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Abstract

The ultimate goal of this research is to construct a hybrid model for sound
propagation in layered underwater environments with curved boundaries by
employing a di↵erential formulation for inhomogeneous layers and a bound-
ary integral formulation for homogeneous layers. The discretization of the
new hybrid model is a combination of a finite di↵erence method for the
Helmholtz equation for inhomogeneous media and a collocated boundary
element method (BEM) for the integral equation for homogeneous media,
while taking special care of the open boundaries and the common interface.

Our focus is on sound wave propagation in layered piecewise homogeneous
fluid media. A boundary integral formulation of the Helmholtz equation
governing the acoustic pressure is employed. A fourth-order accurate, collo-
cated BEM is constructed for this equation in a systematic way, facilitating
its generalization to even higher orders of accuracy.

A novel approach (for boundary element techniques) is proposed for mod-
elling the open vertical boundaries. We introduce artificial near- and far-field
boundaries and apply nonlocal radiation boundary conditions at these.

The collocated BEM is implemented in Matlab and the numerical experi-
ments show the expected convergence rate.

A strong benefit of the collocated BEM is that only the boundary is dis-
cretized, thus, reducing the number of dimensions by one. By a comparison
with a fourth-order finite di↵erence method (FD) it is illustrated that both
methods have memory requirements of the same order, however, the number
of unknowns in the collocated BEM is an order of magnitude less than in
FD and the ratio grows with the problem size.
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Chapter 1

Introduction

The Helmholtz equation models wave propagation and is widely used by
scientists and engineers. In this licentiate thesis the equation is employed
to study underwater sound wave propagation in layered media.

Ocean acoustics is one of the numerous applications of the Helmholtz equa-
tion, where the sound propagation depends on fluid characteristics such as
salinity, temperature, and the physical characteristics of the boundaries.

Aeroacoustics is another application area, where the Helmholtz equation is
the main modelling tool. There the equation is used, for example, in shape
optimization of musical instruments and aircrafts, for studying acoustic scat-
tering, and evaluating noise propagation from cars and airplanes. The latter
aspect is of particular importance due to its impact on the environmental
protection.

In electromagnetics, a vector form of the Helmholtz equation turns out to
be a special case of the Maxwell’s equation for time-harmonic problems
in linear, isotropic and homogeneous material [4, Sec. 7.7]. In geophysics,
elastodynamic wave propagation is also modelled by the Helmholtz equation.

Due to the fact that an analytical solution of the Helmholtz equation can be
obtained only for a very limited range of problems, it is solved numerically.
There are di↵erent methods to discretize the equation. For inhomogeneous
media, a standard approach is to discretize the whole domain and use some
finite di↵erence or finite element method. Solution of the algebraic system
of equations arising from such discretization of the Helmholtz equation can
be found by various numerical methods, e.g., direct methods [10] or itera-
tive solvers [25]. Modelling realistic problems with the Helmholtz equation
becomes a real challenge because the arising systems of equations are usu-
ally very large, nonsymmetric and ill-conditioned. Direct solvers, although
highly robust, become infeasible due to their high demand on computer re-
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sources. Iterative solvers are more computationally e�cient, however, may
be less robust and require good preconditioners. E�cient iterative solvers
with di↵erent types of preconditioners for finite di↵erence discretization of
the Helmholtz equation are provided in [24, 6, 20, 22].

We focus now on underwater acoustics. Modelling sound propagation un-
der water for real life applications, thus, in complicated environment, it is
relevant to consider waveguides consisting of several layers such as water,
soft and hard sediment and bedrock layers. The water layers close to the
sea surface typically exhibit sound speed variations and are modelled as in-
homogeneous, however, the deeper sediment layers are often considered to
be homogeneous.

For homogeneous layers it is possible to apply boundary integral equation
techniques which in the literature are referred to as boundary element meth-
ods (BEM), both for the Galerkin method and for collocation. The boundary
element method is described in numerous books. For the theoretical basis
we refer, for instance, to [28, 5, 7], and the references therein. More details
on various engineering applications, in particular, for scattering problems in
acoustics, see e.g. [18, 14, 29] and references therein.

As the name suggests, the major concept in BEM is that discretization is
needed only on the boundaries since the solution inside the domain can be
computed through its values on the boundary. The number of unknowns
decreases substantially in comparison with the whole domain discretization.
The method is particularly suitable for large problems, where the solution
is needed only on the boundary or only in a few points of the interior of the
domain. This is usually the case, for example, in submarine applications,
where the sound speed profile is measured only in the water layer and the in-
fluence of the sediment layers is calculated by approximation of its geometry
and its media parameters.

The ultimate goal of the research is, when dealing with the acoustic phe-
nomena, to create a new hybrid model, where di↵erent types of equations
are used for di↵erent types of media, namely, to couple a boundary inte-
gral equation employed for the homogeneous layers and a partial di↵erential
equation used for the inhomogeneous layers.

The discretization of this new hybrid method is suggested in Paper I. A
fourth-order finite di↵erence discretization method, derived in [15], is used
for the inhomogeneous domains, while the homogeneous domains are mod-
elled by an integral formulation of the Helmholtz equation and a fourth
order accurate, collocated BEM is designed for its discretization. The two
discretizations are coupled through appropriate boundary conditions at the
common interface.

For computational reasons artificial vertical near- and far-field boundaries
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are introduced. Various forms of boundary conditions can be employed for
this kind of boundaries. In [3], for example, perfectly matched layers are
used for Maxwell’s equation and in [27] such conditions are employed for
the Helmholtz equation. Here, the transparency of the vertical boundaries,
throughout all layers, is modelled by employing nonlocal radiation boundary
conditions. In [15] these conditions are implemented using FD, but, to our
knowledge, they have not been combined with BEM before now.

For problems with large computational domain or for high frequency wave
propagation problems, employing the fourth order accurate method is highly
relevant because it reduces the number of grid points enough that the overall
computational cost is lower compared to a method of lower order accuracy.
We note, there are spectral boundary integral methods for problems with
smooth closed boundaries [17, 11] otherwise most of BEM are of lower order.

Thus, the major contributions of this work are as follows

1. The collocated BEM is constructed for a waveguide consisting of homo-
geneous layers. It is implemented in Matlab. The method is designed
to have fourth order convergence and that is confirmed by numerical
experiments. The structure of the method is specified utilizing tensor
notations [23, 1]. The tensor framework facilitates, for example, gen-
eralizations of the developed BEM technique to even higher orders of
accuracy.

2. A BEM is widely used for scattering problems but we apply it for
waveguide problems and combine it with nonlocal radiation boundary
conditions. To our knowledge, this combinations is novel.

3. A fourth-order finite di↵erence discretization method from [15] is cou-
pled to the collocated BEM to construct a new hybrid method for
waveguide consisting of homogeneous and inhomogeneous layers.

The layout of the thesis is the following. In Chapter 2 we describe the
physical problem. The governing equations and their specifications are pre-
sented in Chapters 3 and 5, respectively. The boundary and interface condi-
tions, including the non-local radiation boundary conditions, are presented
in Chapter 4. The discretization procedure in Chapter 6 is followed by nu-
merical results, where some challenges in the implementation of the BEM
are presented before the convergence results. In Chapter 7 conclusions are
drawn and some ideas concerning future research are given.
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Chapter 2

Physical problem

Figure 2.1: The computational domain (plane symmetry).

We consider underwater time-harmonic sound wave propagation. Several
fluid layers with di↵erent properties such as density and sound speed de-
pending on salinity and temperature is a common model for this type of
physical problem. We assume that our waveguide consists layers, the
top of which can be water layers with variable sound speed, i.e., can be
acoustically inhomogeneous. The rest of the layers are sediment layers that
are considered to be homogeneous.

Let ( ) be the phasor of the acoustic pressure, then within each layer, the
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Helmholtz equation is valid [4, p. 337], [12, p. 73]:

1 2

= 0 (2.1)

Here, is the density, the wavenumber expressed as = 2 (1 + ),
where is the frequency, is the sound speed, and is the loss tangent.
The sound speed and the loss tangent can vary in space in the top layers
but the density is constant within each layer. When Im( ) 0 attenuation
is present.

When the phasor ( ) is computed, the acoustic pressure can be recovered as
Re ( ) exp( 2 ) . For simplicity, in sequel we refer to ( ) as pressure.

For computational reasons the computational domain must be truncated by
some vertical lines, introducing so-called near- and far-field boundaries. The
near-field boundary is placed

2

= 0 and the far-field boundary is placed at
2

=
1

(see the illustration in Figure 2.1).

The problem is originally three-dimensional but in order to make it compu-
tationally tractable, we assume either plane or axial symmetry of the com-
putational domain and deal with two-dimensional restriction of the problem.
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Chapter 3

Governing equations

Assuming plane or axial symmetry, we obtain the following two-dimensional
restriction of the three dimensional equation (2.1) for the layer ⌦

1

1
1

1
2 2

2

= 0 (3.1)

where , and are the pressure, density and the wavenumber in the
domain ⌦ . The scale factor equals to 1 for plane symmetry and (

2

) =
2

+ 0 for the axisymmetric case, where the parameter 0 is the radial
distance from the sound source (located on the vertical axis) to the near-
field boundary (

2

= 0). Equation (3.1) is valid in all domains ⌦ , 1
, but it used to model only the inhomogeneous layers ⌦ , 1

and to construct Dirichlet-to-Neumann (DtN) conditions for the artificial
boundaries.

Applying Green’s formula for equation (2.1), the solution inside the homo-
geneous domain ⌦ at a field point can be derived through an integral
representation of the solution and its normal derivative at the boundary
of ⌦ [19, p. 805]:

( ) = ( ) ( ) ( ) ( )

where ( ) is the free-space Green’s function in three dimensions [19,
p. 805], = , and is the outward unit normal to the boundary
of ⌦ .

For on the boundary, the following boundary integral equation (BIE)
holds [28, Sec. 2.5.4]:

1

2

( ) + ( ) ( ) ( ) ( ) = 0 (3.2)
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Equation (3.2) is used for homogeneous domain ⌦ , = + 1 .

The two-dimensional Green’s function has the form

( ) =
4

H(1)

0

( ) for plane symmetry,
2

0

exp( )

4

for axial symmetry,

where H(1)

0

are the zeroth order Hankel functions [19, p. 623] of the first
kind. The normal derivative is found to be

( ) =
=

4

H(1)

1

( ) ( ) for plane symmetry,
2

0

(1 ) exp( )

4

3 ( ) for axial symmetry.

We note, that the Green’s function ( ) is for outgoing waves only
[28, p. 177]. There are no sinks in the system so incoming waves are not
permissible.

In the next chapters we do not consider the axial symmetry case any further.
For details about it we refer to Paper I. Here we present the method only
for the plane symmetry case.
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Chapter 4

Boundary conditions

To complete the problem formulation, proper boundary conditions should
be introduced on all boundaries of all domains composing the waveguide.
The interface conditions that couple the solutions between two neighbouring
domains are continuity of the pressure and of the normal derivative. On the
top boundary we have pressure release and the bottom is rigid, i.e.,

1

( ) = 0 �
1

( ) =
+1

( ) �
+1

= 1 1
1 ( ) = 1

+1
+1 ( ) �

+1

= 1 1
( ) = 0 �

+1

(4.1)

These conditions are used in Paper II but in Paper I the bottom is modelled
di↵erently. In Paper I the domain is infinite in depth. It is truncated
for computational reason and the bottom boundary �

+1

is artificial. We
require the bottom layer to have non-zero attenuation and make the layer
thick enough, so that the pressure and its normal derivative become close
to zero. Then the following boundary conditions are used:

0 and 0 as
1

in order to neglect and for along the artificial bottom �
+1

.

In Paper II the requirement about attenuation in ⌦ is not necessary.

The physical domain is assumed to be infinite in the
2

-direction and at
the entire artificial (vertical) boundaries Dirichlet–to–Neumann (DtN) con-
ditions are employed. These conditions model near- and far-field boundaries
as transparent to all waves. Their construction is based on [13] following
the algorithm from [22, 15]. Full details about handling the DtN boundary
conditions for our problem both for plane and axial symmetry are presented
in Paper I.
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We shortly point out here that the construction of the DtN conditions as-
sumes separability of variables in the Helmholtz equation (2.1) outside and
in the vicinity of the artificial boundaries. Therefore, we assume that outside
the waveguide the wavenumber depends only on the depth and interfaces
are horizontal outside and in the vicinity of the artificial boundaries.

After the separation of variables in (2.1), the solution to the Helmholtz equa-
tion s a mode sum (

1 2

) =
=1

(
1

)
(

2

) over all possible indices
[8], where the function

(

2

) is found analytically as a linear combination
of exponential functions. The eigenmodes (

1

) and the corresponding
eigenvalues at the near- and far-field boundaries, = 0 1, can be calcu-
lated as solutions of a Sturm-Liouville problem. The eigenfunctions are
conjugate with respect to the bilinear form

+1

0

1 ( ) ( )

which means that = .

In the special case of one or two domains without attenuation, the Sturm-
Liouville problem can be solved analytically. For more general settings a
numerical method should be used. For our purposes, we employ a fourth
order finite element method as in [20, 15].

For computational reasons the sum in the representation of (
1 2

) must
be truncated in an appropriate way. The truncation is done based on the
attenuation factor so-called loss tangent [12, p. 134]. We do not include
modes which are strongly damped in the direction of propagation, i.e., do
not satisfy some attenuation criterion, see Paper I. Then the pressure can
be computed as (

1 2

) =
=1

(
1

)
(

2

), where is the cuto↵ index.

So, the sound waves are assumed to emanate from a truncated point source
located (for plane symmetry) at the near-boundary yielding the DtN condi-
tion

2

(
1

0)+
0

=1

0 0 ( 0) 0 (
1

) =
0

=1

0 0 (
1

) 0
1

0

+1

(4.2)
where 0 = 0 and 0 = 2 0 .

The boundary condition at the far-field boundary (
2

= 1) is as follows,

2

(
1

1) +
1

=1

1 1 ( 1) 1 (
1

) = 0 0
1

1

+1

(4.3)

where 1 = 1 .
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The coe�cients are considered to be known and characterize the source,
and

0

,
1

are the cuto↵ limits for the corresponding boundaries.

As was told, the interfaces must be horizontal in the vicinity of the artificial
boundaries. Therefore, implementing the collocated BEM for homogeneous
layers the following trigonometric curves

1

( ) = 0 +
2

(1 cos( )) are
used to model the interfaces � , = 2 + 1. The parameters 0 define
the depth at the near-field boundary, = 1 0 is the maximum depth
change (positive or negative), [0 1], and the constant is an odd integer
number.
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Chapter 5

Specification of the

governing equations

5.1 Specification of the boundary integral formu-

lation

As already stated above, the boundary integral formulation (3.2) of the
Helmholtz equation is valid for each homogeneous domain ⌦ , = +
1 . The field point in (3.2) is replaced by because of the two-
dimensional restriction. The boundary element is equal , where
is the arc length element of the curve . We remind, that only plane
symmetry is described now when the scale factor is equal to one.

The boundary of the domain ⌦ consists of four parts, corresponding to
the top, left, bottom and right boundaries of the domain. Thus, the integral
in (3.2) can be split into a sum of four integrals, each corresponding to one
of the four parts of the boundary :

=
� 1

+

0

0
1

+
�

+

1

1
1

1
2

+
0

+ 1
2

+
1

The solution depends on the two space coordinates, so the integrals are
one-dimensional.

Further, we do a splitting of the integral in (3.2) and using the interface
conditions (4.1) eliminate half of the unknowns on the interfaces � , =

+ 2 . On the interface involved in the boundary integral equations
for and

+1

and the interface conditions for the bottom boundary �
+1
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of ⌦ there are two pairs of unknowns ,
+1

and , +1 . We eliminate
the first ones in the pairs and keep only the second ones (

+1

and +1 )
as unknowns on �

+1

.

The two unknowns and at each vertical boundary of a given ho-
mogeneous domain are involved in two equations, namely, the BIE for the
corresponding domain and the DtN condition (4.2) or (4.3).

Depending on the location of the field points, BIEs are di↵erent. When
the field point is at one of the vertical boundaries of the domain ⌦ , =

+ 1 , the equations read as follows

1

2

(
1

0) +
0

+ 1
2

+
1

+ 3
2

= 0
1

[ 0 0

+1

] (5.1)
1

2

(
1

1) +
0

+ 1
2

+
1

+ 3
2

= 0
1

[ 1 1

+1

] (5.2)

When the field point is at the top boundary of ⌦ , the equation is the
following

1

2

( ) +
0

+ 1
2

+
1

+ 3
2

= 0 � = + 1 (5.3)

At the bottom interface of ⌦ , we obtain

1

2

( )+
1 0

+
1

1
2
+

1 1

+
1

3
2

= 0 � = +2 +1
(5.4)

In equation (5.4) we performed the described substitution, i.e., is substi-
tuted by

1

.

5.2 Specification of the di↵erential formulation

We consider now the inhomogeneous parts of the computational domain,
namely, domains ⌦ , 1 . There, the finite di↵erence method, con-
structed in [20, 15], is used. For each subdomain an orthogonal transforma-
tion is performed to transform the unit squares ( 1

1

0
2

1)
into the domains, where

1

and
2

are logical coordinates. The Helmholtz
equation (3.1) becomes

1

2

1

1 2

1

2

2

1 2

2

= 0 (5.5)

where
1

and
2

are the scale factors. The interface conditions in this
case take the form

(
2

) =
+1

(
2

)
1

1 1
(

2

) = 1

+1 1 +1
+1
1

(
2

) (5.6)
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for = 1 1.

The boundary integral equations and the DtN conditions are stated in the
physical coordinates (

1 2

) so the normal derivatives at the vertical bound-
aries should be transformed to these coordinates for the top domains also.
For details we refer to Paper I, and just notice here that we employ lin-
earization to acquire

2
from

2
, because the interfaces are horizontal in

the vicinity of the artificial boundaries.

In [15], the conditions concerning the pressure at boundaries � , = 1
are enforces by a specific choice of the discretization mesh and the unknowns.

At the hybrid boundary �
+1

we choose a representation of the solution
similar to the other boundaries between the homogeneous layers, namely,

(
1

(
2

)
2

(
2

)) is replaced by
+1

(
1

(
2

)
2

(
2

)). The condi-
tion for the normal derivative at �

+1

becomes

1
1 1

(
2

) = 1
+1

+1 (
1

(
2

)
2

(
2

)) (5.7)

where is the unit normal vector pointing out of the domain ⌦
+1

.
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Chapter 6

Discretization

The hybrid model for sound wave propagation under water in a waveguide
including homogeneous as well as inhomogeneous layers consists of a system
of di↵erential and integral equations, namely, the Helmholtz equation (5.5),
the boundary integral equations (5.1)–(5.3), the DtN conditions (4.2), (4.3),
and the conditions for the normal derivative at interfaces between inhomo-
geneous domains (5.6) and at the hybrid interface (5.7). All equations are
discretized by fourth-order accurate methods.

For details about the discretization of the di↵erential formulation of the
Helmholtz equation and the interface conditions between the corresponding
domains, we refer to [15], where this is done by a fourth-order accurate finite
di↵erence method.

The discretization of the hybrid system is presented in Paper I with special
attention given to the BIEs and the DtN conditions.

Implementations are so far done for the BEM, and the main discretization
steps concerning the BEM are presented in this chapter, i.e. .

In BEM, clearly, only the boundaries are discretized. This gives the possi-
bility to have a di↵erent number of points at each boundary segment of a
given subdomain. On � , = +1 +1 there are 1

2
+1 points. On

the left and right artificial boundaries
1

[
+1

], = 0 1, = 1
of domain ⌦ we have +1 points. The number of intervals are 1

2
and

correspondingly. At each interval, the pressure and the normal deriva-
tives are approximated by some linear combinations of four basis functions.
We choose to have the same basis functions as used for the finite element
method when solving the Sturm-Liouville problem in Chapter 4 to find the
eigenmodes . The basis functions are piecewise linear functions

1

( )
with support on the two neighbouring intervals and + 1, and integrated

17



piecewise Legendre polynomials
2

( ),
3

( ), which have support only on
element .

To determine the coe�cients for the approximants the collocation method is
employed. The boundary integral equations are collocated at two equidistant
points inside every applicable element and at every applicable node point
except at the artificial corners

1

= , = + 1 + 1, = 0 1.
The DtN conditions are collocated at the two points inside every applicable
element and at every applicable node point including

1

=
+1

, = 0 1.

In the arising linear system the coe�cients have the form of one-dimensional
integrals which can be calculated numerically. Below, the integrals corre-
sponding to one discretizaton interval are referred to as element integrals.

At the artificial corners
1

= , = 0 1, = + 1 + 1 we need to
enforce continuity of the pressure and its tangential derivatives and, there-
fore, extra compatibility conditions are introduced for the approximants, see
Sec.6.4 in Paper I.

The compatibility equations and the collocated equations constitute a sys-
tem of equations which in component form reads

;

;

; = ; (6.1)

where is the coe�cient tensor, is the right-hand side and ; are the
coe�cients of the approximants to be determined. Label = 0 1 corresponds
to approximants of the pressure and the normal derivative respectively. In-
dices on the left of define the boundary where we approximate and

correspond to the interval and the basis function.

For the homogeneous domains where BIEs are used, the ranges of the su-
perscripts of the tensor are = 1

2

for = + 1 + 1 and = 0 1
for = + 1 and for both cases = 0 1, = 1 = 1 2 3.
The combination = 1 = 1 is excluded for = 1

2

or = 0 1 and = 0.

The upper indices correspond to the collocation point on boundary
= 0 1

2

1 of domain ⌦ , = +1 . The bottom boundary of domain
⌦ has indices = 1

2

= + 1. The boundary index together with
the index define the corresponding equation. For = 0, the boundary
label = 0 1

2

1 refers to BIE (5.1), (5.4), (5.2), respectively. For = 1,
the values = 0 1 refer to DtN conditions (4.2) and (4.3), whereas = 1

2

identifies either BIE (5.3) or interface condition (5.7) for = + 1. The
compatibility equations are labeled by exploiting the excluded values = 1
and = 1 for = 0, = 0 1.

The parts of the tensor in (6.1) are assembled from element integrals.
The collocated element integrals are denoted by ;

;

, where all the

18



superscripts and the subscript have exactly the same meaning as for the
coe�cient tensor but have di↵erent default ranges.

Figure 6.1: Construction of element integrals.

Figure 6.1 illustrates how the element integrals corresponding to the bound-
ary equation (5.1) are constructed. Label is equal to zero in this case. The
collocation point 0 is at the left boundary, so = 0. The tips of the ar-
rows mark examples of intervals of element integrals on the four boundaries.
Index = 1

2

0 1

2

1 is a boundary label that combined with domain index
and equation label identifies on which boundary the integration element

is placed. The integers and are integration element index and the index
for the corresponding local basis functions, respectively. The integrands of
the various integrals are of di↵erent types that are discussed in the next
chapter.

The structured description of equations, coe�cients and unknowns by tensor
notation [21, 1] facilitates the generalization of the BEM to even higher order
of accuracy. In order to construct a method with even higher order of the
discretization, the following steps should be performed.

1. Extra basis functions should be introduced in the approximations of
the pressure and normal derivative, and the values of index change.

2. The same must be done in the finite element method for solving the
Sturm-Liouville problem, to be able to calculate the eigenmodes used
in the DtN conditions accurately.

3. The number of collocation points must increase correspondingly to the
number of the basis functions and index changes default values.
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4. We need to use quadratures for the numerical calculation of the ele-
ment integrals, which have su�cient accuracy.

5. Some attention is also needed to the compatibility conditions.

In the following chapters we limit our implementation to fourth-order accu-
rate collocated BEM.
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Chapter 7

Numerical results for the

collocated BEM

Here we present numerical results, that confirm the accuracy of the collo-
cated boundary element method, and discuss some important related issues.

7.1 Quasi-singular integrands

Most of the coe�cients in the linear system of equations arising from dis-
cretization of the BIEs (5.1)–(5.3), consist of element integrals. The integrals
are calculated numerically and the choice of quadrature strongly influences
the performance and convergence of the overall discretization method. The
number of element integrals is of order 2, where is the number of grid
intervals corresponding to all boundaries of one single layer. Therefore, if
the computation of the quadratures is slow, the method becomes very time-
consuming. When the quadratures are not accurate enough, the accuracy
of the whole BEM is destroyed. To achieve fourth-order convergence of the
global error in BEM, quadratures of at least fifth order are required.

The integrand of each element integral is a product of a Green’s function or
its derivative and a basis function. For illustration purpose, let us consider
the integral

H(1)

0

( ) ( ) (7.1)

where the collocation point belongs to the same boundary as the integra-
tion interval and ( ) is a basis function over the element .

When , the integrand in (7.1) has a singularity. In Sec. A.2 of Paper I,
using the Taylor expansion of Bessel functions, we show that the singularity
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is of logarithmic type. The integral with the singular part of the integrand
is calculated with a special three point Gauss–Legendre quadrature for loga-
rithmic singularities [9] and the regular part is calculated by ordinary three
point Gauss–Legendre quadrature.

Among the integrals with nonsingular integrands there are some regular,
when the collocation point is far enough from the integration interval, and
some, which have so-called quasi-singular integrands. The regular integrals
we calculate using three point Gauss–Legendre quadrature, however, the
integrals with quasi-singular integrands can not be calculated accurately
enough by the same quadrature because the Hankel functions are badly
approximated by polynomials close to the singularity.

Figure 7.1: Error behaviour when calculating element integrals. The ver-
tical lines mark a distance of 0.15 wavelengths from the (non-symmetrical)
collocation point

Figure 7.1 shows an example of the error in the element integrals around
a collocation point belonging to the integration interval on the curved
boundary. The results calculated by an applicable (three point Gauss–
Legendre for all non-singular and a specially constructed for the singular
integrals) quadrature are compared with results calculated by the compos-
ite trapezoidal rule with a very large number of subintervals. The errors
are small for the integral over with singular integrand and for the inte-
grals with the non-singular integrands

4

. The integrals
1 2

are not
calculated as accurate as the others. Via suitable numerical experiments
we established that when the distance between a collocation point and an
integration interval is less then 0 15 the integrals, in the problem
settings we are interested in, need a special treatment. The wavelength

22



depends on the material and is computed as . This distance is marked
with the vertical lines in Figure 7.1. The lines are not symmetric because
the collocation points are not symmetrically placed in the interval.

For integrals with quasi-singular integrands we use composite three point
Gauss–Legendre quadrature. Again, via numerical experiments we found
that eight composite intervals su�ce to get the same range of error as in all
others integrals.

The obvious cases of integrals with quasi-singular integrands are when
and belong to the same boundary or to neighbouring boundaries near
corners. A less obvious situation is when two interface boundaries � and
�

+1

become too close to each other. This case is not handled by the current
implementation but could be adjusted without particular di�culties.

7.2 Convergence results

The order of accuracy of the BEM considered here is verified on three types
of problems. The waveguide in all cases consists of three layers. The length
of the channel is 600 m. The frequency is chosen to be 25 Hz. The top layer
has a sound speed = 1500 m/s, has a density = 1000 kg/m3, and has no
attenuation.

Figure 7.2: Problem 1: Relative error of solution (left) and it’s normal
derivatives (right) on all boundaries of the second domain. The resolution
is 10, 15, 20, 25, 30 discretization intervals per wavelength.

For the first test problem we choose to have an analytical solution of
the form

(
1 2

) =
=1

2 0

+1

sin(( 1 2)
1

0

+1

)) exp(
2

)
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where = (( 1 2) 0

+1

)2 2. In this case the bottom of the com-
putational domain is flat, the interfaces �

2

and �
3

are curved but artificial,
i.e., all the layers are of the same medium with the parameters presented
above. Testing our method on this problem, we can check that the boundary
and interface conditions are done properly. The convergence of the relative
error in the solution and the normal derivative in

2

-norm is presented in
Figure 7.2. The solution and the derivative are calculated on the boundaries
of the middle layer and compared with the analytical solution. The numer-
ical experiments confirm that the error between the exact solution and the
computed BEM solution is of the fourth order. The convergence of the error
for the derivative along the curved boundaries is slightly worse. To test the
convergence we use from 10 to 30 discretization intervals per wavelength.

In real application it is su�cient to have error up to 5 percent, thus 10 to
20 intervals per wavelength would be the appropriate resolution.

Figure 7.3: Problem 2: Relative error of solution (left) and it’s normal
derivatives (right) on all boundaries of the second domain. The resolution
is 10, 15, 20, 25, 30 discretization intervals per wavelength.

In the second test problem all � , = 1 + 1, are horizontal.
The second and the third layers have the following parameters. The sound
speed is = 1700 4000 m/s and the density is = 1200 2700 kg/m3,
correspondingly. Attenuation is present only in the bottom layer and equal
to 0 8 dB per wavelength. As a reference solution for this problem we use
the following function from Sec. 3 of Paper I:

(
1 2

) =
=1

(
1

) exp(
2

) (7.2)

where the eigenfunctions (
1

) are solutions to the Sturm-Liouville prob-
lem mentioned in Chapter 4, that is solved numerically on a very fine grid
(50 grid intervals per wavelength).
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Both the solution error and the error in the normal derivative along all
boundaries of the inner layer show a fourth-order convergence, see Figure 7.3.
As in the previous test problem, we mean the relative

2

-error between
the reference solution for the second test problem and the computed BEM
solution.

Figure 7.4: Problem 3: Relative error of solution (left) and it’s normal
derivatives (right) on all boundaries of the second domain. The resolution
is 10, 15, 20, 25, 30, 35 discretization intervals per wavelength.

In the third test problem the media in the layers is as in the second
test problem, but the interfaces and the bottom are curved. As a reference
solution in this case we use the BEM solution of this problem calculated
with the resolution of 50 intervals per wavelength.

The convergence of the error and the normal derivative for the third problem
is shown in Figure 7.4. The solution exhibits fourth order convergence as well
as the normal derivative along all straight boundaries. Curved boundaries
cause a certain drop in convergence. The reason for this behaviour is not
clear yet and needs further investigations.

We get very similar convergence curves of the error in the solution and the
normal derivative on the boundaries of the other layers which are not shown
here.

7.3 Resonance

The radiation boundary conditions in the given form (4.2,4.3) can not handle
standing waves, because for zero (or even for close to zero) eigennumber ,
the coe�cients 0 and 0 can not determine a unique solution. In Paper II
the resonance phenomenon is studied and an algorithm for solution of this
problem is proposed, however not implemented yet.
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A similar uniqueness issue is well known from the literature on boundary
element methods for scattering problems. In [26] it is shown that for the
so called characteristic wavenumbers, equations of the type (3.2) can not
provide a unique solution because of nonphysical singularities associated
with eigenmodes of a related problem for the interior domain.
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Chapter 8

Conclusions and future work

This licentiate thesis consists of two articles, where we consider sound wave
propagation in waveguides consisting of several layers. The open boundaries
are modelled employing non-local radiation boundary condition. In Paper I
we present a complete discretization of a hybrid method that couples the dif-
ferential Helmholtz equation used for inhomogeneous layers and the integral
formulation of the Helmholtz equation for homogeneous layers.

Figure 8.1: Number of unknowns (left) and memory use (right) depending
on frequency for FD (dashed) and BEM (solid)

In Paper II we consider only homogeneous layers and solve the integral
equation, which is discretized by a fourth-order accurate collocated bound-
ary element method. The method is implemented and is shown to have
the expected fourth-order convergence of the solution error. There we also
compare the BEM with the fourth-order accurate finite di↵erence method
from [16] and see that the memory requirements for solving the linear sys-
tems of the methods are of the same order. This is because the matrix
arising from the BEM discretization is dense for each layer while the FD
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matrix is sparse. However, BEM uses less memory than FD for larger prob-
lems, see Figure 8.1. The number of degrees of freedom for BEM is more
than one order of magnitude less than for FD.

During the implementation of the BEM, several di�culties in achieving the
fourth-order convergence numerically were detected. In this work we have
successfully dealt with the crucial ones, such as numerical calculation of in-
tegrals with quasi-singular integrands, and get the desired accuracy. Other,
such as the resonance phenomenon, do not introduce errors in the solution
for the chosen tasks. These are left for future investigation and implemen-
tation in order to improve the method such that it becomes suitable for all
parameters of interest.

The BEM is implemented in Matlab and a direct method for the solution
of the linear system of equations arising from the discretization is currently
used. When the number of layers increases, the construction and implemen-
tation of a suitable iterative method to solve the system of equations is of
interest, in particular since the coe�cient matrix becomes more sparse .
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