only by formulas, definitions and formal derivations only in this discussion: statistic
is in first instance a practical tool conceived in order to assist decision making in reality. Be critical
of its use!

"The metallurgist told his friend the statistician how he planned to test the effect
of heat on the strength of a metal bar by sawing the bar into six pieces. The first two
would go into the hot oven, the next two into the medium oven and the last two into
the cool oven. The statistician, horrified, explained how he should randomise in order
to avoid the effect of a possible gradient of strength in the metal bar. The method of
randomisation was applied, and it turned out that the randomised experiment called
for putting the first two into the hot oven, the next two into the medium oven and the
last two into the cool oven. ”Obviously, we can’t do that,” said the metallurgist. ”On
the contrary, you have to do that,” said the statistician.”’

The other thing to understand from this example is that the stochastic framework is most powerful
when n is large. If the number of samples is small, paradoxical situations can occur. They become
however less likely to occur if the number of samples grow.

5.2 Statistical Inference

Given a statistical setup (’statistical system’) associated to an experiment, perhaps encoded as a
number of CDFs or PDFs, one can give solutions to many derived problems. For example one can
quantify 'what value to expect next’, ’how often does a significance test succeed in its purpose’,
'when is an observation not ’typical’ under this statistical model’, and so on. Statistical inference
then studies the question how a statistical system can be identified from associated random values.
Often such random variables denote the observations which were gathered while performing an
experiment of the studied system. We acknowledge at this point that a statistical system is often
an highly abstracted description of the actual experiment, and one rather talks about a ’statistical
model underlying the observations’, however ambiguous that may sound in the context of this book.
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5.2.1 In All Likelihood

Definition 21 (Likelihood Function) Consider a random wvalue, random wvector of stochastic
process Z, which takes values in Z, and with associated cdf F and pdf f (assuming it exists).
Consider a family of functions {fg : Z — Ry }g indexed by 6 € ©. The hope is that this family
contains an element fo, which is in some sense similar to the unknown f. Then the strictly positive
likelihood function L, : © — R is defined as

Ln(0) = fo(Zn).- (5.21)
The log-Likelihood of @ on a sample Z,, is defined as £,(0) = log L, (6)

Note the similarities as well as dissimilarities of the Likelihood function and the pdf f(Z,,) evaluated
in the observations. In the special case that there exist a 6, € © such that fy, = f, one has obviously

that f(Zn) = Ln(‘g*)

Definition 22 (The Maximum Likelihood Estimator) Assume the values z € Z observed
during an experiment are assumed to follow a random wvariable Z taking value in Z, obeying a
PDF function f which is only known up to some parameters 6. Then the Likelihood function L, (6)
can be constructed. A Mazimum Likelihood (ML) estimator 0 of 0 is defined as

0 € argmax L, (). (5.22)
0

A prototypical example goes as follows:

Example 35 (Average as an Estimator) Given n i.i.d. samples from a random variable Z

obeying a Gaussian distribution with fived but unknown mean p, and a given variance o2, or

fulz) = \/;7 exp <(22_O§)2) . (5.23)

Then the ML estimator for Then given a sample {Z1,...,Z,} of length n, each one being an
independent copy of the Gaussian distribution of (5.23). Then the ML estimate of j is given as

f = argmax £, (u) = logﬁ ! exp (—W) (5.24)
7 " iy V2mo? 202

Simplifying the expression and neglecting fixed terms gives the equivalent problem
n
= argmaxz —(Z; — p)*. (5.25)
w i=1

which equals the familiar LS estimator, and the closed form formula is given as

zn: Z;. (5.26)
i=1

Note that this equivalence does not hold any longer if o is unknown too!

Zy =

3=
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This reasoning can easily be generalized to the case where deterministic explanatory vectors
{x;}; (inputs’) are available as well. At first, let a statistical model be assumed as follows.

Y =x%0y + D, (5.27)

where x € R? is a deterministic, fixed vector, fy € R? is a fixed vector which happened to be
unknown. The last term D is a random variable which takes values into R following certain rules
of probabilities. Specifically, we have that it follows a PDF given as fp(-; u, o) with mean g € R
and standard deviation o € R, defined Vz € R as

: _ 1 (z —n)?
f(zip,0) = U\/ﬂ €Xp <_M> . (5.28)

We assume that e follows a PDF f(-,0,0). This model implies that also Y is a random variable
following a PDF with mean f(-;x76,0). A last important assumption which is often given is that
the samples we observe from this model are independently sampled. That is, the n samples {Y;}
satisfy the model

Y; = x} 0y + D;, (5.29)

where {D;}!_; are independent, identically distributed (i.i.d.), that is each sample e; does not
contain information about a sample e; with ¢ # j, except for their shared PDF function.

Definition 23 (I.I.D.) A set of random variables { D1, ..., D,} which each take values in R, con-
tains independent random variables iff for alli #j=1,...,n as

E[D;D,] = E[D,JE[D;]. (5.30)

Those random variables are identically distributed iff they share the same probability function, or if
D; has PDF f; one has

fi(z) = fi(2), (5.31)

foralli,j =1,...,n and z ranging over the domain R. If both conditions are satisfied, then the set
{D1,...,D,} is denoted as independently and identically distributed, or abbreviated as i.i.d.

This assumption plays a paramount role in most statistical inference techniques. However, it is
exactly on those assumptions that time-series analysis, and estimation for dynamical models will
deviate. That is, in such context often past errors D; will say something about the next term Dy, 1.
This cases will be investigated in some details in later chapters.

Now we can combine the different elements. The corresponding Likelihood function of the model
of eq. (5.27), the assumed form of the errors as in(5.28), as well as the i.i.d. assumption results in
the following Likelihood function expressed in terms of the parameter vector 6:

Ln(0) = f(V1,...,Yn) = [[ F(¥i = x76;0,0). (5.32)

Note again, that this function equals the PDF of the n samples in case 8 = 6. Now the Maximum
Likelihood Estimate is given as

0 = argmax Ly, (), (5.33)
o
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Working out the right-hand side gives

n
f = argmax H
o6 50

; — x1'0)? - 2
127r exp (—M) x — Z (vi—x[0)". (5.34)

20
i=1

In this special case, it is seen that the ML estimator is found by solving the least squares problem
¢ = argming > (Y; — x7'0)2. That is, in case 0 > 0 is fixed. In case o needs to be estimated as
well, the Likelihood function becomes more intricate.

5.2.2 Power and Limitations of ML

The ML estimator has a number of exquisite properties as discussed in some detail in the abundant
literature of statistical inference. Perhaps the most direct property is that the ML method is
efficient, that is it performs as well as any estimator under the given assumptions.

Definition 24 (Unbiased) Given any estimator 6, = g(Y1,...,Y,) which approximates a param-
eter (vector) Oy based on a sample Y1,...,Y,. Then this estimator is unbiased iff

E[0,] = E[g(Yi, ..., Y,)] = bo. (5.35)

Theorem 3 (EMSE) Given any estimator 6, = g(Y1,...,Yy,) of 0o , then the performance of this
estimator can be expressed as the Expected Mean Square Error (EMSE)

V(g) =E|g(Yi,...,Ys) = 6olls =E |6, — o]5 . (5.36)

Theorem 4 (Covariance of Estimate) Consider a class of PDFs {fy : 0 € R} where 0y is
the (unknown) one underlying the data observations, that is fp, is the PDF underlying the sample
Yi,...,Y,. Given any estimator 0, = g(Y1,...,Yy) of a parameter vector 6y € RY | then the
covariance of this estimator R(g) € R? x d can be expressed as

R(g) =E [(g(Yh R Yn) - 90)(9<Y1, R 7Yn) - GO)T] =K [(en - 90)(071 - HO)T] . (537)

Theorem 5 (Cramér-Rao Lowerbound) Given any estimator 0,, = g(Y1,...,Y,) of 6y which
is unbiased, then

R(g) = I, (5.38)

where the so-called Fisher information matrix Iy, is defined as

I _r dlog fo(Y1,...,Y,) d  log fo(Y1,...,Yy)
0 = do de 0=0,
d?log fo(Y1,...,Yy)
= —E . .
{ de? 9_00] (5.39)

The general proof can e.g. be found in Ljung’s book on System Identification, Section 7.4 and
Appendix 7.A. The crucial steps are however present in the following simplified form.
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Lemma 6 (Cramér-Rao, simplified) Consider the case where we have a class of PDFs with a
single parameter, say {fo : @ € R}, such that there is a 8y € R such that fg, underlies the sample
Yi,..., Y, Let 0, = g(Y1,...,Y,) be an unbiased estimator of 0y, then

1

E [(Gn — 90)2] > . (5.40)
where )
[df
meg, = |:d0 0_00:| . (541)

5.3 Least Squares Revisited

Let us now turn attention once more to the least squares estimator, and derive some statistical
properties on how this works. The analysis is mostly asymptotic, that is properties are derived as
if we would have that n — oco. This is in practice not the case obviously, but those results give
nevertheless a good indication of how the estimators behave. We will work under the assumptions
that n observations {Y;}?_; follow the model

Y, = XlTHO + D, (542)

where 6, € R? is the true parameter which is fixed and deterministic, but which happens to

be unknown to us. Here {Di,...,D,} are i.i.d. and hence is uncorrelated, all have zero mean

E[D;] = 0, but have a fully unspecified PDF except for some regularity conditions. Still the LS

estimator has very good properties, although it does not correspond necessarily to a ML estimator.
Note at this point the conceptual difference of the deterministic model

yi =%, 0+ ¢, (5.43)

where {e1,...,€,} are (deterministic) residuals, depending (implicitly) on the choice of 6. For this
model, there is no such thing as a true parameter. Moreover, there is no stochastic component,
such that e.g. Ele;] = ¢;. Note the important differences between the ’true’ noise {D;}; under
model (5.42), and the residuals {¢;},. They only equal each other in the special case that the model
(5.42) is assumed to underly the observations {y;}; (that is if {y;}; are samples from {Y;};), and
0 = 6y (that is, we have estimated the true parameter ezactly). Often one makes this assumption
that {y;}; are samples from {Y;};, but one has merely that 6 = 6y and the residual terms do not
obey the stochastic properties of the noise!

Example 36 (Average, Ct’d) Consider again the model Y; = 0y + D; where 6y € R is fized but
unknown, and {D;}; are i.i.d. random variables with zero mean and standard deviation o. Then
the LS estimator 0,, of 0y solves the optimisation problem

Vi (0,) = m@ini(Yi —0)?, (5.44)
=1

for which the solution is given as 0, = % Z?:l Y;. How well does 0,, estimate 6y ?

fo— >V,
i=1

n

=E [; > (60— Vi)

i=1

2

1 & 2
E[fy — 0,]> = E = > E[D}] = % (5.45)
=1
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Now we answer the question whether the minimal value V,,(0,) says something about the standard
deviation o. Therefore, we elaborate the objective for the optimal 0,,, which gives

n n 2
Va(0n) = EZ(Y;—;ZYZ)
=1 =1
= IEZ (Y; — ) — ZY—OO
=1

= EY | - 00)? 2%~ 00) ZY—GO e
i=1 =1

= EY (D —fZDD+ 2ZZDDk
=1

j=1k=1
1
- ZE[D?]—EEZiZID?

i=1
= (n—1)0d? (5.46)
since Y (Y; — 6,) = 0 by the property of least squares.

Let us now study the covariance and the expected minimal value of the OLS estimate.
Lemma 7 (Statistical Properties of OLS) Assume the data follows a model Y; = x16 + D;
with {D1,..., Dy} uncorrelated random variables with mean zero and standard deviation o > 0,
and 6,X1,...,X, are deterministic vectors in R®. Let the matriz X € R™*¢ enumerate those such

that X; = xI for alli=1,...,n, and assume that X has full rank such that the inverse (XTX)~!
is unique. Let 0,, be the LS estimate (as in Chapter 2) solving

_ : 1 - T 2
V"(Q")_mé%;m x76,)?, (5.47)

then

The estimate 0,, is unbiased, that is E[f,] = 0.

The covariance of the estimate is given as

E [(9(] — Gn)(Qo - OR)T] = JQ(XTX)_I. (548)

The estimate V,,(0y,) implies an unbiased estimate of o as

0? = ——E[Va(0,)]. (5.49)
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D

n
Density of
Estimate
f fi Asymptotic
(6" (e” Density of
e Estimate
n n

Figure 5.4: Schematical illustration of an unbiased estimator 6,, of 8. Here n = 1,2, ... denotes the
size of the samples {Y7,...,Y¥,} on which the estimator 6,, = g(Y1,...,Y,) is based. The estimator
is called unbiased if one has for any n that E[f,,] = 0. The grey area denoted the possible estimates
0, for different samples {Y7,...,Y,,}. The cross-section of this area for a given n equals the sample
distribution, denoted as the 2 bell-shaped curves at the bottom.

90



5.3. LEAST SQUARES REVISITED

Proof: At first, we have the normal equations characterizing 6,, as
6, = (XTX)"' X"y = (XTX)"'X" (X6, + D). (5.50)

where Y = (Y1,...,Y,)T and D = (Dy,...,D,)T are two random vectors taking values in R".
Then

0, = (XTX) ' X" (X0y+D) = (XTX)"HXTX)0p+(XTX) ' XD = 6p+(XTX)'X"D. (5.51)
Taking the expectation of both sides gives

E[f,) = E [(X"X) ' X" (X0 + D)] = 0o + E [(X"X)'X" D] = 6y + (X"X)'X"E [D] = 6,

(5.52)
since the vectors 0, {x;} are deterministic, and hence E[fy] = 0y, E[X] = X. This proves unbiased-
ness of the estimator. Note that the assumption of the vectors 6y, X1, ...,x, being deterministic is

crucial.

Secondly, the covariance expression can be derived as follows. Here the crucial insight is that
we have by assumption of zero mean i.i.d. noise (or white noise) that E[DDT] = o2I, where
I, = diag(1,...,1) € R™*™. Then we have from eq. (5.51) that

E[(f = 0)(0 — )] = E[X'X)7'XTD)(DTX(XTX)™T)]

= (XTX)"'XTEDDT)X(XTX)"T
2(XTX) "1 XTX)(XTX)~T

o?(XTX)L (5.53)

Thirdly, the minimal value of the minimization problem is given as

1
Vi (0,) = 5(Y —X0,)"(Y - X6,)
_ % (YTY - 2YTX0, + 07XTX0,)

YTy — 2y "X(X"X) ' XTY + YTX(XTX) N (XTX)(XTX) ' XTY)

N =

YTy —yTX(X"X)"'X"Y). (5.54)

DN =

Hence

2V, (0,) = YT (I, - X(XTX)"'X") Y
= (X0 + D)" (I, - X(XTX)"'X") (X6 + D)
=D" (I, - X(X"X)"'X") D. (5.55)

Then, using the properties of the trace operator tr(x? Ax) = tr(xx? A) and tr(A + B) = tr(A) +
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tr(B) for A,B € R™*™ and x € R" gives

2E[V,,(0,)] = Etr (D" (I, — X(X"X)"'X") D)
=Etr (D"D (I, - X(X"X)"'X"))
= tr (E[D" D] (1, - X(X"X)"'X™))
=o%tr(I, - X(XTX)7'xT)
=o? (tr(I,) — tr(X(XTX)'XT))
=0 (tr(L,) — tr(XTX)(XTX)™1))
=02 (tr(I,) — tr(Iy)) = o*(n — d). (5.56)

O
This result is slightly generalized as follows.
Theorem 6 (Gauss-Markov Theorem) Given a model with deterministic values {x1,...,xp} C
R? with fized but unknown 0y € R such that

Y; =x; 6o + D, (5.57)
where {D1, ..., Dy} are uncorrelated, all have zero mean E[D;] = 0 and have (finite) equal variances,
i.e. E[D?] = --- = E[D?] = 0% < oo (i.e. {D;}; is homoskedastic). Suppose that we have an

estimator 0, = g(Y1,...,Y,). Then its performance can be measured as the variance
V(6) =E||6o — 6. (5.58)

Then the linear estimator achieving the minimal possible variance V (6,,) such that it is unbiased
E[0,] = 6y is given as

1 n
0, = argmin = » (¥, — x] 0)2. (5.59)
0 i=1
This estimator is hence called the Best Linear Unbiased Estimator (BLUE).

An estimator 0, (y1, . . ., yn) is linearif it satisfies the superposition principle, i.e. if 6 = 0, (y1, ..., Yn)
and 0" =6, (y},...,y,), T 0+6 =0,(y1 +vy1,.-.,yn +¥,). In other words, the estimator can be
written as a linear combination of the outputs, or

9 n,j y17"'7yn ZCiju V] = 1 d (560)

where {¢; ;} do not depend on {y;}. Indeed the OLS estimate obeys this form as it can be written

as
0, = (®T®) oy, (5.61)

according to the formulae in chapter 2.
In turn we also have that the least squares estimate needs modification if the coloring of the
noise is known to equal a matrix R. The reasoning goes as follows. Assume again that the linear

model
Y; = x} 6y + D;, (5.62)
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with x1,...,%,,0 € R%, but where {Ds,...,D,} are zero mean random variables with covariance R
such that R,;; = E[D;D;] for all 4, j = 1,...,n. Then the estimator 6,, of fy with minimal expected
error is given as
1
6,, = argmin 5(Y —XO)TRI(Y — X0). (5.63)
0

This estimator is known as the Best Linear Unbiased Estimate (BLUE). The following simple
example illustrates this point:

Example 37 (Heteroskedastic Noise) Consider again the model
Y = 0o + Di, (5.64)

where 6y € R and {D;}; are uncorrelated (white) zero mean stochastic variables, with variances
E[D?] = 02 > 0 which are different for all samples, i.e. for all i = 1,...,n. Then the BLUE

i

estimator becomes

0, = argmin » (Y — 1,00)"M(Y — 1,60), (5.65)
=1
where
01_2 0
M = S, 3 . (5'66)
0 o2

The solution is hence given as
1'R1,0, = 1IRY, (5.67)

where Y = (Y1,...,Y,)T takes elements in R™. Equivalently,
1 "y,

6, = —— S 2 5.68

dim1 U'iz zz: 01'2 ( )

i=1

Note that the influence of a sample Y; in the total sum is small in case it is inaccurate, or o; is
large, and vice versa.

Lets now give an example where the inputs are stochastic as well, or

Example 38 (Stochastic Inputs) Assume the observations {Y;}; are modeled using the random
vectors {X;}i taking values in R?, 0y € R? is deterministic but unknown

Y; = X[6y + D;, (5.69)

where {D;}; are zero mean i.i.d. and are assumed to be independent from {X;}. This assumption
is crucial as we will see later. Then the above derivations still hold more or less. Consider the LS
estimate 0,,. It is an unbiased estimate of Oy as could be seen by reproducing the above proof. Let
D= (Dy,...,D,)T, then

E[6,] =E [(X"X) ' X" (X0 + D)] =6+ E[(X"X) "' X" D] = 6o + E[(X" X) ' XT]E [D] = 6,
(5.70)

93



5.4. INSTRUMENTAL VARIABLES

where X is the random matriz taking elements in R™*? such that el X =X, foralli=1,...,n.
Here we need the technical condition that E[(XT X)™1] exists, or that XT X is almost surely full
rank. This equation implies asymptotic unbiasedness of the estimator 0,,. Similarly, one can proof
that the covariance of 6, is given as

E [(60 — 0,)(60 — 0,)"] = ”E [(XTX)7']. (5.71)

Note that E[(XTX)™1] # (E[XTX])~! exactly, although such relation holds asymptotically since
lim, oo = X; X! ~ E[XX"]. Finally, the minimal value V,,(6,) satisfies
2 = 2 B[V, (0] (5.72)
7 n—d
The key property which causes this to work is the fact that E[X;D;] = E[X;]E[D;]. This condition
was trivially satisfied if x; were deterministic, leading to the many optimality principles of least
squares estimates as stated in the Gauss-Markov theorem.

5.4 Instrumental Variables

Example 39 (Dependent Noise) Consider again the following model using the definitions as

given in the previous example:
Y; = X6 + Dy, (5.73)

and Dy is a random variable with bounded variance and zero mean, then the least squares estimate
0, is given by the solution of

~1
1 1
0, = (ZXtXf) (ZXJ}). (5.74)
[ [
In case n — 0o, one has by definition that
—1
0, = (E[X:X]])  E[X:Y3]. (5.75)
Assuming that E[X; X[] exists and is invertible, one can write equivalently that

0o — 0,

0 — (E [x,X7]) " E[X,Y)]
(& [X: X)) E[X.X]] 6 — (B [X,X]]) " E[X,(X[ 60+ D))
= (E [XtXtT})il E[X:Dy]. (5.76)

And the estimate 0,, is only (asymptotically) unbiased if E [X; D] = 04.

This reasoning implies that we need different parameter estimation procedures in case the noise is
dependent on the inputs. Such condition is often referred to as the ’colored noise’ case. One way to
construct such an estimator, but retaining the convenience of the LS estimator and corresponding
normal equations goes as follows.

We place ourselves again in a proper stochastic framework, where the system is assumed to be

Y; = X['6y + D;, (5.77)
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where X1,..., X,,0p € R? are random vectors, and {D;} is zero mean stochastic noise. As in the
example this noise can have a substantial coloring, and an ordinary least squares estimator wont
give consistent estimates of #y in general. Now let us suppose that we have the random vectors
{Z;}; taking values in R? such that

E[Z,D;] = 0g4. (5.78)

That is, the instruments are orthogonal to the noise. Then the IV estimator 6,, is given as the
solution of # € R? to the following system of linear equations

> Zi(Yi - X['0) = 04, (5.79)
t=1

where expectation is replaced by a sample average. That means that we estimate the parameters
by imposing the sample form of the assumed independence: that is the estimated model necessarily
matches the assumed moments of the involved stochastic quantities. Note that this expression looks
similar to the normal equations. If Y7 (Z;X[') were invertible, then the solution is unique and

can be written as
n -1 n
6, = <Z ZXT ) (Z ZthT> . (5.80)
t=1 t=1

So the objective for us id to design instruments, such that
e The instruments are orthogonal to the noise, or E [Z,D;] = 04.

e The matrix E[Z, X]'] were of full rank, such that also with high probability "}, (Z;X]) has
a unique inverse.

Example 40 A common choice in the context of dynamical systems for such instruments goes as
follows. Assume that the random vectors Xy consists of delayed elements of the output Y;_. of the
system which cause the troublesome correlation between Dy and X;. This is for example typically
the case in an ARMAX model. Then a natural choice for the instruments would be to take delayed
entries of the input {Us}+ of the system

Zt == (Ut_l,...,Ut_d), (581)

which takes values in R?. This is a good choice if the inputs were assumed to be independent of the
(colored) noise.
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Chapter 6

Prediction Error Methods

"How far can we go by optimizing the predictive performance of an estimated
model?”

This chapter studies the parameter estimation technique called the Prediction Error Method
(PEM). The idea is that rather than a plain least squares approach, or a statistical maximum
likelihood approach there is a third important principle in use for estimating the parameters of
a dynamic model based on recorded observations. This technique considers the accuracy of the
predictions computed for the observations, rather than the model mismatch are the likelihood
of the corresponding statistical model. This technique is perhaps the most tightly connected to
systems theory as it explicitly exploits the dynamical structure of the studied system. Those three
design principles are represented schematically in Fig. (6.1). In a number of cases the three design
decision leads to the same estimators as will be discussed in some detail.

Least Squares
estimation (LS)

Maximum Likelihood

Prediction Error Method (ML)
(PEM)

Figure 6.1: Schematic Illustration of the different approaches which one could take for estimation
of parameters.



6.1. IDENTIFICATION OF AN ARX MODEL

6.1 Identification of an ARX model

Let’s start the discussion with a study of a convenient model. The result is not too difficult to
obtain, but the consecutive steps in the analysis will come back over and over in later sections.
Consider a system relating two signals {u:}$2_ . and {y:}$2_ ., which is modeled as

Alq Yy = B(g Yug +ep, VE=...,0,1,,2,..., (6.1)

where for given ny,np > 0 one has A(q™!) =14+a1¢ '+ +a,,¢ ™ and B(¢g") =bjg +-- -+
bn,q~ ™, with fixed but unknown coefficients {ay,...,an,,b1,...,by, }. Here the residuals {e;}; are
small in some sense, but unknown otherwise. This system can be written equivalently as

g =@l 0+ e, Ve =...,0,1,,2,..., 62)
where
SOtT = (_yt—l, vy Yty Ut—1y - - - 7ut7n;,)T c Rna+nb7 vt (6 3)
9:(al,...,ana,bl,...7bnb)TeRna+nb. .

The model is linear in the parameters, hence it is already known how to estimate the parameter
vector f from given samples {(¢¢,y:) 7, induced by the signals {u;}; and {y:};. Note that if
the signals are only recorded at time instances ¢ = 1,2,...,n, one can only construct the samples
{06y}, tmax(na,ny)- - for notational convenience we shall assume further that the signals are
observed fully such that {(¢s, y+)}7—; can constructed. The Least Squares (LS) estimation problem
is

n

n
) min S et a4+ an Yo, — b1ty — = b uen,)’ =Y (0 — ),
0=(a1,..., Ang b1y, b"b) =1 t=1
(6.4)

and the estimate 6 is given as the solution to
I 1
( Z @t@?) 0= ( Z ytSDt) ; (6.5)
n n
t=1 t=1
which are known as the normal equations associated to problem (6.4). If the matrix

o= (i 3 Wf> , (6.6)

is of full rank the estimate is unique and is given as

=07 (13 0. 9

Such approach is also related as an ’equation error method’ since the errors we minimize derive
directly from {e;}; which occur as equation errors in (6.1).

The normal equations can readily be solved with the numerical tools described in Chapter 1.
For the statistical properties it is of crucial importance which setup is assumed. We will work with
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6.1. IDENTIFICATION OF AN ARX MODEL

the assumption that {e;}; are modeled as random variables, and hence so are {y;}: and {p:}7 ;.
This is an important difference with a classical analysis of a LS approach as given in Section ... as
there one assumes ¢; is deterministic. The reason that this difference is important is that when
taking expectations various quantities, it is no longer possible to treat ® nor ® ! as a constant
matrix.

The common statistical assumptions used to model and analyze this problem go as follows.
Formally, let the signals {U;}; and {Y;}; be stationary stochastic processes related as

Y; =@l 0+ Vi, VE=...,0,1,,2,..., (6.8)

where 0y € R+ is the fixed but unknown ’true’ parameter vector, the vector ¢; = (=Yie1, o Yo, Uiq,y oo oy Ut,nb)T
which takes values in R™= "™ and where we assume that {V;}; is a stationary stochastic process

independent of the input signal {U;};. If an estimate 0 is "good’, it should be in some sense ’close’

to 6y. Lets examine then how good the LS estimator is. From the normal equations one gets

-1

-1
N 1« 1« 1 1<
0 — 00 = (n Z@t@?) (n Z@tﬁ) - <n Z%@f) <n Z%W?) 0o
t=1 t=1 t=1 t=1
1
= EZ%% ﬁZVt‘Pt . (6.9)
=1 =1

Under weak conditions, the normalized sums tend to their expected values when n tends to infinity.

Hence 6 — 0, or 6 is consistent if

E [got(ptT] is nonsinguar (6.10)
Elp V3] = 0.

The first condition (‘nonsingular’) is often satisfied, but there are a few important exceptions:
e The inputs {U;} is not sufficiently rich: it is not PE of order n,.

e The data is noise-free (i.e. V; =0 for all ¢), and the model orders are chosen too high: this
implies that Ag(¢~!) and By(¢~!) associated with 6 have common factors (are not coprime).

e The input signal {U,}; is generated by a linear low-order feedback law from the output {Y;}:.

Unlike the 'nonsingular’ condition, the requirement E[p;V;] = 0 is in general not satisfied. An
important exception is when {V;}; is white noise, i.e. is a sequence of uncorrelated random variables.
In such case, {V;}; will be uncorrelated with all past data, and in particular V; will be uncorrelated
with ¢y, implying the condition.

The LS estimation technique is certainly simple to use. In case those requirements are not at
all satisfied, we need modifications to the LS estimate to make it 'work’, i.e. make the estimate
consistent or at least not too biased. We will study two such modifications.

e Minimization of the prediction error for 'more detailed’ model structures. This idea leads to
the class of Prediction Error Methods (PEM) dealt with in this chapter.

e Modification of the normal equations associated to the LS estimator. This idea leads to the
class of Instrumental Variables dealt with in Chapter ... .
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6.2 Optimal Prediction and PEM

A model obtained by identification can be used in many ways depending on the purpose of modeling.
In may applications the aim of the model is prediction in some way. It therefore makes sense to
determine the model such that the prediction error would be minimal. Let us consider the SISO
case at first. We denote the model prediction error here as

et(ﬁ) :yt—ft|t_1(9), YVt = 172,...7 (611)

where 6 represents the parameters of the current model, and f;;—1(0) represents the prediction of
the outcome y; using all past information and the model determined by 6. In case of an ARX model
as described in the previous chapter, we have obviously that

ft\t—l(g) = 90?9‘ (6.12)

In the context of PEM methods one is in general interested in more general models. Suppose a
general LTI describes the signals {u;}: and {y:}: as

v =G(g Oy + H(qg L0V, Yt=...,0,1,..., (6.13)

where we assume that {V;}; is a stochastic process with E[V,V,1] = 02§, with §5;, = 1 if s = ¢,
and zero otherwise. For notational convenience, assume that G(0;6) = 0, i.e. that the model has
at least one pure delay from input to output. Then, the optimal predictor can be written as

ft|t71(0) = Ll(q717 9)% + LQ(q717 G)Ut, Vi=... 707 17 RN (614)

which is a function of the past data only if L;(0,0) = L2(0,6) = 0. Suppose we have for our model
(H,G) corresponding mappings (L1, Lo). Now, a PEM method will estimate the parameter vector
0 by optimizing the prediction performance, i.e.

N 1 <&
0 = argmin — L(e(0)), 6.15
amin > (0 (6.15)

where ¢ : R — R is a loss-function. E.g. {(e) = €.

Now we study the question how to go from an LTI model (G, H) to the corresponding predictors
(L1, L2). Again let us introduce ideas using a series of elementary examples.

Example 41 (White Noise) Assume a realization {e1,ea,...,e;} of zero mean white (uncorre-
lated) noise. Given the values of (e1,ea,...,e._1), the best estimate of e; in Lo sense is then é, = 0,
That s

t+1 2 t—1
é; = argmin E (et - Z hTetT> = argmin ]E[ef] + Z h-Ele;—], (6.16)
Z T =1

1 _ 1
Z:—il hrq=7 jas

=1 re1 hrq™
and the minimum is clearly achieved when hy = --- = h, = 0.

Example 42 (FIR(d)) Given a deterministic sequence {u}}_,, and given a realization {y:}+ of
a process {Y:}7 which satisfies a FIR system, or

th :blut_l +"'+bdut_d+Dt, (617)

100



6.2. OPTIMAL PREDICTION AND PEM

where {D1,..., Dy} is a zero mean white noise sequence with bounded variance. Then the optimal
prediction at instance t + 1 is clearly

Yer1 = brug + -+ + bt —qy1, (6.18)

foranyt=d,...,n—1.

Example 43 (AR(d)) Given a realization {y:}+ of a process {Yi}}, which satisfies a AR(d)
system, or

Yi+a1Yi1+...aqYi_q = Dy, (619)

where {D1,...,Dy} is a zero mean white noise sequence with bounded variance. Then the optimal
prediction at instance t + 1 is clearly

Ut41 = a1yt + -+ + Qa¥t—d+1, (6.20)
foranyt=d,...,n—1.

Example 44 (MA(d)) Given a realisation {y:}+ of a process {Y:}{_, which satisfies a MA(d)
system, or

Yi=Di4+c1Dy 1+ ...cqDs_g, (6.21)
where {D1,...,D,} is a zero mean white noise sequence with bounded variance. Equivalently,
Y, =C(q "Dy, (6.22)

foranyt=d,...,n—1. Thus

D, =C (¢ )Y,
! qu ¥ (6.23)
Yy =(Cl¢™") = 1)Dy + Dy,
where the second equality separates nicely the contribution of the past noise Dy_1,Di_o,... on

which we have some knowledge, and the present term Dy which is entirely unknown to us. This is a
consequence of the fact that C is a monomial, i.e. the zeroth order term equals 1. Then it is not too
difficult to combine both equations in (6.23) and then we find the corresponding optimal predictor
as

Y= (C M) - 1) Ve (6.24)

Those elementary reasonings lead to the optimal predictors corresponding to more complex models,
as e.g.

Example 45 (ARMAX(1,1,1) model) Consider the stochastic signals {U;}+ and {Y;}+ both tak-
ing values in R which follow a fized but unknown system

Y+ aYyy =bUpq +Vi+cViq, Vt=...,0,..., (6.25)

where {V; }¢ is zero mean white noise with E[V;Vy] = &6, sA%. The parameter vector is 0 = (a,b,c)T €
R3. Assume V; is independent of U, for all s < t, and hence the model allows for feedback from
{Yi}: to {Ui}i. The output at time t satisfies

yr = (—aYi_1 + U1 + Vi) + V4, VE=...,0,..., (6.26)
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and the two terms on the right hand side (r.h.s. ) are independent by assumption. Now let yf € R
be any number serving as a prediction, then one has for t that

E[Y; — y7)? = E[-aYi_1 + bUs—1 + Via)* + E[Vi]* > N2, (6.27)

giving as such a lower-bound to the prediction error variance. An optimal predictor { fy;—1(0)}¢ is
one which achieves this lower-bound. This is the case for

ft|t—1(9) =—aY;_1+bU;_1 +cVi_;. (6.28)

The problem is of course that this predictor cannot be used as it stands as the term Vi;_1 is not
measurable. However, it V;_1 may be reconstructed from past data as the residual in the previous
iteration, and as such

fri—1(0) = —aYi 1 +bUi 1 +cViy
—aYi_1 + U1 + (Vi1 +aYi—o — bU—g — cVi_9)
—aYi_1 +bUs1 + e (Yim1 4+ aYi—o — bU_3) — & (Y2 + aYi_3 — bUs—3 — cVi_3)

= i(c —a)(—e)7Y; —a(—e)"T Y, + bi(fc)iflUt_i — (=) (6.29)
=1 i=1

Under assumption that |c| < 1 the last term can be neglected for large t as it will have an exponen-
tially decaying transient effect. Then we get a computable predictor. However we reorder terms to
get a more practical expression as

Free1(0) = f(t — 1]t —2,0) + (¢ — a)Y;_y + UL, (6.30)

which gives a simple recursion for computing the optimal prediction corresponding to past obser-
vations and the model parameter vector 8. We can compute the corresponding prediction error
€t(0) = Y: — fyi—1(0) similarly as

et(9) + CEt,1(9> = Y;ﬁ + CY;,1 — ((C — a)Y;,1 + bUtfl) = }/t + G,Y;g,1 — bUt,h (631)

for any t = 2,...,n. This recursion needs an initial value €;(6) which is in general unknown and
often set to 0. Observe that we need the statistical framework only for a definition of what an
optimal predictor means exactly as in (6.27).

The above analysis can be stated more compactly using the polynomials,

Example 46 (An ARMAX(1,1,1), bis) Consider {u;}: and {y:}+ obeying the system
(1 +ag )y = (bg™ug + (1 +cq™ ey, (6.32)
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(6.37)

flt=1,0) =H (¢ 1, 0)G(¢ " 0)U + (1 -H ' (¢",0))Y;
@)=V, =H ¢ "0(:—G(g,0Uy).

Figure 6.2: The optimal expected least squares predictor for a general LTT.

for allt. Then

(bg™) 1+eq)

(
T Trae )" (Ttag )"
(bg") (c—a)g* (L+ag™h)
Itag )" (Ttag )" (T+ag )"
(bg™") » (c—a)g! ((1 +aq Dy — (bql)ut>
(1+ag™t) (1+ag™t) (L4+ecqt)

-~ (bg") (c—a)g' (bg™') " (c—a)g ' (1+ag™")
<< ) >> o
(

1+aq™! 1+aq- 1) (14 cq=t (1+ag™1) (1+cq—1)y
(bg™) c—a)g-
= U + +e 6.33
1 +ecq D) t (1+cq- )yt t ( )
and again because of the noise terms e; cannot be predicted from the past or the model parameters
0, the best any predictor can do is

(bg~ ) (c—a)g™
(1+Cq—1)ut (1+Cq,1>yt, (6.34)

ft\t71<'9) =

yielding the result. When working with filters in this way it is assumed that data are available from
the infinite past. Since this wouldn’t be the case in practical situations, one has to take into account
transient effects before implementing thus predictors.

In general the derivation goes as follows. Assume the data (y1,ys,...) and (u1,us,...) follows
an LTT model where

Yer1 = H(q 1 00)urs1 + G(g ™ 5 00)ers. (6.35)
where 1 1
Y = - . —mp,
{ij—lgf; - 114_::11;—1 :_r . :gf:};]q-mg, (6.36)
where my, > 1 and m, > 1 denote the orders of both monic polynomials, and 8y = (h1, ..., hm,, g1, -

R™stmr=2 Then we face the question what value of

6.3 Statistical Analysis of PEM methods

The statistical analysis of PEM estimates starts off similar as in the least squares case. Assume
that the observed signals satisfy a stochastic signal, or that

th = G(q_l, 90)Ut + G(q_l, 90)Dt. (638)
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6.3. STATISTICAL ANALYSIS OF PEM METHODS

e The observed signals {u;}j-; C R and {y;}}=; C R are assumed to be samples from quasi-
stationary stochastic processes {U;}: and {Y;}+.

e The noise {D;} is assumed to be a stationary process with zero mean.

e The input is with high probability Persistently Exciting (PE) of sufficient order. that is

E[V;V,T] = 0 where V; = (U;_1,...,U;_q), and hence >_;_, uyu} > 0 where uy = (w—1,...,us—q) €

R
e The filters G(¢~1,0) and H(g~*,0) are smooth (differentiable) functions of the parameters.

Then a PEM approach would be to solve for 6

1
Vi =minV,,(6) = S on(Y—H (g 0)G(g LU+ (1-H ' (¢,0)) ). (6.39)
t=1
This approach is in general different from a LS estimate. We also need the following assumption,
namely that

e The Hessian V,/(0) is non-singular at least for the parameters 6 close to the true parameters
fp. This implies that no different parameters can solve the PEM objective asymptotically,
and is thus in a sense closely related to Persistency of Excitation (PE).

The proof that the PEM would result in accurate estimates in that case is quite involved, but the
main reasoning is summarized in Fig. (6.3). This result is then found strong enough also to quantify
the variance of the estimates if n tends to infinity. Specifically we have that

where )
P = E[DJE [0:(00)01(00)7] (6.41)
and where e (6
ouloo) = 10| (6.42)

That is, the estimates are asymptotically unbiased and have asymptotic variance which is given by
the Fisher information matrix based on the gradients of the prediction errors evaluated at the true
parameters.

Example 47 (PEM Accuracy for AR) Assume that we have a system
Ao(g )Yy = Bolg "ue + Dy, (6.43)
with variance E[D?] = \2. Assume that we have a model structure
Alg™Yye = Bla™ s + e, (6.44)

which can be written in the form
yi = ¢l 0+ ey (6.45)

104



6.3. STATISTICAL ANALYSIS OF PEM METHODS

Vn(G) A | lim V.= VO

§)
>

Figure 6.3: Schematic example of the PEM cost function. Here 6 denotes the parameter vector
to be minimized over. In case only a finite number of samples n is available, the PEM objective
is a noisy version of the asymptotical loss V5(0) = lim,, o V;(0). Two results are stated then:
(i) the true parameters 6y are the minimizer of the asymptotic objective function, and (ii) the
asymptotic objective function V56) differs not too much from the sample objective function V,, ()
for any ('uniform) 6. Hence the minimizer 6,, to V;, is not too different from the true parameters.

Since €,(0) = y; — ¢1 0, one has

which implies in turn that

P =) (Elpief]) =\ (Elgeol]) (6.47)

where \? is the noise variance. This implies that the PEM method applied to model (6.43) based on
observations originating from (6.43) gives you estimates 6 with have the asymptotic properties that

e 0 is consistent and asymptotically unbiased.
o /n(by —0) is asymptotically Gaussian distributed as
V(6o — 0) ~ p(04, P), (6.48)
where P = )2 (E[¢,7]) .
The analysis of LS shows us that the LS estimator 0, has for any n that

e 0, is consistent and unbiased.

o /n(by —0) is Gaussian distributed as
V(0o — ) ~ p(04,P,), (6.49)

where P,, = \2 (% > ¢t¢;)_1'
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6.4 Computational Aspects

The practical difference of a PEM approach to a LS approach is that the solution is not given
in closed form as the normal equations before did. In general, one has to resort to numerical
optimization tools to solve the optimization problem. While good software implementations exists
that can do this task very accurate, it is useful to write out some common approaches for getting
a feeling how to interpret results from such a software.

The prototypical approach goes as follows. Let us abstract the problem as the following opti-
mization problem over a vector € R? as

0* = argmin J(6), (6.50)
0

where J : R? — R is a proper cost function (i.e. a minimal value exists). We have an iterative
regime, and in each iteration the previous estimate is refined slightly. Formally, we generate a
sequence of vectors from an initial estimate #(?), obeying the recursion

9+ = 9k) 4 b (g, 0%)), (6.51)

where b(J,0%)) € R is a correction (’step’) which refines the estimator. The algorithm then
hopefully converges, in the sense that #*) — #* when k increases. See Fig. (6.4.a) for an cost
function in 2D, and Fig. (6.4.b) for an iterative algorithm at work in 1D. Now different algorithms
specialize further using different quantities.

Lo i
b & b b on s oo e

Figure 6.4: An example of an iterative optimization routine of J over a parameter 6.

The prototypical algorithm goes as follows. Here, the correction factor is determined by using a
quadratic approximation of the cost function .J at the current estimate #*). The algorithm follows

the recursion 1
pl+D = o) _ o (Vé’(ﬁ(’“))) Va(0™), (6.52)

where
e «y is the step size, typically taken as a positive decreasing function of k.
e V/(0,) € R? denotes the gradient of the cost function .J at (),

o V" (0,) € R¥? denotes the Hessian matrix of the cost function J at ().
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This algorithm is referred to as Newton-Raphson.
In the optimal point 8* for the PEM problem one has a simplified approximative expression for
the cost function J(6*) given as

V(0 Z¢t (0 YHupy (6%), (6.53)

where H is a given matrix, and 1,(0*) equals the (first order) influence of the ¢th sample on the
loss function of the PEM objective. Using this approximation in an iterative optimization gives the
Gauss-Newton recursive algorithm given as

g+ — k) _ o (iwﬂewmwt(em)) (Zwt *JHe,( 9““)) (6.54)

i=1

where here et(G(k ) denotes the prediction error on y; using the past samples and the model with
parameters ). When 7 is quite large both algorithms (6.55) and (6.52) behave quite similarly.
But in general, the Newton-Raphson converges with quadratic speed 1/n?. The Gauss-Newton
approach converges ’only’ (super-) linear, but has the additional advantage that each iteration of
the algorithm can be computed and stored much more efficiently.

If computational issues are even more important in the case at hand one may resort to a steepest
descent algorithm, implementing the recursion

oD = gk) _ o, V7 (0®), (6.55)

where 6(°) ¢ R? is an appropriate initial estimate. Such algorithm is referred to as a steepest
descent or gradient descent algorithm.
There are three important caveats when using such an approaches.

e The numerical software might be stuck in local minima, most likely giving parameter estimates
which are not useful. This depends largely on the shape of the loss function. If V,, were
(almost) a positive quadratic function, then there are no such local 'false’ minima a numerical
optimization routine could be stuck in. A simple way to circumvent this problem is to let the
optimizer run based on a number of different starting points: if the optima are not mostly not
equal, the problem of local minima is severely present. On the other hand, if the optimizers
were equal for most of them, it is not too large a stretch to assume that the global minimizer
were found successfully.

e In a number of cases the loss function V,, might not be differentiable at certain values for 6,
or lead to large values, preventing the solver to converge properly. This is typically the case
when the underlying dynamics are almost unstable, and slight deviations of the parameters
might lead to unbounded predictions.

e The uncertainties computed by the software based on the discussion in the previous section is
often not valid for finite n. Specifically, the derivation there assumes that 6,, is close enough
to 0y in order to admit a quadratic expansion of the loss between either. This is clearly not
valid 6,, were only a local minimizer. Hence, the estimated variances in software routines are
valid conditioned on the fact that the optimizer worked well.
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Chapter 7

Model Selection and Model
Validation

"How can we be sure that an estimated model serves its future purpose well?”

Suppose I were a teacher, and you as a student had to work out a case-study of an identification
experiment. The question now is how to verify wether your attempt is fruitful? Or are your
efforts more fruitful than the ones of your colleagues? When is an approach not acceptable? The
question of how to come up with a preference amongst different models for a given system is in
practice more important than the actual method used for estimating one model: that is, even if
your toolbox contains a method which gives a useless result on the task at hand, proper model
selection will reveal this weak approach and prefer other tools. The aims of model selection are as
follows

e Given a model class, parameter estimation techniques give you the best model in this class.
Model selection on the other hand describes how to arrive at this model class in the first
place. This amounts to the decision of (i) what sort of model structure suffices for our needs
(e.g. ARX, BJ, State Space), and (ii) what model orders we would need (e.g. an ARX(1,1)
or a ARX(100,10)).

e Which (stochastic) assumptions are reasonable to drive the analysis? Are the conditions valid
under which the employed parameter estimation techniques 'work’ in the studied case?

e Is the model we have identified in some sense close to the real system? Or perhaps more
realistically, is the model we have identified sufficient for our needs? We will refer to this aim
as model validation.

Of course those objectives will be entangled in practice, and be closely related to the parameter
estimation task at hand. It is as such no surprise that the same themes as explored in earlier
chapters will pop up in a slightly different form. In fact, more recent investigations argue for a
closer integration of parameter estimation and model selection problems at once, a theme which we
will explore in the Chapter on nonlinear modeling.

The central theme of model selection and model validation will be to avoid the effect of 'over-
fitting’. This effect is understood as follows
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Definition 25 (Overfitting) If we have a large set of models in the model class with respect to
the number of data, it might well be possible that the estimated model performs well on the data
used to tune the parameters to, but that this model performs arbitrary bad in new cases.

The following is a prototypical example

Example 48 (Fitting white noise) Let {e;}; be zero mean white noise with variance o. Con-
sider the system
Y = €y, YVt = —00,...,00, (7.1)

and suppose we observe corresponding to y; an input @y which is unrelated. Consider the case where
the estimated model contains (‘remembers’) all mappings from observed inputs to corresponding
outputs {pr — y+}. Then the estimated error on the set used for building up the model will be zero

(i.e. it can be reconstructed exactly). The error on new data will be o2 in case {(e) = €2.

The tasks of model selection and model validation is characterized by different trade-offs one
has to make. A trade-off will in general arise as one has to pay a price for obtaining more accurate
or complex models. Such trade-offs come into the form of variance of the estimates, complexity of
the algorithms to be used, or even approaches which lead necessarily to unsuccessful estimates.

”Essentially, all models are wrong, but some are useful”, G.Box, 1987

This is a mantra that every person who deals with (finite numbers of) observed data implements
in one way or another.

e Bias-Variance Trade-off: In general one is faced with a problem of recovering knowledge from
a finite set of observations, referred to as an ’inverse problem’. If the model class is ’large’
and contains the 'true’ system, the bias of a technique might be zero, but the actual deviation
of the estimated parameters from the true one might be large (’large variance’). On the other
hand, if the model class is small, it might be easy to find an accurate estimate of the best
candidate in this model class (low variance’), but this one might be far off the ’true’ system
("large bias). This intuition follows the bias-variance decomposition Lemma given as

Lemma 8 (Bias-Variance Decomposition) Let ,, be an estimate of 6y € R? using a
random sample of size n, then

E||6o — 6nll3 = Ell6o — E[6u]|[3 + EIE[8,] — 6nll3, (7.2)

where E||6p — E[0,]||2 is often referred to as the bias, and E||E[0,] — 0,13 as the variance
associated to the estimator 0,,.

This result follows directly by working out the squares as

06— 1 = N GoEln )+ Bl 001 = BN o=l D -EIEI =00+ 2E1 o~ )T 6161,
and since E[(6g —E[0,]))T (E[0,,] —0..)] equals (§g —E[0,])'E[E[0,,] —0,] = (6o —E[0,]))T04 le,
since 0y and E[d,] are deterministic quantities.
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o Algorithmic Issues: In practice, when the data can only point to a specific model in a model
class with large uncertainty, the parameter estimation problem will often experience algorith-
mic or numeric problems. Of course, suboptimal implementations could give problems even
if the problem at hand is not too difficult. Specifically, in case one has to use heuristics,
one might want to take precautions against getting stuck in ’local optima’, or algorithmic
‘instabilities’.

The theory of algorithmic, stochastic or learning complexity studies the theoretical link between
either, and what a ’large’ or ’small’ model class versus a ’large’ number of observations mean. In
our case it is sufficient to focus on the concept of Persistency of Excitation (PE), that is, a model
class is not too large w.r.t. the data if the data is PE of sufficient order. This notion is in turn
closely related to the condition number of the sample covariance matrix, which will directly affect
numeric and algorithmic properties of methods to be used for estimation.

7.1 Model Validation

Let us first study the ’absolute’ question: ’is a certain model sufficient for our needs?’ Specifically,
we will score a given model with a measure how well it serves its purpose. This section will survey
some common choices for such scoring functions.

7.1.1 Cross-validation

A most direct, but till today a mostly unrivaled choice is to assess a given model on how well
it performs on ’fresh’ data. Remember that the error on the data used for parameter estimation
might be spoiled by overfitting effects, that is, the model might perform well on the specific data
to which the estimated model is tuned but can perform very badly in new situations. It is common
to refer to the performance of the model on the data used for parameter estimation as the training
performance. Then, the training performance is often a biased estimate of the actual performance
of the model. A more accurate estimate of the performance of the model can be based on data
which is in a sense independent of the data used before.
The protocol goes as follows

1. Set up a first experiment and collect signals {u;}7; and {y:}}_; for n > 0;
2. Estimate parameters 6, (model) based on those signals;
3. Set up a new experiment and collect signals {u}7, and {y?}7, for n¥ > 0;

4. Let £ : R — R as before a loss function. Score the model as
v () 1 - v
Vi) = = >0 (v = fae) (7.4)
t=1
where fén , is the shorthand notation for the predictor based on the past signals {y} }s<; and

{u?}s<¢, and the parameters 0,.
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7.1. MODEL VALIDATION

The crucial bit is that inbetween the two experiments, the studied system is left long enough so that
the second experiment is relatively ’independent’ from what happened during the first one. This
issue becomes more important if we have only one set of signals to perform estimation and validation
on. A first approach would be to divide the signals in two non-overlapping, consecutive blocks of
length (usually) 2/3 and 1/3. The first one is then used for parameter estimation (’training’), the
second black is used for model validation. If the blocks are small with respect to the model order
(time constants), transient effects between the training block and validation block might affect
model validation. It is then up to the user to find intelligent approaches to avoid such effects, e.g.
by using an other split training-validation.

7.1.2 Information Criteria

In case cross-validation procedures become too cumbersome, or lead to unsatisfactory results e.g. as
not enough data is available, one may resort to the use of an Information Criterion (IC) instead. An
information criterion in general tries to correct analytically for the overfitting effect in the training
performance error. They come in various flavors and are often relying on statistical assumptions
on the data. The general form of such an IC goes as follows

Wn = Vi (0n) (1 + B(n, d)) | (7.5)

where 8 : R x R — R is a function of the number of samples n and the number of free parameters
d. In general 8 should decrease with growing n, and increase with larger d. Moreover 8 should
tend to zero if n — co. An alternative general form is

W = nlog Vi (0n) +v(n, d), (7.6)
where 7 : R X R — R penalizes model structures with larger complexity. The choice of y(n,d) = 2d

gives Akaike’s IC (AIC):
AIC(d) =nlnV,(6,) + 2d, (7.7)

where 6,, is the LS/ML/PEM parameter estimate. It is not too difficult to see that the form w,,
and w,, are approximatively equivalent for increasing n.

Several different choices for v have appeared in the literature, examples of which include the
following:

(FPE): The Finite Prediction Error (FPE) is given as
1+d/n
1—d/n’

which gives an approximation on the prediction error on future data. This criterium can be
related to AIC’s and the significance test for testing the adequacy of different model structures.

FPE(d) = V,,(6,) (7.8)

(BIC): The Bayesian Information Criterion (BIC) is given as
BIC(d) = —21InV,,(6,) + d1n(n), (7.9)

where 6,, is the ML parameter estimate, and the correction term is motivated from a Bayesian
perspective.

In general, an individual criterion can only be expected to give consistent model orders under strong
assumptions. In practice, one typically choses a model which minimizes approximatively all criteria
simultaneously.
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7.1.3 Testing

In case a stochastic setup were adopted, a model comes with a number of stochastic assumptions.
If those assumptions hold, the theory behind those methods ensures (often) that the estimates are
good (i.e. efficient, optimal in some metric, or leading to good approximations). What is left for the
practitioner is that we have to verify the assumptions for the task at hand. This can be approached
using statistical significance testing. If such a test gave evidence that the assumptions one adopted
do not hold in practice, it is only reasonable to go back to the drawing table or the library. The
basic ideas underlying significance testing go as follows.

"Given a statistical model, the resulting observations will follow a derived statistical
law. If the actual observations are not following this law, the assumed model cannot be
valid.’

This inverse reasoning has become the basis of the scientific method. Statistics being stochastic is
not about deterministic laws, but will describe how the observations would be like most probable.
As such it is not possible to refute a statistical model completely using only a sample, but merely
to accumulate evidence that it is not valid. Conversely, if no such evidence for the contrary is found
in the data, it is valid practice to go ahead as if the assumptions were valid. Note that this does
not mean that the assumptions are truly valid!

The translation of this reasoning which is often used goes as follows

ZiyeoisZn~Ho=>T(Z1,...,2Zn) ~ Dn(B,Ho), (7.10)
where
n: The number of samples, often assumed to be large (or n — o)
Z;: An observation modeled as a random variable
~: means here 'is distributed as’
=: Implies
Ho: or the null distribution
T(...): or the statistic, which is in turn a random variable.

Dn(B,Ho): or the limit distribution of the statistic under the null distribution Hg. Here 8 denotes a
parameter of this distribution.

Typically, we will have asymptotic null distributions (or ’limit distributions’), characterized by a
PDF f. That is, assuming that n tends to infinity, D, (3, Ho) tends to a probability law with PDF
f8,1,- Shortly, we write that

T(Z1,....2Zn) = f8.H,- (7.11)

Now, given a realization z1, ..., 2z, of a random variable Z1, ..., Z!  the statistic t, = T(z1, ..., 2n)
can be computed for this actual data. A statistical hypothesis test checks wether this value ¢,
is likely to occur in the theoretical null distribution D, (8,Hp). That is, if the value ¢, were
rather unlikely to occur under that model, one must conclude that the statistical model which were
assumed to underly Zi,...,Z, are also not too likely. In such a way one can build up evidence
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for the assumptions not to be valid. Each test comes with its associated Hg to test, and with a
corresponding test statistic. The derivation of the corresponding limit distributions is often available
in reference books and implemented in standard software packages.

A number of classical tests are enumerated:

F-test: The one-sample z-test checks wether a univariate sample {y;}7~, originating from a normal
distribution with given variance has mean value zero or not. The null-hypothesis is that the
sample is sampled i.i.d. from zero mean Gaussian distribution with variance o2. The test
statistic is computed as .

T, (i) = =Y (7.12)

=1 U\/ﬁ ’

and when the null-distribution were valid it would be distributed as a standard normal dis-
tribution, i.e. T, — N(0,1). In other words, if Y;,...,Y, are i.i.d. samples from fy, then
fr — N(0,1) when n tends to be large (in practice n > 30 is already sufficient for the asymp-
totic results to kick in!). Based on this limit distribution one can reject the null-hypothesis
with a large probability if the test-statistic computed on the observed sample would have a
large absolute value.

x2-test: Given is a set of n i.i.d. samples {y; }?_, following a normal distribution. The standard x>-test
checks wether this normal distribution has a pre-specified standard deviation oy3. The test
statistic is given as

T, (i) = 2 (7.13)

where the sample variance is computed as % Z?zl (y; —m,)?, and the sample mean is given as
% > yi- Then the limit distribution of this statistic under the null-distribution is known to
follow a x2-distribution with n — 1 degrees of freedom, the PDF and CDF of this distribution

is computed in any standard numerical software package.

Example 49 (Lady Tasting Tea) (Wikipedia) - The following example is summarized from Fisher,
and is known as the Lady tasting tea example. Fisher thoroughly explained his method in a proposed
experiment to test a Lady’s claimed ability to determine the means of tea preparation by taste. The
article is less than 10 pages in length and is notable for its simplicity and completeness regarding
terminology, calculations and design of the experiment. The example is loosely based on an event
in Fisher’s life. The Lady proved him wrong.

1. The null hypothesis was that the Lady had no such ability.
2. The test statistic was a simple count of the number of successes in 8 trials.

3. The distribution associated with the null hypothesis was the binomial distribution familiar
from coin flipping experiments.

4. The critical region was the single case of 8 successes in 8 trials based on a conventional
probability criterion (< 5%).

5. Fisher asserted that no alternative hypothesis was (ever) required.

If and only if the 8 trials produced 8 successes was Fisher willing to reject the null hypothesis
effectively acknowledging the Lady’s ability with > 98% confidence (but without quantifying her
ability). Fisher later discussed the benefits of more trials and repeated tests.
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7.1.4 Testing LTI Models

In the context of testing the results of a model of a linear system, the following tests are often used.
The following setup is typically considered. Given timeseries {u;}+ and {Y;}; as well as (estimated)
parameters 6 of a model structure M. Then, one can compute the corresponding optimal predictions
{§}: and the prediction errors (or residuals) {¢;}; corresponding to this estimate 6. Now, a common
statistical model assumes that e; = Y; —¢:(6y) (the innovations) is zero mean, white stochastic noise.
Then, if 6y ~ 6, also the estimated innovations {&}+ would be similar to zero mean Gaussian noise.
A statistical test could then be used to collect evidence for the {é}: not too be a white noise
sequence, hence implying that the parameter estimate is not adequate. Two typical tests which
check the whiteness of a sequence {e;}}; go as follows.

e (Portmanteau):
n o
Tl =2 3 7 (7.14)
[(—

n—r

where the sample auto-covariances are computed as 7, = %21:1 €i€i+-. This test statistic
follows a x? distribution with m degrees of freedom, if {¢;} where indeed samples from a zero
mean, white noise sequence. So, if the test-statistic computed using the estimated innovations
T, ({é&}) were really large, evidence is collected for rejecting the null-hypothesis - the estimate
6 were close to the true value 6. This reasoning can be quantified exactly using the above
expressions.

e (Normal): A simple test for checking where a auto-covariance at a lag 7 > 0 is zero based on
a sample of size n is given by the statistic

722

Th({e}) = n% (7.15)

with a distribution under the null-hypothesis (i.e. r, = 0) which tends to a normal distribution
with unit variance and zero mean when n — oo.

e (Cross-Correlation Test:) Now let us shift gears. Assume that the input timeseries {U;}; is
stochastic as well. If the model were estimated adequate, no dynamics are left in the residuals.
Hence, it makes sense to test wether there are cross-correlations left between input signals
and residuals. This can be done using the statistic

T.({e}) = V" (7§ R.) 't (7.16)

where for given m and 7’ one has the sample quantities

N (Au,e cue T

= JT(,JFW)L)

sue 1 n—max (7,0

e =n Zt:l—min(O,T) Ut€t+7' (7 17)

Ru = % E:L:mle Ut/Ut/T
Ut/ == (Ut—h ey Ut—m)T

This test statistic has a distribution under the null-hypthesis (i.e. 7% = 0) which tends to a
x? distribution with m degrees of freedom when n — oo.
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e (Sign Test) Rather than looking at second moments, it was argued to look at different proper-
ties of the residuals. For example one could calculate the number of flips of signs in consequent
values. This lead to the statistic

Tlah = s (i Ieveern < 0) - Wz) , (718)

with I(z) equal to one if z is true, and zero otherwise. This statistic has a (sample) distribution
under the null-hypthesis (i.e. {€;} were zero mean white) which tends to a normal distribution
with unit variance and zero mean when n — oo.

Evidently, not all test are equally muscular. When applying a test, there i always a chance the the
null-hypothesis were rejected even when it were actually true, or vice versa. The former risk - the
so-called type 1 risk) of false positives is captured by the threshold « used in the test. In general,
when decreasing this risk factor, one necessarily increases the risk of a false negative. However, this
risk is much more difficult to characterize, and requires a proper characterization of the alternative
hypothesis.

f2(2)

T.(Z,)

p False Negative

significance level a

T(2)
Threshold

Figure 7.1: Schematic illustration of a statistical hypothesis test. A test is associated with a statistic
T,, computed on a sample of size n. One is then after accepting or rejecting a null-hypothesis Hy
underlying possibly the sample. If the sample follows indeed Hy, one can derive theoretically the
corresponding null-distribution of T,,. If the statistic computed on the sample is rather atypical
under this null-distribution, evidence is found that H is not valid. If the statistic computed on
the sample is likely under this null-distribution, no evidence is found to reject Hy. The exact
threshold where to draw a distinction between either to conclusions is regulated by a significance
level 0 < a < 1.

7.2 Model Class Selection

Let us study the ’relative’ question: ’which of two models is most useful for our needs?” The
approach will be to score both models with a given model validation criterion, and to prefer the
one with the best score.
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The classical way to compare two candidate models are the so-called ’goodness-of-fit hypothesis
tests’. Perhaps the most common one is the likelihood ratio test. Here we place ourselves again in
a proper stochastic framework. Let 6, be the maximum likelihood estimator of the parameter 6
in the model structure My, and let 65 be the maximum likelihood estimator of the parameter 6, in
the model structure M. We can evaluate the likelihood function Lz, (6;) in the sample Z,, under

model M; with parameter él, as well as the likelihood function L’Zn(é’g) in the sample Z,, under
model My with parameter é2. Then we can compute the test statistic

Ly, (61)

@) = Gy

(7.19)

Let M7 and M3 be two different model structures, such that M; C Msy. That is, they are
hierarchically structured. For example, both are ARX model structures but the orders of M; are
lower than the orders of Ms. A related approach based on the loss functions is given makes use of
the following test statistic

Vi = Vi

T (Zy) = B2 (7.20)

n

where V,! is the minimal squared loss of the corresponding LSE in M;, and V,? is the minimal
squared loss of the corresponding LSE in M. Lets consider the null-hypothesis Hy that the model
structure M; were describing the observations adequately enough. Then it is not too difficult to
derive that the sample distribution under the null-hypothesis tends to a x2 distribution with degrees
of freedom |02]gp — |01]p (i-e. the difference in number of parameters of either model). This test is
closely related to the F-test introduced earlier.

A more pragmatic approach is to use the validation criteria as follows. Consider a collection
of estimated models in different model structures. For example, fix the model sort, and constructs
estimates of the parameters for various model orders. Then you can score each candidate using
an appropriate validation criterion. The model structure (order) leading to the best score is then
obviously preferred. This approach is typically taken for model design parameters with no direct
physical interpretation.

7.2.1 A Priori Considerations

Model selection is but a formalization of the experience of model building. One could easily imagine
that a person which is experienced in the field does not need to implement one of the above methods
to guide his design decisions. But in order to assist such an expert, a fe tricks of the trade are
indispensable, a few of which are enumerated here.

e Plot the data in different ways.

e Look out for trends or seasonal effects in the data.
e Is an LTI model sufficient for our needs?

e Look at the spectra of the data.

e Try to capture and to explain the noise process. Where does the noise come from in your case
study? Consequently, what is
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e Try a naively simple model, and try to figure out how you see that this is not sufficient for

you. Again, if you manage to formalize the exact goal you're working to, you're halfway the
modeling process.
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Chapter 8

Recursive Identification

”?Given a current estimated model and a new observation, how should we update
this model in order to take this new piece of information into account?”

In many cases it is beneficial to have a model of the system available online while the system
is in operation. The model should then be based on the observations up till the current time. A
naive way to go ahead is to use all observations up to t to compute an estimate 6, of the system
parameters. In recursive identification methods, the parameter estimates are computed recursively
over time: suppose we have an estimate ét—l at iteration ¢t — 1, then recursive identification aims
to compute a new estimate 6, by a ’simple modification’ of 0,_, when a new observation becomes
available at iteration ¢. The counterpart to online methods are the so-called offline or batch methods
in which all the observations are used simultaneously to estimate the model.

Recursive methods have the following general features:

e They are a central part in adaptive systems where the next action is based on the latest
estimated parameters. Typical examples are found in adaptive control or adaptive filtering
applications.

e Memory and computational requirements at any timestep has to be modest. Specifically, one
often requires that both are independent to the length of the history at any timestep.

e They are often applied to real-time settings, where the ’'true’ underlying parameters are
changing over time (i.e. tracking applications).

e They are often used for fault detection systems. Here one wants to detect when the observed
signals or the underlying system differs significantly from what one would associate from a
normal operation modus.

In general, the techniques go with the same statistical properties as their counterparts in ’batch’
setting. For example, the RLS gives consistent estimates under the conditions as discussed in Section

5.3. That is, the discussion on the recursive estimators is often concerned with computational issues.
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8.1 Recursive Least Squares

Let us start this section with perhaps the simplest application possible, nevertheless introducing
ideas.

Example 50 (RLS for Estimating a Constant) Given the following system
yt:90+et7 Vt:1,2, (81)

In chapter 2, example 1 we derive how the least squares estimate of Oy using the first t observations
is given as the arithmetic (sample) mean, i.e.

R
= - ;. 2
et t ;yz (8 )

Now it is not too difficult to rewrite this in a recursive form.

t—1
0, = % (Z yi + Z/t) = % ((t — 1)1 + yt) =01+ % (yt - ét—l) . (8.3)
i=1

This result is quite appealing: the new estimate 6, equals the previous estimate 0,1 plus a small
correction term. The correction term is proportional to the deviation of the prediction 0,1 and
the observation yi. Moreover the correction term is weighted by the term %, which implies that
the magnitude of the correction will decrease in time. Instead the estimate 0,_1 will become more
reliable. In case a proper stochastic framework is assumed (see chapter 5, section 3), the variance

of 0, becomes

Pt = - (84)
which can in turn be computed recursively as

1 Py

P, = = .
TR+l 1+P

In order to generalize the result, we need the following well-known matrix properties.
Lemma 9 (Matrix Inversion Lemma) Let Z € R4*? be a positive definite matriz with unique

inverse Z71, and let z € R? be any vector, then

Z 12277 T

-1 _ T\—1 __ —1
Zy =2z ) =7 =,

(8.6)

where Z_T_l =7+ zzT.
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In words, the inverse of a matrix with a rank-one update can be written in closed form using the
inverse of the matrix and a small correction. Proof: =~ The proof is instrumental.

271 Tzfl Zfl Tzfl Zfl Tzfl
(Z + 227) <zl 2 > —I,-Z ( = = )

Try—1 T
_ 4 4s a4 4 48 a4 7-1 _ 4a a4
1+2T7Z17 1+ ZTZ_1Z> + 2z (227) <1 +zT7Z-1z
zz17-1 zzT7-1 2217 1722771
=1, — | — Eee———" /A P
d <1+ZTZ_1Z) + (1+ZTZ—1Z> (1+z z) < 1+2zTZ- 17 )
I zzT7-1 (227Z) 72217 172771 .
1+2z77Z-1z 1+2zT7Z-1z

Now, note that (z7'Z~'z) is a scalar, and thus

zzT 77! Trr—1 (2727 '2)22TZ7!
o ([ Y gy (VT .

as desired.
O

The previous example serves as a blueprint of the Recursive Least Squares (RLS) algorithm,
which we now will develop in full. Given a model for the observations {(x;,y:)}: C R¥*! given as

Y= 00x; ey, VE=1,2,..., (8.8)

where 6y € R? and the terms {e;}; are the corresponding residuals. Then chapter 2 learns us that
the LS solution based on the observations x; : i = 1,...,t will be given as the solution to the normal

equations
t t
(Z xpc?) 0, = <Z yixi> . (8.9)
i=1 i=1

Assume for now that the solution 6, is unique, i.e. the matrix R, = (22:1 XixiT) can be inverted.

Since trivially one has
Ri1=R;— thfa (8.10)

if follows that

t—1

0, = Rt_l (Z YiX; + ytxt>

i=1

= Rfl (Rtflétfl +tht)
= 6, +R;! (tht - (xtxf)ét_1)

ét,1 + R;lxt (yt — é;{lxt) 5 (811)

and in summary
e = (y — x{ 0r-1)
K, = R; 'x, (8.12)
ét = ét_l + K.
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Here the term ¢; will be interpreted as the prediction error: it is the difference between the observed
sample y; and the predicted value xtTét,l. If € is ’small’, the estimate ét,l is good and should not
be modified much. The matrix K, is interpreted as the weighting or ’gain’ matrix characterizing
how much each element of the parameter vector ét—l should be modified by e;.

The RLS algorithm is completed by circumventing the matrix inversion of R, in each timestep.
Hereto, we can use the matrix inversion Lemma.

—1 T —1
R, xixy Ry

R, '=R - : 8.13
t t—1 1 + XtTRt__llxt ( )
Note that as such we substitute the matrix inversion by a simple scalar division.
R, Lx (xI'R; 1 x 1
K, =R 'x, = R Lx, — t(Tt 71t—1 t) = —— R; ! x;. (8.14)
1+x, R % 14+x; R X

Given initial values Ry L and éo, the final RLS algorithm can as such be written as

€& = (yt - X?ét—l)

Pioixix Py
P =P, — o g (8.15)
K; =Px; = (+> Pi1x¢

1+xZPt,1xt

ét = ét—l + Ke,

where we use P, = R, ! for any t. For efficiency reasons, one can We will come back to the
important issue on how to choose the initial values Py and 8y in Subsection 8.1.2.

8.1.1 Real-time Identification

This subsection presents some ideas which are useful in case the RLS algorithm is applied for
tracking time-varying parameters. This is for example the case when the ’true’ parameter vector
6o varies over time, and are as such denoted as {6y ;};. This setting is referred to as the real-time
identification setting. There are two common approaches to modify the RLS algorithm to handle
such case: (i) use of a forgetting factor (this subsection); (ii) use of a Kalman filter as a parameter
estimator (next subsection).

The ’forgetting factor’ approach starts from a slightly modified loss function

t

Vi(0) = N (g — 07 %) (8.16)

s=1

The Squared Loss function lying at the basis of RLS is recovered when A = 1. If X is set to
some value slightly smaller than 1 (say A = 0.99 or A = 0.95), one has that for increasing ¢ past
observations are discounted. The smaller A got, the quicker information obtained from previous
data will be forgotten, and hence the name. It is now straightforward to re-derive the RLS based
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on (8.16), and the modified RLS becomes:
e = (y — XtTét—l)
xtx? P
Py =4 (P — BaiPer)
Kt = Ptxt = ()\er,Tll)t_lxt

0; = ét,1 + K.

(8.17)
Piix;

Example 51 (Estimator Windup) Often, some periods of the identification experiment exhibit
poor excitation. This causes problems for the identification algorithms. Consider the situation where
p¢ = 0 in the RLS algorithm, then
0, =6,
{ Lo (8.18)

1
Pt = XPt—la

e Notice that  remains constant during this period,
o ... and P increases exponentially with time when \ < 1.

When the system is excited again (py # 0), the estimation gain K will be very large, and there will
be an abrupt change in the estimate, despite the fact that the system has not changed. This effect
is referred to as ‘estimator windup’.

Since the study of Kalman filters will come back in some detail in later chapters, we treat the
Kalman filter interpretation as merely an example here.

Example 52 (RLS as a Kalman Filter) A stochastic state-space system takes the form

VtE=1,2,3,..., (8.19)

X1 =F X +V;
Y, =H; X; + W,

where

e {X; € R"}; denote the stochastic states,

{Y; € R™}; denote the observed outcomes.

{V; € R™}; denote the process noise.

{W, € R™}, denote the observation noise.

{F: € R"*"}, are called the system matrices

{Ht S Rmxn}t

Now it is easily seen that the problem of time-invariant RLS estimation can be written as

b1 :Tat VE=1,2,3,..., (8.20)
Y, =x; 0 + I
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where 0 = 01 = --- = 0; = ... is the unknown state one wants to estimate based on observations
{Yi}+. Hence one can phrase the problem as a filtering problem, where the Kalman filter provides
the optimal solution to under appropriate assumptions, eventually reducing to (8.15). The benefit
of this is that one can extend the model straightforwardly by including unknown process noise terms
{Vi}+, modeling the drifting true values as a random walk - approaching effectively the real-time
identification problem. Suppose {Vi,...,Vi,...} are sampled independently from a Gaussian with
mean zero and covariance V. € R™"*" then the Kalman filter would become

_ Ty
€ = (yt — Xy 9t71)

_ B P,_1xx] Py
Pt - <Pt71 1+x?Pt,1xt + v
K; = P;x;

ét = ét—l + K€

(8.21)

Observe that both in case (8.17) as in (8.21) the basic RLS algorithm is modified such that Py will
no longer tend to zero. In this way K; also is prevented from decreasing to zero. The parameter
estimate will therefore change continuously.

8.1.2 Choosing Initial Values

The choice of the initial values is paramount in real life application of RLS schemes. Close inspection
of the meaning of P; helps us here. In the Kalman filter interpretation of RLS P; plays the role of
the covariance matrix of the estimate éh as such suggesting that in case one is not at all certain
of a certain choice of 6y, one should take a large Py; if one is fairly confident in a certain choice
of 6y, Py should be taken small. If Py is small, so will {K:}+>0 and the estimate {@}t will not
change too much from éo. If Py would be large, ét will quickly jump away from éo. Without a
priori knowledge, it is common practice to take the following initial values

é =
04 (8.22)
Po= pId7

with Iy = diag(1,...,1) € R?*9 the identity matrix, and p > 0 a ’large number’.
The effect on the choice of the initial values (or the ’transient behavior) can be derived alge-
braically. Consider the basic RLS algorithm (8.15). Then

t
Rt = RO + Z XXt (823)
s=1
Now set .
Zy — Rth. (824)
Then

t

2y = Ryby1 +x06, = (Rtfl + thf) f—1+x (yt - é;fﬂxt) = Zi—1 +XeYr = Zo +szys' (8.25)
s=1

And hence

t -1 t
0, =Pz, = (RO + Z xsxz> (Roéo + szys> . (8.26)
s=1

s=1
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So, if Ry is small (i.e. Py is large), then ét is close to the offline estimate
t
0} = argmin z:(yS —0Tx;)?, (8.27)
0 s=1

as seen by comparison of (8.26) with the normal equations associated to (8.27)

t -1/
0; = (Z;XSXZ) (Z; xsys> . (8.28)

The methods discussed in the above subsections are appropriate to systems that are known to
change slowly over time. In such cases A is chosen close to 1, or V is chosen as a small non-negative
positive definite matrix. If the system exhibits more likely from time to time some abrupt changes
of the parameters, techniques based on fault detection might be more suitable.

8.1.3 An ODE Analysis

Simulation no doubt gives useful insight. However, it is also clear that it does not permit generally
valid conclusions to be drawn, and therefore it is only a complement to theory. The scope of a
theoretical derivation would in particular be to study whether the parameter estimates 6, converge
as t tends to infinity. If so, to what limit? And if possible also to establish the limiting distribution
of ét.

A successful approach considers the sequence {ét}tzo,u as approximating a continuous vector
valued function {# : R, — R?}. This continuos function evaluated at a time instant 7 > 0 is
denoted as (1), and the whole sequence is described as an Ordinary Differential Equation. Such
approach typically adopts a stochastic setting where {Y;}+is a stochastic process, and {X;}; is a
vector valued stochastic process, and both have bounded first- and second moments. Recall that
the minimal MMSE 6, € R? is then given as the solution to

E [X:X[] 0. = E[X,Y]. (8.29)

Define again R = E [XtXtT ], and suppose this one is invertible. Define the functional r (recall that
6 here is a function) as:

r(0) = E [X,(Y; — X[0)]. (8-30)
Now, consider the following ODE
fol7)
a(:) =R '7r(6(7)). (8.31)
If this ODE is solved numerically by an Euler method on discretization steps 7y, 7o, ... one gets
O0r, ~0r , + (1 — 1) RTE]Y; — X0, ] (8.32)

Note the similarity between (8.32) and the algorithm (8.15), suggesting that the solutions to the de-
terministic ODE will be close in some sense. Specifically, consider the following recursion described
by the algorithm . R A

O = 0; 1+ RIX(Y: — X[0,). (8.33)

with 6 given. Then the paths described by this discrete recursion will be similar to the solutions
{0;, }r using the timescale (7, — 7x—1) = . The above statements can be made quite precise as
was done in [?]. The study of this ODE gives us new insight in the RLS algorithm, including;:
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1. The trajectories which solve the ODE are the expected paths of the algorithm.
2. Assume that there is a positive function V' (6, R) such that along along the solutions of the
0
ODE we have that —V(68(7),R) < 0. Then as 7 — 00, 6(7) either tend to the set
—V(é(r),R) = O} , (8.34)

or
D, = *
{0 or

or to the boundary of the set of feasible solutions. In other words, 6(7) for 7 — oo go to the
stable stationary points of the ODE. Equivalently, 6; converge locally to a solution in D,.

0

8.2 Other Algorithms

Since the problem of recursive identification, adaptive filtering or online estimation is so ubiquitous,
it comes as no surprise that many different approaches exist. This section reviews three common
variations.

8.2.1 Recursive Instrumental Variables

Recall that instrumental variable techniques come into the picture when the noise is known to
be strongly colored, and a plain LSE is not consistent. An instrumental variable estimator uses
random instruments {Z;} which are known to be independent to the noise of the system. Then we
look for the parameters which match this property using the sample correlations instead. Formally,

consider the statistical system
Y; = x! 0y + Dy, (8.35)

where {D;} is colored noise, and x; € R4, with deterministic but unknown vector 6y. Suppose we
have d-dimensional instruments Z; such that

E[Z,Dy] = 0. (8.36)

That is, the instruments are orthogonal to the noise. Then the (batch) IV estimator 6, is given as
the solution of # € R? to

> Zu(Yi —x{'0) = 04, (8.37)
t=1

which look similar to the normal equations. If Y"1, (Z;x!) were invertible, then the solution is
unique and can be written as

On = (i ZtXtT> (i ZtY;sT> s (8-38)

Now we can use the techniques used for RLS to construct a recursive method to estimate 6; when
the data comes in. It is a simple example to derive the algorithm, which is given as

e = (g — XtTétfl)
P, 1Zix] Py
P =P - 5750 (8.39)
K, =P, 7,
ét = ét_l + Kies.
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The discussion on the behavior of RLS w.r.t. initial variables and forgetting factor remains valid.

8.2.2 Recursive Prediction Error Method
Recall that a PEM method bases inference on maximizing performance of the best predictor corre-
sponding to a model. Also this technique is straightforwardly to phrase in a recursive form.

t

0; = argmin V;(0) = > _ N "Fe(0), (8.40)
9 k=1

where 0 < A < 1 is typically chosen as 0.99,0.95,0.9. As before ¢;(#) denotes the prediction errors of
corresponding to model parameters 0, that is ;(0) = y; — §:(0) where () is the optimal predictor
at the tth instance. Now, unlike the previous algorithms, no closed form solution of (8.40) exists
in general, and one resorts to numerical optimization tools. But there is an opportunity here: it is
not too difficult to integrate -say- a Gauss-Newton step in the optimizer with the online protocol.

To see how this goes, consider again the second order Taylor decomposition of the loss function.
Lets assume we have a fairly good estimate 6;_; at the previous instance

Vi(0) = Vi(0r—1) + V(0 1)T(0 — 6 1) + %(9 —0,_ )TV (0,-1)(0 — 0,_1). (8.41)

Now, the challenge is to compute gradient V; and Hessian V}” recursively. Details can be found in
the book (Soderstrom, Stoica, 1989), but are necessarily tied to the adapted model and are often
approximative in nature.

8.2.3 Recursive Pseudo-linear Least Squares
The following example expresses an ARMAX as a pseudo-linear model as follows.
Example 53 (ARMAX) Given an ARMAX system
A(g "y = Blq " ur + Clg e, (8.42)

of orders ng,np,ne. Then this system can ’almost’ be written as a LIP model as follows

ye = @1 o + et (8.43)
where
Spt - (_ytflv' oy T Yt—ng y Ut—1y -+ oy Ut—n ,étflv' . ';étfn )T
¢ ’ ¢ (8.44)
90 = (ala-'-7at7’na7b17-~'7bt7nb7cl7"‘7ct7nc)7

where é; is the prediction error computed based on the model parameters 0,_1. The rationale is that
in case Oy_1 ~ 0y, €; is a good proxy to the prediction errors e; based on the parameters 0;. Then
the Recursive Partial Least Squares algorithm implements a RLS strategy based on this ‘linearized’
model.

Indeed one can prove that the resulting estimates do converge if the system is obeys some regularity
conditions. Specifically, if the system is almost unstable the recursive estimates are often unstable
(and diverging) as well. In practice, the resulting algorithm needs monitoring of the resulting
estimates in order to detect such divergent behavior.
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8.2.4 Stochastic Approximation

The class of stochastic approximation techniques take a quite different perspective on the recursive
identification problem. Here the parameter estimate 0;_1 obtained previously is modified such that
it is better suited for explaining the new sample related to (¢, y:). Formally, a new estimate 0, is
obtained from the given #;,_; and the sample (¢;, y;) by solving for a given v > 0 the optimization
problem

~ . ~ ~ 2
0y = arg;nln Ji(0) = (0 — 0,—1)" (0 — 01—1) + (x{ 0 — )" (8.45)

The optimal result is then given directly as
ét = ét—l - (XTQ — yt) Dty (846)

obtained by equating the derivative of J(6) to zero. The algorithm is then completed by specifi-
cation of the initial estimate fy. This recursion gives then what is called the Least Mean Squares
(LMS) algorithm. This is the building stone of many implementations of adaptive filtering. The
naming convention ’stochastic approximation’ is motivated as follows. The correction at instance
t is based on the gradient of a single point (x¢,y:), and is a very 'noisy’ estimate of the overall
gradient. A variation of this algorithm is given by the recursion

ét = étfl — (XtTa - yt) 5 (847)

l[x¢l]2 + €

with € > 0 small, and where fo is given. This recursion is the basis of the Normalized LMS
algorithm. The rationale is that here each sample modifies the present estimate proportional how
close the estimate is to the working point 0.

8.3 Model Selection

As in the batch setting, it is paramount to be able to qualify and quantify how well our recursive
algorithms succeeds in its task. But the conceptual and practical ways to do turn out to be entirely
different. As it stands there is no comprehensive theoretical framework for this question, but some
insight is gained in the following example.

Example 54 (Predicting Random noise) As seen, a lot of fancy mathematics can be brought
in to form complex recursive schemes, but at the end of the day the methods implemented need
‘merely’ may good predictions. It helps to reason about this objective by considering the prediction
of random white noise: by construction this is impossible to do better than §; = 0 (why?). A method
trying to fit a complexr model to such data will necessarily do worse than this simple predictor, and
the example is often used as a validity check of a new method.

Except for the traditional considerations of bias and variance of a model, and the statistical uncer-
tainty associated with estimating parameters, other issues include the following;:

e Initialization of the parameters. If the initial guess of the parameters is not adequate, the
recursive algorithm might take much samples before correcting this (transient effect).

e Forgetting Factor. The choice of a forgetting factor makes a trade-off between flexibility and
accuracy.
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e Window. If the window used for estimating then one must decide on how many samples are
used for estimating at a certain instance ¢.

e Stability of the estimate. If the algorithm at hand is not well-tuned to the task at hand, it
may display diverging estimates. This is clearly undesirable, and some algorithms go with
guarantees that no such unstable behavior can occur.

e Gain. A typical parameter which needs t be tuned concerns the size of the update made at a
new sample. If the gain is too low, a resulting algorithm will not converge fastly. If the gain
is too large, one may risk unstable behavior.

In order to check wether a recursive identification is well-tuned for a certain application, it is instru-
mental to monitor closely the online behavior of the method, and to make appropriate graphical
illustrations of the method.
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Chapter 9

State Space Systems

”"How can we represent mathematically a dynamical system accepting m > 1 input
signals, and outputting p > 1 signals?”

Ut Xt41 Xt Yt

A

Figure 9.1: Schematic representation of a State Space System with matrices (A,B,C,D). The
feedback is implemented by the system matrix A, governing the dynamic behavior of the system.

9.1 State Space Model

A deterministic state-space model is given as

{Xt+1 = AXt + BUt Vi = —o0 0 (9 1)

y: = Cx; + Duy,

where we have
e {x;}; C R™ the state process.
e {u;}; C RP the input process.

e {y:}+ C RY the output process.
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A € R™ ™ the system matrix.
B € R"*P the input matrix.
C € R7*™ the output matrix.

D € R?*P the feed-through matrix.

The ’state variable’ has different interpretations.

1.
2.
3.
4.
5.

Representation of hidden ’state’ of system (physical).
Summarization of what to remember from past.

Compact representation of information relevant to predict future.
Intersection of past and future.

Optimal estimate of the model parameters thus far (RLS).

Each interpretation leads to own algorithms. Advantages of the use of state-space systems over
fractional polynomial models include

Those models are typically closer to physical modeling.
They are more appropriate for modeling MIMO systems.

Such models make a clearer distinction between input noise, measurement noise and Innova-
tions.

Any LTT can be represented as a state-space model of sufficient order (Canonical representa-
tion).

The study of the dynamics of the system concerns ’only’ the A matrix. The matrices B, C,D
‘make up’ the system, but do not directly influence the qualitative dynamical behavior.

Problems of identiafibility are readily phrased in this context.

9.1.1 State Space System - example 1

From PDE to state-space: the heating-rod system:

Z=0 Z=|_

y(t)
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Let z(t, z) denote temperature at time ¢, and location z on the rod.

0x(t, 2) 0%x(t, 2)
= 9.2
ot " h2 (92)
The heating at the far end mens that
0x(t, z)
= Ku(t), 9.3
5 |, = Ku(®) (9-3)
The near-end is insulated such that d(t. 2)
z(t, 2
—_— =0. 94
0z 2=0 ( )
The measurements are
y(t) =x(t,0) +o(t),vt=1,2,... (9.5)
The unknown parameters are
K
- o)
This can be approximated as a system with n states
T
x(t) = (2t 21), 2t 22), . 2(t, ) € R (9.7)
with 2z = L(k —1)/(n — 1).. Then we use the approximation that
Ou(t,z)  x(t, zpq1) — 2x(t, 2z1) + 2(t, 21_1) 9.8)
9z* (L/(n—1)) '
where zj, = argmin, ||z — z||. Hence the continuous state-space approximation becomes
-1 1
0
9 1 -2 1
x(t)= (1) k ) x(t)+ | ¢ | u(t)
’ K
1 -2 1 (9.9)
0
y(t) = | 1] x(t) + ()
1
and a discrete Euler approximation
X =% = & (20)
-1 1
0
1 -2 1
) x: + A’ fA,u(t)
' K 9.10
1 -2 1 ( )
0
v = || xe+ Jarv(®)
1
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9.1.2 State Space System - example 2
Models for the future size of the population (UN, WWF).

Leslie model: key ideas: discretize population in n aging groups and
e Let x;; € RT denote the size of the ith aging group at time ¢.

o Let x;41,+1 = s8iX¢,; with s; > 0 the ’survival’ coefficient.

o Let x1111 =50 2?21 fixt i with f; > 0 the fertility’ rate.

Hence, the dynamics of the population may be captured by the following discrete time model

soft sofe ... Sofn
S1 0
— 0 s 0
x = 2 X; +u
t+1 t t (911)
Sn—1 0
Yt = Z?:l Xt,i
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9.1.3 Impulse Response to State Space System

What is now the relation of state-space machines, and the system theoretic tools seen in the previous

Part?

>
>

—.»
MW

>
>

Recall impulse response (SISO)

ye =Y hety_r, (9.12)
7=0
and MIMO -
Yt = Z H‘rutha (913)
7=0

where {H,}, C RP*4.

Recall: System identification studies method to build a model from observed input-output
behaviors, i.e. {u;}; and {y;}+.

Now it is a simple exercise to see which impulse response matrices {H.}, are implemented by
a state-space model with matrices (A, B, C,D):

D =0

H, = o L Vr=0,1,2,... (9.14)
CA™™'B r=12,...

Contrast with rational polynomials where typically

blq_l + bgq_Q + ...

h: < h(g™!) = 9.15
(a7) 1+a1qg 1 +aq2+... (9.15)
Overlapping: consider FIR model

Yr = bous + brug—1 + boug 2 + e (9.16)
then equivalent state-space with states x; = (ug, us—1, ut,g)T € R3 becomes
0 0 O 1
Xy = 1 0 O X1+ 0 Ut
01 0 0 (9-17)
Yy = [bo by 52} Xy + ey
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and xo = (ug,u_1,u_2)T.

9.2 Realization Theory
9.2.1 Controllability and Observability

A state-space model is said to be Controllable iff for any terminal state x € R™ one has that for all
initial state xg € R™, there exists an input process {u;}; which steers the model from state xo to
X.

A state-space model is said to be Reachable iff for any initial state xg € R™ one has that for all
terminal states x € R™ there exists an input process {u;}; which steers the model from state xq to
X.

The mathematical definition goes as follows: Define the reachability matrix C € R"*"P as

C=[B AB A’B ... A" 'B] (9.18)
The State space (A, B) is reachable (controllable) if
rank(C) = n. (9.19)

Intuition: if the matrix C is full rank, the image of C equals R", and the superposition principle states
that any linear combination of states can be reached by a linear combination of inputs.

A state-space model is Observable iff any two different initial states xg # xj, € R™ lead to a
different output {ys}s>o0 of the state-space model in the future when the inputs are switched off
henceforth (autonomous mode).

Define the Observability matrix O € RI"*™ as

CA
o=| . (9.20)

CAn—l
Hence, a state-space model (A, C) is observable iff
rank(O0) =n (9.21)

Intuition: if the (right) null space of O is empty, no two different x,x’ € R" lead to the Ox = Ox’.
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Let

u_ = (ug,u_j,u_o,...)7 (9.22)

And
v+ =(yny2...)" (9.23)

Then
x; x Cu_ (9.24)

and

v+ x Ox (9.25)

|

0.9F

—y

u_ past v, future

0.7
0.6

0.5

signal

0.4

0.3

0.2

0.1

time

9.2.2 Kalman-Ho Realization

Problem: Given an impulse response sequence {H,},, can we recover (A,B,C,D)?

Def. Minimal Realization. A state-space model (A, B, C,D) is a minimal realization of order
n iff the corresponding C and O are full rank, that is iff the model is reachable (observable) and
controllable.

Thm. (Kalman) If (A,B,C,D) and (A’,B’,C’,D’) are two minimal realizations of the same
impulse response {H, }, then they are linearly related by a nonsingular matrix T € R™*" such that

A’ = T-1AT

B =T 'B

o — ot (9.26)
D' =D
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Intuition: a linear transformation of the states does not alter input-output behavior; that is, the corre-
sponding {H-}, is the same. The thm states that those are the only transformations for which this is
valid.

Hence, it is only possible to reconstruct a minimal realization of a state-space model (A, B, C, D)
from {H,}, up to a linear transformation of the states.

In case we only observe sequences {u;}¢>1 and {y:}+>1, we have to account for the transient
effects and need to estimate xg € R™ as well. This is in many situations crucial. The above thm.
is extended to include xq as well.

Now the celebrated Kalman-Ho realization algorithm goes as follows:

e Toeplitz-matrix

H1 H2 H3 ... Hn
H, H; H,
H" =
Hn H2n+1
CB CAB CA’B ... CA"'B
CAB CA’B
CA" 'B CA?"~'B
e The state space is identifiable up to a non-singular matrix T € R™*" such that
H" = 0C=0TT 'C (9.27)
e Then take the SVD of H", such that
H" =UxVT (9.28)
with U € RP"*" 'V € R"*™ and ¥ = diag(oy,...,0,) € R"*"™.
e Hence a minimal realization is given as
O =Uvx
VS (9.29)
C'=VEV
e From (O’,C’ it is not too difficult to extract (A, B, C)
9.2.3 An Example
Given an input
u=(1,0,0,0,...)T (9.30)
and output signal
y=1(0,1,1,2,3,5,8,13,21,34,...)7 (9.31)
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with system
Yt = Ye—1+ Y2, Yo = 0,y1 = w1

or SS with xo = (0,0)7 as

1 n 1
Xip1 = X U
t+1 1ol * 1|
yr = |1 0} X¢
or transfer function .
Gz)= ——
(2) 22 —z—1
Now realization
11 2 3 5
1 2 3 5 8
H;=(2 3 5 8 13
3 5 8 13 21
5 8 13 21 34

Then SVD of Hj gives o1 = 54.5601 and o9 = 0.4399, and a minimal realization is

X = X
1700185 —0.6179) T | —0.5187

, 16179 0.0185 | , [ 0.8550
Uy
Y = {0.8550 —0.5187} X,

9.3 Stochastic Systems

(9.32)

(9.33)

(9.34)

(9.35)

(9.36)

Now let us see how one can use a state-space system to describe a system which is driven by
stochastic signals. Recall that we adopt the convention to indicate signals which are stochastically
as capital letters. It is for example immediate that the states will be a stochastic process too with
the rules of probability governing its behavior. A Stochastic State Space System takes the general

form:
X1 =AX+ W,
Y; =CX; +V;

with

{X:}+ the stochastic state process taking values in R”™.

{Y:}+ the stochastic output process, taking values in RP.

A € R"*™ the (deterministic) system matrix.

C € RP*™ the (deterministic) output matrix.

{W4}+ the stochastic process disturbances taking values in R™.

{V4}+ the stochastic measurement disturbances taking values in RP.

The stochastic vectors follow a probability law assumed to follow
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9.4. CONCLUSIONS

e E[W,] =0,, and EW,WI] =§,,Q € R™*".
e E[V}] =0,, and E[V;VT] = §5,R € RP*P,
e EW,VT] =6,,S € R"*P.
e W,,V; assumed independent of ..., X;.
Main questions:
e Covariance matrix states E[X; X[] = II:
O=AIAT +Q
- Lyapunov, stable.
e Covariance matrix outputs E[Y;Y,T].

This model can equivalently be described in its innovation form

X/, =AX]+KD,
Y, =CX|+D,

with K € R™"*? the Kalman gain, such that P, K solves

P = APA + (G — APCT)(Ao — CPCT)"1(G — APCT)T
K = (G — APCT)(Ao — CPCT)

and
e E[D,D;"] = (Ay — CPCT)

o P=E[X/X["]

9.4 Conclusions

State-space systems for MIMO - distributed parameter systems.

Relation impulse response - state-space models.

Controllability - Observability

Kalman - Ho

Stochastic Systems

140

(9.38)

(9.39)

(9.40)



9.5. SUBSPACE IDENTIFICATION

9.5 Subspace Identification

”Given observations of m > 1 input signals, and p > 1 signals resulting from those
when fed into a dynamical system under study, can we estimate the internal dynamics
regulating that system?”

Subspace techniques encode the notion of the state as 'bottleneck between past and future’
using a series of geometric operations on input-output sequences. They should be contrasted to the
LS, ML and PEM approaches as described in Chapters 3,4,5. Possible explanations for the use of
subspace identification techniques include the following.

e MIMO.

State space models.

Inherent identifiability 'up to T’.

Numerical matching.
e Numerical Robust techniques (perturbations).

Connection to systems theory.

To place the technique of subspace identification, recall that

e Problem of System Identification: Given multivariate timeseries {u;}}Y, C R? and {y}¥, C
RY, can you figure out the order n, matrices (A, B, C,D) and {x;}; C R"?

e Aim of Realization Theory: Given impulse response matrices {H, },, recover n and (A, B, C, D).

The question now becomes how to bridge the gap between either. A first, naive approach would go

as follows.

(1) Estimate IR matrices {H,}, by solving/approximating

}Zi"n u%" T Tn HT 1
_

er1+1 uzT u% urTL+1 ur )
ol

Ynto| = us uy Uy o ) (9.41)
: T
T T T T HO
YN UN_n+1 UN-—nyt2 Uy

(2) Realization: transform {H,}, into 7 and (A, B, C, D)
But:
e Computational burdensome.
e Not robust.
e PE...

e Numerically ill-conditioned.
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9.5. SUBSPACE IDENTIFICATION

e Process Noise.
e State-Space structure.
That’s why subspace ID:
e N4SID (’enforce it’) (Numerical algorithm for Subspace State-space System ID)
e MOESP (Multivariate Output Error State sPace)

9.5.1 Deterministic Subspace Identification

Matrix matching

C
D
Y 522 CB D Uy
| = “t| . : (9.42)
Yitk—1 CA:"’—l CA*—2B D MMkt

In shorthand:

yk(t) = Opx; + ‘Ifkuk(t) (943)
This holds for any t =1,2,..., N, or

[ye(0) ye(1) ... ye(i—1)]=0k[x0 x1 ... xXi_1]
+\Ifk[uk(0) uk(l) uk(i— 1)]

Or in even shorter hand

Yi0=0rXo+ VrUygp (9.44)
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9.5. SUBSPACE IDENTIFICATION

Now the same trick for for data k,..., k+i—1

Yis = |ye(s) ye(1) ... yr(s+i-1)
Ups = |up(s) ug(l) ... up(s+i—1) (9.45)
Xs = (Xgy -y Xstiz1)
Hence one has for all s =0,1,..., N —i.
Y s = OpXs + U Uy s. (9.46)

We will use in our exposition

Yi.o0=0,X,+ 9, U
k,0 kAo + Wi Ugpo (9.47)
Yir =0 X, + ¥, U
Which we will denote as the matrix input-output relations of 'past’ and ’future’. Or
[ o u; Uz ... u;—1
up uz usz ... u; .
Uio = ) . € RFpxi
[up—1 Uy cee Upgi—2
Yo yi y2 ... Yi-1
Y1 y2 ¥Ys3 ... Yi kaxi
Yio= ) . € R
:}’k—l Yk cee Yk+i-2 (9.48)
ug Ug+1 Ye+2 -+ Uk4i—1
Ug41  Ug+2  Yk+3 .- Ukt )
Upr = ) ) € RFaxi
U2k —1 ug cee Ug4i—2
Yk Ye+1 Yk+2 -0 Yk4i-1
Yk+1 Y2 Y3 - Yi+i boxi
Yir=| . : € RFx
1 Y2k—-1 Y2k cee Yokti-1
Let
Uy Up i
W_ = N W, = o 9.49
{Yk,o} * [Yk,k (9.49)
Now we study the relation of W_;, W and H. From above, we have that
Uk 0 Ik 0 Uk 0
W_ = ’ = P ’ 9.50
[Yk,0:| [1/% Ok | Xo (9:50)
Or
Uk 0 Ik 0 Uk 0
W_ = O — | TR ’ 9.51
[Yk,0:| [W OkCr| [Uk,o (9:51)
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9.5. SUBSPACE IDENTIFICATION

Relation - example 1

Let
u=(0,0,0,1,0,0,0,...)" (9.52)

Apply this input signal to a noiseless LTI, and suppose the outcome is

Yy = (070707917917937g4ag5a"')T (953)
Let k =4,i =8, then we get
[0 0 0 1 [0 0 0 O]
0O 0 1 0 |0 0 0 O
0o 1 0 0 |0 0 0 O
1 0 0 0 [0 0 0 O
W_ = 9.54
0 0 0 g |lon 92 93 oa (9:54)
0 0 g0 91 l92 93 912 95
0 go 91 92 |95 914 95 e
190 91 92 93 |94 g5 g 97|

1y 0
tha O4Cy

LQ (QR)-decomposition one can bring any W _ into this structure, from which we have the matrix

Hj, and can apply realization. This approach is taken in MOESP

This datamatrix ressembles [ ] (up to permutation). This is a general structure, using a

1. Using LQ to recover matrix OyCy
2. Use realization to recover A, B, and then B, D.

3. Then use Kalman filter to obtain corresponding state sequence.

9.5.2 Relation - N4SID
A different road:

e Recover the order and the state subspace by relating W_ to W,
e Then recover (A, B, C,D) by LS.

How does that work?
Thm. span(W_) Nspan(W ) = span(Xy), or

Yk,O = 0,pXo + \I/Uk,o (955)
So find the subspace by oblique projection (SVD).
I =1-ur(uuh)'u (9.56)
Then Y, oIl = OxXolIIE.
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9.5.3 Stochastic Realization

Problem: Given E[Y;Y,X | = A(7) for 7 =0,1,2,..., find a realization (A, B) such that the outcome
{Y:} of the system

{Xt’_l — AX|+KD, 0.57)

Y, = CX/+ D,

when driven by white noise {D;} taking values in R™ has properties {A(7)},. Richer in history:
Parzen, Akaike Kalman, Faurre, De moor/Van Overschee, but Messier in results

Build up the data matrices Yj o and Yy, i, and use those to reconstruct the internal states. One
common way to do that is using Canonical Correlation Analysis, solving

aTY,0YT b
max B0 hk (9.58)
P\ JaTYioY ] eay bTY YT b

Solutions given by generalized eigenvalue problem.

e Detection of n by number of significant eigenvalues of »oY 22__5_2:_/ * where

Yoo =%YroYi,
Yo =% YroYi, (9.59)
S = § Y Y,

e Basis given by corresponding eigenvectors.

e Again, compute matrices Oy and Cy, and realize a (A, C).

9.5.4 Extensions

e Innovation representation.

Reduced Realization.

Weighting matrices.

Positive Real and Stable.

Relation to Kalman filter.

SVD and LQ are robust and efficient techniques.

9.5.5 Combined Stochastic - Deterministic

System

Vit = —00,...,00. (9.60)

Xiy1=AX; +Bu +V;
Y;g = CXt + Dut + Wt7

with
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{x¢}+ C R"™ the state process.
{u:}+ C R? the input process.

{Vi}+ C R" the process noise with covariance R.

{y+}+ C R? the output process.

{Vi}+ C R" the measurement noise with covariance Q.
e A € R™*" the system matrix.
e B € R™*? the input matrix.
e C c R?*™ the output matrix.
e D € R*P the feed-through matrix.
Problem: Given {u;}; C R? and {y:}+ C R, find (A,B,C,D,P,Q) and {x;}:.
Basic equation
Yk70 = O Xy + \I/Uk,o +V (9.61)
e Razor away U by oblique projection.

e Razor away V using appropriate instruments.
Algorithm:

Build data matrices.

Estimate Oy, or {x}:.

Recover (A, B, C,D).

Estimate P, Q from sample covariance of residuals.
Extensions:

Feedback - rank conditions.

Bilinear (States x Inputs) and nonlinear systems (Hammerstein).
e Recursive.

Selection of the order.

Statistical analysis.

e Finite data.

9.5.6 Conclusions

To remember

e Problem.
e Subspace as extended realization.

SVD and LQ.

Stochastic.

Combined Deterministic - Stochastic.

Optimality?
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Chapter 10

Nonlinear System Identification

”Tf our system deviates considerably from the linear superposition, what techniques
can we still use to fit a model from observations of the studied system?”

10.1 Deviations from the Superposition Principle
10.2 Block-Structured Models
10.3 Linearization

10.4 General Approximators
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10.4. GENERAL APPROXIMATORS

148



Chapter 11

Problem Solving Sessions

11.1 Dynamic Models

11.1.1 Exercises

Exercise 1.0: Hello world

1.
2.

9.
10.

Given a discrete system G(z) = £~ with K = 1 and 7 = 2. Is it BIBO stable? Why/not?
Given a system which outputs positive values for any input. Is it LTT? Why /not?

Can you solve a least squares estimate for 6 for a system satisfying z,0 = y; for any {(z;, y;)}:?
Why /not?

Is the median estimate optimal in a least squares sense? Why/not?

If we are to model a certain behavior and we know some of the physics behind it - should we
go for a black box model? Why /not?

If we have a very fast system (time constants smaller than O(1072)s). Can we get away with
slow sampling? Why /not?

Does a non-causal model allow an impulse representation? Why /not?

Is a sequence of two nontrivial LTIs identifiable from input-output observations? Why/not?
Is an ARMAX system linear in the parameters of the polynomials? Why/not?

Is an OE model LIP? Why /not?

Exercise 1.1: Stability boundary for a second-order system.

Consider the second-order AR model

Yt + a1yi—1 + a2yr—2 = €4

Derive and plot the area in the (a1, a2) € R%-plane for which the model is asymptotically stable.
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Exercise 1.2: Least Squares with Feedback

Consider the second-order AR model
Y¢ +ayi—1 = bus_1 + e

where u; is given by feedback as
Uy = —-K Yt

Show that given realizations of this signal we cannot estimate ag, by separately, but we can estimate
ap + bo K.
Exercise 1.3: Determine the time constant 7' from a step response.

A first order system Y (s) = G(s)U(s) with

K —S8T
Gls) = 14+ sTe
or in time domain as a differential equation
dy(t
T% +y(t) = Ku(t — 7)

derive a formula of the step response of an input u; = I(t > 0).

Exercise 1.4: Step response as a special case of spectral analysis.

Let (y;); be the step response of an LTI H(g~!) to an input u; = al(t > 0). Assume y; = 0 for
t <0 and y; = c for t > N. Justify the following rough estimate of H

? Yk — Yk—1

by, =  Vk=0,...,N
a

and show that it is approximatively equal to the estimate provided by the spectral analysis.

Exercise 1.5: Ill-conditioning of the normal equations in case of a polynomial trend
model.

Given model
Yy =aotait+---+at" +e

Show that the condition number of the associated matrix ®7® is ill-conditioned:
cond(®T®) > O(N?"/(2r + 1))

for large n, and where r > 1 is the polynomial order. Hint. Use the relations for a symmetric
matrix A:

L4 Amax(A) Z max; Aii
® A\nin(A4) < min; Ay
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Exercise 1.6
Determine the covariance function for an AR(1) process
Ye +ayi—1 = e

where e; come from a white noise process with zero mean and unit variance. Determine the
covariance function for an AR(2) process

e +ay—1 +ay(t—2) =e

Determine the covariance function for an MA(1) process

Y = er + bey_q
Exercise 1.7
Given two systems
b
H =
! (Z) zZ+a
and . b
Hy(z) = 0+t

22+ a1z + as

(a) If those systems filters white noise {e;} coming from a stochastic process {D;}; which is zero
mean, and has unit variance. What is the variance of the filtered signal {y;}?

(b) What happens to the output of the second system when you move the poles of Ha(z) towards
the unit circle?

Where to place the poles to get a low-pass’ filter?
(d
(e
f

(c)
) Where to put the poles in order to have a resonance top at w = 17
) How does a resonant system appear on the different plots?

(f) What happens if Ha(z) got a zero close to the unit circle?

Exercise 1.8

Given an input signal {X;}; shaped by an ARMA filter,
Alg X, =Clg MV,

where A and C' are polynomials of appropriate order with the constant term equal to 1, and where
is V; a white noise source, zero mean and variance o2. Given noisy observations {Y;}; of this signal,
or

Yi =Xt + Et

where E, follows a stochastic process with white, zero mean and variance o2 and uncorrelated to
Dy;. Rewrite this as a ARMA process, what would be the corresponding variance of the 'noise’?
How would the spectrum of Y; look like?
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DYNAMIC MODELS

11.1.2 Exercises + solution

Exercise 1.0: Hello world

1.
2.

Given a discrete system G(z) = £ with K = 1 and 7 = 2. Is it BIBO stable? Why/not?

T—Z

Given a system which outputs positive values for any input. Is it LTI? Why /not?

Can you solve a least squares estimate for 6 for a system satisfying x;60 = y; for any {(x;, y;) }+?
Why /not?

. Is the median estimate optimal in a least squares sense? Why /not?

If we are to model a certain behavior and we know some of the physics behind it - should we
go for a black box model? Why /not?

. If we have a very fast system (time constants smaller than O(1072)s). Can we get away with

slow sampling? Why /not?
Does a non-causal model allow an impulse representation? Why/not?
Is a sequence of two nontrivial LTTs identifiable from input-output observations? Why/not?

Is an ARMAX system linear in the parameters of the polynomials? Why /not?
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Exercise 1.1 (6.1): Stability boundary for a second-order system.
Consider the second-order AR model
Yt +a1Yi—1 + a2yt—2 = €

Derive and plot the area in the (a;,a2) € R2-plane for which the model is asymptotically stable.
Solution:
The characteristic equation is
z2—|—a1z+a2 =0.

If 21, zo denotes the roots of this equation, we have that
ar = —(21 + 22), az = z122.
Consider the limiting case with one or both roots on the unit circle.

e One root in z = 1, the other one inside the interval z €] — 1,1].

alz—leQ, Ao =2 = as = —1—as
e One root in z = —1, the other one inside the interval z €] — 1, 1].
a1 =—1—20, ag=—20 =>a2=—-14as

e Two complex conjugate roots z1, zo = exp(+iw) with w € (0, 7]

a1 = —2cosw,as =1 = ag € [-2,2]

These cases define a closed contour that encloses the stability area as in Figure (11.1.2).
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Exercise 1.2: Least Squares with Feedback

Consider the second-order AR model
Yr +ayr—1 = bus_1 + e

where u; is given by feedback as
up = —Kyq.

Show that given realizations of this signal we cannot estimate aq, by separately, but we can estimate
ap + bok. (Book p. 26)
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Exercise 1.3 (3.1): Determine the time constant 7T from a step response.

A first order system Y (s) = G(s)U(s) with

K —ST
G(s) = T TC
or in time domain as a differential equation
dy(t
T%) +y(t) = Ku(t —7)

derive a formula of the step response of an input u; = I(t > 0).

dy(t)

Solution: The system is %= + y(t) = Ku(t — 7). The step response is therefor

dt

0
y(t) =
{K (1 —exp(=(t = 7)/T))
The tangent at ¢t = 7 is given as

V()= ot —7)

The tangent reaches the steady state value K at timet=7+1T.

Exercise 1.4 (3.10): Step response as a special case of spectral analysis.

Let (y;); be the step response of an LTI H(g™!) to an input u; = alI(t > 0). Assume y; = 0 for

t <0 and y; = c for t > N. Justify the following rough estimate of H

hp = "Y1 g 0. N
and show that it is approximatively equal to the estimate provided by the spectral analysis.
Solution:
From

t t
Yt = thutfk = ath
k=0 k=0

and since y; remains constant for values ¢ > N it follows that

hy = Yt — Yt—1
a
fort =0,1,2,...,n, and since h; ~ 0 for large n. Thus the following is a possible estimate of the

transfer function:

H(e™) = Z hi exp(—iwk)
k=0

= 13k — i) expl k)

k=0

~
~

1
a

k=0
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Now

o oo
. . a
U(w) = ;uk exp —iwka ];) exp —iwk = f—

156



11.1. DYNAMIC MODELS

Exercise 1.5 (4.5): Ill-conditioning of the normal equations in case of a polynomial
trend model.

Given model
Y =ao+ait+ - +at" +e

Show that the condition number of the associated matrix ®7® is ill-conditioned:

cond(®T®) > O(N?"/(2r + 1))

for large n, and where r > 1 is the polynomial order. Hint. Use the relations for a symmetric
matrix A:

L4 Amax(A) 2 max; An
L4 >\min(A) S mini Au

Solution:
Since for large values of n one has

Se-o()
t=1 +
for all k =1,2,..., it follows that

. o Amax(¢¢) maxi[¢T¢]ii _ n2r+1 _ n2r
cond(¢?) = Amin (6%)) = min[¢7¢li; © 2r +1 [On) =0 2r+1)°

which is very large even for moderate values of n and r.

Exercise 1.6

Determine the covariance function for an AR(1) process

Yt +ayi—1 =€

where e; come from a white noise process with zero mean and unit variance. Determine the
covariance function for an AR(2) process

Yt +ay—1 +ay(t —2) = e
Determine the covariance function for an MA(1) process
Y = e +berq

Solution:
(a). The stochastic model is

Yi +a1Y_1 +aY_o = Dy

157



11.1. DYNAMIC MODELS

Then pre-multiplying both sides with Y;,Y;_1,...,Y;_, gives

EY;Y:] + aE[Y;Y; 1] = E[Y, D]
ElY; 1Yy + aE[Y;_1Y;_1] = E[Y;_1Dy]
ElY;—2Y:] + aE[Y; oY, 1] = E[Y;_2Dy]

E[Y;_,Yi] + aB[Y;_,Y; 1] = E[Y;_, D],
and working out the expectations gives

ry(0) +ary(1) =1
ry(1) +ary(0) =0

ry(T) + ary(t — 1) = 0.

Hence we have that ry(7) = (—a)7ry(0). and that r,,(0) 4+ a(—ary(0)) =1 or r,(0) = .
(b). The stochastic model is

Yi+a1Yi 1 +a2Y; 2 =Dy
Then pre-multiplying both sides with Y;,Y;_1,...,Y;_, gives
E[V;Yi] + a1 E[Y;Y; 1] + asE[V;Y; o] = E[Y; D]

E[Yi_1Yi] + a1 E[Y;_1Yi 1] + a2E[Y;—1Y; o] = E[Y;—1D;]
E[Y;—2Y,] + a1 E[Yi—2Yi_1] + aoE[Y;_2Y;_o] = E[Y;_2D;]

E[Y,— V)] + aE[Yi—rYi1] + asE[Yi—,Yi_o] = E[Yi_, Dy,
and working out the expectations gives
ry(0) + a1y (1) + agry(2) =1
ry(1) + a1ry(0) + agry(1) = 0
ry(2) + a1y (1) + agry (0) =0

ry(T) + a1ry (T — 1) + agry (7 — 2) = 0.

The expressions of r,(7) are then implied by this system, and tend to zero when 7 — 0.
(c). The MA(1) case goes along the same lines. The stochastic model is given as

Y, = Dy +cDy,

then the Yule-walker equations are

E[Kn] = ]E[}/tDt} —+ C]E[}/;f-Dt—l] = ]E[(Dt —+ CDt_l)Dt} —+ C]E[(Dt —+ CDt—l)Dt—l]
ElY;—1Y:] = E[Y;_1Dy] + cE[Y; 1Dy 1] = E[(Dy—1 + ¢Dy—2)Dy] + cE[(Dy—1 + ¢Dy_2)Dy_1]

E[Y;—, V)] = E[Y;—, Di] + cE[Y;—, Ds_1].
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and working out the terms gives

ry(T) = 0.
which gives a direct formula for the covariances. Note that the covariances equal zero for lags larger
than the MA order.
Exercise 1.7

Given two systems

b
H -
1(2) z4+a
and " 5
Hy(z) = 0zt

22+ a1z + asy

(a) If those systems filters white noise {e;} coming from a stochastic process {D;}; which is zero
mean, and has unit variance. What is the variance of the filtered signal {y;}?

(b) What happens to the output of the second system when you move the poles of Ha(z) towards
the unit circle?

Where to place the poles to get a "low-pass’ filter?

)
d) Where to put the poles in order to have a resonance top at w = 17
) How does a resonant system appear on the different plots?

)

What happens if Hy(z) got a zero close to the unit circle?
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Solution:

(a). A solution for computing the variance of the signal Y; = H;(z)u; is to construct the Yule-
Walker equations as in the correlation analysis. The model can be expressed in the time domain as
a first order model

Y;5+1 + (Zyvt = th

By multiplication of both sides with Y; and Y;41, and taking expectations one gets

ElY;41Yiq1] + aE[Yi 1Y) = bE[D,Y; 1]
E[Y;Y; 1] + aE[Y;Y;] = bE[Y; Dy].

working out the terms gives

ry(0) + ary (1) = b
ry(1) = ar,(0) = 0.

And this implies that r,(0) = 1.
The same can be worked out for the system Hs. Let

Y: = Hy(2)U;

where ¢, (w) = - for any frequency w. Then

¢y (w) = Ha(e"™)Ha(e ™)y (w).

Hence
by (w) =

(b). The system will display more oscillations (resonances), or equivalently, the sequence of
covariances r,(7) will decrease slower to zero when 7 increases.

(¢). In order to get a low-pass filtering effect, the two (conjugate) poles should be placed close
to the unit circle close to the point where w = 1 (right end).

(d). In order to make the system to have a resonance top, there should be one dominant
frequency in the system. This frequency is then given as the Ze™ ~ 57° as w = 1.

(e). see (b).

(f). The filter becomes high-pass.

160



11.1. DYNAMIC MODELS

Exercise 1.8

Given an input signal V; shaped by an ARMA filter,
Alg )X =Cla Vi,

where A and C' are monomials of appropriate order, and where V; white, zero mean and variance
o2. Given noisy observations of this signal, or

Y, =X, + E;

where E, follows a stochastic process with white, zero mean and variance o2 and uncorrelated to
Dy;. Rewrite this as a ARMA process, what would be the corresponding variance of the 'noise’?
How would the spectrum of Y; look like?

Solution:

Rewrite the system as

Clg™")
Y= ber A(q‘l)vt

and hence the spectrum of the output becomes

_ C(e™)
by(w) = de(w) + Alei) Pu(w)

Let us rewrite this system as an ARMA system based on a possibly different noise source {G¢}+
with variance 02, that is we impose the form

with monomial D. Hence ¢,(w) = %qﬁg (w). Then equation both models gives that for any w

one has that

. 0'2 . 0'2 . . O'g
Ae) 22 + C(e™) 25 = A(e™)6,(w) = D(e™) 22

Since A,C, D are monomials (i.e. A(1) = C(1) = D(1) = 1), calculation then gives that o2 =
o2 + o2 '
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11.2 Statistical Aspects of Least Squares

11.2.1 Exercises

Exercise 2.1: Convergence rates for consistent estimators.

For most consistent estimators of the parameters of stationary processes, the estimation error 6—0,
tends to zero as 1/n when n — co. For non-stationary processes, faster convergence rates may be
expected. To see this, derive the variance of the least squares estimate in the model

Yi=at+D;, t=1,...,N,

with {D;}; white noise, zero mean and variance A\%.

Exercise 2.2

Tlustration of unbiasedness and consistency properties. Let {X;}; be a sequence of i.i.d. Gaussian
random variables with mean p and variance o. Both are unknown. Let {z;}!" ; be a realization of
this process of length n. Consider the following estimate of pu:

N
E T,
=1

ﬂ:

SRS

and the following two estimates of o2:

{&% - %27:1(3% - ﬂ)z

6% = ﬁ E?:1($i - ﬂ)Q

Determine the mean and the variance of the estimates ji,61 and 65. Discuss their bias and consis-
tency properties. Compare 61 and &5 in terms of their Mean Square Error (mse).
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11.2.2 Exercises + Solutions

Exercise 2.4 (2.2): Convergence rates for consistent estimators.

For most consistent estimators of the parameters of stationary processes, the estimation error 0—0,
tends to zero as 1/n when n — oo. For nonstationary processes, faster convergence rates may be
expected. To see this, derive the variance of the least squares estimate in the model

Y;:Oét—FDt, tzl,,N

with D, white noise, zero mean and variance \2.

Solution:
The LS estimate & of « is given as the solution to the corresponding normal equations
& = Z?Il }/tt
Yt
Thus N
G —a=ZL " D;t
Dt
and

2 _ EZ?:I >y DitDss A2

n 2 - n 27
(Zt:l t2) Zt:l ¢

since E[D; D] = §_sA%. As > p 12 = %, it follows that the variance of & goes to zero
as n — 0o.

Ela — o]
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Exercise 2.5 (2.3)

Nlustration of unbiasedness and consistency properties. Let {X;}; be a sequence of i.i.d. Gaussian
random variables with mean p and variance o. Both are unknown. Let {x;}? ; be a realization of
this process of length n. Consider the following estimate of pu:

S

3

and the following two estimates of o:

o1 = %Z?:ﬂxi — f1)?
Go = ﬁ Z?:l (zi — ﬂ)Q

determine the mean and the variance of the estimates i, 61 and 2. Discuss their bias and consis-
tency properties. Compare 61 and 65 in terms of their Mean Square Error (mse).

Solution:

The expected ji is given as

The variance of [i is computed as

YD) BETIIEIEN ] [szaﬁja]:?

. 1
Bl —u =E 125
=1 1=1

Next note that

1 — n—1
[ E|-D (X o

The bias of ¢ is derived as

while the bias of 65 is 0 as seen by

E[6] :El ! > (X —,1)2] = o2

n—1
=1

Hence [ and 65 are unbiased, while 7 is ’only’ asymptotically unbiased.
The variance of 61 is derived as follows. First note that

on — 1
E[6) — 0?2 = o — 20%E[61] + E[63] = ( i > o
n

The variance of J5 is given as

2
E[6, — 0%]? = 0* — 20%E[61] + E[67] = (n ~ 1) o?

Hence both &1 and &5 are consistent estimates, but for n > 1, &1 gives a lower variance than 5.
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11.3 Prediction Error Methods

11.3.1 Exercises

Exercise 3.1: On the use of cross-correlation test for the LS model.
Consider an ARX model
Alq Yy = Blqg ur + e

T .
with parameters 6 = (al, ey Qp, b1, bnb> . Assume that the estimate 6 is found by LS, show

that fey(7) = %2?21 ueg =0 forall T=1,...,n.

Exercise 3.2: Identifiability results for ARX models.

Consider the system (with Ay, By coprime, and degrees ng,, 1, )
Ao(q~")Y; = Bolg™us + Dy

where D, is zero mean, white noise. Let {y;}; be realizations of the stochastic process {Y;}. Use
the LS in the model structure

Alg Yy = Blg Hu + &

with degrees n, > ng, and n, > np,. Assume the system operates in open-loop and the input
uy is PE of order ny,. Let €;(8) denote the random variables modeling the residuals ¢; for given
parameters 6 = (A, B). Prove the following results:

(a) The asymptotic cost function E[eZ(#)] has a unique minimum.

(b) The estimated polynomials are coprime.

Exercise 3.3

Given the predictor

—

i+ 1) = —
y - 7aq71yt7

1

where |a| < 1 is a constant.

1. For which ARMA-model is this the optimal predictor, and what assumptions do we make on
the noise process so that this is Ly optimal?

2. What is the optimal two-step ahead predictor g(¢t|t — 2)?
3. If using a numerical optimization procedure for implementing PEM, one wants to use the

gradient of e(t + 1|t) = y: — §(t|t — 1) with respect to a.. Give a closed form expression of this
gradient.
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Exercise 3.4: An illustration of the Parsimony Principle.

Consider the following AR(1) process:
Y: +aoYi—1 = Dy,

with |ag| < 1 unknown, and where {D;}; is a white noise stochastic process with zero mean and
variance A\2. Let us have a realization {y;}?_; of length n of this process. Then assume we fit this
system with the following two candidate models:

My tayi—1 =€

and
Mo iy + aryi—1 + asyr—2 = €

Let G denote the LS estimate of a in My, and let a1, as be the LS estimate in My. What are the
asymptotic variances v/n(a — ag) and y/n(d; — ap)?
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11.3. PREDICTION ERROR METHODS

Exercise 3.2 (7.4): Gradient calculation.

Consider the model structure:

with the parameter vector

T
o — (bl,...,b,,,b,...,cnc,...,dnd,...fnf)

De(t, 0)
0

what is the gradient to be used in PEM?

Exercise 3.3 (7.5): Newton-Raphson minimization procedure.

Let V() be an analytical cost function in terms of §. An iterative approach to finding the minimum
to V(6) can be found as follows. Let 8() be the estimate at iteration k, then take 8*+1) as the
minimum of the quadratic approximation to V around %), Show that this principle leads to the
Newton-Raphson procedure with oy = 1.

Exercise 3.4 (7.6): Gauss-Newton optimization procedure.

The Gauss-newton procedure for minimizing

Vn(0) = €(t,0)

t=1

where €(t, 0) is differentiable wrt . The optimum can be obtained from the Newton- Approximation
procedure by making an approximation of the Hessian. It can also be obtained by ’quasilineariza-
tion’, and in fact is sometimes referred to as the quasilinearization minimization method. To be
more precise, consider the following linearization of € around the current estimate 6(%):

&(t,0) = e(t,0™)) — T (t,0)) (0 — 6*))

97e(t,0)

with (t,0) = — =2

. Then

N
gl+1) — argminZéQ(t, 0)
o =

Show that the obtained recursion is precisely the Gauss-Newton procedure.

Exercise 3.5 (7.7): Convergence-rate for the Newton-Raphson and Gauss-Newton pro-
cedures.

Consider the algorithms:

Ap: x(k+1) _ x(k) _ Vll(x(k))flvl(x(k))T
Ay a2t = g — gy (g ()T

for minimization of V(x), the matrix S is positive definite.
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(a) Introduce a positive constant « > 0 in As for controlling the step length:
Al 2D = B gy (2T

Show that this algorithm has a decreasing sequence of of function values V (z(*+1)) < V(2(®)
if av is sufficiently small.

(b) Apply the algorithms to the function
1
V(z) = ixTAx +bTz—c

where A is (strictly) positive definite. The minimum point satisfies Az, = —b, for Ay, one
has #(!) = z,. For A one has

(2D — ) = (I — SA) (2™ —z,)

(Assuming that (I — SA) has all eigenvalues inside the unit circle, Ay will converge with
a linear rate. In particular when S = A~! + @Q and @ is small, then convergence will be
superlinear.)

Exercise 3.6 (7.22): The Steiglitz-McBride method.

Consider the output-error model
B(qg~!

" A

where both A and B are of degree n. Consider the following iterative scheme

N 2
1 1
k+1 k+1)y _ . -1 -1
(A( ), B( )) = argmin E (A(q ) (A(k) yt) —B(q™) (A(k) ut))

AB 14

Ut + e

Assume the system
Ao(g "y = Bolg " ur + vy

where Ag, By are coprime and of order n, u; is PE of order 2n, and v; is a stationary disturbance
independent of the input. Consider the asymptotic case.

(1) Assume that v is white noise. Show that the only stationary solution to the algorithm is
A:AO andB:BO.

(2) Assume that v; is colored noise, show that A = Ay and B = By is in general not a stationary
solution to the algorithm.
Exercise 3.7 (11.1) On the use of cross-correlation test for the LS model.
Consider an ARX model
Alg Ny = Bl us + e

T R
with parameters 6 = (al, ceeyOpy b1, bn;,) . Assume that the estimate 6 is found by LS, show

that fe(T) = L 30wy =0 for all 7 =1,...,ny.
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Exercise 3.8 (11.2) Identifiability results for ARX models.

Consider the system (with Ag, By coprime, and degrees ng,, 1y, )
Ao(q™)Ys = Bo(g™ Hus + Dy

where D, is zero mean, white noise. Let {y:}; be realizations of the stochastic process {Y;}. Use
the LS in the model structure
Al My = Bla u + e

with degrees n, > nq, and n, > np,. Assume the system operates in open-loop and the input
ut is PE of order ny. Let €(0) denote the random variables modeling the residuals €; for given
parameters 6 = (A, B). Prove the following results:

(a) The asymptotic cost function E[eZ(#)] has a unique minimum.
(b) The estimated polynomials are coprime.

Compare with the properties of ARMAX models, see e.g. Example 11.6.

Exercise 3.9 (11.7): An illustration of the Parsimony Principle.
Consider the following AR(1) process:

Y +aoYi—1 = Dy,

with |ag| < 1 unknown, and where {D;}; is a white noise stochastic process with zero mean and
variance A\2. Let us have a realization {y;}?_; of length n of this process. Then assume we fit this
system with the following two candidate models:

My tayi—1 =€

and
Mo iy + aryi—1 + asyi—o = €,

Let a denote the LS estimate of a in My, and let a1, as be the LS estimate in Ms. What are the
asymptotic variances v/n(a — ag) and v/n(a; — ap)?
Exercise 3.10 (11.8): The parsimony principle does not necessarily hold for nonhier-

archical models.

Consider the system
S1: Yy =boUs_1 + Dy

where {D;} and {U,}; are mutually independent white noise sequences. The variance of D, is 2.
Let {y:} and {u:} be realizations of length n of the process {Y;},{U;} respectively. Consider the
following two model structures:

Myt g+ ay—1 =bu1 + €
Myt yp = biug_1 + baug_1 + bou(t — 3) + €7

The parameter estimates are obtained by LS.
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(a) Let E[U?] = 02. Determine the asymptotic covariance matrices of the estimation errors

n a
Mll 51 éA

b— by

)
Moy : 622@ 52
b

where n denotes the number of samples.

(b) Let the adequacy of a model structure be expressed by its ability to express the system’s
output one step ahead, when E[U?] = s? # 0. Then consider

Anty = E [E[(0an,) | o]
and
Ant, = E [E[€ (Oa,) | Oasc]]

Determine asymptotically (for n — oo) valid approximations for A, and Apg,. Show that
the inequality Axq, < Apaq, does not necessarily hold. Does this principle contradict the

parsimony principle?

Exercise 3.11 (12.5): Linear Regression with nonzero mean data.

Consider the model
Y= 0+a+e

where t = 1,2,...,n. Now 6 and « has to be estimated. Show that the LS estimate can be
computed as

y= % Z?:l Yi
U=yt — Y

p = %Zi\le o(t)
Pr=¢r— ¢

R = % Z?:l @SatT
r= % 2?21 PtUts

Y
~
S

andézf{_lr,d:y—
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11.3.2 Exercises + Solutions

Exercise 3.1

Given the predictor
-«
it + 1)) = ——— 1y,
i+ 110 =
where |a| < 1 is a constant.

1. For which ARMA-model is this the optimal predictor, and what assumptions do we make on
the noise process so that this is Lo optimal?

2. What is the optimal two-step ahead predictor g(¢|t — 2)?

3. If using a numerical optimization procedure for implementing PEM, one wants to use the
gradient of €(t + 1|t) = y; — g(¢|t — 1) with respect to . Give a closed form expression of this
gradient.

Solution: The model to which the given predictor is optimal is given as
Yt —Yt—1 = € — Q€¢—1,

which is found by substitution in a ARMAX(1,1,1) model. The best predictor of y;12 given {ys}s<i

1S
—
y(t+2|t) = ———
it +210) = 1w,

as no extra information (noise) is available. The gradient of the residuals is given as

d (yt — =2 yt) 1 — oo k
Cll q _ ( ) X ko qfkda‘
« «

Exercise 3.2 (7.4): Gradient calculation.

Consider the model structure:

with the parameter vector

T
o — (bl,...,bnb,...,cnc,...,dnd,...fnf)

De(t, 0)

what is the gradient 680 to be used in PEM?

Solution:
A similar example is worked out in the book on p. 213, example 7.8. The prediction error is

iven b
: ’ .- D(q™) ( 3 B(Q‘l)u>
oy " R
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11.3. PREDICTION ERROR METHODS

By straightforward calculation we get the gradients

O _  ph
ob;  ClaHF(@ ™
€ 1 _ D! B(gh)
96 = T = T T (i = Flamrues)
et e — 1 . __B@hH .
od; =D& = C(q—l)yt—z Clq-N)F(qg—1) Yt—i
O¢t _ paBGY,
af,  Clhr(g ™

The second expression for example is obtained using the product rule % =0

constant w.r.t ¢;) as

(the term is

oC(q He,  9C(g™1) o€t -, 1\
862‘ o 8Ci “ + 861‘ C(q ) o 0
. ) aC(¢~ 1)
o=\ ) __
801‘ C(q ) - aci €t €t—i-

The third expression uses the quotient rule instead. And henceforth any numerical optimizer using
gradients only can be implemented for computing the PEM estimate.

Exercise 3.3 (7.5): Newton-Raphson minimization procedure.

Let V() be an analytical cost function in terms of §. An iterative approach to finding the minimum
to V(6) can be found as follows. Let 8() be the estimate at iteration k, then take 8*+1) as the
minimum of the quadratic approximation to V around ). Show that this principle leads to the
Newton-Raphson procedure with oy = 1.

Exercise 3.4 (7.6): Gauss-Newton optimization procedure.

The Gauss-newton procedure for minimizing

Vn(0) =Y €(t.0)

t=1

where €(t, 0) is differentiable wrt . The optimum can be obtained from the Newton- Approximation
procedure by making an approximation of the Hessian. It can also be obtained by ’quasilineariza-
tion’, and in fact is sometimes referred to as the quasilinearization minimization method. To be
more precise, consider the following linearization of € around the current estimate 6(%):

&(t,0) = e(t,0™)) — T (0 (0 — 6*))

0T e(t,0)

with ¢(t,0) = — 20

. Then

N
gl+1) — argminZéQ(t, 0)
o =

Show that the obtained recursion is precisely the Gauss-Newton procedure.
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Exercise 3.5 (7.7): Convergence-rate for the Newton-Raphson and Gauss-Newton pro-
cedures.

Consider the algorithms:
{Al . x(k—i—l) _ x(k) _ V”(l‘(k))_lvl(aj(k))T
Ay o D) = o) _ gy (g (R)T
for minimization of V(x), the matrix S is positive definite.
(a) Introduce a positive constant « > 0 in As for controlling the step length:
Ay aFD = B _ oSy ()T

Show that this algorithm has a decreasing sequence of of function values V (z(**1)) < V(%))
if av is sufficiently small.

(b) Apply the algorithms to the function

V(z) = %mTAx +bTz—c

where A is (strictly) positive definite. The minimum point satisfies Az, = —b, for A, one
has (1) = z,. For A, one has

(2D — ) = (I — SA) (™ —z,)

(Assuming that (I — SA) has all eigenvalues inside the unit circle, As will converge with
a linear rate. In particular when S = A~! + @Q and Q is small, then convergence will be
superlinear.)

Solution:
(a). Set gr = V'(z®)T. Making a series expansion we get

V(@) v (@®) = V(eW+aSgi) -V (™) = aV'(@*))Sgi+0(|aSgxl|*) = agi Sgu+O(laSge?)

Since S is positive definite, we have that g{ Sgr > 0 and the assertion follows.
(b) When V(z) = 327 Az 4+ bTz — ¢, we then have that

V7 (z®)) = A

and
ge = Az® +b

For algorithm A; (Newton-Raphson), we have that
e =20 A7 =20 _ACD(Azg+b) = —A"'b=2*

This is expected since by construction the Newton-Raphson makes an optimal step given a (local)
quadratic approximation of the cost function.
For algorithm Ay (of the Gauss-Newton Algorithm) we get

e D g = o) g —Sgp = 2® — ¥ — S(Az®) 4+ Az*) = (I - SA)(zF — z¥)
In case S = A~! 4+ Q we get
s D g = (—QA) (2™ — z¥).
If Q is very small then ||QA|| < 1 and convergence will be fast.
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Exercise 3.6 (7.22): The Steiglitz-McBride method.

Consider the output-error model
gy = Bl
Alg™)

where both A and B are of degree n. Consider the following iterative scheme

N 2
. - 1 - 1
(AG+D), B+ — argmin 3 <A(q 9 (A(k)yt> ~Bla™) (A(k)ut»

AB 4

ut—|—et

Assume the system
Ao(q " )ye = Bo(q™ s + vy

where Ag, By are coprime and of order n, u; is PE of order 2n, and v, is a stationary disturbance
independent of the input. Consider the asymptotic case.

(1) Assume that v; is white noise. Show that the only stationary solution to the algorithm is
A:Ao andB:BO.

(2) Assume that v; is colored noise, show that A = Ay and B = By is in general not a stationary
solution to the algorithm.

Exercise 3.7 (11.1) On the use of cross-correlation test for the LS model.

Consider an ARX model
Alq "y = B(g ur + e

T R
with parameters 6 = (al, ey Op,, b1, bnb) . Assume that the estimate 6 is found by LS, show

that 7y (7) = 230 jue, =0forall 7 =1,...,np.
Solution: The estimate is given by the normal equations

(St o= (3om)
t=1 t=1
This gives using ¢, = y; — gp?é that
o= (SDtTé - yt) = 0.
t=1 t=1

Exercise 3.8 (11.2) Identifiability results for ARX models.

Consider the system (with Ag, By coprime, and degrees ng,, np, )
Ao(g™")Ye = Bolg™ ug + Dy

where D, is zero mean, white noise. Let {y:}; be realizations of the stochastic process {Y¥;}. Use
the LS in the model structure
Al ye = Blg™ur + &
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with degrees n, > no, and n, > np,. Assume the system operates in open-loop and the input
ut is PE of order ny. Let €(0) denote the random variables modeling the residuals €; for given
parameters 6 = (A, B). Prove the following results:

a) The asymptotic cost function E[e?(6)] has a unique minimum.
(a) ymp ¢ q

b) The estimated polynomials are coprime.

( poly P

(¢) The information matrix is nonsingular.

Compare with the properties of ARMAX models, see e.g. Example 11.6.
Solution: The prediction error is given as

A(g ") Bo(g™") — Aol¢")B(¢™") Alg™")

U + D
Ao(g™1) T Ay H !

€ = A(q_l)yt - B(q_l)ut =

Hence the asymptotic loss function satisfies

oot o [AlG)Bo(g™") = Aolg B¢ 17 Aqh 1
Ele ()] =E Ao(g™) ut} +1[4:[%1(>(611)l)t]

where the last inequality follows as crossterms E[D,D;] cancel for s # t, and the Taylor expansion

of Ii)((qq_,ll)) =1+4+c%¢ ' +c3¢ 2 +.... Hence, equality holds only if
ABy — AgB
E—u; =0
4,
and
A
—=1.
A

The second equation gives A = Ay, the second one thus (By — B)u; = 0. We have thus proven that
the global minimum is unique, and that A, B are coprime.

(¢) According to example 11.6, p435 in the book we have that the information matrix is non-
singular if and only if ¢; = % has a nonsingular covariance matrix. Then a relevant equation

is
alg M )ys — Blg™Hur =0
which gives

a(q ") Bolg™') — Ao(q1)B(g™Y) a(q)
Aol D) “t g

Again, when assuming independence of D; and u;, and that for some ¢ D; # 0 and u; is PE of any
order we have that « = 8 = 0, and hence the information matrix is nonsingular asymptotically (see
also egs. 11.29-11.32) in the book.
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Exercise 3.9 (11.7): An illustration of the Parsimony Principle.
Consider the following AR(1) process:

Y; +aoYi—1 = Dy,

with |ag| < 1 unknown, and where {D,}, is a white noise stochastic process with zero mean and
variance A\2. Let us have a realization {y;}? ; of length n of this process. Then assume we fit this
system with the following two candidate models:

My tayi—1 =€

and
Moy + aryi—1 + asyi—2 = €,

Let a denote the LS estimate of a in M1, and let a1, as be the LS estimate in Ms. What are the
asymptotic variances v/n(a — ag) and /n(é; — ap)?
Solution: Consider the expression for the inverse of a symmetric 2 x 2 matrix with a,c # 0

a b7V 1 [d -b

c d  ad—bc|—c a]’
The asymptotic covariance matrix of the LS estimate of the parameters of an AR model structure
which contains the true system follows the general theory, so we have that

. n N -
P, = lim FE[G —ao]? = (E[l/ﬂ) '

n—oo

For M, the covariance is given as

Py = lim E[(a—a)(a—a)] = ([Egﬁﬂ E[@EYB}%T}] ) i

1

where we define 7o = E[Y;?] and 71 = E[Y;Y;_1]. This means that var(a) = o and vara; = 5%,
0 1

hence )

r
— = =1-—=5<1
var(d) e

var(a)

In order to get more insight in the inequality above, note that some simple calculation shows that
for all £ > 0 that
(—ao)*
T = A2
b 1—a?2

Thus .
var(a) S

var(ay)

and thus the closer ag goes to zero, the smaller the difference between the variances. Note also
that for |ag| close to 1, variance var(a) might take very small values, while var(a;) = 35 does not
depend on ag.
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Exercise 3.10 (11.8): The parsimony principle does not necessarily hold for nonhier-
archical models.

Consider the system
S1: Yy =boUs_1 + Dy

where {D;} and {U,;}; are mutually independent white noise sequences. The variance of Dy is 2.
Let {y:} and {u:} be realizations of length n of the process {Y;}, {U;} respectively. Consider the
following two model structures:

My oy +ay—y =bu_1 + €
Moy =biug1 +boug_1 + bz’u(t — 3) + E?

The parameter estimates are obtained by LS.

(a) Let E[U?] = o%. Determine the asymptotic covariance matrices of the estimation errors

n a
Mli 61:§ [A)—bo
(b — b
MQ: 62:@ 62
bs

where n denotes the number of samples.

(b) Let the adequacy of a model structure be expressed by its ability to express the system’s
output one step ahead, when E[U?] = s? # ¢2. Then consider

Anty =B [E[€ (Oan,) | Oa4,]]

and

A./Vlz =E |:]E[6t2(9/\/12) | eMz}:|
Determine asymptotically (for n — oo) valid approximations for A, and Apg,. Show that
the inequality Aaq, < Aaq, does not necessarily hold. Does this principle contradict the

parsimony principle?

Solution: (a) The covariances of the estimates under M; and My are given as

=z 0
P: A2402b
! 0 1/02

P,

1
o2

o O =
o = O
—_ o O

Note that the variance of the estimate of b equals 1/02 in both cases.
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(b) Straightforward calculations give
Ap, =E [E[Dt +aYi_,— (b— b)Ut,l]Q} =224+ a2(b%s% + \2) + (b—b)%s?,

equals
-2
2 2 232 21 @
E {A ‘B {[u L) 5] [(b—b)z]H
Similarly, one has that
Apg, = E|[E[Dy — (by — B)Us_y — byUy_g — égUt_gﬂ =A%+ s°E [(él —b)+ B2+ Bg}
Inserting the expressions for the estimates of M; and My gives asymptotically valid expressions
for Ap, and Apq, as
)\2 )\2 +82b2 82
Ap, =N+ 0" "+ =
Ma + n ()\2+02b2+02>
and \ 342
3s
2
Note that for s = 0 we have that
Ap, = N2(14+2/n) < Apq, = N2(1+3/n)

For s # o, one may however obtain the converse. For example take b = A2 = 02 = 1 and s? = 0.1.
Thus the ’simpler’ structure M; may on the average lead to less accurate predictions than those
obtained by M5! Note that since My ¢ My, this example is not in contradiction to the parsimony
principle.

Exercise 3.11 (12.5): Linear Regression with nonzero mean data.

Consider the model
Y = <ptT€ +a+ ¢

where ¢t = 1,2,...,n. Now 6 and « has to be estimated. Show that the LS estimate can be
computed as

y= % Z?:l Yt
U=yt —Y

p=1 i elt)
Q%t =pt— @
R=150, ¢
= % oy Pils

and § = R, & =3 — g7é.
Solution: The LS estimate for the vector (6, a)? is given as

-GERe o) - GRED) - 1
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where =257 1y, 0 =237 g, and R= 237" | 0] . This implies that

RO+ 6670 + o =1 + by
¢T0+a =7.

Multiplication of the second equality by ¢ and subtracting the result from the first inequality gives

RO =r.
Therefore, .
=R r
and -
a=y—¢"0

which concludes the proof. This result is pleasing from a theoretical perspective as the ’ad hoc’
estimates ¢ and 0 are shown to be identical to the optimal LS estimates. Also not that the evaluation
of the LS estimate as @, 6 is computationally more efficient.
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11.4 Recursive Identification

11.4.1 Exercises
Exercise 4.1: Derivation of the real-time RLS algorithm.
Show that the weighted RLS algorithm

0y =01 + Kiey

€& =Yt — %Tét—l

Ky =Py

_ 1 P ool Py
P, = At {Pt_l Ai+of P10

solves in each step the problem

t
0; = argmin A5e€2(6
t g«9 Z s( )

s=1

where €2(0) =y, — @T0 for all s = 1,...,¢.

S

Exercise 4.2: Influence of forgetting factor on consistency properties of parameter
estimates.

Consider the static-gain system
Yt :but+Dt, Vit = 1,2,...

where
E[D:] =0, E[DsDy] = 8¢5

and u; is a persistently exciting nonrandom signal. The unknown parameter b is estimated as
R n 2
b = argmin Z At (yt — but)
b
t=1

where n denotes the number of datapoints, and the forgetting factor A satisfies 0 < A < 1. Determine

var(b). Show that for n — oo one has var(b) = 0. Also, show that for A < 1 there are signals u; for
which consistence is not obtained.
Hint. Consider the signal where wu; is constant.

Exercise 4.3: Convergence properties and dependence on initial conditions of the RLS
estimate.

Consider the model
Yt = 1 0o + €
Let the offline weighted LS estimate of 6y up to instant ¢ be

¢ L
0, = (Z At_s%@f) (Z At_ssosys>
s=1 s=1
Consider also the online weighted RLS estimates {6}
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(i) Derive the difference equations for P;* and P;16,. Solve this equations to find how ; depends
on the initial values 6y and Py and on the forgetting factor A.

(i) Let Pg = pI,,, then prove that for every ¢t where ; exists

lim ét = Q_t
p—+00

(iii) Suppose that ; is bounded, and suppose that A‘P; — 0 as ¢t — co. Prove that

t—o0

Exercise 4.4: An RLS algorithm with a sliding window.
Consider the parameter estimate

t
0, = argmin €2(6
t g0 Z s( )

s=t—m-+1

where €,(0) = y; — 0. The number m is the size of the sliding window. Show that such 0, can
be computed recursively as

ét = ét,1 + Kle(t,étfl) — ng(t — m,ét,ﬁ

of -
K, = Ptflth I+ jtw P |:§0f Sﬁt—m:|
T Y¥t—m
of -
Ko=P; 100 [+ <,0;1 P [@t @t—m}
T ¥t—m

P,—P, {Kl Kg} LA
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11.4.2 Exercises + Solutions
Exercise 4.1 (9.1): Derivation of the real-time RLS algorithm.
Show that the weighted RLS algorithm

0 =01+ ffth

€& =Yt — LPtTetfl

Ky =Py

1 _ Pi1pipr Proy
Pt Y |:Pt_1 )\r,-HP?Pt—ﬂPt

solves in each step the problem
t
0; = argmin Z N5e2(9)
o s=1

where €2(0) = ys — @0 forall s =1,...,¢.

S
Solution:

The solution to the least squares problem is given as

t
=Ry Y ANy,

s=1

where
t

R; = Z M5 0T

s=1

Then we have that

t
0, =Ry (Z X0 (ys — %Tétl)> + 01

s=1
t—1
=01+ Rtil1 ()‘Z N 0s(ys — o1 1) + e (ys — %:Tetl)>
s=1
The first of the two terms within the large brackets equals zero, Hence
0 =01 + Ry My — oebe—1)r (4)
. Turn now to computing the terms R; ! in a recursive manner, since
Ry = AR—1 + )
and by the matrix inversion lemma, we have
1
A

1 R, ool R,
—1 M
N1+ 30l R o
Using the above expression, we get a computationally more attractive expression for the gain vector
in (i) as

R, '=<R/ —

Rt:lﬁﬁt

K, =R lp =_——t17°
L S N

which concludes the proof.
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Exercise 4.2 (9.2): Influence of forgetting factor on consistency properties of parameter
estimates.

Consider the static-gain system
Yt :but—i-et, Vit = 1,2,...
where
E[et] = 0, E[eset] = 615,5

and u; is a persistently exciting nonrandom signal. The unknown parameter b is estimated as
R n 2
b= argminz At (yt — but)
b
t=1

where n denotes the number of datapoints, and the forgetting factor A satisfies 0 < A < 1. Determine
var(b). Show that for n — 0o one has var(b) = 0. Also, show that for A < 1 there are signals u; for
which consistence is not obtained.

Hint. Consider the signal where u; is constant.

Solution: Simple calculation gives that

lA) _ 21;1 )‘nitytut
Doy At

n —t
Zt:l )\n E+Ut

=b .
- Doy At

Thus ) ) 2
Var(l;) = (Zt:l 2521 >\ nis*tusut]E[eset])
(5, An—tu?)?
) 2(n—t),,2
“ nooA2(n—
var(b) = (Zt:l ut) 0

(S An—tu?)?

Let A =1, then (i) gives
1

Z?:l u%.

Since u; is PE, it follows that >} ; u? — 0o. Hence part 3 of the question follows.

var(b) =

If A < 1, then consistency of b might be lost. To exemplify this, let uy =1 for allt =1,...,n.
This is PE of order 1. Then from (i) above we have that

vy = (L2 (=02 (X (=) 1=

=) (a2 A=)t n 14r 0

if n — oo. The lack of consistency in such case might be explained as follows For A < 1, ’old’
measurements are weighted out from the criterion, so that the effective number of samples used in
estimating b does not increase with growing n.
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Exercise 4.3 (9.4): Convergence properties and dependence on initial conditions of the
RLS estimate.

Consider the model
Yt = @?90 + €

Let the offline weighted LS estimate of 6y up to instant ¢ be

t -1/
0 = <Z A”%@f) (Z Ats%%)
s=1 s=1

Consider also the online weighted RLS estimates {0}

(i) Derive the difference equations for P; ! and P; *0;. Solve this equations to find how §; depends
on the initial values 6y and Py and on the forgetting factor .

(ii) Let Po = pI,,, then prove that for every ¢t where ; exists

lim ét = e_t
p—+00

(iii) Suppose that 6; is bounded, and suppose that \‘P; — 0 as t — co. Prove that

t—o00

Solution:
We have that

t -1/
On = (Z Ats%@f) (Z_; A”%%)

or

1 Pi1pipf Pyoy
P, =1 (P, - BtpeiPen

(a) We can also write that
Pl = AP + o).

This is a linear difference equation in P; ! or
t
P, = Pal + Z%%T
s=1

Define x; = P;lét, then
x; = P! (étfl +Pro(y: — @;ét)) = (P;l — QDtSDtT) 0r1 + ©Of Yt = AX¢e—1 + Qi

Solving this linear difference equation in x; gives

t
Xt = /\tXO + Z AtiS‘psys-
s=1
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Thus we find that

n -1 n
0 = Pixo = (AtPgl + /\t_sws%T) (/\tPaléo +> At‘swsys>

t=1 t=1

(b). Let Py = ply. Assume 6, exists, then 22:1 A=5p.pT is invertible. We get

~ P\ ¢ -t b\ t
b, = ;Iﬁzxt%ssof ;90+2Af*wsys

s=1 s=1

which tends to 6; when ¢t — co.
(c). If X*Py — 0 when t — oo, then

t
ét - ét = Pt (AtPOIét + Z )\t_SQOsys - Pt19t>

s=1

and hence R -
=ry(xpgmt—A@74@)

or R B
=P NP (0, — 0,)

which tends to 0 if ¢ — oo.
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Exercise 4.4 (9.10): An RLS algorithm with a sliding window

Consider the parameter estimate

t
0, = argmin Z €2(0)
0

s=t—m-+1

where €,(0) = ys — »L0. The number m is the size of the sliding window. Show that such 0, can
be computed recursively as

ét = ét—l + Kle(t,ét_l) — ng(t — m,ét_l)
of B
Ki =P [1+] 70 [ Pifon ool
—Pi—m
oF -
Ko =Prgim [1+] 70 | Pifon ouml
—Pt—m
o7
P —Pi- K K|| 7 P
—Pt_m
Solution:
Set
‘ -1
P, ( 5 Wz>
s=t—m-+1
Then
P, =P +00f — Ot-mPrm
and hence
t t—1
=P, > oy =P (%yt —PrmYem Y wsys>
s=t—m-+1 s=t—m
=P (‘Ptyt — Pt—mYt—m + P;llétq) .
Set
(Ktla KtQ) =P, (%7 @t—m)
Then R
0 = Klye — Kiys-m + Py (P! — 000F + tem@i )
or

=00+ Kle/(0;1) — K2er_m(0i-1)

Application of the matrix inversion lemma gives that

T -1 T -t
P,=P, 1 — (Pt—l [Sﬁ’t thfm] <12 + L;g“t } P, [<Pt wtm}) L;gt } Pt—l) .

t—m t—m
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It remains to be verified that K} and K? as defined above satisfies the relation stated in the
problem. Let

f(t = Pt—l(‘Ph SOt—m)

Straightforward calculation then gives that

(K¢ K7P) =P, 0r—m)

or
N _ A I Nt R A
S RREADNAL
t—m sat—m
T 71
- v, -
(e ] %)
as desired.
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Chapter 12

Computer Labs

12.1 Computer lab 1: Least Squares Estimation: do’s and
don’ts

The computerlabs for the course on system identification are mandatory, that is, we need to have
for each of the students registered for the course a small report with the answers to the questions
asked throughout the exercise sessions. Attendance of the computerlabs itself is not insisted on.
The deadline for the computerlab report is at the end of the last lecture of Part I. It is understood
that each student needs to hand in one signed copy, but cooperation is encouraged. A good report
consists of a one page summary containing the findings for each computerlab, perhaps containing
a motivating graph. No code is to be sent in.

12.1.1 Least Squares

At first, let us study how a least squares estimator behaves numerically.

Basis Functions

The first example considers a linear model of a stationary system. That is, set n = 100, and assume
we have n samples {y;}7,. We try to ’explain’ these by relating them to possible signals such that
one has for all t =1,2,...,n that

Yt & by sin(wqt) + by sin(wat), (12.1)
where he frequencies w; = 0.1 and we = 0.1 + A. Assume the observations are generated for
t=1,2,...,n as

yr = sin(0.1¢) + ey, (12.2)
where {e; }; is white noise with zero mean and unit variance. This is generated using the command

randn in MATLAB. At first, fix A = 0.1, and let us try to find the parameters b; and by in model
eq. (12.1). This can be done using a least squares optimization problem in § = (by,bs) as

. 1 n
0 = argmin = " (y; — by sin(wyt) — by sin(wat))”. (12.3)
0=(b1,b2) % =1
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This problem is solved by finding a solution 0 of § = (b1, b)) satisfying the corresponding normal
equations.

Yjoy sin(wit)sin(wit) Yoy, sin(wit) sin(wzw] H _ {Ei_lsinwyt} . (12.4)

Z§:1 sin(wst) sin(wqt) Z§:1 sin(wat) sin(wat) N Eizl sin(wat)y:

or in matrix notation,

RO =, (12.5)
In MATLAB generate the input signals as
>> n=100; U12 = [sin(0.1*(1:n)’) sin((0.1+lambda)*(1:n)’)]
and
>> y = 8in(0.1*x(1:n)’) + randn(n,1)

The elements can be computed in MATLAB as >> R=U12’%U12 >> r=U12’*y where U12 is an n
by 2 matrix containing the elements of the two input vectors, and y is a vector containing all the
observed values. The solution to the normal equations Rf = r or # = R~ !r is found by MATLAB
as

>> thetahat = inv(R)*r
other ways to implement this are

1. using the "backslash’ operator.
>> thetahat = R\r
2. The Penrose pseudo-inverse
>> thetahat = pinv(R)*r
3. The QR decomposition.
>> [U,8]=qr(R); thetahat = S\ (U’*r)
4. The ’backslash’ operator
>> thetahat = Ul2\y
Now we can investigate what numerical procedures are good in case we have different values for

A. If A goes to zero, then the matrix R becomes ill-conditioned and the very formulation of the
least squares estimation problem runs into problems. Let us see how this works.

1. The condition number of a matrix R is calculated in MATLAB as cond(R). Can you plot the
value of this condition-number in case when A\ = 0.1,0.01,0.001, 0.0001, 0.00001.

2. Calculate for each of those values the least squares estimation 6. Which approach to calculate
this breaks down the earliest, and which one does not?
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FIR Example

Let us now apply this technique towards a simple dynamical model relating a given input signal
{us}+ to a given output signal {y;};. Consider the model for all t =1,2,...,n

Y = biug + boug—1 +e; = (by + bag™ Hug + ey, (12.6)

where n = 100. Here w = 1 and
us = sin(wt), (12.7)

and {e;}; is white noise with zero mean and unit variance. This is generated using the command
randn in MATLAB. Then the parameters 8 = (b1, by) can be estimated as 8 = (b1, by) where 0

solves the problem
n

A 1
6 = argmin — Z (y: — brug — bgut,1)2 ) (12.8)
0=(b1.b2) 2 15

This problem is solved by finding the solution # to the corresponding normal equations.

PIHPTITED “t“t—l} [bl] = { > tn U } . (12.9)

ZEZQ Ut —1Ut Zi:z Ut ba Zi:g YtUi—1

For which values of w do the estimates run into ill-conditioning problems?

12.1.2 Dynamic Models

Let us do some basic manipulations using the filter and the pzmap command to get an idea on
how to simulate using simple dynamic models.
Let for the sake of this exercise {u;}; be of length n = 100:

>> u = randn(n,1);
Let us now push this signal through a FIR(2) system given as
Si: oy = (g7t +0.5¢ %)y (12.10)
This can be implemented in MATLAB as
b=[0, 1, 0.5]; y=filter(b,1,u);
Let us do the same for the ARX(0,2) system
Sy (1—1.5¢714+0.7¢ %)y = we (12.11)
This is implemented as
>> a=[1, -1.5, 0.7]; y=filter(l,a,u);
Then the ARX(2,2)
S3: (1—1.5¢71+0.7¢7 %)y, = (¢ + 0.5¢ %)uy (12.12)

is simulated as
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>> a=[1, -1.5, 0.7]; b=[0, 1, 0.5]; y=filter(b,a,u);
Finally, we simulate the ARMAX(2,2,2) system given as

Sy (1-15¢"140.7¢ )y = (¢ +0.5¢ Hus + (1 — g~ +0.2¢ ey, (12.13)

where {e;}; is zero mean, unit variance white noise generated as >> e = randn(n,1). The simu-
lation of the system is performed by

>> a=[1,-1.5, 0.7]; b=[0, 1, 0.5]; c=[1, -1, 0.2];
>> y=filter(b,a,u) + filter(c,a,e);

The previous command is used later quite intensively in order to generate signals useful for our
experiments. Similar tools can also be used to analyze different properties of this model. Herefor
the object idpoly in the system identification toolbox is useful. To see how this works encode the
system Sy in MATLAB as follows

>> m = idpoly(a,b,c)

The properties of this system can be inspected for example using the commands
>> bode(m) ; nyquist(m); pzmap(m); impulse(m);

All this functions are integrated in the 1ti viewer called as

>> ltiview(m)

How can you call different views of the given system? Can you modify a parameter of a in Sy in
order to get an unstable system? What poles and zeros (give an example) are needed in order to
get a system with large oscillations (slow damping)?

12.1.3 Nonparametric Techniques

Nonparametric schemes are characterized by the property that the results are given as curves,
tables or graphs, rather than in the form of a model. In this section we will study three different
non-parametric methods, namely: transient, correlation and spectral analysis.

In order to illustrate the method, let us consider the following system

(1-0.8¢7 ") yo = w1 +ey, (12.14)

where {e;}; is white noise with zero mean and variance o2 = 1. In the simulations below, 100
experiments are conducted. This is in order to illustrate if systematic error and uncertainty are
characteristic to a method. From one experiment, it might be hard to decide wether the method is
bad, or if we just had a ’bad day’.

Transient Analysis

We begin by illustrating a transient analysis. System S7 with a step input u; = 1(¢ > 0) is simulated,
and the response is plotted. The task can be done using the MATLAB code which is available as
the file 1ab13a.m.

Discuss briefly the benefits and drawbacks with the step response analysis. Is it easy to determine
the system dynamics (e.g. time constants, static gain and resonance frequencies) from the step
response?
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Correlation Analysis

Next we consider a correlation analysis. Let the input {u;}; be white binary noise taking values
u; = £1 and length n = 100. Then use correlation analysis to estimate the impulse response of
the system for lags 7 = 0,1,2,...,20. Compare with the true values. This can be done using the
MATLAB file 1ab13b.m. Discuss briefly the results from the correlation analysis.

Now repeat this task, but using a more low-frequency character. Use the input signal

1

uy =
where u; is as defined in the previous exercise, and a = v/1 — 0.82 is such that the variance of {u}}
equals that of {u;};. This example is run in MATLAB using the code 1lab13c.m. It is clear that
in this case the estimate h is severely biased. Why is this so? (Hint: what is implicitly assumed in
the previous exercise).
This problem can be solved by using the Wiener-Hopf technique. This is implemented in the
MATLAB command cra.m. Compare the result which you get with lab13d with the one we have
before.

Spectral Analysis

Next we will use data from the previous exercise and apply a spectral analysis. The resulting
estimates are compare to the ones we had before using a Bode plot. The spectral analysis is
implemented in the command spa which uses by default a Hamming window of length M, see
labi13e. Discuss how the choice of M affects the estimate. Moreover, how is the estimate affected
by the fact that we use a low frequency input w;? Would there be any difference if we use white
noise instead?

Least Squares Again

Compare the results from the correlation analysis and the spectral analysis with the one obtained
by application of a least squares estimate based on the ARX model

Yy = aYi—1 +but_1—|—et, Vit = 1,2,...,’/1. (1216)
Give then a concise answer to the following questions using MATLAB simulation.
e What is the objective function?

e Can you write down the corresponding normal equations?

How would you solve this set of equations in MATLAB?

What is the impulse response corresponding to the parameters ¢ and b (with a MATLAB
command)?

Is the Bode diagram close to the true one?
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12.2 Computer lab 2: Timeseries Modeling and Prediction

In this computer laboratory we will investigate how to analyze time series. The tasks contain
e Detrending (polynomial fitting)
e Estimation of periodical components
e AR modeling
e Prediction

The methods for time series modeling and prediction taught in the system identification course
require the time series under study to be stationary. This means that its mean and variance are
independent of time. To obtain such a time series, we usually detrend the data. This can for
example be done by fitting a polynomial to the data and then removing this polynomial trend.
The presence of deterministic periodical components in the data may also hamper the analysis.
Such periodical components should thus be removed before modeling. There are many possible
mathematical models for stationary time series: AR, MA, ARMA etc. (see Lecture 3). In this lab
we will focus on describing the data as an AR process Once a model has been fitted to the data,
this model can be used for prediction of the future behavior of the time series (see Lecture 3). In
the case of an AR model, the optimal predictor is particularly easy to determine. This goes as
follows. Suppose that the timeseries is modeled as an AR(d) model given as

Yt —a1Yt—1 — " — AdYt—d = €,
with white zero mean noise, or equivalently
Yt = a1Yp—1+ -+ aali—a + e,

where (ag,...,aq)7 are the parameters which are estimated by (e.g.) a least squares estimator.
This is also written as

A(q_l)yt = €,

1 ... —agq~? Then the best prediction of the next value y;,; would be

where A(g™1) =1—ai1q”
Ut+1 = 1Yt + - + QdYt—d+1,

since there is no way one could have information on e;;1 by definition. This thus gives the optimal
predictor associated to this model. Thus far, we assumed that the order d was fixed, but in the
last exercise for today we also implement a method to detect the order of the system underlying
the data. This issue will come back in the lecture on model selection, but for now it is enough to
see the practical use.

The second step is to learn which frequencies are dominant in the timeseries. Therefore, the
function periodogram is used. In case a few sinusoids are apparent in the timeseries, clear peaks
will show up in the periodogram. It is not too difficult to detect their location, and subtract those
sinusoids from the signal in order to get rid of this trend. This is implemented in lab2la,m using
periodogram.m and findpeaks.m. This approach will be used in the next example, so do have a
look at the code.
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12.2.1 A stochastic Process

Lets build up the practice of analysis of timeseries gently. Consider the simple stochastic process
given as

ye=(1+aq ") e

with @ = —0.8 with {e;} white zero mean noise. Then the corresponding timeseries {y;} can be
generated by the filter command as in the previous lab session. In the exercise sessions we saw
what the corresponding covariance matrix is. Lets now see wether we see this covariance if we
estimate the covariances of the data. Therefore, construct the sample covariance matrix R € R2xd
defined forany i =1,...,dand j=1,...,d as

n—li—j|
- 1

Rij:m Z YtYitli—jl- (12.17)
J t=1

If you generate n = 10 samples from this process, compare now the sample covariance matrix R to
the theoretical result we derived earlier? Lets do this experiment m = 100 times (i.e. generate 100
times such data, and for each experiment construct R) Can you explain in one sentence why the
average of those 100 runs tends to be the same compared to the sample covariance matrix obtained
by performing the experiment that we had before with n = 10007

12.2.2 Artificial Data

In this section, we will work on a “fictitious” data series having the following form:

1
= 12.1
Yt A1) €t ( 8)
K
2z = y+plt)+ Z Ap sin(wgt + ér) (12.19)
k=1

where p(t) is a polynomial of order P, K is the number of sinusoids in the “periodical component”
and A(z) is given by (12.18). The data is generated with the MATLAB command lab21b (try
several realizations of the data).

The objective of this exercise is to predict the future behavior of z; given the first n = 300 data
points. In order to solve this task we first have to make the time series stationary (by removing
the polynomial trend). Then the periodical component is removed and the AR model is estimated.
The predictor can then be written out as before, and can then be applied to the data series. These
tasks are solved with the interactive MATLAB program lab2ic.

e Generate the data with lab21b. The raw data z; is displayed as a function of time. Also the
periodogram of z; is shown. Is the data stationary?

e Use the program lab21c to analyze the data. What order of the polynomial trend did you
choose? What would happen if you choose a polynomial of a too high degree?

e How many sinusoids did you find in the data? What are their frequencies? Does the estimated
periodical component fit the data well?
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e What model order did you choose for the AR part of the data? Is the spectrum given by the
estimated model close to the spectrum obtained from the data? Are there any discrepancies?
If yes, how can they be explained?

e Predict the future behavior of the data. Compare the predicted data to the real time series.
Did you do a good job predicting the future?

12.2.3 Real Data

Situate yourself in the happy 80’s: the year is 1987, money is abundant and the real-estate market
is flourishing. The politicians of a small coastal town in the far north of Sweden have plans to build
a large outdoor water activity center: with tax-payer’s money, of course. The first reactions from
the public were negative: the weather is too cold and the season is far too short for this kind of
project!

But the Mayor is not worried; he has read about global warming and is convinced that the
average temperature in his town will increase rapidly, especially since he himself has bought a very
large American car that pollutes just below the authorized limit.

To support his ideas, you have been given the task to look at temperature data and see if you
can find evidence of warmer weather coming the Mayor’s way. To your help you have the monthly
temperatures measured since 1860. The data is prepared for processing by invoking the MATLAB
command lab21d.

Write down in the report the parameters you choose. According to your predictions, what is
your advice to the optimistic Mayor? Do you find any signs of warming in this part of Sweden?
Will the project be a success?
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12.3 Computer lab 3: System Identification Toolbox

This computer lab demonstrates the use of the MATLAB System Identification toolbox. We will
omit state-space models from our experiments as yet.

12.3.1 Setting up the Experiment

In order to illustrate the use we will use the data available in inout.dat. The data is loaded in the
MATLAB workspace as an iddata,

>> load mydata.dat; data=iddata(mydata(:,2),mydata(:,1),1)

The properties of the object iddata are displayed using the command
>> get(data)

The first step, however trivial, is to visualize the data and to look for some regularities here.
>> plot(data)

At this early point in the analysis, it is good practice to set aside a portion of the data for validation
lateron. As such we make sure this validation data does not influence parameter estimation.

data(1:400);
data(401:end);

>> datal
>> data?2

The next step concerns typically preprocessing. Here we want to subtract the mean trend of the
signals.

>> datal
>> data?2

detrend(datal);
detrend(data?2);

Again, look at the data. Does the signals look 'normal’; or are there outlying measurements in the
data which may easily disrupt the coming results? If so, set such value to a reasonable value. In
the present data there is no such effects.

12.3.2 Nonparametric Estimation

When the data is loaded in the toolbox, the first step is to perform an nonparametric analysis.
Let us review a number of those. The first one is to compute the impulse response using a rough
approximation (a large order FIR model). This is performed using

>> impulse(data)

The dashed dotted lines mark a 99% confidence interval. Meaning that if the experiment were
repeated m times, only 1/100 of those cases would not fit the confidence band on the average.
There is a time delay (dead-time) of 1 sample before the output responds to the input (significant
output outside the confidence interval). Other time-constants can as half-life time and damping are
suggested in this plot. A similar analysis is performed using a correlation analysis.

>> cra(data,100)
The result of an elementary spectral analysis is displayed using the command.
>> plot(spa(data))

Those tools give you a basic insight of the concerned signals.
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12.3.3 Parametric Estimation

Now that we have gained some insight into the experiment, we are well prepared to fit a parametric
model on the data. Let us start with a simple example, fitting a FIR(10) model to the data. This
can be done using the following command

>> ml = arx(data,[0 2 1])

This command not only fits the parameters of such a FIR model, but computes as well the variance
of the estimated parameters by taking into account the Fisher information matrix. All information
is presented in the command line as

>> present (m1)
A visual representation of the model is given as
>> plot(ml)

Look at the pole-zero diagram of this model in the GUI coming up. Is the model estimate MIMO
stable? Is it minimal phase? Let us now consider another model

>> m2 = arx(data,[10 10 1])

Thirdly, consider a ARMAX model os small orders

>> m3 = armax(data, [2,2,2,1])

Fourthly, consider the estimate using a different model structure.
>> m4 = oe(data,[1 2 1])

Remember that for OE models a PEM approach does not coincide with a least squares approach,
and the parameter estimation procedure internally implemented may be stuck in a local suboptimal
estimate.

The next step is to look at the characteristics of the fitted model. For example, one can plot
the impulse response corresponding to the fitted model.

>> impulse(m1)

It is instructive to plot the pole-zero diagram of the estimated model. We do this for models m1
and m2 as follows

>> pzmap(ml,’b’, m2,’r’,’sd’,3)

Here the SI toolbox also displays on the plot the variance of the estimated poles and zeros as the
small circles. This represents the uncertainty corresponding to the fact that n is only finite, and
the estimate might slightly differ if looking at a different realization of the data. The incorporation
of this information is a key feature of the SI toolbox, and is quite useful in practice. The bode
diagram of the various models are given as

>> bode(ml,m2,m3,m4)

Other plots of model properties can be brought up using plot(ml,m2,m3).
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12.3.4 Model Validation

Now that we have the estimated model and the nonparametric estimates, we concern the question
whether this one is actually capturing the real dynamics in the data. Note that in the SI tool-
box (help/labels) one often uses the term ’fit’ to denote how well the estimated model actually
correspond on the observed signals used for estimating. It is paramount to make the distinction
between fit’, also called ’training error’, and the performance on the validation data kept aside.
Saying that your model ’fits’ the data quite well merely implies that your estimation procedures
work properly, it does not say that the estimated model will perform well on new cases, or that
you actually captured the dynamics underlying the data. Lets consider the following example

>> mb = arx(data, [20,20,1]);
>> pzmap(m5,°’sd’,3);
>> compare(datal, m5)
>> compare(data2, m5)

This illustrates that things may easily go wrong if selecting too high a model orders. Note that the
fitted model suffers from many almost canceling pole-zeros, often an indication of a bad choice of
model. Moreover, the estimated model has a training performance which differs quite a lot from
the performance on the validation set, suggesting as well that the estimate does not capture the
dynamics underlying the data.

If you have to make decide between different model structures/model orders which may be used
for parameter estimation, a way is to use an appropriate information criterion as Akaike’s:

>> aic(ml,m2,m3,m4)
or the Finite Prediction Error (FPE) criterion as
>> fpe(ml,m2,m3,m4)

Yet another test to help you decide wether the estimate is sufficient for your needs is based on the
autocorrelations of the residuals. For example, to visualize the autocorrelation of the residuals and
the cross-correlations of the given data using the estimated model, look at

>> resid(data,m2)
>> resid(data,m4)

Based on the previous measures, a preference of model m2 over the others is suggested. The
command advice suggests useful actions of you for analysis and refining the model. The procedure
of selecting the best orders of an ARX model is automized further using the following commands

>> V = arxstruc(datal,data2, struc(1:10,1:10,1:10))
>> nn = selstruc(V,’mdl’);
>> mopt = arx(data,nn)

This gives you some elementary tools to perform a system identification experiment.

12.3.5 The GUI interface

Now the previous steps can be performed using a Graphical User Interface (GUI). Therefor, type
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>> ident

Try the various options in the GUI to redo the previous steps in the analysis. This concludes our
tour of the SI toolbox. As a conclusion, which model structure works well for this data? Now you
are all ready to construct a good model.

12.3.6 The Question

The specific question that will demonstrate that you have understood how this works goes as follows.
Load the data inout.dat in the MATLAB workspace. Then decide (i) which model structure to
choose, (ii) which model orders are appropriate, (iii) argue for your favorite model using the plots.
Which model would you propose to use if we intend to use the data for control purposes? Happy
clicking!
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12.4 Computer Lab 4: Recursive Identification
12.4.1 Goals

In this computer laboratory we will study some features of recursive identification, as well as some
practical aspects of system identification, including:

e System identification as a way of model approximation, when the model structure is not rich
enough to describe the true dynamics.

e Estimation of physical parameters.

12.4.2 Recursive Identification

In recursive identification methods, measured input-output data are processed recursively (sequen-
tially) as they become available, i.e., the model is based on observations up to the current time.
That is, when 6; is the estimate based on the samples (u1,y1),..., (us, yt), (Wet1, Yes1), ... the
recursive scheme gives a sequence

01,0, .. ..00, 0041, ..., (12.20)

where each new estimate 6; is computed whenever a new sample (u,y;) becomes available. The
understanding is that an estimate 6,, can make efficient (computational) use of the previous estimate
0,_1. Recursive identification, also referred to as on-line or adaptive identification, is used in
various areas, such as: adaptive systems, fault detection and parameter-tracking. Most off-line
(batch) algorithms can be converted (exactly or approximately) into a recursive counterpart in a
straightforward manner. This insight led to the various algorithms

RARX: Estimates recursively the parameters 6; of an ARX model.
RPEM: Recursive version of a Prediction Error Method.

RPLR: Recursive method of a Prediction Error Method, using an approximate least squares formu-
lation.

RIV: Recursive estimate of the parameters in the context of colored noise using an instrumental
variable approach.

Those functions use a number of techniques which boil down to

e Kalman filter. Here the estimates are treated as the states of a linear system, and the Kalman
filter is used to estimate those states given the observations.

e Gradient descent steps. This technique uses the gradient of the parameters with respect to
the information in the new sample to update the old estimate.

e Newton-Raphson steps. This technique uses the gradient and the Hessian of the parameters
with respect to the information in the new sample to update the old estimate.

The exact computations of those techniques are implemented in the MATLAB SI functions RARX,
RPEM and RPLS.
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12.4.3 A Simple Recursive Scheme

The following system is to be simulated:
(1—0.7¢ Dy, = 0.8¢ Luy + (1 —0.7¢" ey,

where u; and e; are uncorrelated white noise sequences with zero mean and unit variance. Identify
the system using the following estimation methods: recursive least squares (RLS), recursive instru-
mental variable (RIV), recursive pseudo linear regression (RPLR) and recursive prediction error
methods (RPEM). For RLS and RIV the model structure is

Y+ ayi—1 = but_l + &, (1221)
where 6 = (a b)T. For RPLR and RPEM the model structure is
Yt +ays—1 = bug_1 +ep + cep_q (12.22)

where § = (a b ¢)T. What can you say about the performance of the methods? Especially,
give comments about consistency and convergence for the different methods. This example is
implemented in the m-file 1ab4a.m.

12.4.4 Tracking Case

In many cases there is a need to modify the algorithms so that time-varying dynamics can be
tracked. This may occur in cases where the dynamics underlying the signals vary over time, but
also in cases where the plant changes operating point, requiring a modified approximate model.
Two approaches for such modifications are:

e Change the loss function to be minimized. For instance, for the least squares method we can
modify the loss function according to

t

Vi(0) =) AToel (12.23)

s=1

where A is known as a forgetting factor. This means, as an example, that measurements that
are older than Ty = 1/(1 — A) are included in the criterion with a weight that is ~ 36% of
that of the most recent measurement (7} is called the memory time constant).

e Model the parameter variations as a state space model (e.g. a random walk), and apply
Kalman filtering techniques.

The first approach will be illustrated further in this lab. The second approach is mentioned in the

lectures.

12.4.5 Effect of the initial values

We will here study how the choice of the initial P matrix influences the estimate. The following

system is to be simulated
Y — 0-9yt—1 = 0.5Ut_1 + €, (1224)
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where u; is a white binary sequence uncorrelated with the white noise sequence e;, which has zero
mean and variance 1. Identify the system using RLS and a first-order model

Ye +ay—1 = bus—1 + e, (12.25)

The P matrix is initialized by
10
P=p <0 1> (12.26)

This example is implemented in the m-file 1ab4b.m. How does p influence the result?

12.4.6 Effect of the forgetting factor

Next, we will study how the forgetting factor affects the estimate. In particular we will study the
problem of tracking a time varying system. Consider a first order ARX system which makes an
abrupt change at time ¢ = 100.

1.5 ¢t<100

(12.27)
0.5 t>100

yr — 0.8y;—1 = bous + €¢ by = {

Run the MATLAB function lab4c to identify the system using a RARX method with different
forgetting factors. Describe the trade off which has to be made when choosing the forgetting factor.
Study also if the estimated a parameter is negatively affected by a low forgetting factor.

12.5 Model Approximation

In this task we will examine how system identification can be viewed as a form of model approx-
imation, when the system dynamics is too complex to belong the model structure considered. To
simplify the study we consider a noise—free situation. Consider the following system, which has two
distinct resonances.

1.0¢7% —1.3¢73 +0.8¢7*
(1-1.5¢71+0.9¢72)(1 +0.9¢72)

Simulate the system using the input w; as white binary noise of zero mean and unit amplitude.
Use the function gendata2, listed in the Appendix, to generate 100 data points. Next, we will
estimate the system above as a second order ARMAX model (denoted by G(q~!,6)), by means of
a prediction error method using prefiltered data

Go(q™") = (12.28)

uf (t) = F(g Y u(t) (12.29)
y (t) = Fla )yt (12.30)
The filtering has the effect that we give emphasis to certain frequency ranges, depending on the

choice of the filter. In fact, one can show that the parameter vector 6 is determined as the minimizing
element of

V() :/|F(eiW)|2\GO(eW) — G(e™,0)? P, (w) dw (12.31)
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where @, (w) is the spectral density of the input signal. This means that |F(e’)|?®, (w) weights in
what frequency region the deviation |G (™) — G(e*?)| will be penalized. Hence, by adjusting the
prefilter, the user can directly influence the model fit in different frequency regions. The following
tasks is to be considered:

e Identify the system for F((¢~!) = 1. This task can be carried out by running the MATLAB
function lab4d. The result is evaluated in the frequency domain by drawing Bode plots of
the model, the filter and the true dynamics.

e Let F(q~!) be a sharp bandpass filter around one of the resonance frequencies of the system.
Use a 5’th order Butterworth filter. The MATLAB function filtdes can be useful when
designing the filter. Once the filter is designed (numerator and denominator stored in nn and
dd, respectively. This is automatically done by filtdes) run lab4d to perform the estimation
procedure.

e Repeat the previous task but for a filter with emphasize on the other resonance frequency.

e Repeat the previous task but let F' be a low pass filter.

Summarize your findings.

12.6 Extra: Estimation of Physical parameters

Note: Do this exercise if you have the time. It might be useful in your future career to know how
to estimate physical parameters.

In this section, we shall now see how system identification can be used to estimate physical
parameters. As an example we will consider a DC motor. Its (continuous-time) transfer function
from voltage to angular position, is given by

K

=S

(12.32)

where K and T are the parameters to be determined. By choosing the angular position and velocity
as state variables, we can represent the motor in state space form as

—U/T K/T (12.33)
0
1

T

o = O O

We are interested in estimating the parameters K and 7T from discrete-time measurements of the
velocity and the position. This is done is the MATLAB demo number 1-6. Run the demo, and
see how this quite complex problem can be solved by using MATLAB and theory covered in the
SI course. To run the demo, just type iddemo at the MATLAB prompt and choose number 1-
6, 'Building structured and user-defined models’. Focus on the first part of the demo (1 Free
Parameters). The second part (2 Coupled parameters) is, however, also of interest.
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12.7 Computer Lab 5: Subspace Identification
12.7.1 Goals

This computerlab brings you along some computational tools that implement subspace identification
methods for deterministic, stochastic and combined deterministic-stochastic systems. Specifically,
we advocate of the tools implemented in the MATLAB SI toolbox, and in the software accompanying
the book of Van Overschee and De Moor. Other implementations can be found e.g. at

e MATLAB SI (Link&ping) toolbox.

N4SID (KULeuven) - see the files coming with this computer lab.

CUEDSID (Cambridge): http://www-control.eng.cam.ac.uk/jmm/cuedsid/

e MACEC (KULeuven): http://bwk.kuleuven.be/bwm/macec/

LTI toolbox (TUDelft): http://www.dcsc.tudelft.nl/~datadriven/1ti/1ltitoolbox_product_
page.html

Do have a look at those tools in function of your chosen project.

Again, T need for each of you a named 1-page report (for official reasons), but do send me an
email if you have specific content related questions. This computer lab should be seen as a step-
stone for the project works, and I advise you to explore the function files and help as a function of
what you actually need for your project.

12.7.2 MATLAB SI

Let us first walk through the functionality of the MATLAB SI toolbox w.r.t. subspace identification.
As an example consider the 3-by-2 MIMO system generating the signals u', u?, u3,y', y? as given

as follows
1 0.81 n 1 2 3
x = X u
i —0.11 A (N R St
Vi=1,2,....n
2 1 n 1 2 3 n

= x u +e

Y 11 t 1 _9 _3 t t

for n = 100. in MATLAB this system is simulated as

>> U = randn(100,3);

> A = [1,-0.99 ;0.1, 0.7];
> B =1[123; -1 -2 -3];
> C=[10; -11];

>> D= [1 2 3; -1 -2 -3];
>> K = [0 0; 00];

>> m = idss(4A,B,C,D,K);

>> Y = sim(m,U, ’Noise’);
>> bode (m)

Then the N4SID implementation of the MATLAB SI toolbox is called as
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>> z = iddata(Y,U);
>> ml = n4sid(z,1:5,’Display’,’on’);
>> bode(ml,’sd’,3);

Observe that the order n rolls out quite naturally from the algorithm implementing the subspace
technique (specifically, from the number of significant nonzero singular values from the ’realization’
step in the implementation).

Another approach to compare the dynamics of the system m and of the estimated model m1 is
given by comparing the eigenvalues of A and m1.A. This approach is to be contrasted to a PEM
approach which was extended for handling MIMO data

>> z = iddata(Y,U);
>> m2 = pem(z,5,’ss’,’can’)

Now this can be done using the GUI of the SI toolbox, type

>> ident

Now the question for you is how you can compare the models m,mi, ms on new input signals
>> Ut = randn(100,3);

Which one is better? What is the price for this superiority? Happy clicking!

12.7.3 N4SID

While the MATLAB SI is carefully designed, it is not so well suited for dealing with large dimen-
sional systems. The tools provided by Van Overschee and De Moor’s book are perhaps better suited
in such case. To get acquainted with those tools, run the tool

>> sta_demo

And follow the instructions on the screen. Follow the basic steps in the demo to identify the data
as computed in the previous subsection. Specifically, use the command subid and predic and see
how results deviate from the ndsid function in the MATLAB SI toolbox.

12.7.4 Timeseries

The previous tool does as well implement subspace techniques for purely stochastic models. Again,
walk through the demo

>> sto_demo

Use this insight to identify a model from the observations y!,y? in stodata.mat. What order is
the underlying system? Now use this data in the MATLAB SI toolbox. Are the estimated models
comparable? Compare the order selection methods implemented in either toolbox.
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Chapter 13

Project work: Description

13.1 General Structure

The aim is to acquire hands-on experience with the tools for system identification for working
with actual (real-life) data. Specifically, use of the MATLAB SI toolbox, and learning to organize
different available tools in a successful application are central. We will work with real data, so there
is no ’true’ solution you should aim at, but I will score you based on how ’intelligent’ you make use
of the techniques in order to build up a sensible approach. The emphasis will be on identification
of Multiple-Input, Multiple-Output (MIMO) systems. The projects will be organized in small
groups (depending on the number of participants to the course), with indication of individual
contribution. The work will culminate in a report containing workflow, design decisions, details
of the implementation, and results of simulations. It is allowed and encouraged to work in small
groups (2 persons) on the same task. But it is required that each individual hands in her/his own
report (named).

A successful project will consist of four main steps, each of which are to be documented in the
report.

1. Visualize the data, point out characterizing properties and state the solution you’re after. Be
creative in the economic use of time plot, histogram or frequency plots.

2. Do some simple (possibly naive) simulations: e.g. what is the best constant prediction (mean).
What is the best we can do using standard techniques implemented in the ident tool?

3. Based on experience gathered during the previous phase, what is a proper method for iden-
tification of the system? Perform the simulations trying to get the best result possible. Most
importantly, verify the result: why is this result satisfactory? How does it compare to the
naive estimates obtained in (2)?

4. Summarize your contribution in an ’abstract’ and ’conclusions’ of your report. Which contri-
butions to standard approaches can be claimed, and how do the models support such clams?

Those different steps (sections) should show up in the report to be handed in. Of course the different
steps are intimately related in practice: for example model tuning requires one often to rethink
preprocessing issues. Despite this fact, experience learns that such a linear (I-VI) presentation
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helps the audience to understand better the merit and contributions of the present case study.
That’s why I will require the final project manuscripts to follow closely this structure. Those steps
are described in some further detail for each case study in the next chapter.

13.2 Groups

I want you to work on the projects in groups of up to (and including) five persons. You can choose
your mates yourself, or if more convenient you can work out a project on your own. Once you
decided on a group, send me an email with who’s involved, and I will file this in in Studentportalen.
At the end of the day, I need a report for each of you, and each group (!) is expected to present his
findings and answer questions. I expect a contribution relative to the size of the group - so if you
are four then you should have worked out extra questions. If you are only one, a basic study can
do. The presentations might be shared amongst the different members of the same group. Indicate
in the report as well as in the representation to which part who was responsible, I want to make
sure that everybody was involved to a sufficient level. Finally, it is no problem for me that different
groups work on the same project, and that experiences are interchanged. But do differentiate
enough between conclusions, and make sure I rate the projects as sufficiently independent.

13.3 A report

A report stresses how the present research contributes to the topic of interest, and will provide
empirical or theoretical evidence for those claims. A well-manicured report describing the achieved
results, motivating the design decisions and verifying the estimated models. Make sure sufficient
care is given to

e Avoid Typos.
e Use of the English language: think about what you write and how you write it up.

e Be concise: reread your own text and throw out what is not needed for supporting the
conclusions.

e Figures: name axes, and give units. Add a legend explaining the curves we see, and add a
caption explaining what we see and what the reader should conclude from the present figure.

e MATLAB code should not be included, rather state the different steps implemented in the
form of appropriate and well-defined formulas.

e A guideline would be a report of 3-4 single column, 11pt, letter pages, including 2-4 figures.
Again, this depends on the size of the group you are working in.

13.3.1 A report in BETEX

Research and development consists usually of 20% active research, and about 80% of the time goes
to preparing, presenting and interpreting results. The importance of a a good presentation of the
work can hardly be overestimated . A large innovation in scientific research came as such with the
introduction of the TEX and I¥TEX document preparation system in the early 1980s. The tool not
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Figure 13.1: example caption

only freed researchers from the many practical concerns when using a typewriter, but also urged
them to think proactively about the structure of the text. In fact, it was so well designed that it
remains a sine qua non in technical research even now, some 30 years later.

The overall document may look as follows

\documentclass[11pt]{report}

% comment!

% preamble: point to all packages to be used, and give local definitions
\usepackage{graphicx}

\usepackage{amssymb}

\usepackage{epstopdf}

% define the document’s overall properties
\title{Brief Article}

\author{The Author}

\date{20 November 2010}

% begin the actual document

\begin{document}

\maketitle % construct the title, author enumeration, date according to the given style
\section{My first section}

\subsection{My first subsection}

\subsubsection{My first subsubsection}

% end document
\end{document}

The result will be compiled by the command latex mydoc.tex into mydoc.dvi, which can be in
turn translated to ps or pdf using appropriate tools. This steps are properly automated in TeX
editors as texshop (mac) or winedt (windows). Those software packages come with appropriate
templates which might give you good starting point.

The key idea is that every bit of text has to be placed in its proper environment (or box), and
the IMTEX engine then takes care of how to organize those different environments into an appealing
page layout. Environments come in different forms, as sections, theorems, definitions, figures,
tables, title, quotations and so forth. A particularly strong feature of IATEX is the engine to typeset
formulas. It is instructive to consider a simple example

\begin{equation}
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a_i, b”i, \hat\theta,\phi_{(n)}, \mathbb{R}, \sum_{i=1}"n q~{-i},
\end{equation}

which will look after typesetting as
aivbivé7¢(n)7Razq_io (131)
i=1

Another example is how to typeset figures. The following example is typeset in Fig. (14.1) using
the definition in the preamble of the file, and the packages graphicx,graphics,epic.

\begin{figure} [htbp]
\includegraphics [width=4in]{latexmatters.png}
\caption{example caption}
\label{fig:example}

\end{figure}

Lots of good manuals for how to create I¥TEX documents can be found on the web, e.g. at http://
en.wikibooks.org/wiki/LaTeX or http://www.maths.tcd.ie/~dwilkins/LaTeXPrimer/. But
the real way to go is to give it a try yourself, and do ask me kp@it.uu.se if you are stuck with a
question.

13.4 Presentation of the Result

Each group is assigned a slot of 5 minutes per person (that is, if you're in a group of three the
presentation should take 15 min) at the end of the term in order to defend their results. A successful
presentation should enumerate the claimed contributions, and provide insight to support those
claims. Specifically, try to convince the audience of the following bullets:

e What are the conclusions of the effort, and how do you get there?
e How do you improve over earlier /simpler solutions?

e What is the contribution of each of the groupmembers?

e What are possible applications for your work?

e Suppose I were your manager at a company: why should I invest 1.000.000$ to implement
your model?

e Suppose I were your teacher: why would I award you a top grade for your work?

After and during the presentation, I will ask some questions for each of you evaluating your insights
in ST as used in the project. Here, I wont impose that you use KTEX, you can use any presentation
program you feel comfortable with.
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Chapter 14

Project work: Case Studies

14.1 Identification of an Industrial Petrochemical Plant

The main application studies of system identification are found in industrial practice. The data
used comes from a glass furnace plant at Philips. The data consists of 3 different measured inputs
and 6 consequent output signals. The signals consist each of 1247 samples. The emphasis of this
case is on the use of subspace identification and design of a subsequent controller. In order to
describe a successful application study, do follow the following steps.

1.

(Visualize): A first step is to visualize the data. Specifically build a scatter-plot of all combi-
nations input-output (18 subplots in total). Look at this plot, what properties of the signal
become directly apparent?

. (Preprocess): The next step is to check wether the involved signals need preprocessing. Are

means zero? Are statistics as the variance more or less time-invariant? Is there evidence for
polynomial or sinusoidal trends? Can the signal reasonably be expected to follow a Gaussian
process, or are they sufficiently rich? In this case a log(Y) transform (with basis e) would do
the trick to convert the positive temperatures with large peaking values to a signal which is
more or less behaving as a Gaussian process.

(Test): At this early stage reserve a portion of the data for testing the model you come up
with at the end of the day. By putting a portion of the data aside at this early stage, you
make sure that this data does not influence in any way the model building process, and that
the testing of the model is completely objective.

(Initial): Try to build a first model using a naive approach. For example, you can convert
the problem into a set of SISO estimation problems. This naive model will mainly serve to
benchmark your final approach.

. (Diagnose): Why is the aforementioned naive approach not sufficient? Or perhaps it is? Can

you use insights from the naive approach in order to argue for a more involved approach?
What subtleties is the naive approach missing altogether? To make this point you might
want to use an intelligent plot of results, where you indicate how things go wrong.
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10.

(Improve): So now the stage is prepared to explain the principal strategy. In the context of this
course that would involve a subspace identification strategy. Spend some time (words/slides)
on which design decisions you took to get the technique to work properly.

(Validate): Firstly, implement a cross-validation strategy to test the identified model. Recall
different methods of model selection as were described in the SISO case, and use one to
validate the result. Secondly, compare the results with what you get by the naive approach:
do we actually see the improvements as argued for in earlier stages?

(Use): An identified model is good if it serves its intended purpose well. Therefore, the
ultimate verdict on the model is how well it works in practice. In this industrial context, a
model is build for constructing an accurate control law. Can you derive a standard control
law by pole placement using the identified model as a description of the system which is to
be controlled? Why is it satisfactory? Why not?

(Extra): It might be clear that the above steps are only scratching the surface of the in-
teresting things which can be done. At this stage I challenge your creativity to describe
innovations you can do based on some of the elements seen in the lectures. For this project,
an extra step might consists of refining the subsequent control law based on the system using
a techniques of MPC. Does this control law work better in practice? To see this, assume that
the identified model equals the system, and steer the process output to a constant output of
(1.7,1.7,1.7,1.7,1.7,1.7)T.

(Conclude): Perhaps most importantly, what is the conclusion of your efforts thus far. Are
results satisfactory, or does the problem setting pose more involved intrinsic questions? Is the
identified model serving its purposes well enough? What would be a next relevant step?

14.2 Identification of an Acoustic Impulse Response

The present techniques are closely related to signal processing tools. We borrow here an application
study which is commonly treated in an acoustic signal processing context, and show how tools from
system identification can be used. The setting is to recover the room dynamics from sending a
speech signal through a loudspeaker, after which the signal is convolved with the room dynamics,
and the result is then picked up by a microphone. The question in general is how one can come up
with a model for the dynamics of the room acoustics. The challenge is to come up with a method
to use the derived state-space model in order to clean-up the meaningful signal. Acoustic signals
are read and written in .wav using the MATLAB commands wavread and wavwrite. A typical
feature is that acoustic model need rather high orders to capture dynamics well.
In order to describe a successful application study, do follow the following steps.

1.

(Visualize): A first step is to visualize the data. Specifically build a scatter-plot of all com-
binations input-output (9 subplots in total). Look at this plot, what properties of the signal
become directly apparent?

(Preprocess): The next step is to check wether the involved signals need preprocessing. Are
means zero? Are statistics as the variance more or less time-invariant? Is there evidence for
polynomial or sinusoidal trends? Can the signal reasonably be expected to follow a Gaussian
process, or are they sufficiently rich?
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14.3. IDENTIFICATION OF FINANCIAL STOCK MARKETS

10.

(Test): At this early stage reserve a portion of the data for testing the model you come up
with at the end of the day. By putting a portion of the data aside at this early stage, you
make sure that this data does not influence in any way the model building process, and that
the testing of the model is completely objective. Since in typical applications of acoustic
processing data is abundant and cheap, this does not really pose a problem.

(Initial): Try to build a first model using a naive approach. For example, you can convert
the problem into a set of SISO estimation problems. This naive model will mainly serve to
benchmark your final approach.

(Diagnose): Why is the aforementioned naive approach not sufficient? Or perhaps it is? Can
you use insights from the naive approach in order to argue for a more involved approach?
What subtleties is the naive approach missing altogether? To make this point you might
want to use an intelligent plot of results, where you indicate how things go wrong.

(Improve): So now the stage is prepared to explain the principal strategy. In the context of this
course that would involve a subspace identification strategy. Spend some time (words/slides)
on which design decisions you took to get the technique to work properly.

(Validate): Firstly, implement a cross-validation strategy to test the identified model. Recall
different methods of model selection as were described in the SISO case, and use one to
validate the result. Secondly, compare the results with what you get by the naive approach:
do we actually see the improvements as argued for in earlier stages?

(Use): An identified model is good if it serves its intended purpose well. Therefore, the
ultimate verdict on the model is how well it works in practice. The use of the identified model
in this context is to ’"de-mix’ the signals picked up by the microphones in order to reconstruct
the original acoustic signal.

(Extra): It might be clear that the above steps are only scratching the surface of the interesting
things which can be done. At this stage I challenge your creativity to describe innovations you
can do based on some of the elements seen in the lectures. For this project, an extra step might
consists of using software to collect real signals and to report the analysis. A commonly used
software packet to design such experiments, record and process the acoustic signals is the Dirac
software (http://www.bksv.com/ServiceCalibration/Support/Downloads/DIRAC/DIRACY
20Room%20Acoustics)20Software’%20Evaluation’20Copy . aspx).

(Conclude): Perhaps most importantly, what is the conclusion of your efforts thus far. Are
results satisfactory, or does the problem setting pose more involved intrinsic questions? Is the
identified model serving its purposes well enough? What would be a next relevant step?

14.3 Identification of Financial Stock Markets

In this project we will study timeseries taken from historical records of 10 main stock markets. The
data comes from day-to-day index values of the stock markets summarized in Table (14.1). The
start date is Dec. 1, 1999, the series runs for 1352 trading days, and the end date is in Aprill,
2004. This dataset contains no explicit input process, and we assume that the driving process
captures the socio-economic, political and financial effects. Specifically, this implies that we will
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Figure 14.1: Schematic Illustration of the setup of the acoustic experiment. Here three acoustic
signals are send in a room by 3 different loudspeakers (right). The room mixes those signals, and
the result is picked up at different positions by three micros (left). The question is then which
model of the room captures the dynamics of the mixing.

use techniques of stochastic identification to identify a state-space model which captures the present
dynamics. The overall question is to see which stocks display strongly related behavior, and how
many hidden states actually capture the dynamics. The specific question is to use the identified
state-space system to predict the values of the stocks in a next trading day.

1. (Visualize): A first step is to visualize the data. Look at this 10 signals, what properties of
the signal become directly apparent?

2. (Preprocess): The next step is to check wether the involved signals need preprocessing. Are
means zero? Are statistics as the variance more or less time-invariant? Is there evidence for
polynomial or sinusoidal trends? Can the signal reasonably be expected to follow a Gaussian
process, or are they sufficiently rich? In this case a typical good way to process the indices
into a form which resembles a Gaussian process is to consider the difference of the log of
the indices. That is y = (diff(log(x))). This step is essentially relating the approach to
techniques as ARIMA and ARCH.

3. (Test): At this early stage reserve a portion of the data for testing the model you come up
with at the end of the day. By putting a portion of the data aside at this early stage, you
make sure that this data does not influence in any way the model building process, and that
the testing of the model is completely objective. As data is rather scarce in this setup, think
carefully which part of the data would be good for testing the model before putting it in
production.

4. (Initial): Try to build a first model using a naive approach. For example, you can convert
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14.3. IDENTIFICATION OF FINANCIAL STOCK MARKETS

Number | Price Index Stock Market
1 | Dow Jones Industrial Price Index | US
2 | S&P 500 Composite Price Index | US
3 | Nikkei 300 Price Index JP
4 | DAX 30 Performance Price Index | DE
5 | CAC 40 Price Index FR
6 | Swiss Market Price Index SH
7 | Milan MIB 30 Price Index IT
8 | IBEX 35 Price Index ES
9 | BEL 20 Price Index BE

10 | FTSE 100 Price Index UK

Table 14.1: The price indices of 10 main stock markets recorded at the end of a trading-day.

10.

the problem into a set of SISO estimation problems. This naive model will mainly serve to
benchmark your final approach.

(Diagnose): Why is the aforementioned naive approach not sufficient? Or perhaps it is? Can
you use insights from the naive approach in order to argue for a more involved approach?
What subtleties is the naive approach missing altogether? To make this point you might
want to use an intelligent plot of results, where you indicate how things go wrong.

(Improve): So now the stage is prepared to explain the principal strategy. In the context of this
course that would involve a subspace identification strategy. Spend some time (words/slides)
on which design decisions you took to get the technique to work properly.

(Validate): Firstly, implement a cross-validation strategy to test the identified model. Recall
different methods of model selection as were described in the SISO case, and use one to
validate the result. Secondly, compare the results with what you get by the naive approach:
do we actually see the improvements as argued for in earlier stages?

(Use): An identified model is good if it serves its intended purpose well. Therefore, the
ultimate verdict on the model is how well it works in practice. The overall goal of such a
financial application would be to predict the vale of the stocks at the end of the next trading
day. It is typical that only a marginal accuracy can be obtained using such approach, but do
keep in mind that even a minor gain can make a huge benefit for an investment company.

(Extra): It might be clear that the above steps are only scratching the surface of the interesting
things which can be done. At this stage I challenge your creativity to describe innovations
you can do based on some of the elements seen in the lectures. In the context of this project,
it would be interesting to see how tools of nonlinear modeling can actually improve the
predictions.

(Conclude): Perhaps most importantly, what is the conclusion of your efforts thus far. Are

results satisfactory, or does the problem setting pose more involved intrinsic questions? Is the
identified model serving its purposes well enough? What would be a next relevant step?
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14.4.

IDENTIFICATION OF A MULTIMEDIA STREAM

14.4 Identification of a Multimedia stream

Systems theory and identification is a perspective of looking at reality, and can as such be found
anywhere. This project will study the case of a stream of video frames, which consists basically
of a collection of timeseries, a single one for each pixel on the screen. While it is intuitively clear
that the ’informative’ part of this multivariable timeseries cannot be modeled without exploring
concepts as 'meaning’ and 'understanding’, lots of the pixels have a value which can easily be
deduced from past behavior. In other words the video can be described in terms of an informative
state of a much lower dimension than the number of pixels, and the derived dynamic behavior. The
overall challenge is to develop a visual feel for the dynamics which can be described by a state-space
system. The specific question is to develop a simple way to ’compress’ the stream of frames as a
state-space system driven by the given input signals.

1.

(Visualize): A first step is to visualize the data. Look at the 5 input signals, and visualize the
frames. Can you work out intuitively what the inputs 'mean’? Herefore, use the MATLAB
command

>> for t=1:n, imshow(reshape(y(t,:),50,50),[0 1]); pause(.1); end

(Preprocess): The next step is to check wether the involved signals need preprocessing. Are
means zero? Are statistics as the variance more or less time-invariant? Is there evidence for
polynomial or sinusoidal trends? Can the signal reasonably be expected to follow a Gaussian
process, or are they sufficiently rich? In this project, the input is indeed a signal taking values
{0,1}", and no preprocessing is needed.

(Test): At this early stage reserve a portion of the data for testing the model you come up
with at the end of the day. By putting a portion of the data aside at this early stage, you
make sure that this data does not influence in any way the model building process, and that
the testing of the model is completely objective. As data is rather scarce in this setup, think
carefully which part of the data would be good for testing the model before putting it in
production.

. (Initial): Try to build a first model using a naive approach. For example, you can convert

the problem into a set of SISO estimation problems. This naive model will mainly serve to
benchmark your final approach.

(Diagnose): Why is the aforementioned naive approach not sufficient? Or perhaps it is? Can
you use insights from the naive approach in order to argue for a more involved approach?
What subtleties is the naive approach missing altogether? To make this point you might
want to use an intelligent plot of results, where you indicate how things go wrong.

(Improve): So now the stage is prepared to explain the principal strategy. In the context of this
course that would involve a subspace identification strategy. Spend some time (words/slides)
on which design decisions you took to get the technique to work properly.

(Validate): Firstly, implement a cross-validation strategy to test the identified model. Recall
different methods of model selection as were described in the SISO case, and use one to
validate the result. Secondly, compare the results with what you get by the naive approach:
do we actually see the improvements as argued for in earlier stages?
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8. (Use): An identified model is good if it serves its intended purpose well. Therefore, the
ultimate verdict on the model is how well it works in practice. Here the use is to ’compress’
the outputs using the given inputs and the state-space model. What would be the compression
rate you obtain?

9. (Extra): It might be clear that the above steps are only scratching the surface of the interesting
things which can be done. At this stage I challenge your creativity to describe innovations
you can do based on some of the elements seen in the lectures. In the context of this project
an exciting step would be to use this approach to ’compress’ real video footage. Can you
come up with different data where such approach might work reasonably?

10. (Conclude): Perhaps most importantly, what is the conclusion of your efforts thus far. Are
results satisfactory, or does the problem setting pose more involved intrinsic questions? Is the
identified model serving its purposes well enough? What would be a next relevant step?

A main point of attention for this case study is how to convert the signal into a stream of images.
The setup is then described as follows. At first, let a screen have m = mgy x m,, pixels organized in
a rectangle of my pixels high and m,, pixels width. Let at instance t the screen be represented as
the matrix Y; which takes the form

Yi1,t Ylma, t
Y= : " . (14.1)

Ymagl,t e Ymgma, ,t

It will be much more convenient in theory as well for the implementation to represent the current
screen as a vector y; € R™ by stacking the different columns of the matrix as

Ve = (Y11ts - Yl s+ s Yrmadt -+ - s Yrmgmit) . € R™. (14.2)

This operation can be implemented in MATLAB using the command reshape.
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