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Lecture 3

Models:

A Taxonomy.

Linear Time-Invariant Models.
Polynomial Representations.
Transforms.

|dentifiability.

Nonparametric Methods:

Transient Analysis.
Frequency Analysis.
Correlation Analysis.

Spectral Analysis.

Other Input Signals.
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Dynamic Models
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A Taxonomy

State Space Polynomials
MIMO SISO
A
Block-Structured Time-Invariant ~ Time-Varying

Nonlinear Linear (Superposition)

N

Dynamic Models

e Dynamical Models
e White-, Black and Grey Box
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Linear Time-Invariant Models

e Linear Superposition principle.
e Time-Invariant.
e Causal.

e Hence Impulse Response Representation for signals {u(t) : Vt}
and {y(t) : Vt} as

y(t) = /OO h(T)u(t — 7)dt

=0

e Discrete Impulse Response Model

Yt — Z hTut—T
7=0
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e Conversion Continuous-Discrete y(tA + 7) = y; then

y(tA):/TZOh( u(tA—T) Z/ o m u(tA—1)ds

and switching indices and application of Euler's method gives

= 2:: ( / o h(s )ds) Ut

or h, = fTT,/:A(T_l)A h(T)ds. Works if u; ~ u(tA + 7).
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e Ex. 1: a first order model

dz;—it) +y(t) = Ku(t — 1),

solving by Euler when {u(t) = 1(¢ > 0)}:
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e Ex. 2: A second order system

dy(t)
dt

d?y(t)
dt2

+ 2€wyq + wiy(t) = Kwiul(t).

solving by Euler when {u(t) = d;}, then solving by Euler
when {u(t) = §(t)}, then (with 7 = arccos &)

step response

| | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
time
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Transforms

Given the cos signal
uy = cos(wt), Vi =...,—1,0,1,.
Then this can be written as
ur = Rexp(iwt)

when applied to a LTI H we have

Yr = Z h;cos(wt — 1) =R (Z h,exp(iw(t — 7')))

and

=R (exp(iwt) Z hr exp(—iuﬂ‘))

7=0
— |H (exp(iw))| cos (wt + arg H (exp(iw)))
where for all s € C one has

H(eiw) — / hTe—in

=0
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Polynomial Representations

In polynomial representation
v = (ho + hig ' 4+ hag 2+ ... Jup = H(q_l)ut-
Typically, also disturbances {d;}; in model
ye = H(q" " us +dy = H(q™ ")ug + G(g ey,
with {e;}: driving noise.
e Stochastic, unpredictable random noise.
e Under-modelling.
e Nonlinearities.

e Time-Varying Aspects.
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1. Input-Output Models relating input {u;}s to {y:}+

:ye = B¢ )ur + e
C Alg Ny = BlgHur + e

~1
NS igq_1gut T €

- Alg Dy = Bla_ )u - Diq_lge

F(q~1)™

2. Time-series Models explaining {y;}:

(MA): y C(q_l)et

(AR): Aq )y = e
\RMA): A(q™ ) = Clg” e
RIMAY: (1— g~ )2A(q-1)yn = Clg—Y)es

3. BIBO Stable.
4. Minimum Phase.

5. Simulation and Prediction.

)
)
MAX): A(q Yy = B(g Huy + Cqg ey
)
)
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Identifiability

e Globally Identifiable at 6* iff for all 6

H(z,0) = H(z,60%) .
{G(z, 0 =Gopy 0=

e Globally Identifiable.
e Sequence of two LTls

e State Space Systems.
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Nonparametric Methods
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Transient Analysis

Impulse:
e |nject input
K t=0
Ut =
0 else
e Outcome (without noise)

hy t>0
0 else

Yt =

_K{

S1-2015 K. Pelckmans March-Mai, 2015 13



Step Response:
e |nject input

K t>0
U =
0 else

e Outcome (without noise)

0 else

e Or

h, t>0
Yt — Y1 = K b=
0 else
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Frequency Analysis

e Sinusoid:
uy = a cos(wt)

then output is

y+ = a|H(e")| cos (wt + arg H ("))

e Sum of Sinusoids:

K
Up = Z Qg COS(wkt + bk)

k=1
then output is

K
Y = Z arx|H (e"*)| cos (wyt + by, + arg H ("))
k=1
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e Decompose input using Fourier
U(eiw) _ /ute—iwt
t

e [ hen transform

for s = "
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Correlation Analysis

e Specify input as 'random’ sequence characterized by mean

m, = Elu;] = lim —Zut

n—oo 1T

and covariance

e [hen outcome
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e Multiplication of both sides by u;_, and taking expectation

Tuy(T) = Z hsu(T)

e Rearrange as a system of linear equations (Wiener-Hopf) or

e (0]

’l"uy.(T)

’I"u(O)
’I”u(l)
Tu(2)

Tu(T)

T (1)
’T’u(O)

’I"u(T — 1)

Tu(z)

’l"u(T)
’I"u(T — 1)

Tu(O)
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e For timeseries, if
oo
— E hrei_r
7=0

with >"°° |g-| < oo, then stationary.

e For Time-series with AR(M') model

M
§ ArlYt—r — €¢
7=0

where

E[@t] = O, E[etet_T] = 0'257-

multiply with y;_4 and take expectations

6tyt s ZG’T yt sYt— T]

S1-2015 K. Pelckmans March-Mai, 2015 19



Then (Yule-Walker)

[ ry(0) ry(1) ry(2) ... ry(M) ]
o2 ry(1) Ty (0) ry(M — 1) a
0 Ty (2) a(l)
0 f anr
| ry(M)  ry(M —1) ry(0)
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Spectral Analysis

e Rather than working with covariance r, work with Spectral
density

e [hen |
¢uy(w) = H(e"™)pu(w)
where H(e™) ="  hre 7.

e Hence for all w =] — w, 7| one has
(o gbuy(w)
H —
() Pu(w)

e But estimate based on
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not so accurate, better to take windowed Fourier transform

— Rectangular.
— Bartlett.
— Tukey.
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Spectral Factorization

e Assume ¢, can be written in terms of a rational polynomial

> 0

of order m:
CC(s)  coms ™4t eps™
¢y(5) - D(S) T d_ms—m _|_ .. +dm5m
Then Bls) B*(s—)
S S
¢y(5) = A(s) A*(s—)
where

A(s) =ag+a1s+ - + ams™
B(s) = by + bis+ -+ byps™
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Other Input Sequences

e ARMA.

e PRRBS.

e Sum of Sinusoids.
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Conclusions

e LTI Models
e Polynomial Representations vs. Discrete z-transform

e Initial Analysis by injecting certain input signals and recording
output.
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