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Abstract

The paper gives an overview of various methods for identifying dynamic

errors-in-variables systems. Several approaches are classi�ed by how the

original information in time-series data of the noisy input and output mea-

surements is condensed before further processing. For some methods, such

as instrumental variable estimators, the information is condensed into a

nonsymmetric covariance matrix as a �rst step before further processing.

In a second class of methods, where a symmetric covariance matrix is used

instead, the Frisch scheme and other bias-compensation approaches appear.

When dealing with the estimation problem in the frequency domain, a milder

data reduction typically takes place by �rst computing spectral estimators

of the noisy input-output data. Finally, it is also possible to apply maximum

likelihood and prediction error approaches using the original time-domain

data in a direct fashion. This alternative will often require quite high com-

putational complexity but yield good statistical eÆciency.

The paper is also presenting various properties of parameter estimators

for the errors-in-variables problem, and a few conjectures are included, as

well as some perspectives and experiences by the authors.
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1 Introduction

System identi�cation of linear dynamic systems from noise{corrupted output mea-
surements is a fundamental research problem which has been investigated in the
past decades. Many di�erent solutions have been presented, see, for example,
[20, 21, 30]. On the other hand, the estimation of the parameters for linear dy-
namic systems when also the input is a�ected by noise is recognized as a more
diÆcult problem which only recently has received increasing attention. Represen-
tations where errors or measurement noises are present on both the inputs and
outputs are usually called \errors{in{variables" models and play an important
role when the identi�cation purpose is the determination of the inner laws that
describe the process, rather than the prediction of its future behaviour.

The class of scienti�c disciplines which make use of such a kind of representations
is very broad, as proved by the several applications collected in [36], such as time
series modelling, array signal processing for direction{of{arrival estimation, blind
channel equalization, multivariate calibration in analytical chemistry, image pro-
cessing, astronomical data reduction, etc.

In case of static systems, errors{in{variables representations are closely related to
other well{known topics such as latent variablesmodels and factormodels [14], [24].

With reference to these systems, the assumptions (prejudices) which lie behind the
identi�cation procedure have been thoroughly analyzed in [16], [17] with particu-
lar attention to the Frisch scheme [13]. This scheme, in particular, assumes that
each variable is a�ected by an unknown amount of additive noise and each noise
component is independent of every other noise component and of every variable.
As a consequence of this fact, in this case the solution is constituted by a whole
family of models compatible with the set of noisy data, unlike other traditional ap-
proaches (e.g. least squares, total least squares, maximum likelihood, etc.) where
the solution is characterized by a single model.

The extension to the dynamic case has been considered in the literature by sev-
eral authors with di�erent approaches; in fact the problem can be examined from
di�erent point of views. For example, we can distinguish between time{domain
[20], [30], and frequency-domain methods [23] approaches, exploiting deterministic
signals (e.g. periodic inputs [12]) or stochastic processes, methods that make use
of second{order statistics only or based on higher order cumulant statistics [34],
[35]. When only second{order statistics are exploited it is a well{known result
that, in general, the identi�cation of errors{in{variables models cannot admit a
single solution [1], [2], [3].

Also the stochastic input{output noises can be represented in di�erent ways by
assuming di�erent model structures. For example, in [6] the analysis of the Frisch
scheme, originally related to the static case, has been extended to linear dynamic
SISO systems under the assumption of white and uncorrelated additive noises with
unknown variances. In [5] the identi�cation of SISO errors{in{variables models has
been analyzed by means of frequency{domain techniques. In [8] the identi�abil-
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ity conditions have been studied in case of SISO errors{in{variables model with
coloured input{output noises with unknown rational spectra.

Some comparison between di�erent approaches are given in [26] and [31]. In this
paper we will extend the overviews and give further perspectives and comparisons.
The paper is organized as follows. The next section presents a model example
and gives the general setup used in the paper. The possibility to weaken the
assumptions is also discussed. We also give a way to classify di�erent estimators
based on how the information in the original time series are condensed before the
estimates are computed. Section 3 is devoted to presenting some diÆculties that
are inherent in the problem. Some basic classi�cation schemes of estimators are
introduced in Section 4. Section 5 is devoted to instrumental variable estimators,
and other schemes based on a nonsymmetric covariance matrix, while Section 6
presents the Frisch scheme and other bias-compensation methods, which are all
based on a symmetric covariance matrix. Some frequency domain estimators are
presented in Section 7, while Section 8 is devoted to a prediction error method using
directly the originally time-series data. The paper is �nished by some numerical
examples and a concluding discussion in Section 9.

2 Basic setup and example

As a typical model example, consider the following system with noise-corrupted
input and output measurements.

SYSTEM- -

-

?

?

��
��

��
��
�

�
u(t)

uo(t) yo(t) y(t)

~y(t)

~u(t)

Figure 1: The basic setup for a dynamic error-in-variables problem.

The noise{free input is denoted by uo(t) and the undisturbed output by yo(t).
They are linked through the linear di�erence equation

A(q�1) yo(t) = B(q�1) uo(t); (2.1)

where A(q�1) and B(q�1) are polynomials of the type

A(q�1) = 1 + a1 q
�1 + : : :+ an q

�n (2.2)

B(q�1) = b1 q
�1 + : : :+ bn q

�n
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and q�1 is the backward shift operator, i.e. q�1 x(t) = x(t � 1). It is not restric-
tive to assume that the polynomials A(q�1), B(q�1) have equal degree n, which
represents the order of the system.

In an errors{in{variables environment we assume that the observations are cor-
rupted by additive measurement noises ~u(t) and ~y(t), at the input and output
respectively. Therefore, the available signals are of the form

u(t) = uo(t) + ~u(t)
y(t) = yo(t) + ~y(t)

: (2.3)

In this work the following assumptions are introduced.

A1. The dynamic system (1) is asymptotically stable, i.e. A(z) has all zeros
outside the unit circle; all the system modes are observable and controllable, i.e.
A(z) and B(z) have no common factors. Moreover, the order n of the system is a
priori known.

A2. The true input uo(t) is a zero{mean stationary ergodic random signal.

We may also have

A2'. The spectral density of uo(t) is a rational function.

A3. The sequences ~u(t) and ~y(t) are zero{mean white noises with unknown vari-
ances �u and �y, respectively. These processes are mutually uncorrelated and
uncorrelated with the noise{free signals uo(t) and yo(t).

The problem under investigation can thus be stated as follows.

Problem. Let the available measurements u(t) and y(t), for t = 1; : : : ; N , be
generated in accordance with the previous assumptions. Determine the system
characteristics, i.e. the transfer function

G(q�1) =
B(q�1)

A(q�1)
(2.4)

and the variances �u and �y of the noise sequences.

The assumptions can sometimes be relaxed. In a few cases additional assumptions
need to be imposed.

� The measurement noises may be somewhat correlated. Some estimation
methods can be extended to handle that ~u(t) is a moving average process,
~y(t) is an ARMA process, or that ~u(t) and ~y(t) are correlated.

� Most of the methods can be extended to multivariable systems.

� The problem will be signi�cantly simpli�ed if the noise variances �u and �y
are known, or even only the ratio �y=�u.
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� For a maximum likelihood or prediction error approach, there is a need to
assume also a model parameterization of the unperturbed input signal uo(t),
see Section 8. Note that Assumption A2' implies that uo(t) can be modelled
as an ARMA process.

In order to keep the description reasonably simple, we will stick to the assump-
tions stated earlier. The essential ingredients in the problem are still kept with
this formulation.

3 What diÆculties are inherent in the problem?

In this section we present two ways of coping with the estimation problem, that
both are fairly natural. As we will see, both fail to solve the problem in a successful
way, and we will o�er some explanations. We will also give some aspects on the
identi�ability properties.

3.1 Rewriting the dynamics into an ARMAX model struc-

ture

The idea here is to rewrite the total dynamics into an ARMAX form as follows.
It is easily seen that

A(q�1)y(t)� B(q�1)u(t) = A(q�1)[yo(t) + ~y(t)]� B(q�1)[uo(t) + ~u(t)]

= A(q�1)~y(t)� B(q�1)~u(t) : (3.1)

As the right hand side is the di�erence of two moving average processes, one of
order n and the other of order n�1, one can apply a spectral factorization approach
to get an equivalent description, in the sense that the statistical properties of the
total noise term will remain the same. Therefore, introduce a monic polynomial
C(q�1) and a positive scalar � such that

C(z)C(z�1)� = A(z)A(z�1)�y +B(z)B(z�1)�u : (3.2)

Then we can replace the noise term in (3.1) by one moving average process as

C(q�1)e(t) = A(q�1)~y(t)�B(q�1)~u(t) : (3.3)

where the noise source e(t) will be a white noise sequence of variance �.

Thus it is tempting to try a prediction error approach, [20], [30], where one is
estimating the (extended) parameter vector

� =
�
â1 : : : ân b̂1 : : : b̂n ĉ1 : : : ĉn

�T
(3.4)

in the straightforward way by minimizing the loss function

V (�) =
1

N

NX
t=1

"2(t; �) (3.5)
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and the prediction errors "(t; �) are computed from the model structure

Ĉ(q�1)"(t; �) = Â(q�1)y(t)� B̂(q�1)u(t) : (3.6)

The asymptotic estimate, as the number of data points N tends to in�nity, is given
by the minimizing vector of the asymptotic loss function

V (�) = E"2(t; �)

= E

"
Â(q�1)

Ĉ(q�1)
y(t)� B̂(q�1)

Ĉ(q�1)
u(t)

#2

= E

"
Â(q�1)

Ĉ(q�1)

 
B(q�1)

A(q�1)
uo(t) + ~y(t)

!
� B̂(q�1)

Ĉ(q�1)

�
uo(t) + ~u(t)

�#2

= E

"
Â(q�1)B(q�1)� A(q�1)B̂(q�1)

A(q�1)Ĉ(q�1)
uo(t)

#2

+E

"
Â(q�1)

Ĉ(q�1)
~y(t)

#2
+ E

"
B̂(q�1)

Ĉ(q�1)
~u(t)

#2
(3.7)

One can show that the gradient of the criterion does not vanish for the true pa-
rameter vector, that is

V 0(�o) 6= 0 (3.8)

unless the input is measured exactly (so that �u = 0). Details are shown in the
appendix A. This means that the estimator will not be consistent (and hence not
close to the true value �o for large N).

An alternative way of interpreting that the approach will not give consistent esti-
mates, is to examine the cross-covariance function between the input u(t) and the
prediction error "(t):

r"u(�) = E"(t+ �)u(t) : (3.9)

If a system is operating in open loop, then for an identi�able parameterization the
crosscovariance function will be identically zero. The system may be identi�able
also under causal feedback, in which case it is required

r"u(�) = 0 for � > 0 : (3.10)

The crosscovariance function is to be evaluated for the true parameter vector �o.
In the case under study, the crosscovariance function becomes

r"u(�) = E"(t+ �)u(t)

= E

"
Â(q�1)

Ĉ(q�1)

 
B(q�1)

A(q�1)
uo(t+ �) + ~y(t+ �)

!

� B̂(q�1)

Ĉ(q�1)

�
uo(t+ �) + ~u(t + �)

�#
�̂=�o

h
uo(t) + ~u(t)

i

= E

"
A(q�1)

C(q�1)
~y(t+ �)� B(q�1)

C(q�1)
~u(t+ �)

# h
uo(t) + ~u(t)

i
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= �EB(q�1)

C(q�1)
~u(t+ �)~u(t) 6= 0 : (3.11)

The expected value becomes nonzero, as �u > 0, and by the de�nition (3.2) the

polynomial C(q�1) is never identical to 1. Thus the noise term B(q�1)
C(q�1)

~u(t+ �) will

be correlated with all past values of ~u(t). Note that the relation (3.11) means that
the process has a non-causal feedback, which is the reason why identi�ability is
lost.

3.2 Nonparametric estimation of the true input signal

Another tempting approach is to treat the signal values of the undisturbed input,
uo(t); t = 1; : : :N as auxiliary unknowns to be estimated. Even if this can be
easily done in practice, it seems though not to be a pertinent approach as shown
in the following.

Consider a case as simple as possible, namely a purely static system:

y(t) = buo(t) + ~y(t)
u(t) = uo(t) + ~u(t)

(3.12)

We regard
� = (b �y �u)

T ; Uo = (uo(1) : : : uo(N))T (3.13)

as the unknowns. Assume the data to be Gaussian distributed. The negative
loglikehood function will then be (neglecting a constant term)

L(�; Uo) =
1

2�y

NX
t=1

[y(t)� buo(t)]
2

+
1

2�u

NX
t=1

[u(t)� uo(t)]
2 +

N

2
log�y +

N

2
log�u : (3.14)

The loss function L(�; Uo) is easily �rst minimized with respect to Uo giving

uo(t) =
b�uy(t) + �yu(t)

b2�u + �y
; t = 1; : : : ; N : (3.15)

It is shown in the appendix B that the concentrated loss function

V (�) = min
Uo

L(�; Uo) (3.16)

is not minimized for the true parameter values.

3.3 Some comments on identi�ability

Based on the analysis of Section 3.2, we make the following claim.

Conjecture 3.1. Including all the values of the undisturbed input as additional
parameter estimates, will not make it possible to estimate the parameter vector of
concern, �, in a consistent way.
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Note that the conjecture refers to a situation of nonparametric treatment of the
undisturbed input. It does not matter if the estimation is carried out in the time
domain or in the frequency domain. However, in case uo(t) is described by a para-
metric model (say with a �xed �nite number of parameters), then the situation is
di�erent. See Section 8 for more details.

Conjecture 3.2. Some structural assumptions (such as model order, correla-
tion structure of measurement noise) are needed for the estimation to be uniquely
solved, but these assumptions cannot be veri�ed from data. Expressed di�erently,
the given data cannot be expressed in a unique way as due to measurement noise
and the unknown input.

The following example supports and illustrates Conjecture 3.2.

Example 3.1. Let the measurement noises be auto-correlated, with spectral
densities �~u; �~y, respectively. Set

z(t) =

 
u(t)
y(t)

!
: (3.17)

In the Gaussian case all information in the data is represented by the second order
statistics, notably in the spectrum

�z =

 
1 G�

G GG�

!
�uo +

 
�~u 0
0 �~y

!
: (3.18)

With �z given and G; �uo; �~u; �~y as unknowns, there is no unique solution to
(3.18). Recall that due to symmetry, the nondiagonal elements of �z brings iden-
tical information.

To be more explicit, let the estimates of the aforementioned variables be denoted
by Ĝ; �̂uo; �̂~u; �̂~y. Equating the elements of (3.18) leads to

�̂uo + �̂~u = �uo + �~u

Ĝ�̂uo = G�uo (3.19)

ĜĜ��̂uo + �̂~y = GG��uo + �~y : (3.20)

Choose a spectrum �̂uo (so far arbitrarily). One can with straightforward calcula-
tions derive

Ĝ = G
�uo

�̂uo
(3.21)

�̂~u = �~u + �uo � �̂uo (3.22)

�̂~y = �~y +GG�

 
�uo �

�2uo
�̂uo

!
: (3.23)

Requiring that �̂~u and �̂~y are positive de�nite function will give the possible values

of �̂uo. Some straightforward calculations give

� �uo�~y

�uoGG
� + �~y

� �̂uo � �uo � �~u : (3.24)
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This shows clearly that except for the trivial and true solution �̂uo = �uo, many
more solutions are possible.

In the frequency domain an essential assumption for identi�ability is that the noisy
input{output signals u(t), y(t) have a rational spectrum, [8]. In this case the iden-
ti�ability of the EIV system is ensured even if the orders of the processes are not a
priori known, provided that no zero/pole cancellation occurs between the transfer
function G(q�1) and the ARMA model of the noise{free input u0(t), and all the
ARMA processes involved in the EIV representation do not share common poles.

In the paper [22], the problem of identifying multivariable EIV models from the
population second moments of the observations is considered. Starting from the
fact that this knowledge is not suÆcient for uniquely identifying the underlying
system, a class of observationally equivalent systems is derived and the continuity
property of mapping relating this class to the spectral densities of the observations
is investigated. A particular attention is turned to the models characterized by
the maximum number of outputs.

4 Classi�cation of estimators

Estimation methods can be classi�ed and organised in di�erent ways. Here, we
have found it useful to group methods together, based on an initial data compres-
sion step. After a �rst `pre-processing' of the data, some reduced information is
set up and used for the �nal computation of the parameter estimates. In case the
condensed information is really a suÆcient statistics, one would even be able to
achieve statistical eÆciency in the �nal step. Also when this is not the case, such
an estimation scheme can still be useful, for example due to low computational
complexity.

The two steps of the estimators, with an initial data compression, are illustrated
in the Figure 2 below.

Data Condensed
information Estimate- -

Figure 2: Classi�cation of the data compression prior to the estimation step.

The di�erent groups of methods that will be discussed in the sections to follow,
di�er in the way the data compression is carried out. The following cases will be
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treated.

a) Using a nonsymmetric covariance matrix

b) Using a symmetric covariance matrix

c) Using the input-output spectrum

d) Using the time-series data

5 Estimation methods based on a covariance ma-

trix

In this section we will use the parameter vector

� = (a1 : : : an b1 : : : bn)
T �
= (aT bT )T (5.1)

and the extended parameter vector

� =

 
1
�

!
: (5.2)

Similarly we introduce the regressor vector

'(t) = (�y(t� 1) : : :� y(t� n) u(t� 1) : : : u(t� n))T (5.3)

and the extended regressor vector

'(t) = (�y(t) : : :� y(t� n) u(t� 1) : : : u(t� n))T

= (�y(t) 'T (t))T : (5.4)

Further, we will use the conventions:

� �o denotes the true parameter vector, and �̂ denotes its estimate.

� 'o(t) denotes the noisefree part of the regressor vector.

� ~'(t) denotes the noise-contribution to the regressor vector.

Using the above notations, and the system description (2.1) it follows that

'To (t)�o = (�yo(t) 'To (t))

 
1
�o

!
= �A(q�1)yo(t) +B(q�1)uo(t) = 0 : (5.5)

Further introduce a vector z(t) of dimension 2n or larger, satisfying

Ez(t)~'
T
(t) = 0 ; (5.6)

where
~'
T
(t) = (�~y(t) : : : :� ~y(t� n) ~u(t� 1) : : : ~u(t� n)): (5.7)
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As the noise sequences f~y(t)g and f~u(t)g are assumed white, one can for example
let the vector z(t) in (5.6) be formed from delayed inputs u(t � L) and outputs
y(t� L) with the delay L > n in order to satisfy (5.6).

We can now write, using (5.5) and (5.6),

Ez(t)'T (t)�o = Ez(t)
�
'To (t) + ~'

T
(t)
�
�o = 0 (5.8)

which we write for short as
Rz'�o = 0 : (5.9)

The matrix in (5.9) can easily be estimated from the data as

dRz' =
1

N

NX
t=1

z(t)'T (t) (5.10)

and due to the relation (5.9) one can derive several estimators from the approxi-
mate relation

dRz'�̂ � 0 : (5.11)

One possible approach for de�ning the estimate, leading to an instrumental vari-
able (IV) estimator (cf [26], [30]) is to partitionate the matrix in (5.11) as

�
r̂ dRz'

� 1

�̂

!
= r̂ + dRz'�̂ � 0 : (5.12)

In case dim z(t) = 2n, the relation (5.12) gives a linear system of equation with
an exact solution, namely the basic IV estimator

�̂IV = �dRz'

�1
r̂ : (5.13)

When the vector z(t) has higher dimension than 2n, (5.12) gives an overdetermined
system, and has in general no exact solution. A weighted least squares estimator
may be taken, which gives the extended IV estimator, see [29], [30],

�̂EIV = �(dRz'

T
W dRz')

�1(dRz'

T
Wr̂) (5.14)

where W is a positive de�nite weighting matrix (no weighting, that is W = I, is
one possible choice).

An alternative approach for exploiting (5.11) is to note that the relation means
that the matrix dRz' is close to singular. Let ŵ denote its right singular vector,
associated with its smallest singular value. Then, except for a normalization, ŵ

should coincide with �̂. Using Matlab notations, this leads to the estimate

�̂SVD = ŵ2:2n+1=ŵ1 : (5.15)

For the case when dim z(t) = 2n the estimator �̂IV and �̂SV D coincide. This is
easily seen as follows. First note that in this case dRz' is of dimension 2n� (2n+1)
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and is hence singular. The smallest singular value is zero, and the associated
singular vector turns out to be (1 �̂TIV )

T :

dRz'

 
1

�̂IV

!
=
�
r̂ dRz'

� 1

�dRz'

�1
r̂

!
= 0 : (5.16)

When dim z(t) > 2n holds, the two estimators di�er. However, it can be shown,
see [27], that they have the same asymptotic covariance matrix in the following
sense. It holds that for large N

p
N(�̂IV � �o)

N!1�! N (0; PIV ) (5.17)p
N(�̂SV D � �o)

N!1�! N (0; PSVD) ; (5.18)

where

PIV = �(RT
z'WRz')

�1RT
z'W cov

�
C(q�1)z(t)

�
WRz'(R

T
z'WRz')

�1(5.19)

PSVD = �(RT
z'Rz')

�1RT
z'cov

�
C(q�1)z(t)

�
Rz'(R

T
z'Rz')

�1 : (5.20)

The covariance matrix PIV , (5.19) apparently depends on the weighting matrixW .
It can be shown in the same way as for other instrumental variable estimators, see
[29], [30], that there is an optimal choice of the weighting matrix. The covariance
matrix PIV is minimized with the choice

W =
�
cov

�
C(q�1)z(t)

��
�1

: (5.21)

Comments:

� One of the principal advantages of IV the method is its applicability under
fairly general noise conditions.

� It is rather inexpensive from a computational point of view.

� However, with this procedure a poor accuracy of the parameter estimates is
often obtained.

� The main idea of the IV technique, based on well{known properties of the
correlation functions, has been subsequently developed and generalized in
several ways, e.g. by combining it with a weighted subspace �tting ap-
proach [32]. This combined instrumental variable weighted subspace �tting,
or IV-WSF, can be viewed as an extension to the approach discussed above.
Here the regressor vector '(t) in (5.3) corresponds to a model order p such
that p � n. Let the null vector of dimension p � n be denoted by � and
�p = [1 aT �T bT �T ]T . Denote the �rst column of p � n + 1 dimensional
identity matrix by �. Consider the Toeplitz matrix G(�) having �p as its
�rst column and �T as its �rst row. Then it can be shown that (5.9) gets
modi�ed to

Rz'G(�) = 0: (5.22)

An approach to exploit (5.22) is to �t G(�) to span the null space of Rz'.
Let the columns of ~G be the right singular vectors corresponding to the least
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p� n + 1 singular values of dRz'. Then one way to determine �̂ is to minimise

the distance between G(�̂) and the span of ~G, i.e.

�̂ = argmin
�

�
min
C

1

2

h
vec(G(�)� ~GC)

iT
W
h
vec(G(�)� ~GC)

i�
(5.23)

where C is a nonsingular (p � n + 1) � (p � n + 1) matrix, W is a positive
de�nite weighting matrix and may be data dependent, and vec(�) denotes
the vectorization operation. This can be shown to be equivalent to (see [32]
for details)

�̂ = argmin
�

1

2

h
vec(STG(�))

iT
Q
h
vec(STG(�))

i
: (5.24)

where Q is a positive de�nite weighting matrix and may be data dependent,
and the columns of S are the right singular vectors corresponding to the
largest p+ n singular values of dRz'. For optimal selection of the weighting
matrix Q and the corresponding implementational aspects we refer to [32].
The optimal weight determination is computationally expensive. The details
of the computationally economical sub-optimal IV-WSF can be found in [9].

� Rz' has to be full rank for the IV based estimates to exist. This is a
persistence-of-excitation like condition to be satis�ed by the noise-free in-
put signal.

� IV based subspace algorithms employing the state space models are proposed
in [10]. These algorithms can be applied to MIMO systems operating in open
or closed loop, where one has to account for the process noise also.

6 Bias-compensating schemes

Now return to (5.11) but substitute z(t) by '(t). Set further

r = �E'(t)y(t) : (6.1)

Now, (5.9) will no longer hold, but instead

R''�o = r +R''�o

= r + [R'o'o + R ~' ~']�o

= R ~' ~'�o : (6.2)

The matrix

R ~' ~' =

 
�yI 0
0 �uI

!
(6.3)

in these normal equations will cause a bias in the least squares estimator

�̂LS = �R̂�1''r̂ : (6.4)
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Assuming the noise variances are known or estimated, a bias-compensated least
squares scheme can be constructed as

�̂BCLS =

"
R̂'' �

 
�̂yI 0

0 �̂uI

!#�1
r̂ : (6.5)

In the case of no input noise, it is fairly straightforward to devise an estimator for
�y, using a TLS scheme, see [33].

The Frisch scheme can be viewed as a more advanced bias-compensating scheme.
Note that due to the property (5.5) the matrix

R'
o
'
o
= E'o(t)'

T
o (t) (6.6)

is singular (more speci�cally, positive semide�nite with one eigenvalue equal to
zero). Now let �̂u be some estimate of �u. The estimated output noise variance
�̂y is then constructed so that

R̂'' �
 
�̂yI 0

0 �̂uI

!
(6.7)

is singular. Hence �̂y will be an implicit function of �̂u, [6]. The procedure can be

repeated with the model order n increased by one unit. In case R̂'' would be re-
placed by its true value R'' we would then get a situation as displayed in Figure 3.

P

B
A

�u

�y

�̂u

�̂y

Figure 3: Illustration of the principle for Frisch estimation.

In Figure 3 curve B corresponds to the true model order, while curve A applies for
the increased model order. The coordinates of the common point P give precisely
the true noise variances �u; �y.

For a �nite data set the situation is less ideal, and there is not a distinct point P
where the curves A and B share a common point. We refer to [6], [31] for more
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detailed aspects on how the Frisch scheme can be implemented.

Comments on early work in the �eld:

� One of the �rst solutions for identi�cation of dynamic errors{in{variables
models using a bias-compensated scheme was presented in the works of Koop-
mans [18] and Levin [19] (see also [4]).

In more recent years the Koopmans{Levin method has been re-proposed by
several authors with slightly di�erent variants [7], [11], [37].

One of the main drawbacks of the Koopmans{Levin method is constituted
by the fact that the input and output noises are assumed white and the ratio
of their variances is a priori known. These restrictive assumptions drastically
reduce the practical use of the method.

� The Frisch scheme approach takes its name from a classical algebraic es-
timation problem, see [13], which was extended to the dynamic case in in
[6]. In this work it was developed a procedure for identifying linear dynamic
systems in presence of additive and uncorrelated white noises with unknown
(and possibly di�erent) variances.

� The compensated-bias least-squares techniques [33], based on suitable pre-
�ltering elaborations of the available data, are even more exible since they
can work under more general noise conditions than those of assumption A2.
The appealing properties of these approaches have been deeply investigated
in recent years and several recursive and o�{line algorithms have been pro-
posed [40], [41], [42]. The BELS method is such a bias-compensation ap-
proach, where the noise variances and the parameter vector are estimated
iteratively. Let us consider the model with over-parameterised numerator
polynomial. De�ne

�� = [a�T b�T ]T ; (6.8)

where a� = (a1 : : : an 0)T and b� = (b1 : : : bn)
T , the corresponding regressor

vector being

'�(t) = (�y(t� 1) : : :� y(t� n� 1) u(t� 1) : : : u(t� n))T : (6.9)

It is possible to form the biased least squares estimate �̂�LS. It follows from
(6.1) - (6.4), with necessary modi�cations in notations,

lim
N!1

�̂�LS = ��o � R�1'�'�R ~'� ~'��
�

o: (6.10)

One can also establish that (refer [38] for details),

lim
N!1

1

N

NX
t=1

h
y(t)� '�T (t)�̂�LS

i2
= lim

N!1

h
�y
�
1 + a�T â�LS

�
+ �ub

�T b̂�LS
i
(6.11)
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� lim
N!1

hT â�LS = �yh
TR11a

� + �uh
TR12b

� (6.12)

where we introduced the (n + 1) dimensional vector h = [0 : : : 0 1]T . The
matrix R11 and R12 are (n+ 1)� (n+ 1) and (n+ 1)� n, respectively, and
formed by the partition of the matrix R�1'�'� as follows,

R�1'�'� =

 
R11 R12

R21 R22

!
: (6.13)

The iteration is initialized using �̂�o = �̂�LS and one can solve approximately for
�u and �y using (6.11) and (6.12). These values of �u and �y are used in (6.10)

to get a new estimate of �̂�o . The steps are repeated until convergence. Similar
procedure can be derived by overparameterising the numerator polynomial
also. The method can be extended for coloured output noise. We refer to
[38], [39] for a detailed analysis.

7 Frequency domain estimators

The idea here is similar to that of the Frisch scheme, with the important di�erence
that we use the full spectral information in the data and not only the covariance
matrix (5.10).

To be more speci�c, introduce the notation

z(t) =

 
u(t)
y(t)

!
; zo(t) =

 
uo(t)
yo(t)

!
(7.1)

for the input-output data. The spectral density of the input-output data satis�es

�z(!) =

 
1

G(ei!)

!�
1 G�(ei!)

�
�uo(!) +

 
�y 0
0 �u

!
; 8! (7.2)

If the spectral density matrix �z is known, and an appropriate diagonal matrix is
subtracted, then one would get a rank 1 matrix, corresponding to the �rst term
of (7.2), for all frequencies !. In case the decomposition as in (7.2) can be carried
out, the �rst term would easily lead to estimates of the transfer function G(ei!)
and the true input spectrum �uo(!).

The above idea is developed in [5] using an FFT-based spectral estimator. The
quality of the estimates is moderate. A more promising approach, based on a
black-box modelling of the spectral density �z is described in [28].

Another frequency domain identi�cation technique which is employing periodic
noise-free input signal is proposed in [15]. It is essential for the method to work
that the signal uo(t) is periodic. The discrete Fourier Transform based technique
uses the fact that the DFT coeÆcients of the time domain measurement noise, are
complex-normally distributed and independent over frequencies. First, for each
period of the observed periodic data, a maximum likelihood estimate of the pa-
rameter vector is obtained. This is followed by the averaging of the corresponding
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estimates of the frequency response functions. This method gives biased parameter
estimates because the ML estimation step uses estimated variances of the noises.
To improve upon the performance of the estimators a 'logarithmic averaging' is
used over the periods. This approach yields practically consistent estimates.

8 Maximum likelihood and prediction error ap-

proach

In this method the errors{in{variable model (2.1), (2.3) is regarded as a multivari-
able system with both u(t) and y(t) as outputs [26]. Of crucial importance for this
approach is the assumption A2, i.e. the noise{free input uo(t) is characterized by
a rational spectrum. The signal uo(t) can thus be represented by its innovations
form, described as an ARMA process of the type

uo(t) =
C(q�1)

D(q�1)
e(t) ; (8.1)

where e(t) is a white noise with variance �e and the polynomials C(q�1), D(q�1)
are of the form

C(q�1) = 1 + c1 q
�1 + : : :+ cp q

�p

D(q�1) = 1 + d1 q
�1 + : : :+ dp q

�p ; (8.2)

with known degree p; moreover, C(z) and D(z) are relatively prime and asymp-
totically stable polynomials. In this way, the whole errors{in{variables model

u(t) = uo(t) + ~u(t)

y(t) = G(q�1) uo(t) + ~y(t) (8.3)

uo(t) = C(q�1)=D(q�1) e(t)

can be considered as a system with a two{dimensional output vector z(t) =
[u(t) y(t)]T and three mutually uncorrelated white noise sources e(t), ~u(t) and
~y(t):

 
u(t)
y(t)

!
=

0@ C(q�1)
D(q�1)

1 0
B(q�1)C(q�1)
A(q�1)D(q�1)

0 1

1A
0B@ e(t)

~u(t)
~y(t)

1CA : (8.4)

In this way the model C(q�1)=D(q�1) of the undisturbed input is a part of the
errors{in{variables representation and its coeÆcients must be estimated together
with the parameters of A(q�1) and B(q�1).

Using well{known techniques the model (8.4) can be converted into the innovations
form

z(t) = S(q�1) "(t) ; (8.5)

where S(z) is the square (2 � 2) canonical (stable and minimum{phase) spectral
factor of �z(!) and "(t) is the two{dimensional innovations vector with identity
covariance matrix. One way to compute (8.5) from (8.4) is to convert the model
(8.4) into a state space form. Then, the innovations form (8.5) can be computed
from the Kalman �lter after solving a Riccati equation. Since the innovations "(t)
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of model (8.5) can also be interpreted as the one step ahead prediction errors, a
prediction error method can be applied for the identi�cation of the system pa-
rameters. The parameter vector � includes the coeÆcients of polynomials A(q�1),
B(q�1), C(q�1), D(q�1) and the variances �e, �y, �u. The solution of the identi�-
cation problem in Section 2 is then determined by minimizing the loss function

J(�) = det

 
1

N

NX
t=1

"(t) "T (t)

!
; (8.6)

where N is the number of input{output samples.

Comments and experiences:

� As it always happens for identi�cation of multivariable systems, the choice of
a suitable parameterization of the model is a crucial point of the approach.

� In [25, 26] it was proved that this method yields consistent parameter esti-
mates under quite mild conditions.

� Its main disadvantage is that the numerical optimization procedure is, in
general, quite involved since at every step a Riccati equation must be solved
in order to �nd the innovations "(t) used in (8.6).

� The procedure may fail to give good results when only poor initial parameter
estimates are available.

� Even if this technique can work with rather arbitrarily correlated noises, an
extended system representation by including also models for the noises is
needed.

9 Numerical illustration and concluding discus-

sion

Some comparisons of di�erent methods for identifying errors-in-variables models
have appeared in the literature, for example in [26], [31]. Here we present some
additional illustrations of three methods:

� The instrumental variable estimator (5.13), with delayed inputs in the in-
strumental vector z(t).

� The Frisch scheme presented in Section 6.

� The prediction error method presented in Section 8.

The focus will be on comparing the computational load and the achieved model
accuracy.

For this purpose two systems will be used for numerical simulations, namely
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S1 G(q�1) = 1:0q�1

1�0:8q�1 ; uo(t) =
1

1�0:5q�1 e(t) ;

�u = 1; �y = 1; �e = 1 ;

S2 G(q�1) = 1:0q�1+0:5q�2

1�1:5q�1+0:7q�2 ; uo(t) =
1

1�0:9q�1 e(t) ;

�u = 1; �y = 1; �e = 1 :

(9.1)

Example 9.1. We compare the computational load by measuring the number of
Matlab ops. This value should not be regarded as a very exact measure of the
computational complexity, as it is inuenced by the implementation and coding.
Nevertheless, it will give the correct order of magnitude. It can be noted that all
three methods estimate the coeÆcients of A(q�1) and B(q�1). In addition, the
Frisch scheme also gives estimate two more parameters (�u and �y), and PEM
another two (for modelling uo(t)). Hence the total number of parameters in the
models will be as follows.

IV Frisch PEM

S1 2 4 6
S2 4 6 8

The mean values of the number of Matlab ops from 10 realisations, each with
N = 200 data points, are presented in Figure 4.

2 3 4 5 6 7 8
10

4

10
5

10
6

10
7

IV

Frisch

PEM

# parameters

#

op
s

Figure 4: Illustration of the computational loads.

It is apparent that PEM is considerably more computationally demanding than
the other two methods. This is fairly natural, as it involves a nonlinear optimi-
sation problem, where each function evaluation requires a considerable amount of
calculations.
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Example 9.2. In this example the achieved model accuracy is studied. For
this purpose the system S2, (9.1), is used with di�erent values of the input noise
variance �u. The model accuracy is expressed using the scalar measure

NRMSE =
1

k �̂ k

vuut 1

M

MX
i=1

k �̂i � � k2 (9.2)

Here, �̂i is parameter estimate in realisation i, andM is the number of realisations.
In the numerical study, M = 20; N = 200. The �ndings are given in Figure 5.

1 2 3
10

−1

10
0

10
1

PEM

Frisch

IV

�u

N
R
M
S
E

Figure 5: Illustration of the estimation accuracy.

One can see that PEM gives best accuracy, as expected (it should achieve the
Cram�er-Rao lower bound when N goes to in�nity). Further, one �nds that Frisch
gives somewhat weaker accuracy, while the instrumental variable approach has the
worst performance.
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Appendix

A Gradient of the loss function (3.5)

We write the loss function (3.7) as

V (�) = V1(�) + V2(�) (A.1)

where

V1(�) = E

"
Â(q�1)B(q�1)� A(q�1)B̂(q�1)

A(q�1)Ĉ(q�1)
uo(t)

#2
(A.2)

V2(�) = E

"
Â(q�1)

Ĉ(q�1)
~y(t)

#2
+ E

"
B̂(q�1)

Ĉ(q�1)
~u(t)

#2
(A.3)

As V1(�) � V1(�o) = 0, it follows that V1(�) has a minimum for the true parameter
vector �o, and hence

V 0

1(�o) = 0 (A.4)

We then focus on evaluating the gradient of V2(�) at the true parameter vector.
Let j be an integer satisfying 1 � j � n. Then

@V2(�)

@aj
= 2E

"
A(q�1)

C(q�1)
~y(t)

# "
q�j

C(q�1)
~y(t)

#
(A.5)

@V2(�)

@bj
= 2E

"
B(q�1)

C(q�1)
~u(t)

# "
q�j

C(q�1)
~u(t)

#
(A.6)

@V2(�)

@cj
= �2E

"
A(q�1)

C(q�1)
~y(t)

# "
q�jA(q�1)

C2(q�1)
~y(t)

#
� 2E

"
B(q�1)

C(q�1)
~u(t)

# "
q�jB(q�1)

C2(q�1)
~u(t)

#

= �2 1

2�i

I "
A(z)

C(z)

z�jA(z�1)

C2(z�1)
�y +

B(z)

C(z)

z�jB(z�1)

C2(z�1)
�u

#
dz

z

= �2 1

2�i

I z�j

C(z�1)

A(z)A(z�1)�y +B(z)B(z�1)�u
C(z)C(z�1)

dz

z

= �2 1

2�i

I z�j

C(z�1)
�
dz

z
=

2�

2�i

I zj�1

C(z)
dz = 0 (A.7)

The last equality in (A.7) follows as the integral has no poles inside the unit circle.
On the other hand, the elements in (A.5), (A.6) are in general nonzero. As an
illustration, particularly in the case of n = 1 we get

@V2(�)

@a
= 2E

"
1 + aq�1

1 + cq�1
~y(t)

# "
q�1

1 + cq�1
~y(t)

#
=

2�y
1� c2

(a� c) 6= 0 ;

@V2(�)

@b
= 2E

"
bq�1

1 + cq�1
~u(t)

# "
q�1

1 + cq�1
~u(t)

#
=

2�u
1� c2

b 6= 0 :
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B The concentrated loss function

The concentrated loss function (3.16) becomes, after inserting (3.15) into (3.14)

V (�) = min
Uo

L(�; Uo)

=
1

2�y

NX
t=1

"
�y(y(t)� bu(t))

b2�u + �y

#2

+
1

2�u

NX
t=1

"
b�u(y(t)� bu(t))

b2�u + �y

#2
+
N

2
log�y +

N

2
log�u

=
N

2

"
1

(b2�u + �y)

�
R̂y + b2R̂u � 2bR̂yu

�
+ log�y + log�u

#
(B.1)

where

R̂y =
1

N

NX
t=1

y2(t); R̂u =
1

N

NX
t=1

u2(t); R̂yu =
1

N

NX
t=1

y(t)u(t) : (B.2)

The minimum point of V (�) will obviously be some function of the covariance
elements in (B.2). This is alarming from a consistency point of view, as for the
asymptotic case (N !1) we have

Ry = Ey2(t) = b2oRuo + �oy
Ryu = boRuo (B.3)

Ru = Ruo + �ou :

These covariance elements depend not only on the three true values of the � el-
ements: bo; �ou; �oy, but also on Ruo. Expressed di�erently, (B.3) as a system
of equations with bo; �

o
u; �

o
y; Ruo as unknowns will lead to an underdetermined

system.

More speci�cally, setting the gradient of V (�) to zero gives:

Vb : (b2�u + �y)(2bR̂u � 2R̂yu)� 2b�u(R̂y + b2R̂u � 2bR̂yu) = 0

b2�uR̂yu + b(�yR̂u � �uR̂y)� �yR̂yu = 0 : (B.4)

V�u : � b2

(b2�u + �y)2
(R̂y + b2R̂u � 2bR̂yu) +

1

�u
= 0 : (B.5)

V�y : � 1

(b2�u + �y)2
(R̂y + b2R̂u � 2bR̂yu) +

1

�y
= 0 : (B.6)

Dividing (B.5) by (B.6) gives

�y = b2�u : (B.7)

Inserting (B.7) into (B.4) gives

b2�uR̂yu + b�u(b
2R̂u � R̂y)� b2�uR̂yu = 0

leading to (except for the degenerate solutions b = 0 and �u = 0)

b = �
q
R̂y=R̂u : (B.8)
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This clearly shows the lack of uniqueness, and hence of loss of identi�ability. In
case we would like to characterize the complete solution anyway, inserting (B.7)
and (B.8) into (B.5) gives

� b2

4b4�2u
(R̂y + b2R̂u � 2bR̂yu) +

1

�u
= 0 ;

leading to

�u =
1

2b2
(R̂y � bR̂yu) =

1

2
R̂u � 1

2

vuutR̂u

R̂y

R̂yu ; (B.9)

and �nally

�y =
R̂y

R̂u

�u =
1

2
R̂y � 1

2

vuutR̂y

R̂u

R̂yu : (B.10)

It is obvious that the estimates (B.8), (B.8), (B.10) di�er from the true values.
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