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Abstract

Navier-Stokes’ equations are discretized in space by a finite volume
method. Error equations are derived which are approximately satisfied by
the errors in the solution. The dependence of the solution errors on the
discretization errors is analyzed in certain flow cases. The grid is adapted
based on the estimated discretization errors. The refinement and coarsen-
ing of the grid are anisotropic in the sense that it is different in different
directions in the computational domain. The adaptation algorithm is ap-
plied to laminar, viscous flow over a flat plate, in a channel with a bump,
and around a cylinder and an airfoil.

Keywords: finite volume method, anisotropic grid refinement, error
equation, viscous flow

AMS subject classification 2000: 65N50, 76M12

1 Introduction

The steady state solution of the incompressible and compressible Navier-Stokes
equations is computed by a grid adaptive procedure in two space dimensions in
this paper. The equations are discretized by a second order accurate finite volume
method. New cells are introduced and concentrated in areas of the computational
domain where an error estimate indicates that the discretization (or truncation)
error is too large. In this way, computing time and memory are saved compared
to having a fine grid over the whole domain.

The grids are structured and partitioned into blocks. All cells in a block
are refined or coarsened. The grid size may change discontinuously between
two blocks with a common interface. The alternative is to refine single cells by
splitting them into four (2D) or eight (3D) cells. The advantages with adaptivity
in blocks of cells are that the administration is reduced in particular for time
dependent problems, it is easier to maintain second order accuracy in all cells
and the parallelization of the code is simplified. The adaptation algorithm here
generates anisotropic grids with refinement only in one grid direction. Such grids
are well suited for the Navier-Stokes equations where the solution in a laminar
boundary layer often varies slowly in the streamwise direction and rapidly normal
to the wall. The method is applicable also to quadrilaterals in unstructured grids.
Such grids are often organized in a ’structured’ way close to solid surfaces.

The discretization errors are estimated by comparing the discretization on
a fine grid with the discretization on coarser grids. These estimates determine
where the original grid is changed. It is more difficult to estimate the errors
in the solution. These errors satisfy error equations approximately. The error
equations are solved using fundamental solutions and Green’s functions in four
examples. There the solution errors are bounded by the discretization errors in
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the supremum norm. While it is possible to construct examples where the dis-
cretization errors are propagated and accumulated so that the solution errors are
much larger, in many cases in practice they are of the same order of magnitude.
Hence, it is often sufficient to decide where to refine and coarsen a grid using
the discretization error. This is the strategy when the time step is selected in
adaptive methods for ordinary differential equations [26]. The size of the residual
is also the interruption criterion in iterative solvers of systems of linear equations.

The cells of two adjacent blocks overlap at the interfaces. High order interpo-
lation is necessary there for the discretization to be of second order also for second
derivatives. The accuracy and stability of interpolation schemes are investigated
in [10].

Other work on adaptive methods for flow problems is reviewed briefly. A
block adaptive algorithm for inviscid flow is developed in [9]. The discretization
errors are estimated and the solution errors in certain variables are controlled. A
more complicated data structure for the grids, compared to what we have here
and in [9], is found in [3] with examples of inviscid flow including shocks. Sim-
ilar techniques for viscous flow are described in [15], [27]. The grid is refined in
patches also in [29] and the Navier-Stokes equation is solved in parallel. Lam-
inar flow around an airfoil is computed in [11]. Other related applications are
magnetohydrodynamics [22], porous flow [14], and the plasma fluid equations [5].

Viscous flow problems are solved in [2] by the finite element method and a
posteriori error estimation. Weights are computed with an adjoint equation. In-
troductions to such techniques are found in [7], [23]. These weights determine
the influence of a discretization error on the error in functionals of engineer-
ing interest. The advantage of unstructured grids is their ability to represent
geometrically complicated objects. An example of adaptive techniques for the
Navier-Stokes equations is [19]. An alternative to adding more cells is to keep
the number of cells constant but to move them to areas where more resolution is
needed as in [13]. The cells are easily skewed with such a method and crossings
of grid lines are difficult to avoid. Time dependent parabolic problems are solved
in [30] and hyperbolic problems in [18] with adaptivity in space and time. Flame
fronts in combustion are followed by adaptive grids in [12], [25].

The finite volume discretization of the equations is discussed in the next
section. The interpolation of the variables in the overlapping ghost cells at the
block interfaces is taken from [10]. The error equations satisfied by the solution
errors are derived and solved in four special cases in Sect. 3. Then the algorithm
for anisotropic grid adaptation is given in Sect. 4 including a result for the
discretization error estimates. In Sect. 5 the algorithm is applied to four different
examples: viscous flow over a flat plate, in a channel with a bump, around a
cylinder and around an airfoil. The range of the Reynolds number Re is between
30 and 5000 and the flow is laminar and incompressible or compressible. In the
computational domain, a general norm is denoted by ‖ · ‖, the supremum norm
by | · |∞, and the Euclidean vector norm by ‖ · ‖2.
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2 Navier-Stokes’ equations and their discretiza-

tion

Let w = (ρ, ρu, ρv, ρE)T be the state vector, where ρ is the density, u and v are
the velocity components in the x and y directions, and E is the total energy.
Then the Navier-Stokes equations in two dimensions for the time-independent
flow of a compressible fluid are in conservation form

∂f(w, ∇w)

∂x
+

∂g(w, ∇w)

∂y
= 0. (1)

The flux vectors f and g are defined by

f =




ρu
ρu2 + p− µS11

ρuv − µS21

(ρE + p)u− µ(uS11 + vS21)


 , g =




ρv
ρuv − µS12

ρv2 + p− µS22

(ρE + p)v − µ(uS12 + vS22)


 ,

(2)

where µ is the viscosity coefficient and S is the strain rate tensor defined by

S =

(
4
3
ux − 2

3
vy uy + vx

uy + vx
4
3
vy − 2

3
ux

)
. (3)

A subscript x or y denotes differentiation with respect to the variable. The
pressure p satisfies

p = (γ − 1)ρ(E − 0.5(u2 + v2))

and the gas constant γ = 1.4. The corresponding fluxes for incompressible flow
are

f =




u
u2 + p− µux

uv − µvx


 , g =




v
uv − µuy

v2 + p− µvy


 , (4)

with the solution w = (p, u, v)T .
The equation (1) is discretized by a finite volume method on a structured

grid. It is integrated over a cell ωj with boundary ∂ωj, normal (n1, n2), and area
Aj using Gauss’ formula

A−1
j

∫

ωj

(fx + gy) dS = A−1
j

∫

∂ωj

(fn1 + gn2) ds. (5)

The cell average wj of the solution w in cell j

wj = A−1
j

∫

ωj

w dS
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is computed with an approximation of w and ∇w on ∂ωj in (5). The convective
part of f and g is determined by the second order Jameson scheme [16],[28], or
the second order Osher scheme [21],[28]. The gradient of a component wk of w is
computed in a dual grid with the midpoints in the primary grid as cell corners.
In such a dual cell, the average of the gradient ∇wk is approximated by envoking
Gauss’ formula again

∇wk = A−1
j

∫

ωj

∇wk dS = A−1
j

∫

∂ωj

wkn ds. (6)

Using these values in the dual grid the viscous terms in f and g are computed at
∂ωj by averaging. A more detailed account is found in [10].

The computational grid is partitioned into blocks. Jumps by a factor two
in the grid size are allowed at the block interfaces as in [9] and [10]. In [9] the
grid is refined isotropically in the normal and the tangential directions at the
block interface. Here, we allow the grid refinement to be anisotropic with finer
resolution in the normal or the tangential directions (or both).

Every block has two rows of ghost cells overlapping the interior cells of the
neighboring block. These cells simplify the flux computations in the cells with a
face on a block boundary. If the ghost cells coincide with the cells in the neigh-
boring block then the variables in the ghost cells are copied. A block interface
with different grid sizes at x = 0 is illustrated in Fig. 1. If one ghost cell in a
coarse block corresponds to two or four cells in a fine block, then the ghost value
is computed by an area weighted average (cells (1, 0) and (2, 0) in Fig. 1). When
two or four ghost cells overlap one interior coarse cell then the variables there are
determined by interpolation between the values in the neighboring block (cells
A,B,C, and D in Fig. 1). It is shown in [10] that fourth order accuracy is needed
in the interpolation to obtain a second order accurate discretization of (1). The
stability of the boundary treatment is investigated theoretically and experimen-
tally in [10]. It is found that for a centered difference approximation of the first
derivative in a convection-diffusion equation to be stable there is a lower bound
on the physical diffusion µ or the added artificial dissipation for all the tested
interpolation formulas. An upwind scheme at the block interface stabilizes the
discretization.
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Figure 1: The grid and a block interface at x = 0 .

The solution wI , I = A,B, C, D, in a ghost cell of the fine grid to the left of
x = 0 in Fig. 1 is interpolated from the interior solutions wjk, j = −2,−1, 0, k =
−2, . . . 2, and the ghost cell solutions wj,0, j = 1, 2, of the coarse grid. The fourth
order formulas for wA, wB, wC , and wD corresponding to a weighted sum of two
symmetric interpolation schemes 0.5H∗

6 + 0.5H∗
7 in [10]. Let

wAC = (−3w2,0 + 17w1,0 + 55w0,0 − 5w−1,0)/64, wBD = 2w0,0 − wAC ,
dj = w−j,1 − w−j,−1, g = w0,2 − w0,−2,
s0 = (14d0 − 4d1 + d2 + 1.5g)/64, s1 = (22d0 − 3g)/64− s0.

Then the formulas are

wA = wAC + s0, wB = wBD + s1, wC = wAC − s0, wD = wBD − s1. (7)

If the fine grid is refined in only one direction then a ghost cell variable is obtained
by a suitable summation of the interpolation formulas for the cells A,B, C, and
D.

3 Error analysis

A discretization error τj in a cell ωj is caused by the approximation of the integral
(5) by averaged variables w in adjacent cells. Let Fj(w) denote the integral in
(5) and Ψj(w) its numerical approximation. Then for any smooth w we have

τj(w) = Fj(w)−Ψj(w).

A smooth reconstruction w̃ of the numerical solution from w satisfies τj(w̃) =
Fj(w̃) since w̃ = w and Ψj(w) = 0. Let ŵ be the analytical solution. Then the
solution error δw = w̃ − ŵ fulfills

Fj(ŵ + δw)− Fj(ŵ) = Fj(w̃) = τj(w̃). (8)
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This equation is written in differential form and linearized to obtain the error
equation. The error equation is investigated for incompressible flow (4) in this
section. A derivation and a discussion of the error equation for finite volume
methods are found in [9].

The equation for incompressible flow in non-conservative form with flux func-
tions in (4) corresponding to (8) is

uux + vuy + px − µ(uxx + uyy) = τ1,
uvx + vvy + py − µ(vxx + vyy) = τ2,
ux + vy = τ3.

(9)

Insert u = û+δu, v = v̂+δv, and p = p̂+δp into (9) and subtract (9) with τ = 0
satisfied by û, v̂, and p̂. After dropping quadratic terms in the error we arrive at
the error equation for incompressible flow

ûδux + ûxδu + v̂δuy + ûyδv + δpx − µ(δuxx + δuyy) = τ1,
ûδvx + v̂xδu + v̂δvy + v̂yδv + δpy − µ(δvxx + δvyy) = τ2,
δux + δvy = τ3.

(10)

The solution errors δu, δv, δp depend in a complicated way on the errors τj

in (10). Due to a transport of the discretization error τ , they may be affected
by errors generated far away. In general, diffusion terms cause the errors to
decay slowly and the convection terms propagate the discretization errors in the
flow direction but their effect in the crosswind direction vanishes quickly. These
observations are made in the following four simple flow examples.

3.1 Poiseuille flow

Parallel flow through a straight channel is particularly simple. The flow direction
is along the x coordinate and the y direction is normal to the walls. The pressure
gradient in the flow direction is constant, v̂ = 0 and û = û(y) in the analytical
solution [24]. The resulting velocity û is parabolic in y. The error equation is

ûδux + ûyδv + δpx − µ(δuxx + δuyy) = τ1,
ûδvx + δpy − µ(δvxx + δvyy) = τ2,
δux + δvy = τ3.

(11)

Assume that the discretization is such that the numerical solution shares the
properties of the analytical solution so that v = 0 and u = u(y) and that the
linear variation of p in the channel is exactly represented. Then δp = 0 and τ1

originates from the discretization of µuyy. The error equation (11) is then further
simplified to

−µδuyy = τ1, (12)
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with boundary conditions δu(0) = δu(1) = δu0 at the channel walls. The sym-
metric errors in the boundary conditions are modelled by δu0. The solution of
(12) is

δu = δu0 + µ−1

∫ 1

0

g(y, η)τ1(η)dη, g(y, η) =

{
y(1− η), 0 < y < η,
η(1− y), η ≤ y < 1,

(13)

with the Green’s function g. It follows from (13) that if |τ1|∞ ≤ ε then

|δu|∞ ≤ |δu0|+ ε/8µ. (14)

3.2 Convective flow with diffusion

Away from the boundary layers we assume that û and v̂ are constant and that
the gradient of the error in the pressure ∇δp is small. Then (11) is simplified to
two convection-diffusion equations

ûδux + v̂δuy − µ(δuxx + δuyy) = τ1, (15a)

ûδvx + v̂δvy − µ(δvxx + δvyy) = τ2. (15b)

The solution of (15a) in free space is given by the fundamental solution [20]

δu(x, y) =
1

2πµ

∫

S

exp(U · r/2µ)K0(Ur/2µ)τ1dS, (16)

where S is the domain of support of τ1 and (ξ, η) ∈ S, K0 is a modified Bessel
function, UT = (û, v̂), rT = (x− ξ, y − η), U = ‖U‖2 and r = ‖r‖2. The error δu
can be estimated from (16) in the following way.

∆r φ
o

∆φr
o

Figure 2: Illustration of the definitions in Proposition 3.2.

Proposition 3.2 Assume that |τ1|∞ ≤ ε, S is a circle of radius ∆r with
center at the origin, rT

0 = (x, y), r0 = ‖r0‖2, and that ∆r/r0 is sufficiently
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small. Let φ0 ∈ (−π, π] be the angle between U and r0, ∆φ = arcsin ∆r/r0, and
ρ0 = Ur0/2µ. Then δu in (16) satisfies

|δu(x, y)| ≤ ε

µ

√
π

8ρ0

exp(ρ0(1−∆r/r0)(cos φ̂− 1))f(ρ0, ∆r/r0),

where f = ∆r2(1 +O(1/ρ0) +O(∆r/r0)) and

φ̂ =





0, |φ0| ≤ ∆φ,
φ0 −∆φ, φ0 > ∆φ,
φ0 + ∆φ, φ0 < −∆φ.

Proof. With ρ = Ur/2µ, an upper bound on δu is

|δu(x, y)| ≤ ε

2πµ

∫

S

exp(ρ cos φ)K0(ρ)dS, (17)

where φ is the angle between U and r. For ρ we have

ρ ≥ U

2µ
(r0 −∆r) = ρ0(1−∆r/r0). (18)

The angle φ varies in [φ0 −∆φ, φ0 + ∆φ] (see Fig. 2). Hence,

max
φ

(cos φ− 1) ≤ cos φ̂− 1 ≤ 0. (19)

Combine (18) and (19) to obtain

max exp(ρ(cos φ− 1)) ≤ exp(ρ0(1−∆r/r0)(cos φ̂− 1)). (20)

The asymptotics for K0(ρ) for large ρ is [1]

K0(ρ) = exp(−ρ)

√
π

2ρ
(1− 1

8ρ
+ . . .). (21)

Expand the square root in (21) using (18) to arrive at

√
π

2ρ
≤

√
π

2ρ0

1√
1−∆r/r0

=

√
π

2ρ0

(1 +O(∆r/r0)). (22)

Insert (22) into (21). Multiply (21) with the upper bound in (20) and introduce
the expression into (17). Integrate over S to obtain the proposition. ¥

We find that in the flow direction for small φ0 the influence of the discretization
error τ1 decreases with the distance as 1/

√
r0. The error decays exponentially in

all other directions. When φ̂ 6= 0 and r0 is fixed, δu vanishes as exp(−c/µ)/
√

µ
for some c > 0 with decreasing µ. The same result is valid for δv and τ2 in (15b).
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3.3 Stokes’ flow

In fluids with slowly varying flow at low speeds, û, v̂, and their derivatives are
small. For slow flow, µ is usually large. If we ignore small terms then the Navier-
Stokes equations boil down to Stokes’ equations. At a stagnation point in 2D
û = v̂ = 0, but their derivatives can be large and Stokes’ flow is not necessarily
a good approximation there.

The error equations (10) for Stokes’ equations are

∇δp− µ∆δU = τ12, (23a)

∇ · δU = τ3, (23b)

with δUT = (δu, δv) and τT
12 = (τ1, τ2). Apply ∇· to (23a) to obtain

∆(δp− µτ3) = ∇ · τ12. (24)

Suppose that the support of τ is inside S so that τ = 0 and ∇τ = 0 on ∂S
and that r and r are defined as in Sect. 3.2. With the fundamental solution to
Poisson’s equation log r/2π and Gauss’ theorem we derive

δp = µτ3 +
1

2π

∫

S

∇ · τ12 log rdS = µτ3 +
1

2π

∫

S

τ12 · r
r2

dS. (25)

With the same assumptions as in Proposition 3.2 and |τk|∞ ≤ ε, k = 1, 2, a bound
on δp is

|δp(x, y)| ≤ µ|τ3|+ 1

2π

∫

S

‖τ12‖2‖r‖2

r2
dS ≤ µ|τ3(x, y)|+ ε∆r2

√
2r0

(1 +O(∆r/r0)).

(26)

The equation satisfied by δU is derived by operating with ∆ on (23a), with
∇ on (24), and replacing ∇∆ by ∆∇ and inserting ∆∇δp into (23a) to obtain

µ∆∆δU = µ∇∆τ3 −∆τ12 +∇∇ · τ12. (27)

The fundamental solution of the biharmonic equation in (27) is g = r2(log r −
1)/8π [6]. The dependence of δU on τ3 is determined by repeated application of
Gauss’ theorem

δU =

∫

S

g∇∆τ3 dS = −
∫

S

∇∆g τ3 dS =
1

2π

∫

S

r
τ3

r2
dS.

As in (25) and (26) we find with |τ3|∞ ≤ ε that

‖δU(x, y)‖2 ≤ ε∆r2

2r0

(1 +O(∆r/r0)). (28)

The relation between τ12 and δU is more complicated but can be obtained as
above. However, δU derived from the fundamental solution does not decay as
1/r for increasing r in 2D.
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3.4 Boundary layer flow

In a laminar boundary layer over a flat plate at y = 0 assuming that p is constant,
an accurate approximation is the boundary layer equation

ûûx + v̂ûy − µûyy = 0,
ûx + v̂y = 0,
û(x, 0) = v̂(x, 0) = 0, û(x,∞) = û∞.

(29)

Blasius obtained a solution by transforming the equation to a nonlinear ordinary
differential equation with solution f and expressing f in a new independent vari-
able η = y

√
û∞/µx, see [17], [24]. For a given small µ, downstream of the leading

edge at x > 0 and close to the plate with η and y approaching 0, the solution of
(29) satisfies

û ∼ η, ûx ∼ η, ûy ∼ 1/
√

µ, ûyy ∼ η2/
√

µ,
v̂ ∼ √

µη2, v̂x ∼ √
µη2, v̂y ∼ η.

Ignore terms of order η and µ in (10) and we arrive at an approximate error
equation

ûyδv + δpx = τ1, (30a)

δpy = τ2, (30b)

δux + δvy = τ3. (30c)

Assume that the discretization of the boundary conditions is such that δv(x, 0) =
0 and δpy(x, 0) = 0. Then we derive from (30a) and (30b) that

δv(x, y) = −û−1
y T = O(

√
µ), T (x, y) =

∫ y

0

∇× τ12(x, ζ) dζ, (31)

and from (30c) that

δu(x, y) = δu(x0, y) +

∫ x

x0

(τ3 + û−1
y ∇× τ12)(ξ, y) dξ,

≈ δu(x0, y) +

∫ x

x0

τ3(ξ, y) dξ,
(32)

for some upstream x0. The error in v is small in (31) and δu is an accumulation
in the streamwise direction of the error in the divergence equation and as in (14)
with |τ3|∞ ≤ ε

|δu(x, y)| . |δu(x0, y)|+ (x− x0)ε. (33)

The equation for δp is

∆δp = ∇ ·
(

τ1 + T
τ2

)
. (34)
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The Green’s function is

g = (2π)−1(log r + log r′), r′ =
√

(x− ξ)2 + (y + ζ)2,

and as in (25) and (26) δp decreases with the distance from the source of the
error τ12.

We have obtained upper bounds on δu, δv, and δp in (14), Proposition 3.2,
(26), (28), and (33) provided |τk|∞ ≤ ε, k = 1, 2, 3. In many cases the effect of τ
on δU and δp is local. The errors decay with the distance from the source and are
bounded by τ (and not its derivatives) supporting the view that it often suffices
to control the discretization error and in this way also have some control of the
solution error. There is one notable exception in Sect. 3.2. Outside the boundary
layer ρ is large but in the boundary layer diffusion dominates over convection and
a more damped behavior is noticed e.g. in Figs. 7 and 8 in Sect. 5.

The bounds are different for different flow situations and a bound for a general
case would probably be very pessimistic and not very useful in practical calcula-
tions. Computable bounds relate the discretization errors to the solution errors
in a posteriori error estimation at the expense of solving an adjoint problem [2],
[7], [23]. In our adaptation algorithm for anisotropic grids, we control the dis-
cretization error, but the algorithm can be combined with weights obtained a
posteriori for the influence on the solution error.

4 Anisotropic grid adaptation

1 2

34

k

l

Figure 3: A coarse cell composed of four fine grid cells.

When solving the Navier-Stokes equations we need high resolution in one of the
space dimensions in the boundary layers. An adaptive algorithm should hence
be able to choose different grid sizes hk and hl in different directions k and l.
Therefore, different terms will be identified in the discretization error τ . The
choice of grid size will be based on these terms.

Assume that the domain Ω is covered by quadrilaterals. Let the coarse cell
ω0 consist of the fine cells ωi, i = 1, 2, 3, 4, and have twice the grid size of the
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fine cells as in Fig. 3. The area of a cell ωi is Ai. Compute w0 in all coarse
cells in a block by the area weighted sum

∑4
i=1 γiwi, γi = Ai/A0, of wi in the

original cells. Furthermore, let wij be the solution in the semi-coarsened cells ωij

created by coarsening in only one direction so that ωi and ωj form one cell for
i, j = 1, 2, 3, 4. Then wij = αiwi + αjwj, αβ = Aβ/(Ai + Aj). The discretization
of (5) in ω0 is ψ0 = Ψ0(w0) and ψij = Ψij(wij) in ωij. The following proposition
identifies different terms in τ in the fine grid and a way to estimate them.

Proposition 4 Let hk, hl be the grid sizes in the k and l directions. Assume
that Ψ in cell i satisfies

Ψi(w) = ψi = Fi(w)− τ(w). (35)

Furthermore, assume that the discretization error consists of three terms

τ = τ k + τ l + τ kl,
τ k = ckh

2
k + dkh

3, τ l = clh
2
l + dlh

3, τ kl = cklhkhl + dklh
3,

(36)

where h = max(hk, hl), ck, cl, ckl, are constants for each coarse cell ω0, and
dk, dl, dkl, are bounded independently of h for each cell ωi. Let γij = γi + γj

and introduce the linear combinations

b1 = γ14ψ14 + γ23ψ23−ψ0, b2 = γ12ψ12 + γ34ψ34−ψ0, b3 =
4∑

j=1

γjψj −ψ0. (37)

Then in a cell ωi

τ k = 1
3
(2b3 − 2b2 − b1) +O(h3), τ l = 1

3
(2b3 − 2b1 − b2) +O(h3),

τ kl = b1 + b2 − b3 +O(h3).
(38)

Proof. Since γ14 + γ23 = 1 and γ14F14 + γ23F23 = F0, we have

b1 = γ14F14 + γ23F23 − γ14τ14 − γ23τ23 − F0 + τ0

= ckh
2
k(4− (γ14 + γ23)) + 4clh

2
l (1− (γ14 + γ23)) +

2cklhkhl(2− (γ14 + γ23)) +O(h3) = 3ckh
2
k + 2cklhkhl +O(h3)

Similarly,

b2 = 3clh
2
l + 2cklhkhl +O(h3),

and for b3 we derive

b3 =
4∑

j=1

γjFj − F0 + τ0 −
4∑

j=1

γjτj = 3ckh
2
k + 3clh

2
l + 3cklhkhl +O(h3).
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A system of linear equations is satisfied by the leading terms of τ j, τ k, and τ jk.
The solution of that system is (38). ¥

The solution is computed first on the original grid with even number of cells
in both directions. Then we construct one grid with doubled grid size in the
k-direction, one grid with doubled grid size in the l-direction, and one grid with
doubled grid size in both directions. The solution on the original grid is re-
stricted by area weighted summation to the three coarser grids. We estimate
the discretization errors on the three grids by first computing ψ0, ψj, j =
1, 2, 3, 4, ψ12, ψ14, ψ23, and ψ34 following Proposition 4 and then calculating
the three leading error terms in τ valid for the four grid cells forming one coarse
cell. The cost for this is small compared to the many evaluations of Ψ in the
iterative solution of the nonlinear equations. The error terms for a second or-
der method after refinement in the k and l directions (τ̃k and τ̃l) and in both
directions (τ̃kl) are then estimated to be

τ̃k = τ k/4 + τ l + τ kl/2, τ̃l = τ k + τ l/4 + τ kl/2,

τ̃kl = (τ k + τ l + τ kl)/4 = τ/4.

Compute τ, τ̃k, and τ̃l for all cells in a block in the coarse grid using τ k, τ l, τ kl.
Choose a norm ‖·‖ in a block j, denote it by ‖·‖j, and assume that a discretization
error below a certain tolerance ε is required. Then the adaptation algorithm for
refinement is

while maxj ‖τ‖j > ε
m = arg maxj ‖τ‖j

if ‖τ̃k‖m ≤ min(‖τ̃l‖m, ‖τ‖m)
then refine in k direction in block m

elseif ‖τ̃l‖m ≤ ‖τ‖m

then refine in l direction in block m
else

then refine in both directions in block m
endif
recalculate τ, τ̃k, τ̃l in block m
refine neighboring blocks recursively if necessary

end while

In the algorithm we try to reduce the measured error by refining the grid in one
direction where it has the best effect. If that is not possible then the cells in
a block are divided into four new cells. Then τ, τ̃k, and τ̃l are updated using
the same τ k, τ l, and τ kl without recomputing the ψs. Then adjacent coarser
blocks are refined recursively at block interfaces where there are jumps in grid
size by a factor greater than two. Cancellation between error terms in (36) can
be lost when a block is refined in only one direction. It may be necessary to
refine in both directions even if there is a jump in only one direction. This can
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lead to occasional unnecessary refinements. This procedure is repeated until the
maximum τ is sufficiently small and a new adapted grid has been found.

If hk and hl vary smoothly inside a block in the initial grid then the same
variation is inherited by the grid sizes in the refined grid. By starting the adap-
tation on a coarsened initial grid, the final grid may actually be coarser than the
initial grid in some blocks. Repeated application of the algorithm is possible af-
ter solving the equations for a new w and decreasing ε. This adaptation method
can also be used to improve an unstructured grid consisting of quadrilaterals and
partitioned into blocks.

5 Numerical results

The Navier-Stokes equations are solved in four test problems with the adapta-
tion algorithm in Sect. 4. The second order Osher scheme [21],[28], is used for
compressible flows, and incompressible flows are approximated by the Jameson
scheme with artificial dissipation [16],[28].

The steady state solution is computed by first adding a time derivative ∂w/∂t
to (1) and then solving the time dependent equations. The equations are inte-
grated to a stationary solution by a three-stage Runge-Kutta scheme accelerated
by multigrid iteration as in [8]. Three or four multigrid levels are used on the
initial and adapted grids. The initial grids are not partitioned into blocks as
the adapted grids and the computational work there is always relatively small.
The time dependent incompressible equations (4) are transformed to hyperbolic
equations by adding the term c−2∂p/∂t to the divergence equation as in [4]. In
the scaling factor c−2, c can be regarded as an artificial speed of sound. It is
chosen to be c = 3 in the experiments.

The initial grid and the block partitioning are chosen such that there is at
least one tangential block interface in the boundary layer. The consequence of
this is that also the initial grids are stretched with high aspect ratios at solid
walls. This is sometimes necessary for convergence of the initial steady state
solution and without initial stretching the adaptation method would refine only
in the direction normal to the wall. Since large jumps in the grid size between
adjacent blocks are not allowed and with few blocks normal to the boundary
layer, the grid sizes in outer blocks are sometimes bounded by the grid sizes in
the boundary layer and not by the error. This waste of cells can be mitigated by
introducing more blocks by automatically splitting them or by permitting larger
jumps in grid size at the block interfaces.

The flow is entering the computational domain from the left in all the exam-
ples. One adapted grid is determined by the algorithm in Sect. 4 starting from
the initial grid with a uniform grid size and its solution. The norm in the algo-
rithm is ‖τ‖j = max(|τ1|∞, |τ2|∞, |τ3|∞) computed over all cells in a block j. The
maximum norm of the residual in the nonlinear equations measures the progress
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of the multigrid iterations.
The adapted grids are always displayed in the figures such that all blocks look

like squares to visualize the grids in the boundary layers. Only every fourth grid
line is plotted and therefore no grid lines are shown inside the coarsest blocks.
Isolines of the solution are included in the grid plots. The solutions are also
plotted in the physical space coordinates.

5.1 Flat plate
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Figure 4: Contour plots of the velocity component u over a flat plate.

Incompressible flow over a flat plate at x ≥ 0 is computed in the first example.
The solution at Re = 5000 is displayed in Fig. 4. The computational domain Ω in
Fig. 4 is divided into 9× 4 blocks. The adapted grid and the solution are plotted
in Fig. 5 excluding the three leftmost columns of blocks. The singularity at the
leading edge x = 0 of the plate leads to extremely fine grids in the two blocks
there if a tolerance ε should be satisfied. Since we are not interested in trying to
resolve the singularity at the leading edge, the adaptive method is turned off in
the two blocks there and the grid size is the same as in the finest adjacent block.
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Figure 5: The adapted grid and isolines of u and v in the transformed domain.

There are 2304 cells in the initial grid and 14496 cells in the adapted grid in
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Fig. 5. A uniform fine grid with the finest cell size in every block would have
147456 cells. When the adaptive algorithm stops, maxj ‖τ‖j = 1.7 · 10−3.

The velocity component u on the adapted grid is extracted at the centers
of the four rightmost block columns along lines in the direction normal to the
flat plate. This solution is compared to the Blasius solution (29) to the left
in Fig. 6. The block boundaries in Fig. 6 are at y ≈ 0.04 and y ≈ 0.2. The
solution is calculated on a finer grid with 64 × 64 cells in the two lower block
rows. The upper blocks are as coarse as allowed by the jump conditions at block
interfaces. The solutions on the initial grid and the adapted grid are compared
to this solution. The differences are plotted to the right in Fig. 6 at the same
x-stations as the Blasius solution. The plot symbols for stations ordered from
the left to the right are ∗, o, /, +. The accuracy with the adaptive grid is much
higher than with the initial grid. The difference in u between the fine grid and
the adapted grid is of the same order as maxj ‖τ‖j, at most about 2.5 · 10−3 in
Fig. 6.

0.01 0.05 0.2
0

0.2

0.4

0.6

0.8

1

y

u

0 0.02 0.05 0.2
−0.02

−0.01

0

0.01

y

u

Figure 6: The solution on the adapted grid (o) is compared to the Blasius solution
(solid) (left). Errors along on the initial grid (solid line) and on the adapted grid
(dotted line) (right).

In Figs. 7 and 8 the solution is first computed on a uniform grid. Then the
right hand side of one of the equations is perturbed by adding a term τ 6= 0
at a point in the domain simulating a discretization error. These solutions are
subtracted from each other and the isolines of the difference is plotted. The
ordinate has a logarithmic scale, explaining the elongated level curves in the y
direction. The outer edge of the boundary layer is indicated by a solid line in the
figures. As is found for inviscid flow in [9], the difference in the solution outside
the boundary layer in Fig. 7 is localized to the perturbation for p but for u there
is an influence far downstream (cf. Proposition 3.2). A grid refinement where
δu is large e.g. at (x, y) = (2, 0.1) will have little effect on δu in contrast to a
reduction of τ at (x, y) = (0.5, 0.1). The difference has support closer to the
perturbation in the boundary layer in Fig. 8 where the viscous terms dominate.
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Figure 7: The changes in p (left) and u (right) after a perturbation has been
added to the right hand side of the divergence equation above the boundary
layer.
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Figure 8: The change in u after a perturbation has been added to the right hand
side of the x momentum (left) and the y momentum (right) equations in the
boundary layer.

5.2 Bump
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Figure 9: Isolines of u over a wall with a bump.
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The compressible flow over a bump on a solid wall is computed at Mach number
0.5 and Re = 5000. The left, right and upper boundaries are open, and the data
for u in the characteristic variables at the inflow boundary are obtained from a
Blasius profile. The adaptive algorithm is turned off there because of disturbances
in higher derivatives. Isolines of the velocity component u are shown in Fig. 9. A
recirculation zone appears downstream of the bump. The grid and isolines in the
transformed domain are plotted in Fig. 10. When the adaptation is interrupted,
maxj ‖τ‖j = 0.0216 in the algorithm. The number of cells of the initial and
adapted grids is 3072 and 9856.
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Figure 10: The adapted grid and isolines of u in the transformed domain over
the bump.

5.3 Cylinder
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Figure 11: Isolines of u (left) and p (right) around a cylinder.
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Incompressible flow around a cylinder is computed in this example. The Reynolds
number is 30 and a stationary solution exists. The isolines of the velocity com-
ponent u and the pressure p are plotted in Fig. 11.
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Figure 12: The grid and isolines of u in the transformed domain around the
cylinder.

The transformed adapted grid of O-type is plotted in Fig. 12. The lower
side of the grid is the surface of the cylinder and the upper side is the outer
boundary. The leading edge of the cylinder is at θ = π. The aspect ratio is
increased by the anisotropic adaptive method in most blocks at the surface of the
cylinder. Tangential refinement is obtained further downstream such that the
wake is resolved. Note that the symmetric solution leads to a symmetric grid.
We have maxj ‖τ‖j = 0.058 when the adaptation is terminated. The number of
cells are 2560 in the initial grid and 8832 in the adaptive grid.

5.4 Airfoil

In the last example, the subsonic flow around a NACA0012 airfoil is considered
at 1.25o angle of attack, Mach number 0.5, and Re = 3000. Isolines of u and p are
plotted in Fig. 13. The grid is wrapped around the airfoil as a C-grid so that the
solid wall and the wake are at the lower boundary in Fig. 14. The downstream
outflow boundary is composed of the left and right sides in Fig. 14. We observe
very fine grids at the leading edge of the profile. This is in agreement with the
results in [9]. The adaptation is stopped with maxj ‖τ‖j = 0.0234. There are
1600 cells in the initial grid and 9600 cells in the adapted grid. A uniform grid
with the finest grid size in the adapted grid would have 102400 cells.
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Figure 13: Isolines of u (left) and p (right) around a wing profile.
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Figure 14: The adapted grid with isolines of the velocity component u in the
transformed domain around the airfoil. The leading and trailing edges of the
airfoil are labeled LE and TE.
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Frändén, Implicit solution of hyperbolic equations with space-time adap-
tivity, BIT, 42 (2002), p. 134–158.

[19] D. J. Mavriplis, Adaptive meshing techniques for viscous flow calculations
on mixed element unstructured meshes, Int. J. Numer. Meth. Fluids, 34
(2000), p. 93–111.

[20] K. W. Morton, Numerical Solution of Convection-Diffusion Problems,
Chapman & Hall, London, 1996.

[21] S. Osher, F. Solomon, Upwind schemes for hyperbolic systems of con-
servation laws, Math. Comp., 38 (1982), p. 339–377.

[22] K. G. Powell, P. L. Roe, T. J. Linde, T. I. Gombosi, D. L. De
Zeeuw, A solution adaptive upwind scheme for ideal magnetohydrodynam-
ics, J. Comput. Phys., 154 (1999), p. 284–309.

[23] R. Rannacher, Adaptive Galerkin finite element methods for partial dif-
ferential equations, J. Comput. Appl. Math., 128 (2001), p. 205–233.

[24] H. Schlichting, Boundary-Layer Theory, 7th ed., McGraw-Hill, New
York, 1979.
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